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PREFACE. 


In  the  preparation  of  the  following  work  no  pains  have  been  spared 
to  obtain  from  the  best  sources,  such  as  the  later  treatises  in  highest 
repute,  memoirs  of  scientific  bodies,  and  mathematical  journals  in 
English,  French,  and  German,  the  materials  for  a  book  suited  to  the 
present  state  of  mathematical  science  and  the  wants  of  teachers  and 
students. 

Tlie  work  contains  much  that  has  never  before  appeared  in  an  Eng- 
lish dross,  and  almost  every  part  will  be  found  to  present  some  new 
feature.  No  attempt,  however,  has  been  made  at  originality,  unless 
for  tiie  benefit  of  the  student,  and  in  the  belief  that  the  existing  exposi- 
tions or  processes  were  infeiior.  The  object  has  simply  been,  by  any 
and  all  means,  to  make  the  best  book,  without  aiming  so  much  at  indi- 
vidual reputation  as  at  the  author^s  own  convenience  and  that  of  others, 
devoted,  like  himself,  to  the  noble  task  of  guiding  the  youthful  votaries 
of  science. 

The  French  treatises  furnish  excellent  models  of  the  theory  of  Al- 
gebra, the  Gennan  of  ingenuity  and  brevity  of  notation  and  exposi- 

^    tioii,  the  English  of  practical  adaptation  and  variety  of  illustration  and 

K  example ;  and  from  these,  after  a  careful  companson  of  many  authors 
in  each  language,  demonstrations  have  been  selected  and  introduced 
verbatim  when  they  seemed  incapable  of  improvement ;  but  when- 
ever the  slightest  alteration  or  amalgamation,  or  the  entire  remodeling 

j[     of  them,  could  give  additional  clearness  or  elegance,  the  lima?  labor 

2     has  not  been  spared. 

Tlio  work  will  be  found  to  contain  all  that  is  important  in  the  higher 
parts  of  Algebra,  upon  which  usually  separate  treatises  are  thought 
necessary,  as  well  as  the  elementary  expositions  suited  to  beginners. 
Every  variety  of  symbol  and  of  example  has  been  introduced. 

On  page  XI.  those  articles  of  this  volume  are  indicated  which  con- 
stitute a  minimum  course  of  Algebra  requisite  for  the  prosecution  of 
the  hii^her  branches  of  mathematics.  A  more  extended  course,  such 
as  would  ordinarily  be  advisable,  is  also  pointed  out.  The  rest  may 
very  well  be  reserved  for  reference,  as  the  student's  own  discovery  of 
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IV  PREFACE. 

his  wants,  in  the  advanced  stages  of  mathematical  pursuit,  shall  call  it 
in  requisition. 

The  author  desires  to  acknowledc^e  the  effectiye  assistance  which  he 
has  received,  in  revising  the  work  and  superintending  it  through  the 
press,  from  Mr.  J.  J,  Elmendorf,  to  whom  it  is  indebted  for  many  val- 
uable suggestions. 
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A  MORE  ENLARGED  COURSE. 


Articles  1-93  inclusive,  101-197,  199-238,  244-258,  298-309,  315-321. 

It  may  bo  useful  to  ])oint  out  in  this  connection  a  course  of  inatheinaticid 
study.  1°.  Algebra;  2°.  Geometry  :f  these  two  may  be  pursued  simultane- 
ously ;  3°.  Plane  Trigonometry,  with  its  applications  to  Surveying  and  Navi- 
gation ;  Spherical  Trigonomrtrj',  with  its  applications  to  Practical  and  Nautical 
Astronomy  and  Geodesy  ;t  4°.  Descriptive  Geometry  ;§  6°.  Analytical  Ge- 
ometry ;||  6®.  Theoretic  Astronomy  ; IF  7°.  DiiTerential  and  Integral  Calculus 
and  Calculus  of  Variations  ;••  8°.  Mechanics  ;tt  9^.  Optics  ;tt  10<>.  Phyn- 
icul  Astronomy.§§ 

*  The  nrticlcs  are  numbered  tll^ou^bout  the  book  at  the  beginnings  of  paragraplia. 

t  Should  the  present  work  meet  witli  public  favor,  IJ"  will  bo  followed  in  the  course  of  a 
fow  mouths  by  a  treatise  on  Goomotry. 

\  The  author  has  already  published  a  work  embracing  these  subjects,  anew  and  greatly 
improve<l  edition  of  which  will  appear  in  the  ojurse  of  tbo  next  year. 

§  This  hranch,  though  it  may  be  omitted  without  destroying  tbc  connection  between  tlK)««i 
which  ])re<-ede  ami  follow  it,  is  of  the  highest  advantage  to  tlic  general  student,  and  invaluahlo 
U)  the  t;m:ineer.  It  niny  be  best  takeu  up  in  the  excellent  treatise  by  Professor  Da\'ieB.  In 
the  Fremh.  Monce,  the  founder  of  the  science,  has  written  extensively  ujton  the  subject; 
there  is  aNo  a  trcntise  hy  thnt  best  of  French  writers  of  elementary  works,  Lcfebure  do 
Foun'v.  Professor  Davics  has  puhlished  a  fine  volume  on  the  application  of  descriptive 
geoinitry  to  nhadows  and  perHpcctive. 

1,  On  this  subject  there  are  numenms  writers,  Davies,  Pierce,  and  Young,  whoso  work  in 
republished  here,  the  author  of  a  treatise  iii  the  Library  of  Useful  Knowledge;  and  in  tho 
Freiiib,  aiiioiiir  the  best,  Biot,  of  whom  there  is  an  Endish  translation  by  Professor  Smith, 
of  Virdiiii.  and  Lcfebure  de  Foun'v.  whosj'  work  is  most  generally  preferred. 

r  The  autlnjrs  rectunmeuded  are  Nortoui,  Gummery ;  aiid  in  tho  French,  Biot,  of  whom 
then;  is  a  translation  in  part,  known  as  tho  Cambridire  Astronomy. 

**  This  is  one  of  the  pirtions  of  mathematical  science  on  which  the  author  propoflos  to  put 
forth  a  treatise  at  no  distant  day.  We  have  at  present  on  the  calculus.  Church  and  Davico, 
in  America ;  Young,  OBrien,  and  Walton,  in  England  ;  Lacn>ix,  Duhamel,  and  Moigno,  wlio 
niav  be  meiitiontrd  among  the  numerous  writers  in  France. 

ft  Conrtenuy's  Boucharlat;  in  French,  Francoeur  and  Poisson. 

^  Bache,  Brewster.  Bartlett,  and  Biot.  This  branch  may  be  ponucd  to  some  extent  im- 
mediately after  Geometrj'. 

^^  The  authors  arc  Lairrnnge  and  Laplace,  of  whose  Mecanique  Celeste  we  have  the 
translation  and  iK)tes  of  BowdiU'h,  but  for  readers  of  tho  French,  the  Systcmc  du  Muiido  of 
Pout^couland  is  to  be  preferred.  ^ 


As  G/eek  letters  are  frequently  used  in  the  following  treatise,  for 
the  convenience  of  those  unaccustomed  to  a  Greek  alphabet,  one  is 
here  inserted.     The  names  of  the  letters  are  given  in  the  last  column 
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INTRODUCTION. 


In  every  question  of  numbers  there  are  certain  conditions  which  the 
required  numbers  in  connection  with  the  given  ones  must  fiilfiU,  which 
conditions  arc  indicated  by  the  question  itself. 

The  solution  has  for  its  object  to  determine  such  required  quantities 
as  will  verify  these  conditions.  It  is  necessary,  therefore,  to  endeavor 
first  to  seize  the  different  relations  by  which  all  the  quantities,  known 
and  unknown,  are  connected  together,  and  to  find  aflerward,  by  means 
of  these  relations,  what  operations  ought  to  be  performed  upon  the 
given  quantities  to  obtain  those  which  are  required.  Such  is  the  ob- 
ject proposed  in  that  part  of  mathematics  known  by  the  name  of  Al- 
gebra. 

To  show  how  the  use  of  letters  and  signs  arises,  let  the  following 
simple  problem  be  proposed. 

To  divide  890  dollars  between  three  persons  in  such  a  manner  that  thr 
second  shall  have  115  more  than  the  firsts  and  the  third  \%^  more  than 
the  second. 

Now  let  us  see  by  what  deductions  the  values  of  the  unknown  num- 
bers may  be  derived. 

Since  the  share  of  the  second  is  115  more  than  that  of  the  first,  and 
the  share  of  the  third  180  more  than  that  of  the  second,  it  will  be  180 
added  to  115,  or  295  more  than  that  of  the  first. 

Then  the  sum  of  the  three  parts  will  be  formed  of  3  times  the  first 
part,  increased  by  115,  and  also  by  295,  or,  what  is  the  same  thing,  of 
3  times  the  first  part  increased  by  410. 

But  this  is  equal  to  the  sum  to  be  divided,  viz.,  890. 

Then  3  times  the  first  part,  increased  by  410,  is  equal  to  890. 

Then  3  times  the  first  part  is  equal  to  890  diminished  by  410,  or  480 

Then  the  first  part  will  equal  the  third  of  480,  or  160  dollars. 

The  first  person,  therefore,  has  160  dollars ;  the  second,  who  must 
have  115  more,  will  have  275;  and  the  third,  who  was  to  have  180 
more  than  the  second,  455  dollars.  These  three  sums  united  makt^ 
890  dollars,  which  confirms  the  correctness  of  the  result 

This  example  exhibits  the  kind  of  reasonings  necessary  to  be  em- 
ployed in  the  solution  of  problems  in  numbers ;  and  it  will  be  per- 
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ceived  that,  to  express  these  reasonings,  it  is  necessary  to  repeat  fre 
quently  a  number  of  words,  designating  the  quantities,  both  known  and 
unknown,  as  the^r*^  part^  the  number  to  he  divided,  &c.,  and  other  words 
expressing  the  relations  of  these,  as  increased  by,  diminished  by,  &c. 

To  obviate  the  inconvenience  of  the  periphrases,  by  means  of  which 
the  quantities  which  enter  into  the  question  are  distinguished,  it  is  cus- 
tomary to  represent  these  quantities  by  letters.  Ordinarily,  the  giveir 
quantities  are  represented  by  the  first  letters  of  the  alphabet,  a,b,c..», 
and  the  required  or  unknown  by  the  last,  x,  y,  z  »  ,  . 

The  relations  are  expressed  by  signs.  Thus,  increased  by  is  writteu 
+  ;  diminished  by  is  written  — ;  multiplied  by  is  written  >^  ;  or,  a  mul' 

tiplied  by  &,  simply  thus,  ab  ;  a  divided  by  b,  thus,  t  /  ^  equal  to  &, 

thus,  a-=.b. 

The  reasoning  of  the  above  example  may,  with  the  aid  of  such 
abridgments,  if  x  denote  the  first  share,  be  written  briefly  thus : 

X 

a;+115 

a;+115-|-180 

3x4-410=890 

3x=890— 410 

3x=480 

480 
a:=— =160 

If  the  numbers  had  been  different  in  the  above  problem,  the  methoa 
of  proceeding  would  have  been  precisely  the  same. 

Thus,  if  1!^0  had  been  the  sum  to  be  divided,  170  the  excess  of  the 
Fccond  part  over  the  first,  and  220  the  excess  of  the  third  over  the  sec- 
ond, the  reasoning  would  have  had  the  same  form,  as  seen  below. 

X'  share  of  the  1st,  230 


r+170 

170 

x+1704-220 

share  of  the  2cl, 

400 

3x4-560-1250 

220 

3x= 1250—560 

share  of  the  3d, 

620 

3x=690 

Proof. 

x=-r-=230 

230 
400 
620 

1250 

All  these  individual  cases  of  the  same  kind  may  be  generalized,  thus  : 
Let  a  represent  the  number  to  be  divided ;  b  the  excess  of  the  second 
over  the  first  share ;  c  that  of  the  third  over  the  second.  The  reason- 
ing will  then  stand  as  follows  : 
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X 

x+h 
x-{-h-\'C 


3x=a — 2b — c 

a — 2i — c 
x= 


The  last  expression.  .=^=^t=l,  shows  what  operations  ought  to  be 

performed  upon  the  given  numbers  to  produce  the  required,  and  may 
be  interpreted  into  the  following  rule. 

-  Subtract  double  the  excess  of  the  second  share  over  the  first,  together 
tcith  the  excess  of  the  third  over  the  second,  from  the  number  to  be  divided, 
and  divide  the  remainder  by  3.  The  result  will  be  the  first  share  re- 
quired. 

Applying  this  rule  to  the  first  case  above,  we  have 

115x2=230  890  and  to  the  2d,  170 

180  2 

410  340 

3)480  220  1250 

"l60  Ans.  560 

3)690 
230  Ans. 

The  expression  x= ,  from  which  the  rule  to  be  applied  is 

o 

derived,  is  called  a  general  formula,  or  simply  a  formula  from  which, 
instead  of  from  the  rule,  the  answers  in  the  particular  cases  may  ba 
obtained  by  substitution  ;  thus, 

in  the  1st  case,  in  the  2d  case, 

890—230—180     480     ,^^.  1250—2x170—220     690     ^^^ 

x=    -        ^ =-—=160,   x=: =        =230. 

3  3  3  3 

The  nature  and  utility  of  algebra  being  thus  briefly  indicated,  we 
proceed  to  give  in  detail,  first,  the  methods  of  representing  quantities, 
and  all  possible  relations  and  combinations  of  them,  and  afterward  the 
iLse  of  these  methods  in  the  solution  of  questions. 
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DEFINITIONS  AND  NOTATION. 

1.  Algebra  is  a  species  of  short-haDd  writing  which,  by  the  aid  of  certain 
symbols,  serves  to  abridge  and  generalize  propositions  relating  to  numbers.* 

A  Proposition  is  any  thing  propomided  as  true.  If  it  express  the  proper- 
ties or  relations  of  quantity,  it  is  a  mathematical  proposition.  If  it  be  self- 
evident,  it  is  called  an  axiom.  If  it  require  demonstration,  it  is  called  a  theorem ; 
and  if  it  propose  something  to  be  done,  or  that  some  required  or  unknown 
quantity  be  found,  it  is  called  a  problem. 

Symbols  may  be  divided  into  symbols  of  quantity,  and  symbols  of  relation 
commonly  called  signs. 

2.  The  principal  symbols  employed  in  algebra  are  the  following : 

I.  The  letters  of  the  alphabet,  a,  6,  c,  d^.,  which  are  employed  to  denote 
the  numbers  which  are  the  object  of  our  reasonings. 

When  the  Roman  letters  are  exhausted,  or  whon  a  marked  distinction  is  de- 
sirable between  the  different  classes  of  quantities  employed,  the  Greek  letters 
are  also  used  as  representatives  of  quantity.  If  different  quantities  of  the  same 
general  nature  are  used  together,  it  is  a  common  custom  to  represent  them  by 
the  same  letter,  distinguishing  them  from  one  another  by  accents,  or  small 
numbers  written  below ;  thus,  a,  a',  a",  a'",  a'"",  are  representatives  of  differ- 
ent quantities,  and  are  read  a,  a  prime,  a  second,  &c. ;  and  ai,  a^,  Og,  &c.. 
may  be  read  a  one  subscript,  a  two  subscript,  and  so  on. 

A  similar  effect  is  produced  by  using  large  and  small  letters ;  thus,  the  di- 
ameter of  a^mall  circle  being  represented  by  </,  that  of  a  larger  may  be  by  D. 

It  is  customary,  in  some  cases,  to  represent  quantities  by  symbols,  which 
indicate  distinctly  the  nature  of  the  quantities  represented.  Thus,  the  six 
trigonometrical  quantities,  which  are  known  by  the  names  of  sine,  tangent, 
secant,  cosine,  cotangent,  cosecant,  are  represented  by  the  symbols  sin,  tan, 
sec,  cos,  cot,  cosoc ;  and  the  astronomical  quantities,  the  longitude  of  the 
suti,  the  longitude  of  the  moon,  and  the  longitude  of  a  node,  are  represented 
l)y  the  symbols  0 ,   D  ,  and  t5 . 

*  In  the  operations  of  Arithmetic,  with  the  exception  of  those  which  relate  to  compound 
nmnbcrs,  quantities  are  considered  as  composed  of  onits,  but  tho  kind  of  unit  is  not  noticed, 
only  the  number.  In  Algebra,  neither  the  kind  nor  number  of  units  of  which  a  quantity 
is  composed  is  regarded,  and  often  the  quantity  is  not  considered  as  composed  of  units  at 
all.  The  idea  of  number  may,  however,  always  be  introduced,  and  it  is  best  to  keep  it  in 
mind  in  the  beginning  of  Algebra.  As  in  Arithmetic  tho  rules  of  addition,  multiplication, 
proportion,  &c.,  are  the  same,  whatever  be  tho  kind  of  units  which  the  numbers  employed 
represent,  so  in  Algebra  these  rules  are  the  same,  whatever  be  either  the  kind  or  nnm- 
bcr  of  units  in  tho  quantities  employed  (upon  which  the  operations  are  performed).  In 
every  part  of  Algebra,  processes  analogous  to  those  prescribed  by  the  rules  of  Arithmetic 
are  in  use.  Hence,  and  because  of  its  character  of  generalization,  it  was  called  by  New 
ton  General  Arithmetic.  Algebra,  however,  presents  many  relations  of  quantity  of  which 
Arithmetic  takes  no  cognizance. 
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These  are  the  symbols  of  quantity. 
The  following  are  symbols  of  relations  : 

II.  The  sign  +,  which  is  nsLined  plus,  and  is  employed  to  denote  the  addi- 
tion of  two  or  more  numbers. 

Thus,  12+30  signifies  12  plus  30,  or,  12  augmented  by  30.  In  like  manner, 
a-\-b  signifies  a  plus  6,  or,  the  number  designated  by  a  augmented  by  tlie 
number  designated  by  6. 

III.  The  sign  — ,  which  is  named  minus,  and  is  employed  to  denote  the  s 
subtraction  of  one  number  from  another. 

Thus,  54 — 23  signifies  54  minus  23,  or,  54  diminished  by  23.  In  like  man- 
ner, a  —  b  signifies  a  minus  b,  or,  the  number  designated  by  a  diminished  hy 
the  number  designated  by  b. 

The  sign  '>^  is  sometimes  employed  to  denote  the  difference  of  two  num- 
bers, when  it  is  not  known  which  is  the  greater.  Thus,  a^^b  signifies  the 
difference  of  a  and  6,  when  it  is  not  known  whether  the  number  designated  by 
a  be  less  or  greater  than  the  number  designated  by  6. 

IV.  The  sign  X «  which  may  bo  read  into,  is  employed  to  denote  the  multi- 
plication of  two  or  more  numbers. 

Thus,  72X26  is  read  72  into  26,  or,  72  multiplied  by  26.     In  like  manner, 
axb  signifies  a  into  6,  or,  a  multiplied  by  h ;  and  axbxc  signifies  the  con 
tinued  product  of  the  numbers  designated  by  a,  b,  c  ;  and  so  on  for  any  num- 
ber of  factors. 

The  process  of  multiplication  is  also  frequently  indicated  hy  placing  a  point 
between  the  successive  factors ;  thus,  a  .b  ,c  .d  signifies  the  same  thing  as 
axbxcxd. 

In  general,  however,  when  numbers  are  represented  by  letters,  their  multi* 
plication  is  indicated  by  writing  the  letters  in  succession,  without  the  inter|)o- 
sition  of  any  sign.  Thus,  ab  signifies  the  same  thing  as  a  .b,  or  aXb  ;  and 
.abed  is  equivalent  to  a  .  6  .  c . «/,  or  tf  X  ^  X  ^  X  '^^• 

Factors  expressed  Ijy  letters  are  called  literal  factors,  and  those  expressed 
by  numbers  numerical  factors. 

It  must  be  remarked,  that  the  notation  a  .  i,  or  ah,  can  he  employed  only 
when  tlwB  nuniljers  are  designated  hy  letters;  if,  for  example,  we  wislied  to  rep- 
resent the  product  of  the  numbers  5  and  6  in  this  nianrier,  5.  G  would  he  con 
founded  with  an  integer  fiillowed  by  a  decimal  fniction,  and  o6  would  signify 
the  numherfifly-six,  according  to  the  eoinmon  system  of  notation. 

For  the  sake  of  brevity,  however,  tlie  uiiiltipliratioii  of  nuinheiN  is  some- 
times expressed  hy  placing  u  point  l)et\V(M'n  tlieiu  in  c.ises  where  no  ainhiji^uity 
can  ans«*  from  the  use  of  this  syml)ol.     Thus,  1.2. .'' .  l.  may  represent  tiie 

2     7      () 
continued  product  of  the  numbers  1.  2.  3,  4  ;  and  o  •  7T  •  T7  i"^y  rti present 

^2   7        ,6 
the  product  of  :r,  -,  and  ■-, 

V.  The  si^ii  -r-,  whioli  i^  named  /»»/.  and  when  plsu^ed  iK^tween  two  num- 
bers is  emj)loye(l  to  diMiote  thnt  the  former  is  to  he  divided  hy  the  latttT. 

Thus,  24-v-O  si?;nifies  21  hi/  fJ,  er,  21  diridul  hy  6.  In  like  manner,  a-^h 
signifies  a  hy  h,  or,  a  diridid  hy  h. 

Two  dots  without  the  liori/.ontjii  line  between  are  also  tlie  sign  of  division. 
This  form  of  the  sign  is  used  in  prup<»rti()ns,  where  either  of  the  two  quantitien 
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between  which  it  is  placed  may  be  regarded  as  the  dividedd,  and  the  other  the 

divisor.     It  is  analogous,  in  this  respect,  to  tlie  sign  '^  in  subtraction. 

In  general,  however,  the  division  of  two  numbers  is  indicated  by  writing  the 

dividend  above  the  divisor,  and  drawing  a  line  between  them.     Thus,  24-^6 

24         a 
and  a-r-b  are  usually  written  —  and  r. 

Every  fraction,  then,  expresses  the  quotient  of  its  numerator,  divided  by  its 
denominator.  Thus.  |  of  a  unit  may  be  regarded  as  composed  of  two  parts : 
the  one,  the  third  of  one  unit,  and  the  other,  the  third  of  another  unit ;  or 
both  together,  tlie  third  of  2  units,  or  tlie  quotient  of  2  divided  by  3.  This 
reasoning  may  be  generalized. 

VI.  The  sign  =,  called  the  sign  of  equality,  and  read  is  equal  to,  when 
placed  between  two  numbers  denotes  that  they  are  equal  to  each  other. 

Thus,  56-|- 6=562  signifies  that  the  sum  of  56  and  6  is  equal  to  62.  In  like 
munner,  a^b  signifies  that  a  is  equal  to  &,  and  a-\-bszc — d  signifies  that  a 
plus  b  is  equal  to  c  ininus  d,  or  that  the  sum  of  the  numbers  designated  by  a 
and  b  is  equal  to  the  difference  of  the  numbers  designated  by  c  and  d, 

VII.  The  sign  <^,  which  is  read  is  unequal  to,  and  when  placed  between 
two  numbers  denotes  that  one  of  them  is  greater  than  tlie  other,  the  opening 
of  the  sign  being  turned  toward  the  greater  number. 

Thus,  a^b  signifies  that  a  is  greater  than  6,  and  a<^b  signifies  that  a  is 
less  than  b. 

VIII.  The  coefficient  is  a  sign  which  is  employed  to  denote  Uiat  a  numbei 
designated  by  a  letter,  or  some  combination  of  letters,  is  added  to  itself  a  cer- 
tain number  of  times.  "  *         •.'••••     t    - 

Thus,  instead  of  writing  a+a+a+a+a,  which  represents  5  a*s  added 
together,  we  write  5a.  In  like  manner,  lOab  will  signify  the  same  thing  as 
ab-\'ab-\-ab-\'ab-\'ab-\-ab-\-ab-\-ab-\-ab-\-abj  or  ten  times  the  product  of 
a  and  b.  , 

The  numbers  5  and  10  here  are  coefficients. 

The  coefficient,  then,  is  a  number,  written  to  the  left  of  another  number 
represented  by  one  or  more  letters,  and  denotes  the  number  of  times  that  the 
given  letter,  or  combination  of  letters,  is  to  be  repeated. 

Or  the  coefficient  is  the  numcricsl  factor  written  before  one  or  more  literal 
factors. 

When  no  coefficient  is  expressed,  the  coefficient  1  is  always  understood ; 
thus,  \a  and  a  signify  the  same  thing. 

In  a  more  enlarged  sense,  one  literal  factor  may  be  regarded  as  the  cooffi- 
cient  of  another,  espo**inIly  when  the  former  is  one  of  the  first,  and  the  hittei 
one  of  the  last  letters  of  the  alphabet.  Thus,  in  the  expression  «r,  a  niny  be 
calied  the  coefficient  of  x.  So,  also,  in  the  expression  oi  abxy,  ab  may  be  re- 
garded as  the  coefficient  of  xy, 

IX.  T)ie  exponent,  or  index,  is  a  sign  which  is  employed  to  denote  that  a 
number  designated  by  a  letter  is  multiplied  by  itself  a  certain  number  of  times. 

Thus,  instead  of  writing  aX«XaX«X«tOr  aaana,  which  repre^^eiits 
five  /z's  multiplied  together,  wo  write  </\  where  5  is  called  the  exponent  or 
index  of  a.  Similarly,  b  xb  xb  xb  X  b  X '' Xb  xb  xb  Xb.  or  b.b  .b. 
b  .  b.  b  .  b  ,  b  .  b  .  b,  or  bbbbbbbbbb ;  or  the  corili...ic(l  product  of  10  i's  is  written 
more  !)rielly  6^^  where  10  is  the  exponent  or  index  of  6. 

The  exponent  or  index  of  a  number  is,  therefore,  a  number  written  a  little 
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above  a  letter  to  the  right,  and  denotes  the  number  of  times  which  the  number 
designated  by  the  letter  enters  as  a  factor  into  a  product.  When  no  exponent 
is  expressed,  the  exponent  1  is  always  understood ;  thus,  a}  and  a  signify  the 
same  thing. 

The  products  thus  formed  by  the  successive  multiplication  of  the  same 
number  by  itself,  are  in  general  called  the  powers  of  that  number.  Thus,  a  is 
the  first  power  of  a  ;  axa^aa-ssia^  is  the  second  power  of  a,  or  the  square 
of  a  ;  aaa's^c?  is  the  third  power ^  or  cube  of  a ;  aaaaa-zsid^  is  the  fifth  power 

of  a,  and  aaaa to  n  factors  =:  a",  i^  the  nth  power  of  a,  or  the  power 

of  a  designated  by  the  number  n. 

X.  The  square  root  of  any  expression  is  that  quantity  which,  when  multi- 
plied by  itself,  will  produce  the  proposed  expression,  and  is  generally  denoted 
by  the  symbol  •/,  which  is  called  the  radical  sign.  Thus,  the  square  root 
of  9  is  \/9=:3,  and  ^/a^^a,  is  the  square  root  of  a^;  for  in  the  former  case 
3  X  3=9,  and  in  the  latter  a  X  a'=za'^. 

XL  The  cube  root  of  any  expression  is  that  quantity  which,  when  multi- 
plied twice  by  itself,  will  produce  the  proposed  expression.  The  fourth,  or 
biquadraie  root  of  any  expression  is  that  quantity  which,  when  multiplied 
three  times  by  itself,  produces  the  given  expression ;  and  the  nth  root  of  any 
expression  is  that  quantity  which,  multiplied  (n — 1)  times  by  itself,  produces 
the  proposed  expression.  Thus,  the  cube  root  of  8  is  2;  for  2x2x2=8, 
atte  fourth  root  oi  a^\%  a  ;  for  a .  a .  a  .  a=a*,  and  the  nth  root  of  x"  is  a: ;  for 
J? X 3: X a: ... .  to  n  factors  =x.x.x.x....  ton  factors  =  x". 

The  roots  of  expressions  are  frequently  designated  by  fractional  or  decimal 
exponents,  the  figure  in  tlie  numerator  of  the  fractional  exponent  denoting  the 
power  to  which  the  expression  is  to  be  raised  or  involved,  and  the  figure  in 
tl)o  denominator   denoting  the  root  to  be  extracted  or  evolved.     Thus,  the 

symbol  of  operation  for  the  square  root  of  a  is  cither  -/a  or  a* ;  for  the  cube 

root  it  is  Va,  or  a*;  for  the  fourth  toot,  Va,  or  a*;  and  Va,  or  a%  denotes 

the  nth  root  of  a.     Also,  V«®»  or  a*,  denotes  the  sixth  root  of  the  fifth  power 

m 

of  a  ;  and  fl»,  or  Vfl"»  signifies  the  nth  root  of  the  mth  power  of  a,* 

XII.  A  rationed  quantity  is  that  which  has  no  radical  sign  or  fractional  ex- 
ponent annexed  to  it,  as  3mn,  or  5x^^. 

XIII.  An  irrational  Ifuantity  is  a  root  which  con  not  be  exoctly  extracted, 
and  is  expressed  by  means  of  the  radical  sign  Vf  or  a  fractional  exponent,  as 

'/2  V«^  or  xV- 

XIV.  The  reciprocal  of  any  quantity  is  unity  divided  by  that  quantity ; 

thus,  the  reciprocals  of  a-,  r*,  y\  2*,  are  respectively  -  ^,  —   ~    -..  but  the 

u     jc^    y^    <b* 

following  notation  is  generally  used,  as  being  more  commodious :  thus,  thu 

1111  , L         «       «       «       1. 

fractions  -5,  -3,  -g,  -r,  are  expressed  by  a"-,  x"-,  y-^  2-*.» 

It  win  follow  from  the  above,  and  from  the  rule  for  division  of  fractions,  that 

the  reciprocal  of  a  fraction  is  the  fraction  inverted.     Thus,  tlie  reciprocal  of 

a  .    1      b 
r  IS  -=-. 
baa 


*  The  subject  of  fractional  and  negative  exponents  will  be  foUy  investigated  farther  in 
advancei 
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XV.  The  foDowing  characters  are  used  to  connect  several  quantities  to- 
gether, viz. : 

vinctdum^  or  bar  > 

parentheses  (  )  ' 

braces,  or  brackets  5  (  or  I  1 

Thus,  m-f  n .  x,  or  (m-^-n)!  signifies  that  the  quantity  denoted  by  m-j-H  is 
to  be  multiplied  by  x,  and  j  ^4.^  I .  j  ^— £  I  signifies  that  ^+ J  is  to  be  multi- 
plied by  ^ — 2.     The  vinculum  or  bar  is  sometimes  placed  vertically ;  thus, 

-fax 
+  h 

signifies  that  the  sum  of  a,  i,  and  c  is  multiplied  by  x. 

XVI.  The  signs,  .'.Uierefore  or  cansequently,  and  •••  because,  are  used  to 
avoid  the  frequent  repetition  of  these  words. 

XVII.  Every  number  written  in  algebraic  languRge,  that  is,  by  aid  of 
algebraic  symbols,  is  called  an  algebraic  quantity,  or,  an  algebraic  expression. 

Thus,  3a  is  the  algebraic  expression  for  three  times  the  number  a  ;  5a'  is 
the  algebraic  expression  for  five  times  the  square  of  the  number  a  ;  7a*6'  is 
the  algebraic  expression  for  seven  times  the  fifth  power  of  a  multiplied  by  the 
cube  of  b, 

3a« — Qlr^c*  is  the  alge.braic  expression  for  the  difference  between  three 
times  the  square  of  a  and  six  times  the  cube  of  b  multiplied  by  the  fourth 
power  of  c. 

2a — 3b^<^-\'Ad^ef^  is  the  algebraic  expression  for  twice  a,  diminished 
by  three  times  the  square  of  b  multiplied  by  the  cube  of  c  and  augmented  by 
four  times  the  fourth  power  of  d  multiplied  by  the  product  of  the  fifth  power 
of  e  and  the  sixth  power  of/. 

XVIII.  An  algebraic  quantity,  which  is  not  combined  with  any  other  by 
the  sign  of  addition  or  subtraction,  is  called  a  monomial,  or  nionome,  or,  a  quantity 
of  one  term,  or  simply,  a  term.  Thus,  3a',  46',  Qc,  are  monomials.  The  de- 
gree of  a  term  is  the  number  of  its  literal  factors,  and  is  found  by  adding  to- 
gether the  exponents  of  all  the  letters  contained  in  the  term.  Thus,  5a^&'c 
is  of  the  sixth  degree.  ^ 

An  algebraic  expression,  which  is  composed  of  several  terms,  separated 
from  each  other  by  the  signs  +  or  — 1  is  called  generally  b, polynomial,*  or  poly- 
nome.  Thus,  3a'^-\-4b^ — 6c-{-d  is  a  polynomial.  A  polynomial  is  said  to 
be  homogeneous  when  all  its  terms  are  of  the  same  degree. 

A  polynomial,  consisting  of  two  terms  only,  is  usually  called  a  binomial ; 
when  consisting  of  three  terms,  a  trinomial.  Thus,  a-f-6,  36'c — xz,  are 
binomials,  and  a-\-b — c,  3/»'/i* — dph'-^-dd,  are  trinomials. 

XIX.  Of  the  different  terms  which  compose  a  polynomial,  some  are  pre- 
ceded by  the  sign  -{-,  others  by  the  sign  — .  The  former  are  called  additive, 
or  positive  terms,  the  latter,  subtractive,  or  negative  terms. 

The  first  term  of  a  polynomial  is  not,  in  geneitd,  preceded  by  any  sign ;  in 
that  case  the  sign  -f-  is  always  understood. 

*  A  polyuomial  is  also  called  a  compotmd  quantity.  Polynomials,  to  save  the  trouble  of 
writing  them  repeatedly,  are  often  represented  by  a  single  large  letter.  Thus,  if  we  have 
two  polynomials,  ar« — 4j^y-{-ixy^ — y*  and  ifl — 3xy^-{''<ix^y — y**,  we  may  represent  the  first 
by  A  and  the  second  by  B,  and  afterward,  in  referring  to  them,  may  call  them  the  poly' 
Domials  A  and  B. 
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Terms  composed  of  the  same  letters,  afTected  with  the  same  exponents,  are 
called  similar  terms. 

Thus,  lab  and  3ah  are  similar  terms,  so  are  6tt*c  and  7a'c ;  also,  I0ab*c*d 
and  "iab^c^d ;  for  they  are  composed  of  the  same  letters,  and  thc^se  letters 
m  each  are  affected  with  the  same  ex])onents.  On  the  other  hand,  Sab^c 
and  ^a-b^c  are  not  similar  terms,  for,  although  composed  of  the  same  letters, 
these  letters  are  not  each  affected  with  the  same  exponent  in  each  term. 

XX.  The  numerical  value  of  an  algebraic  expression  is  the  number  which 
results  from  giving  particular  values  to  the  letters  which  compose  the  ex- 
pression, and  performing  the  arithmetical  operations  indicated  by  the  algebraic 
symbols.  This  numerical  value  will,  of  course,  depend  upon  the  particular 
values  assigned  to  the  letters.  Thus,  the  numerical  value  of  2a'  is  54  when 
we  make  a:=3,  for  the  cube  of  3  is  27,  and  t^ice  27  is  54.  The  numerical 
value  of  tiie  same  expression  will  be  250  if  we  make  a  =5;  for  the  cube  of  5 
is  125,  and  twice  125  is  250. 

The  numerical  value  of  a  polynomial  undergoes  no  change,  however  we 
may  transpose  the  order  of  the  terms,  provided  we  preserve  the  proper 
sign  of  each.  Thus,  the  polynomials  4^' — 3a*6+5ac".  4a**+5ac2— 3a'6, 
5€U^ — 3a*b~\-4a\  have  all  the  same  numerical  value.  This  follows  mani- 
festly from  the  natm-e  of  ai'ithmetiod  addition  and  subtraction,  for  it  is  evident 
tliat  if  the  same  amounts  be  added  or  taken  away,  it  is  immaterial  in  what 
order. 

Samples  of  the  numerical  values  of  algebraic  expressions  : 

Let  ar=4,  6=3,  c=2;  then  will 

(1)  a-fi— c=4-f 3— 2=7— 2=5 

(2)  a-+afc+6-=4--f4x3  +  3-  =  lG+12+9=37 

(3)  ac— rt  6+6  c=4x  2— 4X3+3X2=8— 12+G=2 

aS+6^— c2^         4-+3'  — 2-  16+9—4      21 

^^)  ai— ac+6c'^4x3— 4'X2+3X2"'12— 8+6~10 

(5)    V{a+6)c-V(a-6)cr»=V(4  +  3)X2-V(4-3)X2«=Vl4-V8 

=  3-7416574  —  2  =  1-7416574 
fl+fe     a—c     a—b     7     2     1     263 
t^)  ;r— 7+Zr+^""a  +  672"'"5""7'"  70 

XXI.  Entire  quantities  are  those  which  are  rational  and  contain  no  de- 
nominator; such  are  47,  2a^fe,  3a" — be, 

XXII.  An  algebraic  expression  containing  a  quantity  is  called  vl  function  of 

that  quantity.     For  example,  the  expression  3x' —  \/x  is  a  function  of  x  ;  the 
expression  o{x-\-y)-\-rr^X'{-y)  is  a  function  of  x+y.     An  entire  function  of 

a  quantity  is  one  in  which  this  quantity  does  not  enter  into  a  denominator. 

A  rational  function  is  one  in  which  the  quantity  does  not  appear  under  a 
radical. 

To  express,  in  a  general  way,  a  function  of  x,  we  write  F(x).  Where 
many  diflerent  functions  of  x  are  to  be  represented,  we  vary  the  form  of  this 
initial :  thus,  F(2),  /{x),  ^(x),  F'(x),  &c.,  which  denote,  in  a  general  way, 
different  algebraic  expressions  containing  x. 

To  express  functions  of  the  same  form  of  different  quantities,  we  use  the 
■ame  initial  before  these  quantities;  thus,  F(x),  F{y). 
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To  express  a  function  like  3^-{-2xy-{-y^  of  two  quantities,  we  write  F(x,  y\; 
of  three  quantities,  F{x,  y,  z),  and  so  on. 
What  follows  to  equations  may  be  called  the  algebraic  ealeulut. 


REDUCTION  OF  TERMS. 

3.  Reduction  of  similar  terms  is  the  collecting  of  several  similar  terms  mto 
one. 

The  rule  may  be  divided  into  two  cases : 

(1 )  When  the  similar  quantities  have  the  same  signs. 

(2)  When  the  similar  quantities  have  different  signs. 

CASE  I. 

When  the  similar  quantities  hav^  the  same  signs. 
Add  the  coefficients ;  affix  the  letter  or  letters  of  the  similar  terms,  and 
prefix  the  common  sign  -\-  or  — .* 
Thus,  a+2a+3a+4a+5a=(l+2+3+4+5)a=15a, 

(— a)+(— 2a)+(— 3a)+(— 4a)  =— (l+2+3+4)a=— lOfl. 
It  is  convenient  to  write  the  similar  terms  to  be  reduced  under,  instead  of 
after  one  another,  they  being  read  in  the  same  order  in  either  way. 


(1)  (2)  (3)                      (4)  (5) 

3a  abc  9axy  —  5bx  \/rt+^ 

7a  2abc  Zaxy  —  2bx  2^/a•\^x 

2a  7abc  7axy  —     bx  5\/a+^ 


EXAMPLES. 

(3) 

(4) 

9axy 

—  5bx 

3axy 

—  2bx 

7axy 

-  bx 

baxy 

-  bx 

axy 

—  4bx 

baxy 

— 105x 

CASE  II. 

a  3abc  baxy  —     bx  ^/a-^-x 

6a  abc  axy  —  Abx  7^a-\-x 

8a  babe  baxy  — 105x  \^/a-\-x 

"^ia  19a6c 


TVhen  the  similar  quantities  have  different  signs. 
Collect  into  one  sum  the  coefficients  affected  with  the  sign  -|-,  and  also 
those  affected  with  the  sign  —  ;  to  the  difference  of  these  sums  affix  the  com- 
mon literal  quantity,  and  prefix  the  sign  -|-  or  — ,  according  as  the  sum  of  the 
+  or  —  coefficients  is  the  greater. f 


*  The  trath  of  this  rule  is  evident ;  for  suppose  the  two  terms  3a  and  5a  are  to  be  re- 
duced to  one,  "tiien  by  the  dcGnition  of  a  coefficient  we  have 

3a^a-|-''~l"^ 
Hence  ba'\'2a-=:a-\-a-\'a-\-a-\-a-\-a-\-a-\-a-=:%a. 

SimUarly,— 5a=(— a)+(— a)+(--a)+(— fl)+(— a) 

— 3^=(— a)+(— a)-f(— a). 

Hence -5a-f(-3a)=(-a)-|-(-a)+(-a)+(-a)4.{-a)-|-(-a)-f-(~a)+(-a) 

=8( — o)= — 8a. 

t  The  truth  of  this  will  be  obvious ;  for  to  reduce  5a  and  — 3a,  we  have 

5a=a-f^"h<'"i"*~H' 
.-3a=(-a)-f(-a)-f(-a). 
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Thus,  a— 2a+3a— 4a+5a=(l+3+5)a— (2+4)a=9a— 6a=:3a. 
And,  3x+4y— 2x+3y=(3— 2)x+(4+3)y=x-f7y. 
Reduce  the  tenns  of  tlie  polynomials, 

(6)  c+2t/— 2c— 3rf+3c+4</— 4c— 5rf+c+(i 

(7)  3a— 26+5a— 6c+36— 9c+a— 6+121C 

aw      k      m      a      km 

(8)  *'"4'~5'"20'"7'"l3""8""9 

(9)  3a— J6+6a— 3f6+10Ja— 22J6— Ja 

(10)  5ry— 4V>9r+4ry— 10a'*63+7V7^— 9j^+3a«6». 


ADDITION. 
Addition  is  the  collecting  of  several  polynomials  into  one. 

RULE. 

Write  the  polynomials  one  after  another,  and  reduce  similar  terms.* 

EXAMPLES. 


(1) 

(2) 
2:r»-  ry 

(3) 

3a»+     69 

20   (a«— 6«)*— IS-v/j:"— y» 

2a«+  36« 

ii^—Jxy 

^a^^b*    —  7Vx=— y« 

6a^+  56« 

Ssf'^Axy 

12Va*— 6«    —      y/x^'-f 

a«+  763 

3^ —  ry 

4    (a^— 6=)*—  3   (x^— y*)* 

a«+  66« 

ea^-^Jxy 

2  (a^— 6=)*-  5  (i*— y')* 

I3a«+226» 

(4) 

(5) 
xy —  a6 

(6) 

a+  6 

yx-+y-  —     w'»+    »«— 2»ift 

— 2a+.36 

2a:y+3a6 

— 2V^2^y-+  3m2— 3n«+5mn 

3a— 46 

— 5xy-\-7ab 

— 5V^3_J.y2    _     4„i2^_5  ;i2_7^^ 

— 5a+66 

—  xy — 3a6 

2  (z«+y-)*+12m«— 24/13+  mn 

7a—  6 

8ry— 9a6 

8  (j:a_j.,,2)4_  8,„3_  jn'-_6wn 

4a+56 

In  example  (4), 

let  a=5  and  6=3, 

then  a+  6=     8 

— 2a+36=— 1 

3^     46=     3 

— 5a+66=— 7 

7a—  6=   32 

4a+56=   35t 

Hcnco  5fl-|-( — 3a)=a-|-a-f-a-|-a-|-a-|-( — a)-|-( — o)-\-{ — o).  • 

8imilarly,2^T+(— 5aJ=<7-ffl+(— a)-f(— a)+(— a)-f(— a)-|-(— a) 

=3{ — a)=z — 3a. 

*  For  if  certain  quantities  arc  to  be  added  and  Bubtractcd,  it  is  immaterial  in  what  por> 
tions,  or  what  onlcr. 

t  Similar  substitutions  may  be  tried  iu  some  of  the  followinf;  examples.  Let  the  learner 
gabstituto  any  other  numbers  for  a  and  h,  and  he  will  find  that  the  sum  of  the  polynomials 
will  be  truly  expressed  by  the  result  Aa-^-^h,  the  correctness  of  which  does  not  depend  on 
die  values  of  a  and  b.    This  illustrates  the  general  principle  stated  in  the  note  of  Art.  L 
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(7)  (8)  

5ax^    —   V^+y    +     (a — i)  SV^Z+arz+yz    +  Vax+6y 

—  7aV-r+2   (r+y)*—  3(a— 6)  —  5^/xy+xz+y^    —3  (ax+6y)* 
12a  Var—a  Vx+y   +12(a— 6)  12   (ry+r2+yz)i+5  (ax+by)^ 

—  3aV^— 4Vx+y    —     (a— 6)  —  S-^xy+xz+yz    — 2Va!r+6y 

—  fl^*      +      (-r+y)*-  3(a-6)  (xy+z2+yr)4+     (ax+fcy)* 


(9)  (10) 


a+b+c+d+C'-f  4(a+6)'v/z^— y^    — 2(a—6)  Vi^+y^ 

a+b+c+d^e+f  -  3(a+fc)V^«-y*    +  (a-6)Vx^+y» 

a+b+c^d+e+f  -     (a+6)    (x^-y5)4+3(a-6)    (x«+y«)» 
a+b-^c+d+e+f  G(a  +  b)    (^-y;)*-  (a-i)    (x^+y^)* 

a-^b+c+d+e+f  lO(a+fc)V^-y«    -5(a-6)    (^4Y)* 


4.  Dissimilar  quantities  can  only  be  collected  by  writing  them  in  succession, 
&nd  prefixing  to  each  its  respective  sign.  Thus,  9xy,  — 5cd,  and  Sab  are  dis 
Mmilar  quantities,  and  their  sum  is  9xy-\-3ab'^5cd,  In  like  manner,  2a6, 
Zab\  4al^  are  dissimilar  quantities,  and  their  sum  is  2ab-\'3ab^-^Aab^ ;  which, 
however,  admits  of  another  form  of  expression,  as  will  be  explained  in  the  rule 
of  Division.  When  several  polynomials,  containing  both  similar  and  dissimilar 
quantities,  are  to  bo  collected  into  one  polynomial,  the  process  of  addition  will 
be  much  facilitated  by  writing  all  the  similar  terms  under  each  other  in  verti- 
cal columns. 

This,  however,  is  not  absolutely- necessary.     The  similar  terms  may  be  col 
lected  together  as  they  stand. 

EXAMPLES. 

(1)  Add  together  ax  +  2by  -\-  cz ;   ^x-\-  ^y-\-  -^z;  3y*— 2a:*+32*;  Acz 
'-3ax-^2by  ;  2ax— 4  Vy— 22*. 

aa:+26y+c2  +  \/x+  Vy  +  V^ 

— 3az— 2fcy+4c2— 2a:*+3y^    +32* 
2ax — 4  Vy— 22* 

6c2 — •/•c+2\/2:=  sum  required. 

(2)  Add  together, 

4a«6  +  3rV— Qw^n;  4ni^»  + a62  +  5<r»<f +7a«6  ;  6m«ii— 5c'(i+47fin»— 8a6«; 
7mn«  +  6cV— 5w-n  —  6a'^b  ;  7c^d  —  10a6«— 8m«n  —  lOd* ;    and  12a86— 6a6* 
-|-2cV+mn. 
Arranging  the  similar  terms  in  vertical  columns,  we  have 
4a-b+  3<rV--  9m«/i 
7a-b+  5rV+  4»i«n+     a&« 

—  5(^d+  6»7i«n—  8a6«+  4m»« 
—  6a^b+   6c^d^  bmPn  +  '^^'^'^ 

+  TcV—  em»n— 10a6»  — lOrf* 

I2a^b+  2c^d —  6a6«  +mn 

17a'b+i&c^d-'l2m^n'^23a¥+llmn^'^l0d*+mn=:aum. 

(3)  Add  Ubc+4ad^Sac+5cd  ;  8tzc+76c— 2a<£+4mn  ;  2cJ~3a&+5a6 
\-an  ;  and  9an — 2bc — 2ad-\-bcd  together. 
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(4)  Add  togetlior,  Avithout  arraugiiig  tho  similar  terms  in  vertical  columns. 

5tt3  -.4tft2_  76jr2—    b^x—  Akf^llihy 
bky^  hf-^Wx    +146=»  — 22ac«— lOx* 

5a»  —Bear-—     j^  +llj   -^9/ry8+146^~2A:y»— 5%—%— 762^, 

(5)  Add  together  a^— 6'  + 3a=fe— 5<zfeM  3a'— 4^-6+ Si^— 3ff5- ;  a»+6* 
4.3tf-6;  2a»— 46^— 5a62;  Ga^i+iOtii^;  and —6a'— 7a26+4a6«+26^ 

(C)  Add  Vir'+y-  y/^^^bxy  ;  -  3(3:^  - y«)*  +  8xy-2(3^  +  y)*^ 
2  >v/j:^4-  y>^~3ry— 5  y/x^—f  ;  7x1/+ lOV^^— y*  — 12  Va:*+y* ;  and  x^ 
+  V-r*— y*+  V^M-y  together. 

(7)  Add  lf_5!LVl55_2(£±:)  „„d  2f^.8!i*_ia.^+%±i0  ^ 

'  yc'z  «  y  C  Z         *  8 

gether. 

A      n      ,    A       ,       B 

<d)  Add  together  4A— 6 — J- 7^  and  7-— 2A+3t^. 

(9)  Add  together  3  cos  a — 4  siu  6-4~6  tan  c,  2  cos  a4-2  sin  &-4~7  tan  c, 
and  cos  a-f-S  sin  6 — 2  tan  c. 

(10)  Add  together  3.29  0 —2.45  D +1.84  t5,  4.560 +0.59  D +6.41  y, 
and  2.220+3.11])  — 4.21^. 

ANSWERS. 

(3)  166c+5af+12f(/+4mn— 3a5+10<m. 

(5)  a^+a'b+ab'+h^ 

(6)  2V^:^^-^lOV'C'+f'+&xy. 
13a     5w'     6^p     (7+0 

*      A        B 

(8)  2A+-+10^-. 

(9)  6  cos  a+sin  6+11  tan  c. 
(10)  10.070+1.25]) +4.04 15. 

5.  When  the  coofTicients  are  littral  instead  o^ numcr'icol ^\hi\\  is. denoted  by 
letters  iustoud  of  numbers,  their  sum  mny  be  found  l>y  tho  rules  for  tho  addi- 
tion of  similar  and  dissimilar  terms;  and  tlie  sum  llius  found  boing  enclosed  in 
a  parenthesis,  and  prefixed  to  the  common  literal  quantity,  will  express  th« 
sum  required. 

EXAMPLES. 

(1)  (2) 

ax-if-by-\-cz  3ar+   (a+h)  (a:+y)  +  2mn:« 

bx-\-r.y^az  — aj-+2(rt  +  fc)  (r+y)— 5mwr'» 

cx\-aii-\-bz  Amnz'^\-b(a\-b)  (x+!/)+lOaa: 

~j;;^j;:7^  ■2/>7-^+  (p+<i)  (•r+.v)+2/>r 

^(b  +  c+<.)y  i  =  sum.  (12a+2^0-^+  )  ^(^  +  ^)+P+q  \  (^+.V)  \  ^,„„, 
_+l:'+'i+i:)il  ^(r^,n  +  2pq)z"'  S 
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(3)  (4) 

{a^h)y/x+  (m— n)Vy+    V2  (m+n)  y«— (  a—  b)3*+axy 

{a-\-c)     ar*—  (»»— n)     y*-f2V2  (»— p)  y"— (2a+  6)a:'— 6xy 

(6— c)Vx  +3(m— ii)-/y  —3^2  (p— 2»)y«— (  c— 3a)a:*+M:y 

(c—g) Vjt  —5(y»--n)Vy  —6V2  (7— m)  y«— (  c+2rf)x«— cfary 


(5)  Add  a2^+hy+c  to  <£i:»+Ay+A:. 

(6)  Add  togothor  x=-fxy+y;  as^-^axy+ay^;  and  —  6y+Jrj/+5j:«. 

(7)  Add  h(x+y)  and  4(x-y).    Also,     ^  ,J^^  and j-^-^. 

(8)  What  is  the  sum  of  {a+b)x+(c'^d)y^x^/2;  (a— 6)x+(3c+2i^y 
+5jV2;  2bx+3dy^2xy/2;  and  — 36x— c/y— 4x  V2  ? 

(9)  Addflx+6y+c2;  a'x^b'y+c'z;  wnd  a"x+b"y^c"z. 

(10)  Add  together  ax-{-by-\-cz;  aiX-^b^y — C|2  ;  and  a^x — &2y*f'^a^* 

ANSWERS. 

(3)  (fl+c)  V^— 2(m— «)V3/— 6^2. 

(4)  <^2— (2c+2€/)x«+(a— 6+c— <£)xy. 

(5)  (a+d)X^+(b+h)y+c+k. 

(6)  (l  +  a+6)^+(l-a+6)Ty+(l+a-5)y». 

(7)  First  part,  x.     Second  part,  x'+y'. 

(8)  (Sa— 6)x+(4c+3(f)y— 2xV2. 

(9)  (a+a'+fl")x+(fc-6'+6")y+(c+<?'-0*- 
(10)      a 


+a 


3 


r+6 

y+« 

+6. 

— Cl 

-6, 

+c. 

SUBTRACTION. 

RULE. 

6.  Place  the  quantity  to  bo  subtracted  under  that  from  which  it  is  to  be 
taken;  chan^e  the  signs  of  all  the  terms  in  the  lower  line  from  -|-  to  — ,  and 
from  —  to  -^f  or  ebe  conceive  tHem  to  be  changed,  and  then  proceed  as  di- 
rected in  Addition.* 


*  Tlio  sign  — ,  prefixed  to  a  monomial,  ■crves  to  intimate  tliat  this  monomial  ought  to  en- 
ter  aubtractivcly  into  any  combination  of  which  it  forms  a  part.  If.  fur  example,  it  be  re- 
qoircd  to  add  the  aubtractive  quantity  ( — d)  to  c,  the  sum  c-{-( — d)  is  c — d. 

If  the  difference  between  two  quantities,  as  tn  and  «,  bo  required,  m  and  s  being  both  add> 
itive,  tlio  expression  of  tlie  dillcrence  is  tn — $.  If  the  difference  bo  required  between  vi, 
an  additive,  and  ( — «),  a  subtractive  quantity,  let  the  difference  =d ;  that  is,  let 

m — ( — $):=d. 

Adding  ( — 9)  to  both  these  equals,  there  results 

But  m — ( — «)-f-( — «)=m,  and  d-\-{ — s)=d — *. 

Therefinro,  m=<2 — ». 

Now  m — ( — s)^d,  and  m=zd — a 

Hence  m — ( — s)  is  greater  tlian  m  by  tlie  additive  quantity  s,  or  ia  equal  to  «-f^ 

The  above  is  the  demonstration  for  isolated  terms. 

Por  polynomials  we  have  tlie  following: 

It  is  evident,  that  if  all  the  terms  of  the  quantity  to  be  subtracted  are  affected  with  Uio 
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(1) 
From  4a+35— 2c+8</ 

Take    a+2b+  c+5d 

Rem.  3g+  b^3c+id 


(3) 
32a  +  36 

6a +176' 
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EXAMPLES. 

From 

Take 

Rem. 


(2) 
12a:y  +  3y«— 172*+ 3  V  2 

5xy +7y» —191^+2  y/2 
17xy— 4^+  J2j:«+jy/2 


(4) 


28ax»— 16aax«+25a'x— 13a* 
18aa:>+20a«x«— 24a'x—  7a* 


(5) 
o(a+6)+3(a— X) 

(a  +  fe)— 3(a— x) 


(6) 
6a5y — 3yx+42x 
.2a6y+62X+2yx 


(7) 


Vx«-y-+4(x+y)  -3Va+^ 
3(x  +y)~2(T«-.v^)^3    (a+x)* 


(8) 
ar»+2j:y+y« 
x«-2xy+y« 


(9) 
x^-2xy+t/«+(x3-y-)+2(xy-y«) 

x«+2xy-y«+  (x«+y^)-2(xy-y») 


(10) 
2a»+  ax+  i:3— 12a2x+20ax^—  4x3  +6a'»x«— lOox* 
a»— 3ax+2x«— 16a«x+12ax°— 12ar'— 4r»    +  2a2x« 


(11)         

4y«-^4i/x+x«— 2a(x+y)+   Gy/a'—jT'—Q^b^—if 

4x8— 4jj/+yg— 4fl(x+y)  — 10  V6^— ?/^+4  y/a^^x^ 


7.  In  order  to  indicate  the  subtraction  of  a  poly  nomial,  without  actually  per- 
forming the  operation,  we  have  simply  to  inclose  the  polynomial  to  be  sub- 
tracted within  brackets  av  parentlitses,  and  prefix  the  sign  — .     Thus,  2c^ 

' 1 • — 

sign  +,  wo  mast  take  away,  in  succession,  all  the  parts  or  terms  of  the  quantity  to  bo  lob- 

tracted ;  and  this  is  indicated  by  alTectiug  all  its  terms  with  the  sign  — •    Bat  if  some  of 

the  terms  of  the  subtrahend  are  affected  with  the  sign  — .  as,  for  instance,  if  c — d  is  to  be 

subtracted  from  a+6 ;  then,  if  c  be  subtracted,  we  shall  have  subtracted  too  much  by  d ; 

hence  the  remainder  a+6 — c  is  too  small  by  d;  and  therefore,  to  make  up  the  defect,  the 

quantity  d  must  be  added,  which  gives  a-{-b — c+d ;  by  inspecting  which  w^c  perceive  that 

the  signs  of  the  subtrahend  have  been  changed. 

This  reasoning  may  be  generalized  by  supposing  c  to  represent  the  sum  of  the  additive 
terms,  and  d  to  represent  the  sum  of  the  subtractivc  terms  of  the  lower  line,  or  quantity  to 
be  subtracted. 

Another  mode  of  proving  the  rule  for  the  signs  in  subtraction  is  the  following: 

By  subtraction  we  solve  the  problem, "  Given  one  of  two  quantities,  and  their  algebraical 
■am,  to  find  the  other." 

Let  A  be  any  algebraical  quantity,  simple  or  compound,  from  which  it  is  proposed  to 
subtract  another  simple  or  compound  quantity',  B.  The  quantity  A  may  be  conceived  to  be 
the  algebraical  sum  of  B,  and  some  other  quantity  which  it  is  proposed  to  discover.  Call 
it  X.  As  A  was  obtained  by  annexing  to  x  the  pol^'nomial  expressed  by  B,  with  its  proper 
signs,  the  effect  of  this  process  will  bo  destroyed  by  annexing  to  A  the  pol^-nomial  repre- 
sented by  B,  icith  Um  %ign$  changed. 
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— 3a«6+4a5«— (a»+t=»+aft»)  signifies  that  the  quantity  a^+lr^+al^  is  to  be 
subtracted  from  2a' — ^ia^b-^-Aab^,  When  the  operation  is  actuaUy  perform- 
edf  we  have  by  the  rule, 

2a9— 3fl2fc+4a6«— (a'+&3+a5«)=2a»-.3a«6+4a6«— o^— &»— a6« 

=  a'— 3a»6+3a6^— 6^. 
When,  therefore,  brackets  are  removed  which  have  the  sign  —  before  them, 
the  signs  of  all  the  terms  within  the  brackets  must  bo  changed. 

8.  According  to  this  principle,  we  may  make  polynomials  undergo  severa] 
transformations,  which  are  of  great  utility  in  various  algebraic  calculations. 
Thus, 

a»— 3a«6+3a6«— i»=:a»— (3a«6— 3a6«+6') 

=a'^¥-'(3a^b^3ab^) 
r=a'4.3a6«— (3fl«6+63) 

=  — (— a»+3a«fc— 3a6«+63) 
And  a:«— 2xy+y«=a:°— (2xy— y«)=y«— (2ary-.a<). 

EXAHPLES  OF  QUANTITIES  WITH  LITERAL  COEFFICIENTS. 

(1)  (2) 

From  €ufi+byx+cy^  From  (a+b)  y/^+yj{.{a+c)(a+x)^ 

Take  d^fi—hxy+ky' Take  {a^b)^/3fi+^+        c  (a+z)» 

Rem.  (a-'d)3*+{b+h)xy+(C'-k)yK        Rem.  26  V^^+^+a(a+x)^ 


(3)  From  m'hi^j^'^2mnpqx+p^q^  take  p^q*a^—2pqmnx+mW, 

(4)  From  a{x+y)'-bxy+c{X'-y)  take  A{x+y)  +  (a+b)xy-^7{x^y), 

(5)  From  (a+b)  (x+y)'^(c  —  d){x^y)+h^  take  (a^b)(x+y)+(c+d) 
(x^y)+k^.  

(6)  From  (2a— 56)  -v/x+y-|-(a— 6)j:y— C2«  take  36a:y— (5+f)2^— (3a— 6) 

(7)  From  2i:— y+(y— 2a:)  — (z— 2y)  take  y— 2ar— (2y— x)+(j:+2j/) 

(8)  To  what  is  a+6+c— (a— 6)  — (6— c)— (— 6)  equal  ? 

(9)  From  Ar»+Ba:«+Cx+D  take  A^r^+B^s^+C^x+D^. 

ANSWERS. 

(3)  '(m^n'*— ;?»5«)a:«+p2^«— m-n«,  q,  (mW— ^'^'^ja:®— (mV— ^^),  or  (mW 
.;,V)(x«-l). 

(4)  (a-4)(x+y)-(a+26)xy+(c4.7)  (x-y). 

(5)  26(x+y)— 2c(3:— y)+A«— A:«. 

(6)  (5a— 66)-v/j^4-y+(a— 46)zy+52«. 

(7)  y+x. 

(8)  26+ 2c. 

(9)  (A-A|)r>+(B-B,).T«+(C-Ci)x+D-Dj. 


MULTIPLICATION. 

9.  Multiplication  is  usually  divided  into  three  cases : 

(1)  When  both  multiplicand  and  multiplier  are  simple  quantities. 

(2)  When  the  multiplicand  is  a  compound,  and  the  multiplier  a  siinDln 
nantity. 

(3)  When  both  multiplicand  and  multiplier  are  compound  quantities. 
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CASE  I. 

10.  TVhen  both  multiplicand  and  multiplier  are  simple  quanttdea,  ormonomiaU* 
To  the  product  of  the  cocfficieuts  affix  that  of  the  letters.* 

Thus,  to  multiply  5x  by  4y,  we  have 

5X4=20;    xxy=ry: 
.•.5j:X4y=20x^=*-^-ry=  product. 

11.  Powers  of  tlie  same  quantity  are  multiplied  by  simply  adding  their  m« 
dices ;  for  since,  by  the  definition  of  a  power, 

a^:=aaaaa  ;  a'^=zaaaaaaa. 

Also,     a"*:=aaa ....  to  m  factors ;  a"=saaa ....  to  n  factors ; 
.'.a"  X  a^:=aaa ....  to  m  factors  X  aaa ....  to  n  factors ; 

zizaaaaaa to  (m-\-n)  factoi-s ; 

=a"+". 
It  is  proved,  in  the  same  manner,  that  a"  X  a"  X  a*"  X  a*=a"*+**+*^. 

*  I.  The  rule  is  derived  in  the  fulluwing  maimer:  We  begin  by  aasumlng  that  wheo 
several  letters  are  written  one  after  another  witliout  any  sign,  their  continaed  mnltiplicar 
tion  is  understood,  and  that  the  o])enition  proceeds  from  left  to  right.  Then  abed  will  flig*. 
uify  a  multiplied  by  b,  that  product  by  c,  and  that  again  by  d.  We  shall  now  prove  that  ia 
whatever  order  tliese  letters  or  simple  factors  are  arranged,  their  continued  product  will 
always  be  the  same  ;t  and,  moreover,  that  they  may  be  grouped  into  partial  products  at 
pleasure,  provided  all  the  letters  be  employed  each  time.  Thus  the  above  product  may  be 
written  bfidc  (tlie  multiplication  here,  as  before,  going  on  by  each  factor  successively  from 
left  to  right),  and  the  result  will  be  tlie  some  as  before  ;  or  it  may  be  written  aXbXcd,  un- 
derstandhig  tlie  products  separated  by  the  sign  X  as  being  previously  formed  and  thca 
multiplied  together. 
The  demonstration  depends  upon  three  propositions,  which  we  shall  fint  establish : 

(1) .  .  .  aXb=bXa        ^^^  ^^  ^^'^  adjoining  table  of  units  let  b  denote  the  number 
6  of  units  in  each  horizontal  row,  and  a  the  number  of  rows, 

' ^ V  then  b  multiplied  by  o,  or  repeated  a  times,  will  give  the 

I  .   11111  number  of  units  in  the  table.    But  a,  which  is  the  number  of 

a<  111111  horizontal  rows,  is  also  the  number  of  units  in  each  column^ 

111111  and  b  is  the  number  of  columns  ;  then  a  multiplied  by  b,  or 

•         ^  ^  *■  *  repeated  b  times,  will  produce  tlie  number  of  units  in  liie 

table  again ;  whence  b  multiplied  by  a  is  equal  to  a  multiplied  by  b. 

^^ In  a  similar  manner,  fn)m  the  adjoining  tnble,  it  may  be 

I  a  a  a  a  a  proved  that 

]  a  a  a  a  a  a.b .  c=a  .c.b  (3) 

V'"''*''  Also  that  a.  A. c=a.(^)  (3) 

XL  By  (1)  a/fcd^bacd=  hy  (2)  hcad=  by  (2)  baJa.  Thus,  we  perceive  that  the  factor 
a  has  been  made  to  occupy  successively  every  place  from  the  first  to  the  last.  The  tame 
might  now  be  done  with  the  factor  b.  and  so  with  all  the  otlierd.  Thcrofure  a  product  im 
tlie  same,  whatever  be  the  order  of  its  factors. 

JIT.  Again.  Take  aXbXcXdXe.  It  may  l>c  written  by  (3)  tiXlcXdXc  or  by  (3) 
aXtfcdXf",  or,  in.stead,  by  (3)  ahXfdXc  From  which  it  a])pcars  that  tlie  factors  of  a 
pnxluct  may  be  j.'ri.'i|ioil  into  i)artial  pnxlucts  at  pleasure,  and  then  atlerward  multiplied 
together  or  couvcj  .-■■.. . 

IV.  Let  us  now  sii|«i.(,»  ■  that  the  pro<lnrt»3^/^^-  is  to  be  mnlti])lic)I  l)y  the  product  5cfib*, 
Instead  df  umltiplying  by  tlie  whole  pHxhict  5<7«//^,  multiply  by  its  fju-tors  Kcparatoly,  and  wo 
have  :>n'h^'.Wb-.  .Since  the  order  may  be  cbanired  at  pleasure,  bring  the  luuucrical  facton 
together,  and  the  different  powers  of  the  same  letters;  thus,  5 X 3rt-fl'^-'^-.  Grou])ing  the 
different  powers  of  the  snnie  It- tters  into  partial  proilucts.  as  well  as  the  numerical  factors, 
the  result  is  Vui'h',  whicli  has  evidently  been  obtained  by  multiplying  the  cocfHcionts  and 
adding  the  ex]iouent!(  of  like  letters. 

t  Sorb  M  reUtion  ua  that  of  a  product  to  ita  factora  ia  ealied  a  ijfmmttrieat  rttatkm. 
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RULE   OF   SIGNS    IN   MULTIPLICATION. 

The  product  of  quantities  with  like  signs  is  affected  with  the  sign  -|-  ;  the 
product  of  quantities  with  unlike  signs  is  affected  with  the  sign  —  ; 

or 
4*  multiplied  by  -f"  <^^  "  multiplied  by  —  give  ■■\-  ; 
-f-  multiplied  by  —  and  —  multiplied  by  -|-  give  — ; 

or 
like  signs  produce  -|-  and  unlike  signs  — . 
The  continued  product  of  an  even  number  of  negative  factors  is  positive ;  of 
■n  uneven  number,  negative.* 

EXAMPLES. 

(1)  Aa^h^cdx^ahd'd^      =       ISa^tVe/'. 

(2)  12V«yX46i:  =        iSbxy/ay, 
.(3)     SJar^y^z*  X  6x^2=         =       33rY2^ 

-(4)  13a^b^xhfX—^ahxfzzz-^65(i^b*x*y*.  -~ 
(6)—  5r"y*  X  —  4a:"y'»  =+  20r"+"^™+".  - 
(6) — 20aPM  X  baH^'c'  =  —  100a™+Pfcn"Hc'. 

CASE    II. 

12.   When  (he  multiplicand  is  a  compound^  and  Oie  multiplier  a  simple 

quantity. 

Multiply  each  term  of  the  multiplicand  by  the  multiplier,  beginning  at  the 
left  hand ;  and  these  partial  products,  being  connected  by  their  respective  signs, 
will  give  the  complete  product,  f 

EXAMPLES. 

(1)  (2) 

Multiply    a«4.fl6    +6«  Multiply        a«— 2a5    +6» 

By  4a By  3£^ 

Product,  4a=*+4a^fc+4fl6g.  Product,  'Sa-xij — 6al)xy+ Zb^xy. 

(3)  Multiply  5mn+3m*— 2n^  by  12a6n. 

(4)  Multiply  Sax — dby-^-lxy  by  -^labxif, 

(5)  Multiply  — 15a-fe+3a63— 1265  by  — 5/7&. 

(6)  Multiply  aj'—ftr^+rT—^  by — .t». 

(7)  Multiply  y/l[+b+  -/x3— y— 3ry  by  —2-/^. 

(8)  Multiply  fl'"x''+6"y— c"//'"--e/"j'"  by  z™?/". 


•  Let  m,  »i'  be  two  monomial  (luantities  whose  product  is  required.  If  m,  mf  are  botli  addi* 
tivo  quantities,  tlie  pnxlurt  mm^  is  an  additive  quantity.  This  is  the  case  of  arithmetic. 
If  tlie  multi[dicajid  m  is  an  additive  quantity,  and  the  mnltiplier  m'  a  subtractive  quantity, 
the  expression  inX{ — »»')  indicates  that  the  multiplicand  m  is  to  be  subtracted  as  many 
times  as  th(>re  are  units  in  m',  or  that  m'  repetitions  of  the  quantity'  m  arc  to  be  subtracted, 
which  is  expressed  by  — mm'. 

If  m  is  subtractive  and  «/'  additive,  — in  taken  once  is  — m  ;  taken  twice  is  — 2m  ;  tak- 
en m'  times  is  — m'm. 

If  in  and  m'  nn*  Intth  subtractive,  tl«e  quantity  — m  is  to  be  subtracted  to'  times.  Now 
-  m  subtracted  once  is  -f-m,  twice  is  -f--''* :  ^nd  m'  times  is  -\-m'm. 

t  1st.  SupjKiso  V\n  sitms  to  be  all  plu^.  The  whole  mnltiplicnnd  being  to  he  taken  as 
many  times  as  is  dinioted  by  the  multiplier,  eacli  of  its  parts  or  terms  mast  be  takHn  so 
many  times.  2d.  Piir  the  case  where  some  of  tlie  signs  ore  negative,  see  the  denxmsAra* 
Lion  in  the  next  note. 
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CASE    III. 


13.   When  both  muUiplicand  and  multiplier  are  compound  quantities. 
Multiply  each  term  of  the  multiplicand,  in  succession,  by  each  term  of  tbe 
multiplier,  and  the  sum  of  these  partial  products  will  give  the  complete  prod- 
uct.* 


(1) 

a+  b 
a+  b 
a«+  ab 

+  ab+h* 
a«+2a6+6« 

c3rf» 

EXAMPLES. 

(2) 
a+b 

a -6 
a^+ab 

(3)t 
a-  b 

a—  6 

a«—  ab 

—  ab+b^ 

(4) 
ab  -{-cd 

a  b  — cd 

a«+2rt  b+ 

(5) 
6= 

a^b^+abcd 
— abed — 

a^4-2a=»6+ 

a-b^ 

a«//-»— c=rf* 

a*+2a36— 1 

2a  6^—6* 

(6)  Multiply  4a=— 5rt«6— 8a&3+263  by  2a«— 3a6— 46«. 
4a»—  5a«6—  8a6«+  26' 
2a2—  3a6  —  46« 
8a»—  I0a*6— 16a'6«+  4a«&» 

— 12a*6+15a3fc3^_24fl2fc3-   6a6* 

— 16g=^6^4-20ar-6'+32fffe*— 8&g 

8fl'^-^22g^6~17g'6=+48a-^r»+2fifffc*— 86*=  product 

*  Ist.  BappoBo  all  the  tormB  of  the  xnaltiplier  to  be  aflectcd  with  the  sign  -{-.  The  mill- 
tiplicand,  being*  to  be  taken  as  many  times  additivcly  as  is  denoted  by  the  nmltiplicr,  mast 
be  taken  as  many  times  as  is  denoted  by  each  term  of  the  multiplier  separately,  and  the 
Beparato  results  added  tog:ether.  i>d.  When  there  are  both  additive  and  subtractive  terms 
in  the  multiplier  and  multiplicand.  The  rule  for  the  sii^is  may  he  thus  demonstrated.  Let 
a — b  be  multiplied  by  c — d.    First  multiplying  a  by  c,  the  product  a  — b 

is  ac;  but  b  should  have  been  subtracted  from  a  before  the  multi-  e  — d 

plication ;  b  units  have,  therefore,  been  taken  r  times  in  the  a,  which  ac — Itc 

ought  nqt  to  have  been  so  taken ;  hence  b,  taken  r  times,  must  be  ad — bd 

■obtracted,  and  there  results  ac — be  as  the  product  of  a — b  by  c.  ac — be  — a(2-f-M. 

But  the  multiplier  was  c — d  instead  of  c;  therefore  the  multiplicand  has  been  taken  • 
times  too  often ;  d  times  the  muUiplicand,  which  will  he  of  the  same  form  as  c  ti^iici  tlie 
multiplicand,  viz.,  ad — bd,  must  be  subtracted,  and  the  rule  for  subtraction  is  to  change  the 
■igns  of  the  quantity  to  bo  subtracted.  The  result  is,  therefore,  ac — be — ad-\-bd ;  com- 
paring which  with  the  given  quantities  we  pon>i.-ive  that  like  signs  have  produced  -f-  and 
udikc  — .  To  render  the  denuiuRtration  still  muro  general,  a  may  represent  the  auem- 
blage  of  the  additive  terms  of  the  multiplicand,  and  b  that  of  the  subtractive ;  e  and  d  the 
game  for  the  multiplier. 

t  The  results  in  examples  (1),  (2),  and  (3)  show,  1.  That  the  square  of  the  sum  of  two 
numbers  or  quantities  is  equal  to  the  square  of  the  first  of  tl>c  two  quantities  plus  twice 
the  product  of  the  first  and  second,  plus  the  square  of  tlie  second.  2.  That  the  product  of 
the  sum  and  diffnoacc  is  equal  to  the  difference  of  the  squares ;  and,  3.. That  the  square  of 
the  difference  is  equal  to  the  sum  of  the  squares  minus  twice  the  product 
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(7)  Multiply  a'6— a&'  by  hk-^hk\ 

a'h^ah' 
h'k^hk 
a'bh'k-^ah'h'k 

-^a'hkle+db'hkf 

a'hh'k'^ah'h'k^afhhk'-\-ah'hJifz=  product. 

(8)  Multiply  ar«+a-°-»y+ar»-Y+a-»-»y'+  &;c.,  by  x+y. 

X  +y 

ar^^+2z"^+gx'°-y4-2j°-^y»+ 

(9)  Mulriply  a:«+y»  by  a*— y». 

(10)  Multiply  ar^+Sxy+y*  by  x-— y.      '^ 

(11)  Multiply  5a*— 2a»6+4a»&'  by  «=— 4a»6+2ft». 

(12)  Multiply  T<+2r»+3i*+ 2x4-1  by  x«—2x+l. 

(13)  Multiply  |xa+3ax—Ja«  by  2x«—flx—la«. 

(14)  Multiply  a«+2a&+6a  by  a«— 2aft+fc3. 
(15). Multiply  .T»+xy+y«  by  x<»— xy+y«. 

(16)  Multiply  x»4-y*+2^— ary— X2— 7/z  by  x+y+z. 

(17)  Multiply  together  x — cr,  x — 6,  and  x— c. 

(18)  Multiply  together  ^+^,  g-^^i  g—^^  ^^^  g-^^* 

(19)  Multiply  tOir(it\ierp+q,j)-\-2q,}f+3q,  and p-\-4q. 

(20)  Multiply  together  2—3,  2—5,  2—7,  and  z— 9. 

(21)  (a"— a°+rt2)x(a"— a). 

(22)  (5a*r»— 4iy)  X  (5a«x»+4&y)  as  ex.  2. 

ANSWERS. 

(9)  x*-y*. 

(10)  x3+x«y-x7/^y'. 

(11)  5a^— 22a«&+12a*6«— 6a«69— 4a=»&*+8a«6«. 

(12)  x«— 2x»+l. 

(13)  5x<+|ax3-VVfl'^+ifl'j^+J«*- 

(14)  a*— 2tz'»fc'»+6^ 

(15)  x^+i^y'^+y*. 

(16)  r-^+y^+z^— 3xy2. 

(17)  r*— (a+6+<:)x^+(a&+ac+ftc)x— a6c. 

(18)  ^-2^;*-+;*^ 

(19)  p*+l0p^q+35jf'q^+50pq^+24q*, 

(20)  2^—242^+206:^—7442  +  945. 

(21)  a^— a"+°+a'°+-— «"•+'+ a"+'— a'. 

(22)  25a^°x«— 166^0. 

When  the  multiplicand  and  multiplier  are  each  homogeneous,  the  product 
will  be  also ;  and  the  degree  of  each  term  of  the  product  will  be  equal  to  the 
sum  of  the  degrees  of  a  term  in  the  multiplier,  and  a  term  in  the  multiplicand. 

This  serves  conveniently  to  verify  the  accuracy  of  the  operation.  It  is  ap- 
plicable in  the  above  examples  to  all  except  the  I2th,  20th,  21st,  and  22d. 

B 
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In  multiplying  one  polynomial  by  another,  there  are  always  two  terms  of  tho 
total  product  which  are  not  produced  by  the  reduction  of  similar  terms  in  the 
partial  products.  These  two  terms  are  the  term  adocted  with  the  highest 
exponent  of  any  letter,  and  the  term  affected  with  the  lowest  exponent.  If 
the  terms  of  the  multiplicand,  multiplier,  and  product  be  an*anged  in  tho  order 
of  the  powers  of  some  letter,*  as  is  usual,  and  as  may  be  seen  in  the  above  ex 
amples,  then  the  two  terms  in  question  of  the  product  will  be  the  first  and 
last,  the  one  being  produced  by  the  multiplication  of  the  first  of  the  multipli- 
cand by  the  first  of  the  multiplier,  and  the  other  by  the  multiplication  of  tho 
last  of  the  multiplicand  by  tho  last  of  the  multiplier.  The  first  of  the  multi 
plicand  by  the  second  of  the  multiplier  usually  produces  a  terra  similar  to  that 
which  is  produced  from  the  multiplication  of  the  second  of  the  multiplicand  by 
the  first  of  the  multiplier.  The  sa^ie  is  the  case  with  the  first  and  third  of 
each,  the  first  and  fourth,  the  second  and  fourth,  the  third  and  fourth,  and  so  on. 

When  a  polynomial,  arranged  according  to  the  powers  of  some  letter,  con- 
tains many  terms  in  which  this  letter  has  the  same  exponent,  these  terms, 
after  suppressing  from  them  the  letter  of  arrangement,  may  be  placed  in  a 
parenthesis,  or  in  a  vertical  column  with  a  vinculum  placed  vertically  on  tlie 
right,  and  the  letter  of  arrangement,  with  its  proper  exponent,  following  aftor. 
The  polynomial  in  the  parenthesis,  or  vertical  column,  is  to  be  regarded  as  the 
coefficient  of  the  power  of  tho  letter  which  follows,  and  is  to  be  operated  with 
exactly  as  wo  do  with  a  numerical  coefficient;  t.  e.,  multiply  the  coefficient 
of  the  letter  of  arrangement  in  the  multiplicand  by  the  coefficient  of  the  same 
letter  in  the  multiplier,  and  afterward  add  the  exponents  of  this  letter. 


EXAMPLE. 


26 


Multiplicand    <  — 1 


Multiplier 


5      26 
i+1 


a>— 

462 

+ 

26 

1 

a  — 

46» 

+ 

1 

—  46« 


Product  of  the 
multiplicand  by 
26  ^ 

+  1 


Product  of  the 

multiplicand  by 

— 46« 

+  1 


Total  product 
simplified 


(      4¥ 

a3—  863 

a2+i66« 

a 

—26 

+  46« 

—  863 

,   +26 

—  26 

+  863 

-1 

—  46* 
+  26 

—  46« 

-  1 

f                —  863 

+  166^ 

—326* 

+  46« 

—  863 

+  166* 

+  26 

+  462 

+  86» 

-  1 

—  4¥ 

—  46> 

+  26 

I                                -  1 

(      46« 

a'— 1663 

a«+326^ 

a— 326* 

—1 

+  46« 

-  863 

+  166< 

+  26 

—  46« 

+  863 

—  2 

+  26 

-  46« 

w 

—  1 

*  The  letter  cfaof  en  for  tliiB  puxpoie  is  called  the  letter  of  arrangemexit. 
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CI  r-l 

I  I 

M  9 

I  I 
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I 
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CI 

CO 

+ 

cT 
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CI 


9 

I 

CO 
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&I 

■^ 

1 

& 
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«* 
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00  GO 

1 

+ 

1  + 

& 

^ 

* 
•O 

GO 

CI 

CO 

I 


CO 


i-H       CO 

I 

o 


CI 

I  + 

•^  CI 


no 


r-l 

+ 

•o 

^ 

CI 

CI 

+  II 

a 

"^ 

^ 

1 

+ 

n 

00 

00 


rH 

1 

»o  »o 

r-l  rH 

CI  CI 

1  + 

1  + 

e* 

•O  ^ 

^ 

CI  CI 

"^ 

I 


(O 


•I 


& 

•^ 


n 

00 


+ 
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I 
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CO 


CI 
CO 


+ 

00 


CO 


CI 

CO 


rH 

1 

•O 

CI 

+ 

M   ei 

>o  ^ 

rH 

Tf   ^ 

+ 

+   1 

»o 

& 

CI  r-l 

00 

1  1 

1 

««   «• 

♦ 

rO  fO 

>o 

«*  "^ 

CO 

tH 

I 

+ 


CI 


00 


CO 


+ 

CI 


I  I 

_  e» 

CI  -«»• 


I 

& 

00 


+ 

CI 


00 


MULTIPLICATION  BY  DETACHED  COEFFICIENTS. 

14.  In  maDy  cases  the  powers  of  the  quantity  or  quantities  in  the  multipli- 
cation of  polynomials  may  be  omitted,  and  the  operation  performed  by  the  co- 
efficients alone ;  for  the  same  powers  occupy  the  same  vertical  columns,  when 
the  polynomials  are  arranged  according  to  the  successive  powers  of  the  letters ; 
and  these  successive  powers,  generally  increasing  or  decreasing  by  a  common 
difference,  are  readily  supplied  \n  the  final  product. 


EXAMPLES. 

(1)  Multiply  ar'+^+^+y'  ^7  ^ — y- 
Coefficients  of  multiplicand  l  -|- 1  ^- 1  ^- 1 
— — — -  multiplier     1 — 1 

1  +  1  +  1  +  1 
— 1— l-^l— 1 

1+0+0+0—1 


5M)  ALGBBBA. 

Since  sfi  X  x=ix*,  the  highest  power  of  x  is  4,  and  decreases  successiyely  by 
onity,  while  that  of  y  increases  by  unity ;  hence  the  product  is 
x*+0.x^y+0.2^y^+0,xy^'-y*=:2*-^y*=  product. 

(2)  Multiply  3a«+4ax— 5a«  1^  2a«— 6ax+4a:». 

3+4-5 
2^  6+  4 
6+  8—10 
«18— 24+30 

+  12+16—20 
6—10—22+46—20 
.«.  Product  =6a*— lOa'x— 22a«2«+46aa:'— 20ar*. 

(3)  Multiply  2a»— 3a&«+5&»  by  2a«— 56«. 

Here  the  coefficients  of  a^  in  the  multiplicand,  and  a  in  the  multiplier,  are 
each  zero ;  hence 

2+0—  3+  5 

2+0—  5 

4  +  0—  6+10 

—10^  0+15—25 
4+0—16+10+15—25 
Hence  4a«— 16a»ft«+10a«63+15at«— 256»=  product 
The  coefficient  of  a*  being  zero  in  the  product,  causes  that  term  to  dis- 
appear. 

(4)  Multiply  zs— 3a:«+3x— 1  by  2«— 2x+l. 

(5)  Multiply  y«— ya+|a«  by  ya+ya--Ja«. 

(6)  Multiply  ax— 6x«+cr»  by  1— x+x^- ar»+x«. 

(7)  (r»— ax«+6x— c)x(a:*— <^+c). 

ANSWERS. 

(4)  x«— 5x*+10r»— 10x«+5x— 1. 

(5)  y^^a^+Wy-rif^^' 


(6)  ax — a 
— i 


x^+ajr* — a 
b  —6 
c     — c 


x*+a 
h 


x»— 6 
—  c 


x^+cx'' 


c 

Or,  ax— (a+5) x«+(a+5+c) r*— (a+6+c) x*+(a+6+c) x»— (&+c) j^ 
+cx^. 
(7)  x»— (a+J)x«+(5+a<i+<j)r»— (c+5(£+a<)x«+(c(£+c5)x— cc 


DIVISION. 

15.  The  object  of  algebraic  division  is  to  discover  one  of  the  factors  of  a 
given  product,  the  other  factor  being  given ;  and  as  multiplication  is  divided 
into  three  cases,  so,  in  like  manner,  is  division. 

(1)  When  both  dividend  and  divisor  are  monomials. 

(2)  When  the  dividend  is  a  polynomial,  and  the  divisor  a  monomial. 

(3)  When  both  dividend  and  divisor  are  polynomials. 

CASE  I. 

16.   When  both  diiddend  and  divisor  are  monomials. 
Write  the  divisor  under  the  dividend,  in  the  form  of  a  fraction ;  cancel  like 


DIVISION.  21 

quantities  in  both  divisor  and  dividend,  and  suppress  the  greatest  factor  com- 
mon to  the  two  coefficients. 

17.  Powers  of  the  same  quantity  are  .divided  by  subtracting  the  exponent 
of  the  divisor  from  that  of  the  dividend,  and  writing  the  remainder  as  the  ex> 
ponent  of  the  quotient.* 

Thus,  a^  :=.aaaaaaa ;  a^=:aaaa 

a'     aaaaaaa  ,       ,_ 

.«.  -r  = =aaa=(r=c^~^. 

a^         aaaa 

GeneraUy,     a^:=aaaa to  m  factors  ;  a^:=aaa ....  to  n  factors ; 

&P  zzzhhhh to  ^  factors  ;  6'^  =zhhh  ....  to  q  factors ; 

a"6p      aaa ....  to  m  factors  X  hhb ....  to  ^  factors ; 

'  *  a"  6^     aaa ....  to  n  factors  X  ^^^ ....  to  ^  factors ; 

=:aaa...to  (m — n)  &ctors X ^2)6 . . . . to  (p — q)  Actors, 

When  a  quantity  has  the  same  exponent  in  the  dividend  and  divisor,  we  have 

a«n  .      «■     , 

--=a"-"=a<»;  but--=l. 
a"  a™ 

.•.  a*?=l. 
Hence  every  quantity  whose  exponent  is  0  is  equal  to  1. 

c^       aaa        1       1 
a*     aaaaa     aa     a'* 
But  we  may  subtract  5,  the  greater  exponent,  from  3,  the  less,  and  affect 
the  difference  with  the  sign  — ;  hence 
a*  a»      1 

a* 

*  The  role  for  division  follows  from  its  object,  which  is,  having  one  of  the  factors  of  a 
prodact  given  to  find  the  other.  As  in  multiplication  we  join  together  die  factors  of  a  prod- 
uct without  any  sign,  and  without  regard  to  order,  in  division  we  suppress  from  the  prod- 
uct, t.  c,  the  dividend,  one  of  the  factors,  t.  «.,  tihe  divisor,  to  obtain  the  other,  which  is  tho 
quotient.  Note. — ^The  quotient  must  contain  those  factors  of  the  dividend  which  are  not  in 
tiic  divisor.  Note,  also,  that  dividing  one  of  the  factors  of  a  product  divides  the  whole 
product.  Thus,  dividing  a^bc  by  o^,  we  divide  the  single  factor  a^,  and  get  cfibc ;  so  to  di- 
vide 16X12  by  8,  we  divide  16  alone,  and  get  2X13  for  the  quotient 

Wlien  there  are  factors  in  th^  divisor  which  are  not  in  the  dividend,  the  quotient  may 
be  expressed  in  tho  form  of  a  fraction,  as  has  been  previously  shown  (2,  V.).  Suppressing 
die  common  factors  in  this  case  amounts  to  dividing  both  ntmierator  and  denominator  by  tho 
fame  quantity'.  That  such  a  division  does  not  alter  the  value  of  the  fraction,  will  be  obvious 
fiom  the  fuUowing  considerations : 

1.  If  the  numerator  of  a  fraction  be  increased  any  number  of  times,  tho  fraction  itself  will 
be  increased  as  many  times ;  and  if  the  denominator  be  diminished  any  number  of  times, 
die  fraction  must  still  be  increased  as  many  times. 

2.  If  the  denominator  of  a  fraction  bo  increased  any  number  of  times,  or  the  numerator 
diminished  the  same  number  of  times,  the  fraction  itself  will,  in  either  case,  be  diminished 
the  same  number  of  times. 

3.  If  the  numerator  of  a  fraction  be  increased  any  numbor  of  times,  the  fraction  is  in- 
creased the  same  number  of  times  ;  and  if  the  denominator  be  increased  as  many  timf;s,  tlie 
fraction  is  again  diminished  the  same  number  of  times,  and  must  therefore  have  its  original 
value.  Hence  both  terms  of  a  fraction  may  be  multipHcd  by  tlie  same  number,  and,  by 
similar  considerations,  it  will  appear,  may  be  divided  by  the  same  nnmbcMr  without  changing 
the  value  of  the  fraction. 

Corollary. — RuU.  To  multiply  a  fraction  by  a  whole  number,  multiply  the  numerator  of 
the  fraction,  or  divide  its  denominator  by  the  wholo  number.  To  divide  a  fracticm,  divide 
its  nomAntor,  or  multiply  its  denominator. 
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Similarly,  ^q-^=(a+a:)-^  (jq:^«  =  (^+y)"*. 

a'^       1         1 
So,  also,       -=^-j=— ; 

a' 
But  -^=a*; 


a^ 


:=a«. 


From  this  it  appears  that  a  factor  may  be  transferred  from  the  denominator 
to  the  numerator,  and  vice  versa,  by  changing  the  sign  of  its  exponent. 

EXAlfPLES. 

(1)  Write  a^h^c  with  the  factors  all  in  the  denominator. 

(2)  Writo  -T— ;^  with  the  factors  all  in  one  line,  and  also  all  in  the  denomi- 

J 
nator. 

For  more  of  the  theory  of  negative  exponents^  see  a  subsequent  article. 

18.  In  multiplication,  the  product  of  two  terms,  having  the  same  sign,  is 
affected  with  the  sign  -|- ;  and  the  product  of  two  terms,  having  diiferent 
signs,  is  affected  with  the  sign  — ;  hence  we  may  conclude, 

(1)  That  if  the  term  of  the  dividend  have  the  sign  -|-,  and  that  of  the  di- 
visor the  sign  -|-,  the  resulting  term  of  the  quotient  must  have  the  sign  -f-  ? 
because  +  X  +  gives  + . 

(2)  That  if  the  term  of  the  dividend  have  the  sign  -f-*  cuid  that  of  the  divisor 
the  sign  — ,  the  resulting  term  of  the  quotient  must  have  the  sign  —  ;  because 
—  X—  gives  +. 

(3)  That  if  the  term  of  the  dividend  have  the  sign  — ,  and  that  of  the  di- 
visor the  sign  -f-,  the  resulting  term  of  the  quotient  must  have  the  sign  — ; 
because  +  x  —  gives  — . 

(4)  That  if  the  term  of  the  dividend  have  the  sign  — ,  and  that  of  the  di 
visor  the  sign  — ,  the  resulting  term  of  the  quotient  must  have  the  sign  -|-. 

RULE  OF  SIGNS  IN  DIVISION. 

-f-  divided  by  -f-f  ^^^  —  divided  by  — ,  give  -|-, 

—  divided  by  +,  and  -|-  divided  by  — ,  give  — ; 

or, 

like  signs  give  -|-,  and  unlike  — ,  the  same  as  in  multiplication. 

+ah  --ah  ~~ab  +ab 

-. —  =  +  o;  =+o;  - —  =—6;  =  —6. 

EXAMPLES. 

(1)  Divide  AQa^b^d^d  by  12a6»c. 
48a»6»c«(i     ASaaahbbccd 
-l^ab^=     12abbc     =-*'^M=^^bcd. 

ISOa^b^cd^  ^  ,      , 

<2)     30a^b^d^  ^5a-^h^cd^=5a^b^cd. 

(3)  _  4flAc    =4fl^^^^c^'=4fl6c. 
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(7)  a"6V-i-a"6"c=:a"-"c^^ 

(8)  a'»6°+V-^-f-a"6"c=a*'"6c«^. 

(9)  6aP-i-3aH-'6c-»r=:Ja-'6-»c. 

(10)  a"-"-7-aP-«»=a°»~"~H-<i. 

(11)  a6.^ a6=— 1. 

(12)  — a&c-i-atc=— 1*. 

(13)  — 6»-i-— fe^ssl. 

(14)  96c^b*(*d-^Siah*c^d''=^i4T,. 

(15)  r~*y~"2r-*»-®-i-2r-Ty~'"2-p=j:^y°-"2*^~^'~'. 

,,  CASE  II. 

19.   When  the  dividend  is  a  polynomial  and  th€  divisor  a  monomial 
Divide  each  of  the  terms  of  the  dividend  separately  by  the  divisor.* 

EXAMPLES. 

(1)  Divide  Ca^x*^— 12a3ar»y'+15a^x^y»  by  Za^j^f. 

^       3a^xy    ^=2xY-4ax3^+5a^x»y. 

V"     d* 

(2)  Divide  15a^bc'-2Qacf+5cd'  by  — 5a6c.  Ans.  — 3a+4| — -j. 

(3)  Divide  x»+i— a:»+3+x"+3— t»+*  by  x».  Ans.  x— .jc+ar*— x<. 

(4)  Divide  6(a+t)3— 10(a+i)^+15(a+6)  by  — 5(a+6). 

Ans.  — (fl+t)2+2(a4-6)— 3. 
(6)  Divide  12a*y«^16ay4-20a«y*— 28ay  by  — 4rty. 

Ans.  —Zif+iaf—ba-y+Jc^. 

CASE    III. 

20.   W/i«n  both  dividend  and  divisor  are  polynomials, 

1.  Arrange  the  dividend  and  divisor  according  to  the  powers  of  the  same 
letter  in  both. 

2.  Divide  the  first  term  of  the  dividend  by  the  first  term  of  the  divisor,  and 
the  result  will  be  the  first  term  in  the  quotient,  by  which  multiply  all  the  terms 
in  Ae  divisor,  and  subtract  the  product  from  the  dividend. 

3.  Then  to  the  remainder  annex  as  many  of  the  remaining  terms  of  the 
dividend  as  are  necessary,  and  find  the  next  term  in  the  quotient  as  before. 

(1)  Divide  a*— 4a'x+6a3j:3— 4aar»+a:*  by  a«— 2aa:+2«. 

a«— 2ax+a:*)  a<—4a=^x+6a«x«— 40x3+0:*  (a«— 2ax+x" 
a<— 2a»x+  a^3? 

— 2a»x+5a-x-— 4flx8 
— 2a»x+4a3x2_2ax' 


*  ^nds  mle  follow!  from  that  for  maltiplication,  which  rccinires  each  term  of  the  multipli- 
cand to  be  repeated  as  mauy  ^imea  as  ia  expressed  by  the  multiplier. 
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Arraaging  the  terms  according  to  the  descendiDg  powers  of  r,  we  have 

—2ax^+ia'^j[^—2a^x 


(2)  Divide  x*+2fhf^+y*  by  i^+ry+y^. 

^+^y+f)  2:'+2r-y^+y*  (j^-xy+y^ 
x*+^y+j^f 


*  It  has  been  ihown  (13)  that  when  the  dividend  (which  is  the  product  of  the  divisor  and 
qnotiont)  is  arranged  as  directed  in  the  role,  its  first  term  is  produced  without  reduction  by 
the  multiplication  of  the  first  term  of  the  divisor  by  the  first  of  the  quotient  Hence  the 
rale  above  for  finding  the  latter.  This  first  term  of  the  quotient  being  found,  and  the  di- 
visor being  taken  away  from  the  dividend  as  many  times  as  is  expressed  hy  tliis  term,  tho 
remainder  must  contain  the  divisor  as  many  times  as  is  expressed  hy  the  second  and  re- 
maining terms  of  the  quotient.  Hence  die  remainder  may  be  regnrded  as  a  new  dividend, 
and  Uie  object  being  to  find  how  many  times  it  contains  the  diviscn-,  it  must  be  arranged  in 
the  same  manner  as  was  the  given  dividend,  and  the  first  step  will  bo  the  same  as  before. 
Similar  reasoning  wiU  apply  to  the  rest  of  the  process. 

NoU. — ^The  arrangement  of  tlie  terms  is  for  convenience.  The  term  having  die  highest 
or  lowest  exponent  of  some  letter  might  be  ndccted  from  tiie  dividend  and  remainders  trtVA- 
aut  any  arrangement.  The  operation  must  alwa^'S,  Iiowever,  begin  with  diis  term,  as  a 
reference  to  the  lost  example  will  show ;  for  if  we  attempt  to  commence  with  the  term 
Bifiafi,  the  third  of  die  dividend,  (()r  instance,  we  perceive  thnt  tliis  is  produced  by  reduction 
firom  the  term  a^jfi  in  the  second  line,  the  term  ia-jfi  in  die  fourth  line,  and  the  term  eflx^ 
in  the  sixth.  The  first  of  these  is  produced  by  the  multiplication  of  the  firvt  of  the  quotient 
by  the  last  of  tho  divisor,  the  sct^nd  by  the  multiplication  of  the  second  of  the  quotient  by 
the  second  of  die  divisor,  and  the  third  by  the  last  of  the  ciuiiticut  and  first  of  the  divisor. 
It  is  not  till  the  first  and  second  tenns  of  the  quotient  have  been  found  by  die  rule  ahove 
given,  that  any  portion  of  the  term  Ga^jfl  presents  itself  to  be  divided,  or  that  we  can  know 
what  part  of  it  is  to  be  used  as  a  dividend. 

In  the  same  manner,  it  may  be  shown  that  it  would  be  impossible  to  begin  widi  the  second 
term  of  the  dividend  iaafl  until  the  first  term  of  the  quotient  has  been  found,  which,  multi- 
plied  by  die  second  of  the  divisor,  produces  — 2aafl,  a  part  of  — 4a2^,  and  the  suhtraction 
leaves  the  other  part  — ^afl,  which  now  we  know  is  die  product  of  the  first  of  the  divisor 
by  the  second  of  the  qnodent,  which  latter  we  may  then  find. 

The  first  of  die  divisor  multiplied  by  the  second  of  the  quotient,  and  the  second  o(  tho 
divisor  by  the  first  of  the  quodent,  usually  produce  die  same  power  of  the  letter  of  arrange- 
ment, and  reduce  together ;  the  first  and  third  of  each,  together  with  the  two  second  terms 
of  each,  luually  produce  the  same  power,  and  so  on.  It  is  only  tho  first  of  the  di\'isor  and 
first  of  the  quodent,  or  last  of  the  divisor  and  last  of  the  quotient,  which  always  produce  a 
term  that  does  not  reduce  with  any  other  term. 

N.B. — ^The  arrangement  may  begin  with  the  bwest  as  well  as  the  highest  power  of  any 
letter,  and  go  on  increasing  instead  of  decreasing.  Wlien  cither  of  these  arrangements  is 
observed,  if  tho  first  term  of  the  divisor  in  any  port  of  the  operation  is  not  contained  exactly 
in  the  first  term  of  the  remainder,  die  division  is  impossible.  By  var>  ing  the  arrangement, 
dierefore,  or  simply  considering  which  terms  would  come  first,  using  diflerent  letters  of  ar- 
rftogemont^  we  may  often  detennino  beforehand  by  inspection  whether  the  division  is  pos- 
sible or  not 
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Anodier  fonn  of  the  work  which  has  the  convenience  of  placing  the  quotient, 
^ivliich  is  the  multiplier,  under  the  divisor,  which  is  the  multiplicand,  is  the 
IbOowing. 

Dividend,  x^+sfiy^-^-    y*  ^fi+xy-^-y^^  divisor. 
x*-\'i^y  -\-3^y^  J^ — J^+yS  quotient- 

— 2^y  — Jt^y'^ — xy^ 


(3)  Divide  a»— a'6«+2a«6»— a6<+i«  by  a^—ah  +  h^. 

a*b  —2a%-+2a'lr^ 
a*b  —  a%-+  a-fj^ 


+  ^». 


Arranging  the  terms  according  to  powers  of  b,  we  get 

69_a6+a2)  b^—ab*+2a"b^—a^b'+a'^  (^+^'^+b2^ab^a* 

(^b^-^a^b^+a^b 


The  results  we  have  obtained  in  those  two  un-angements  aro  apparently 
different ;  but  their  equivalonco  will  be  established  as  foUows : 

(1)  (a^—ab+b-)  (a^+a'^b—ab-)=a''-'a%'+2a'lr''--a  b* 

Add  remaimler                  =  4"^* 

Proof a^—a^'+^^i^b^—  a  b*~-f¥ 


(2)  (68— a6+as)  (b^+a-b)  =zb^^a  b^+^a-b^—a^b^'+a^b 

Add  remainder                  =  — a*b-\-a'^ 

Proof //._,,  hi^Oa'fr^-^a^'+aK 

The  moment  we  arrive  at  a  term  of  tlio  quotient  in  which  tlie  exponent  of 
the  letter  of  arrangement  is  less  than  the  differeuco  of  the  exj)onents  of  this 
letter  in  the  last  terms  of  the  divisor  uud  dividend,  we  may  be  sure  that  the 
division  will  not  terminate.  If -the  divisor  and  dividend  be  arranged  in  the  re- 
verse order,  that  is,  beginning  witli  the  lowest  power  of  a  letter,  then  the 
division  will  not  terminate  when  the  exponent  of  this  letter  in  tlio  term  of 
the  quotient  is  greater  tlian  the  diiTerence  of  its  exponents  in  the  last  terms  of 
the  divisor  and  dividend. 

Thus  in  the  following  example. 


3f^-\-x'' — ax'^-\-  ax* 


x<+r^+a 


x^'—x* 


— x8+  x^ — 2flx*+  ox* 
— j^ —  x^ —  ax* 

2x^^2ax«+2ax*. 
D 
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The  last  term  of  the  quotient  must  be  x*,  in  order  that,  multiplied  by  a,  tho 
last  of  the  divisor,  it  may  produce  the  last  of  the  dividend.  If,  therefore,  the 
division  is  not  completed  when  this  term  containing  x*  is  obtained^  it  will  not  be. 

EXAMPLES  FOR  PRACTICE. 

(1)  Divide  a^— 2a6+62  by  a— 6. 

(2)  Divide  a'^+Aax+4j^  by  a+2x. 

(3)  Divide  12a:<— 192  by  3a:--6. 

(4)  Divide  6x«— 6y«  by  2x3—22/^. 

(5)  Divide  a«—3a^fe^+3a'6*— fcoby  a^^3a^b+3a¥—b^. 

(6)  Divide  x^+5jfiy+oxy^+y^  by  sf^+Axy+y^. 

(7)  Divide  a* — y^  by  x — y. 

(8)  Divide  a*— 6^  by  a^^d^b+ah^+IP. 

(9)  Divide  r»— 92:^+27x— 27  by  x— 3. 

(10)  Divide  x*-{-y*  by  ar+y* 

(11)  Divide  48r»—76aa^— 64fl2x_|-i05a»  by  2x— 3a. 

(12)  Divide  ^r'+x3+3a:+ J  by  -Jx+l. 

(13)  Divide  52m^^93m*p'-70m^jjf^+48m'^j)^  —  27mp*  by  13m'  — 7m«j> 
+3mjA 

(14)  Divide  33a^b^-'77a'b*+12la'^b^hy  3a''b—7ab^+llab\ 

(15)  Divide  (6p*'-12pf'^6p^q+12q^)  by  (i>— 9). 

(16)  Divide  {100a^'-440a*k+235a^k^'^30a^k^)  by  (5a'— 2a2^-). 

(17)  Divide  Ig^^Ag^h+eg'h^^igh^+h*)  by  (/i2_o^^+g«). 

(18)  Divide  (37a%i2— 26a*m+3a^— 14am')  by  (3a-— 5am+2m-). 

(19)  Divide  (a«— i«)  by  (a— 6)  and  (a^+fce)  by  (a+b). 

(20)  Divide  (a^— 6^)  by  (a— 6)  and  (a^+t^)  by  (a+b). 

(21)  (J_C22+272*)  -r-  (J+22  +  322)=l— 6z+9z«. 

ANSWERS. 

(1)  a— &. 

(2)  a+2x. 

(3)  4j'+8a;«+16x+32. 

(4)  3x*+33^^+3y*. 

(5)  a'+3a«6+3a6«+6'. 

(6)  ar+y.  • 

(7)  x*+Thf+3fy+xy^+y*. 

(8)  a— 6. 

(9)  a:«— ar+9. 

(10)  x^^2fh,+xf^y^+^. 

(11)  24a«— 2ax— 35a». 

(12)  ^+1. 

(13)  4m«— 6wip— 9p«. 

(14)  Ua6». 

(15)  6;?'— 129». 

(16)  20a«— 80ait+15K 

(17)  g^-2gh+hK 

(18)  a«— 7am. 
a6  +  a46  +  a'6"  +  a»6'  +  ai<  +  6»,  and 

ri9)    -'  -        .         26» 


a»  —  a^6  +  a'6«  —  a'6'  +  ab*  —  2^+^X5' 
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afi+a^b+a*b»+a^h^+a^h*+ah^+l^,  and 

EXAMPLES  WITH  LITERAL  EXPONENTS. 

(1)  Divide  So*— 6a3-6'^+6a°62a_26^  by  a"— 6». 

a"— fc»)  20*— 6a-"fe°+6a"62"— 2^  (2aa»— 4a°6»4-26«» 
2aa°—2fl^°6° 

2a"6-°— 2^ 


(2)  Divide  a*+*+ar°'y+ary«+y'°+i  by  x»+y». 

(3)  Divide  a" — x"  by  a— -a:. 

(4)  Divide  a:*"+a:»y»+2/*°  by  2^"+xV+2^"- 

(5)    Divide    a«H-n6n_4^m  +  0-l2,3n__O7ain+n-8  53n^  42ain+n-854n    Jjy     ^nj. 

(6)  Divide  a*"~*°6^c— a''°+"~^6^"^c"  +  a~°6-'c"  +  a^-^U^^^c^  — ^sm+sn-ija 


ANSWERS. 


(2)  x+y. 


^n-3jj — 3* 


(3)  a'-^+a^-^x+a^-^x*-!- 

(4)  j^—x^'y^+y-^ 

(6)  a»+3a"»-*6"— 6a"-262o. 

(6)    O^'-^i^P+lc  —  a^a-Kn-l^'c"  +  ftPc". 
EXAMPLES  WITH  LITERAL  COEFFICIENTS.* 

(1)  Divide  ojfi+ax^+bx^+ax^+br'+cj^-^-ajf^+bsf^+cjfi+hx+cx+c  by 

az»4-6x+c. 

^^q^eo  the  terms  of  the  dividend  in  the  foUowing  manner,  in  order  to  keep 
hemmtic 


the 


ion  within  the  breadth  of  the  page. 


I   ax*+fcx+c)  aa:«-pTrtl*+a 


b 


x^+b 
c 


X+C  (X34-X5+X+1. 


ax*4"&  x*+c 

x* 

a  x*'{-a 
h 

x3+a 

n 

x« 

c 

ax*+b  T^+c  3^ 

b 

x^+6 
c 

X 

a 

x^+b  x^+c  X 

a  x^+b  x+c 

t 

a 

x^+b 

x+c. 

*  The  literal  moltipliera  of  each  power  of  the  letter  of  arraugement  are  to  be  collected 
together,  and  regarded  as  a  polynomial  coefficient  of  that  power,  which  is  to  bo  treated 
exactly  in  the  proceBi  of  division  as  a  namcrical  coefficient  woold  be,  observing  only  the 
font  giDimd  rales  applicable  to  polynomials  instead  of  numbers. 
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Divid. 


46^ 


Product 
to  sub-  < 
tract. 


1  St  rem 
or 
divid. 


em.  1 
2d    i 


+  Ab^c 

+  2b(^ 

—  2(r» 

+  86» 

—  Ab^c 

—  26ca 

+  ^ 


ALOBBRA. 
(2)* 


a^+32b* 

—  4W 
+  26c= 


a— 326*    (      26'a  -.46* 
+  166^ 

—  46«c» 


Divis. 


—  86» 

—  c3 


( 


Product 
to  sub^« 
tract. 


2d  rem. 
or  3d 
divid. 

Product 
to  sub-< 
tract. 


a«+326* 

—  Bh^c 

—  4i«ca 

a— 3266 
+  166<c 
+  863ca 

+  26c» 

—  462c3 

—     c« 

— 16M 

+  86\; 
—  A¥c^ 

+  46»c« 
—  26c3 

+     ^ 

+  166*  la— 3266 
—  A¥(A  +ieb^c 
+  869c8 

—  462c3 

+3266 
— 166*c 

—  863c« 
+  46V 


3d  rem o. 


1st  Partial  Division, 
46«—  c*  j  26+c 

—26c  (  26  -c 


— 26c— c^ 
o. 


2d  Partial  Diviiioiu 

—863—  c»  J  26+e 

+46«c  \  — 46«+26c— <* 


+46«c—  c» 
— 26c» 


— 26c«—  c» 
+  ^ 


o. 


3d  Partial  Division, 
166*— 46»ca  I  26+c 
—863c  (  86»— 46«c 


-_86»c— 46«c* 
+46«c« 


o. 


(3)  Divide  x^+aa^+bx+c  by  x—r. 

x-^r)  x^+aai^+bx+c  (x«+(r+a)ar+(r«+ar+6) 
r»— rx«  » 

(r+a)r*+6a: 
(r+a)a:«—  (r«+ar)ar 


(r«+ar+6)x+c 
(r«+(ir+6)z— (r»+rtr«+6r) 


r*+rtr2+6r+c,  remainder 

In  the  preceding  and  similar  examples,  the  remainder  differs  only  from  the 
dividend  in  having  r  instead  of  x.  That  this  is  always  the  case  when  the 
divisor  is  x  minus  some  quantity,  will  bo  shown  hereafter.  (Art.  238,  Pr.  1.) 

(4)  Divide  r* — ax!^-{-bx — c  by  x — r. 

(5)  Divide  ar*— (a+6+c)a:*+(a6+6c+ca)a: — a6c  by  x — a, 

(6)  Divide  x^—(a+2)x^+(2a+b}x-^2b  by  x— 2. 

(7)  Divide  lla56— 19a6c+10fl'— 16a«c+3a69+156c«— 668c  by  6a«+3a6 
— 66c. 

(8)  Divide  x^—(a+b,\-d)3^+(ad+bd-^c)X'^cd  by  a?— (a+6)x+c. 

(9)  Divide  3^+px»^^+qx^-^+rx^^+,  dec.,.  .+te+M  by  x— a. 

*  N.B.  The  ngiui  of  the  products  to  Babtract  are  actnaUy  changed  in  thia  example  before 
they  are  written;  a  method  which  la  aometimes  practiaed.  Their  firat  terma  need  not  be 
written,  aince  they  are  cancellad  by  the  flnt  teims  of  the  oonespoDding  difidtnda. 
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(10)  Divide 


a*+«*J»  :f— a»6«by      a«  |a:«+a^— a^6«. 


a*    z*+a*    I*— a*6 

When  there  are  negatiTe  exponents  of  the  letter  of  arrangement,  they 
come  after  the  term  containing  x°,  t.  «.,  the  term  in  which  x  does  not  appear, 
those  which  have  the  greatest  absolute  value  being  placed  last. 

(11)  Divide  — a:*— 2«+10a:+}— V^»— yar«+3r-»  by  a:^— 2a:— 2+Jar-» 
+|ar-. 


ANSWERS. 

(4)  3fi+{r — a)X'\-{r^ — ar-{-b)^  and  remainder  is  r* — ai^-^br 

(6)  a«_(6+c)x+6c. 

(6)  3^—ax+b. 

(7)  2fl+6— 3c. 

(8)  x—d. 


— c. 


(9)  3f^^+a 
+P 


+q 


+aq 
+r 


a**-*+,&c. 


(10)       a« 


— a62 


a:+6«. 


+t. 


(11)  — X— 3+oj^i. 


21.  In  those  cases  in  which  the  division  docs  not  terminato,  and  the  quotient 
may  be  continued  to  an  unlimited  number  of  terms,  the  quotient  is  termed  an 
infinite  series,  and  then  tho  successive  terms  of  tho  quotient  are  generally  reg- 
uhted  by  a  law  which,  in  most  cases,  is  readily  discoverable. 

EXAMPLES. 

•(1)  Divide  1  by  1— x. 

1— ar)  1         (1 4.r+ a*+a:»+a:*+a:«+ 

1— a: 

+x— a:« 
+a:* 

+a:°— x^ 
+ar» 

The  quotient  in  this  case  is  caOed  an  infinite  series,  and  the  law  of  formation 
of  this  series  is,  that  any  term  in  the  quotient  is  the  product  of  the  immedi- 
ate^ preceding  term  by  x. 

*(2)  Divide  1  by  l+ar.  Ans.  l^x+sfi^r^+x* 

(3)  Divide  1+x  by  1— x.  Ans.  l+2x+2x2+2x3+2x*^ 

(4)  Divide  1  by  /+1.  Ans.  ar-i— ar-^+x-«— x--*+r-* — .. 

(5)  Divide  x — a  by  x— 6. 

Ans.  1— (a— 6).r-»— (a— 6)6ar^— (a-.6)6«x-« — 

(6)  D&nde  1  by  l-.2x+x».  Ans.  l+2x+3x*+4x«+5x«+.... 
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22.  When  a  polynomial  is  the  product  of  two  or  more  factors,  it  is  often 
requisite  to  resolve  it  into  the  factors  of  which  it  is  composed,  and  merely  to 
indicate  the  multiplication.  This  can  frequently  be  done  by  inspection,  and 
by  the  aid  of  the  foUow'mg  formulas : 

(x+a)(x+h)=r'+(a+h)x+ab (1) 

(x+  a)(x—b)  =2^+  (a — 6)x— at (2) 

(a:— a)(x+6)=x«— (a— 6)x— flfc (3) 

(x—a)(x-'b)=2P^(a+h)x+ab (4) 

(a+6)(a--6)=a«— 6* (5) 

(n+l)(n+l)=n3+2n+l (6) 

(n— J)(n— l)=n«— 2n+l (7) 

EXAMPLES. 

(1)  Resolve  ax°-|-&x^ — cjfi  into  its  component  fiuitors* 

Here  aor^+ix^— .cj:«=a:°(a+6— c). 

(2)  Transform  the  expression  n'+2n^+^  '^^  factors. 

Here  n^+2n^+n=zn(n^+2n+l) 

=:n(n+l)(n+l)by(6) 
=n(n+l)«. 

(3)  Decompose  the  expression  af^ — x — 72  into  two  factors. 

By  inspecting  formula  (3),  we  have  — 1  = — 9+8,  and  — 72r= — 9X8; 
hence  a:«— x— 72=(ar— 9)(x+8). 

(4)  Decompose  5a-bC'\-10a¥c-\-15abc'^  into  two  factors. 

(5)  Transform  3m^n« — 6Ttv^n'^p-\-3m^n*p^  into  factors. 

(6)  Transform  Zh^c — Sbc^  into  factors. 

(7)  Decompose  i*+8x+15  into  two  factors. 

(8)  Decompose  r* — 23f^ — 15x  into  three  factors. 

(9)  Decompose  a^ — x — 30  into  factors. 

(10)  Transform  a^— 6^+26c— c«  into  two  factors. 

(11)  Transform  a*x — r*  into  factors. 


ANSWERS. 


(4)  5abc(a+2b+3c). 

(5)  3m^*(mn—py, 

(6)  3bc(b+c)(b~-c), 

(7)  (x+3)(x+5). 


(8)  z(x+3)(x— 5). 

(9)  (x+6)(x-6). 

(10)  (a+b^c)(a'-b+c). 

(11)  x(a+x)(a— x). 


23.  By  the  usual  process  of  division  we  might  obtain  the  quotient  of  a° — 5' 
divided  by  a — b,  when  any  particular  number  is  substituted  for  n;  but  we 
shall  here  prove  generally  that  a° — (°  is  always  exactiy  divisible  by  a — 5,  and 
exhibit  the  quotient. 

It  is  required  to  divide  a' — 5°  by  a — 5. 

a^b)  a--6»       {a-'+        ^_^      ' 

Rem.        a°~i6— 6» ; 
Rem.  under  another  form,  6(a"-^  —6°-*). 

fl»— 6»  6(a"-»— ft*-!) 

He«,e.  -S::r=''""'  +      a-b       W 
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Now  it  appears  from  this  result,  that  a° — Z»°  will  be  exactly  divisible  by 
a — 6,  if  a*~* — &■"*  be  divisible  by  a  —  b;  that  is,  if  tlie  difference  of  the  same 
powers  of  two  quantities  is  divisible  by  their  difference,  then  the  difference 
of  the  powers  of  the  next  higher  degree  is  also  divisible  by  that  difference. 

But  a* — &'  is  exactly  divisible  by  a — 6,  and  we  have 

And  since  a* — h'  is  divisible  by  a — hj  it  appears,  from  what  has  been  just 
proved,  that  a' — h^  must  be  exactly  divisible  by  a — h  ;  and  since  a^ — li^  is  di- 
Tisiblc,  o^ — b*  umst  be  divisible,  and  so  on  ad  infinitum. 

Hence,  generally,  a" — b^  will  always  be  exactly  divisible  by  a — (,  and  give 
the  quotient 

— — ^=:a«^»+a'*-«!>+a»-36^+ a-6°-5+a6»-«+6«»-i (5) 

In  a  similar  manner,  we  find,  when  n  is  an  odd  number, 

— ^=a"-»--a»-^6+a»-^6=— +a"b'^^—ab''-^+b'^^   ....  (6) 

And  when  n  is  an  even  number 

a"— &■ 

— T-T-=a»-»— a»-«6+a*»-»6«— —  a26«>-3+a6n-9_in-i   ....  (7) 

By  substituting  particular  numbers  for  n,  in  the  formulas  (5),  (6),  (7),  we 
may  deduce  various  algebraical  formulas,  several  of  which  will  be  found  in  the 
following  deductions  from  the  rules  of  multiplication  and  division. 

USEFUL   ALGEBRAIC  FORMULAS. 

(1)  a«— 6«=(a+6)(a— 6). 

(2)  a<— fe*=(a»+fr-)(a2— t-)=(a«+2»2)(a+6)(a— 6). 

(3)  a»--63=(a3+fl6+6-)(a— ?>). 

(4)  €fi+¥=z(a^—ab+b^)(a+b). 

(5)  €fi'-b^=z{a^+b^){a^-'b^)=(a^+}P)[a'+ab+l/^){a-^b). 

(6)  a«— 66=(a»+fc=»)(a3— 6')=(a3--6^)(rt«--tfi+6=)(a4-i). 

(7)  cfi—¥z=(cc'+b^)((r''--'¥)=(a-'--b')(a*+a'b'+b*). 

(8)  a«— 6«=(a+6)(a— 6)(a3+a6+6-)(a=— a6+68). 

(9)  (a*— 63)-i.(a— 6)=a+6. 

(10)  {a^—yi)^{a~-b)=a-+ab+b\ 

(11)  (a'+6»)-t-(fl+i)=a«— flfc+t^. 

(12)  (a*— 6*)-r(fl+t)=a=*— a'^+at^— i'. 

(13)  la'i^b^)^(a—b)=a*+a^b+a'^b^+ab^+b^. 

(14)  {a'^+V^)^{a+b)=:a*--a^b+a^b^-^ab^+b\ 
(16)  (a*— 6«)-r(a«--6^)=a^+a=62-|-64. 

DIVISION  BY  DETACHED  COEFFICIENTS. 

24.  Arrange  the  terms  of  the  divisor  and  dividend  according  to  the  success- 
he  powers  of  the  letter,  or  letters,  common  to  both ;  write  down  simply  the 
coefficients  with  their  respective  signs,  supplying  the  coefficients  of  the  absent 
tcnns  witb  zeros,  and  proceed  as  usual.  Divide  the  highest  power  of  the 
omitted  letters  in  the  dividtod  by  that  of  the  omitted  letters  in  the  divisor, 
and  the  reenlt  will  be  the  literal  part  of  the  first  term  in  the  quotient.    The 
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hteral  parts  of  tho  successive  terms  follow  the  snzne  law  of  increase  or  de- 
crease as  those  in  the  dividend.  The  coefTicients  prefixed  to  the  literal  parts 
will  give  the  complete  quotient,  omitting  those  toroM  whose  coefficients  are 
zero. 

EXAMPLES. 

(1)  Divide  6a*— 96  by  3a— G. 

3—6)  6+  0+0+0—96  (2+4+8+16 
6—12 
12 
12—24 


24 

24—48 


48—96 
48—06 

But  al-r'a^a^,  and  the  literal  parts  of  the  successive  terms,  are,  therefore 
a',  a*,  a\  aP,  or  a^  aS  a,  1 ;  hence,  2a"+4a2+8a+16=  quotient. 

(2)  Divide  Sd^'-4a*x—'2a'^x''+a^x^  by  Aa-'-x^. 

4+0—1)  8—4—2+1  (2—1 
8+0—2 
—4+0+1 
.,4-0+1 

Now,  a^~-a'^=ci^ ;  hence  a^  and  arx  ore  the  literal  parts  of  the  terms  in  the 
quotient,  for  there  are  only  two  coefficients  in  the  quotient ;  therefore 

2a' — a*T=  quotient  required. 

(3)  Divide  x^—Sax^—ea-j^+lBa^x^Sa*  by  af»+2aa:— 2a2. 

(4)  Divide  32^+3.ry— 4ar-v/— 4jr'  by  x+y, 

(5)  Divide  lOa^— 27a»j:+34a«jr=— 18aa*— Sj:*  by  2a«— 3ar+4x«. 

(6)  Divide  a*+5€^+a+5  by  a»+l. 


(3)  ar^- 5ax+4a2. 

(4)  -4j:«+37/^ 


ANSWERS. 

(5)  6a=— Oox— 2j«. 

(6)  a+6. 

SYNTHETIC  DIVISION. 
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25.  (1)  Divide  tho  divisor  and  d^Pbnd  by  the  coefficient  of  the  first  term  in 

*  The  rule  hero  given  for  Sjfiithetic  Division  is  due  to  the  late  W.  G.  Homer,  Esq.,  of 
Bath,  whoso  rcucarcheg  in  science  hare  issued  in  several  elegant  and  nsoful  processes, 
especially  in  the  hii^hcr  branches  of  algebra,  and  in  the  ovolation  of  the  nx^s  of  ciiuatioa  of  all 
dimensions. 

In  the  coniSuon  method  of  division,  the  several  terms  in  the  divisor  arc  multiplied  by  the 
first  terra  in  the  quotient,  and  the  product  subtracted  from  tlie  dividend ;  but  subtraction  ia 
perfumicd  by  changing  all  tlic  signs  of  the  quantities  to  bo  sulitrlfted,  and  then  adding 
the  several  terms  in  the  lower  line  to  tho  similar  terms  in  the  higher.  If,  therefore,  die 
signs  of  the  terms  in  Uic  divisor  were  changed,  we  should  have  to  add  tho  product  of  dio 
divisor  and  quotient  instead  of  subtracting  it  By  this  process,  then,  the  second  dividend 
would  he  identically  the  same  as  by  the  usual  method.  We  may  omit  altogether  tho 
products  of  the  first  term  in  the  di\'isor  by  the  successive  terms  in  the  quotient,  IxHmnse 
in  the  usiinl  mctliod  the  first  term  in  each  successive  divUbnd  is  caucclled  by  these  prod- 
Qots.    Omitting,  therefore^  these  products,  the  coefficient  of  the  first  toim  in  aqy  dividend 
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the  divisor,  which  will  make  the  leHcling  coefTictent  of  the  divisor  unity,  and 
the  first  term  of  the  quotient  will  be  itlentical  with  that  of  the  dividend. 

{ti)  Set  the  coefficientci  of  the  dividend  in  a  horizontal  line  with  their  proper 
signs,  and  those  of  the  divisor,  with  the  signs  all  changed  except  that  of  the 
first,  in  a  vertical  column  on  the  n^ht  or  loft,  drawing  a  Une  under  the  whole, 
undemcatli  which  to  write  the  quotient. 

(3)  Multiply  all  the  terms  so  changed  by  the  first  term  in  the  quotient,  and 
place  the  product.s  successively  under  iho  corresponding  tenns  of  tho  dividend, 
in  a  diagonal  column. 

(•I)  Add  the  results  in  the  second  column,  which  will  give  the  second  term 
of  tlie  quotient ;  and  multiply  tlie  changed  terms  in  the  divisor  by  tliis,  placing 
the  products  in  a  diagonal  series,  us  before. 

(5)  Add  the  results  in  tlie  third  column  for  tho  next  term  in  tho  quotient, 
by  which,  again,  nmltiply  tho  changed  terms  iu  the  divisor,  placing  the  prod- 
ucts as  before. 

(6)  This  process,  continued  till  tho  lust  line  of  products  extends  as  far  to  the 
right  as  the  dividend,  will  give  the  samo  series  of  terms  as  the  usual  mode  of 
division. 


EXAMPLES. 

1  —  5+10  — 10+5  —  1 
+o_  (5^  G— 2 
—  1+   3—3+1 


1 
—  1 


1  —  3+   3—   1     ♦     ♦ 
Hence  a^ — 3a^x-{-3ax^ — r''=  quotient. 

In  this  example  the  coefficients  of  tho  dividend  are  written  horizontally,  and 
those  of  the  divisor  vertically,  with  all  tho  signs  of  the  latter  changed,  except 
the  first.  Then  +2  and  — 1,  the  changed  terms  in  the  divisor,  are  multiplied 
by  1,  the  first  term  of  the  quotient,  which  is  written  in  the  horizontal  line  at 
the  bottom,  and  is  tho  samo  us  the  first  tcnn  of  the  dividend ;  the  products 
+2  and  — 1  are  placed  diagonally,  under  — 5  and  +10,  the  corresponding 
term^  of  the  dividend.  Then,  by  adding  the  second  column,  we  have  — 3  for 
the  second  term  in  tho  quotient,  and  the  changed  terms  +2  and  — 1  iu  the 
divisor,  multiplied  by  — 3,  give  — G  and  +3,  which  are  placed  diagonally  un- 
der +  10  and  — 10.  The  sum  of  the  tliird  column  is  +3,  tho  next  tcnu  in 
the  quotient,  which,  multiplied  into  the  changed  terms  of  the  divisor,  gives 
+6 — 3,  for  tho  next  diagonal  column.  The  sum  of  the  fourth  column  is  — 1, 
and  by  this  wo  obtain  tho  last  diagonal  column  — 2+1.  The  process  here 
terminates,  and  tho  sums  of  the  fifth  and  sixth  colunms  are  zero,  which  shows 
that  there  is  no  remainder.  If  the  last  terms  did  not  reduce  to  zero  by  addi- 
tion, their  sum  would  be  the  coefficients  of  the  remainder ;  tlie  quotient  is  com- 
I^ted  by  restoring  tho  letters,  as  in  detached  coefficients. 

Haying  made  th9boef!icient  of  the  first  term  in  the  divisor  unity,  that  co- 

wiQ  be  the  ooeflScient  of  the  saccecding  term  in  tho  qaotieut,  tho  coefiiciout  ia  the  first 
tsim  of  the  divisor  beini;^  auity ;  for  in  all  cases  it  can  be  xuado  nnit^'  by  dividing  both 
diriaor  uid  dividend  by  the  coefficient  of  the  first  term  in  the  divisor.  The  operation,  thos 
simplified,  may.  however,  be  farther  abridged  by  omitting  the  successive  additions,  except 
■0  much  only  as  is  necessary  to  show  the  first  term  in  each  dividend,  which,  as  before  re- 
marked, is  also  the  coefficient  of  the  succeeding  term  in  tho  quotient. 

c 
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efficient  may  be  omitted  entirelyf  since  it  is  of  no  use  whatever  in  contioumg 
the  operation  hero  doscribed. 

(2)  Divide  a:0--5j.^+15ur*— ii4.r»+'27x---13j+5  by  r»— 2j3+4a:«— 2x+l. 

1—5+15  — 24  +  i»7  — 13+5 


+  2 

+  o_   6^10 

—  4 

—  4+1-2— -JO 

+  2 

+   o_   6_|.io 

—  1 

_   1+   3—5 

1_;3+   5       0       0        0     0 
Hence  r* — 3j*+5=  quotient  required. 

(3)  Divide  a^+2a*b+3aVt^-'(i^b''-'2ab*-'3b^  by  a9+2a&+35«. 

4I  +  2+3— 1— 2— 3 
—0^0+0+2 
—3+0+0+3 


o 

—3 


1+0+0—1 
Hence  a^+0'a-/>+0*a&- — b^z=za^ — f/^z=  quotient. 

(4)  Divide  1— a:  by  1+x.  Ans.  1— l>r+2j^— 2ir+,  Arc. 

(5)  Divide  1  by  1— r.  Ans.  l+j-+j.-2+j-''+,  &c. 

(6)  Divide  x"^ — y  by  x — ?/.     Ans.  ^•+J:*y+J^//-+.ry+2^y+jy^+y*. 
*    (7)  Divide  a«— 3tf*j:'-+3(z-x»— a*  by  a^^'Sa-x+lku'-^ar^. 

Ans.  a^+3a-x+3a3f*+j^. 
(8)  Divide  a*— 5aV+10a3.r"^— 10(/-V+5«.r*— j.-^'  by  «=— 2ax+.ra. 

Ans.  a^— 3«=j+3<u*^— J^ 
J     (9)  Divide  4y«— 247^*+60y— 80y»+60//2— 1)4?/+4  by  o^— 4y+2. 

Ans.  2y*— 8y»+12y— 8y+2. 

THE  GREATEST  COMMON  MEASURE. 

26.  A  measure  of  a  quantity  is  tiny  quantity  that  is  contained  in  it  exactly, 
or  divides  it  without  a  remainder ;  and,  on  the  other  hand,  a  multiple  of  a 
quantity  is  any  quantity  that  contains  it  exactly.  Thus,  5  is  a  measure  of  15, 
and  15  is  a  multiple  of  5 ;  for  5  is  contained  in  15  exactly  3  times,  and  15  con- 
tains 5  exactly  3  times,  or  is  produced  by  multij)lyinf^  5. 

27.  A  common  measure^  or  common  divisor,  of  two  or  more  quantities,  is  a 
quantity  which  is  contained  exactly  in  each  of  them. 

28.  The  greatest  common  measure,  of  two  or  more  quantities,  is  composed 
of  all  the  prime*  factors,  whether  numerical,  monomial,  or  i>olynomial  factors, 
common  to  each  of  the  quantities ;  3j:  is  a  common  measure  of  12(Zj:  and 
iShx,  and  6x  is  the  greatest  common  measure  of  12aj*  and  IShx,  The  great- 
est common  divisor  of  2x7a(h-\-c)d  and  2x3am(6+c)  is  composed  of  the 
common  prime  factors  2a{b-\-c) ;  the  factors  7d  of  the  one  and  3  of  the  other 
make  no  part  of  the  common  divisor. 

29.   To  find  the  greatest  common  measure  of  two  pobmomials. 

Arrange  the  polynomials  according  to  the  powers  of  some  letter,  and  divide 
that  which  contains  the  highest  power  of  the  letter  by  the  other,  as  hi  division; 
then  divide  the  last  divisor  by  the  remainder  arising  from  the  first  division ; 
consider  the  remainder  that  arises  from  this  second  division  as  a  divisor,  and 

*  A  prime  namber  or  a  prime  algebraic  quantity  is  one  which  u  divisible  only  by  itielf 
or  nnity. 
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the  last  divisor  as  tho  corresponding  dividend,  and  continno  this  process  of  di- 
TisioD  till  the  remainder  is  0 ;  then  the  last  divisor  is  the  greatest  coiumou 
Bieasure. 

Note  1.  When  the  highest  power  of  the  leading  quantity  is  the  same  in 
both  poljDomials,  it  is  indilferent  which  of  tlie  polynomials  is  made  tho  diviisor, 
the  only  guide  being  the  coefficients  of  the  leading  terms  of  the  polynominls. 

Note  2.  If  the  two  given  polynomials  have  a  monomial  factor  common  to  all 
the  terms  of  both,  it  may  bo  8up[)re8sed  ;  but  as  it  fqrips  part  of  the  common 
measure  (28),  it  must  be  restored  at  the  eiAt^f  the  process  by  multij)lying  it 
into  the  common  measure  which  is  in  consequeilce  obt^ed. 

JSoit  3.  If  any  divisor  contain  a  fuctor,^which  is  not  a  factor  also  of  tho  divi- 
dend, that  factor  may  be  rejected,  as  such  factor  can  form  no  part  of  the  great- 
est common  measure,  which  is  composed  of  the  common  factors  alone. 

Note  4.  If  the  coefficient  of  the  leading  term  of  any  dividend  be  not  di\isible 
by  that  of  the  divisor,  it  may  be  rendered  so  by  multiplying  every  term  of  the 
drndend  by  a  proper  factor,  to  make  it  divisible.  This  new  factor  thus  intro- 
duced, not  being  a  common  factor,  does  not  afTect  the  common  measure. 

If  it  were  already  a  factor  of  the  divisor,  it  could  not  bo  thus  usckI  ;  the 
remedy,  in  this  case,  would  be  to  suppress  it  in  the  divisor,  according  to  Note  3. 

In  order  to  prove  the  truth  of  this  rule,  wo  shall  premise  two  lemmas.* 

Lebima  1.  If  a  quantity  measure  another  quantity,  it  will  also  measure 
any  multiple  of  that  quantity.  Thus,  if  d  measures  a,  it  will  also  measiin*  m 
times  a,  or  ma;  for,  let  a=:hd,  tlien  ma=zjnfidi  and,  therefore,  d  measures 
ma,  the  quotient  being  mh. 

Lemma  2.  If  a  quantity  measure  two  other  quantities,  it  will  also  nionsure 
both  their  sum  and  difference,  or  any  multiples  of  them.  For,  let  ^/ =//</.  and 
bsskd^  then  d  measures  both  a  and  h;  hence  a:izh=hdjtf^'d=d{li:{'.k)t 
and,  therefore,  d  measures  both  a-\-h  and  a — 6,  tlie  quotient  bcin^  h-{-k  iu 
the  former  case,  and  h — k  in  the  latter :  and  by  lemma  1,  d  measures  any 
multiples  of  a-\-b  and  a — b. 

Now,  let  a  and  b  be  tWo  polynomials,  or  tho  terms  of  a  fraction,  and  let 

a  divided  by  b  leave  a  remainder  c 

b c d  b)  a  (fti 

c d  leave  no  remainder,  as  is  shown  m  b 

in  the  marginal  scheme.     Then  we  have,  by  tlie  c)  b  (n 

nature  of  division,  these  six  equalities,  viz. :  n  c 

a — mbz^c  ....  (1)      a=:mb-\-c   ....  (4)  d)  c  {p 

h — nc=sd  >  .  .  .  (2)       b^znc-^-d  .  .  .  .  (5)  j)  d 

c — pd=zO  ....  (3)       c=zpd         ....  (6) 
where  the  equalities  marked  (4),  (5),  (6)  are  not  deduced  from  those  iiinrkod 
(1),  (2),  (3),  but  from  the  consideration  that  the  dividend  is  always  equal  to 
the  product  of  the  divisor  and  quotient,  increased  by  the  remainder. 

Now,  by  (6)  it  is  obvious  that  d  measures  r,  since  c=pd ;  hence  (LomniA 
1)  d  measures  nc^  and  it  likewise  measures  itself;  therefore  (Lemma  2)  d 
measures  nc-^-d,  which  by  (5)  is  equal  to  b  ;  hence,  again,  dy  measuring  h  and 
c«  measures  mb-{-c  by  the  Lemmas  1  and  2.  • 

*  A  lemma  is  a  preparatory  proposition,  to  aid  in  the  demonstration  of  the  main  proi>o8i- 
tion  which  ioUowB  it 
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.*.  d  measures  a,  which  is  equal  to  mh-\-c  by  (4). 

HoDco  d  measures  both  the  polynomials  a  and  h\  and  is  consequently  a 
common  measure  of  tliese  polynomials ;  but  d  is  also  the  greatest  common 
measure  of  a  and  h  ;  for  if  d'  is  a  greater  conmion  measure  of  a  and  b  than  d 
is,  it  is  obvious  that  by  (1)  d'  measures  a — mb,  or  c ;  and  d^  measuring  both  b 
and  c,  it  measures  b — nc,  or  d  by  (2) ;  hence  d'  measures  rf,  which  is  absurd, 
since  uu  quantity  measures  a  quantity  less  than  itself;  therefore  d  is  the 
greatest  conmion  measure.  Q.  £.  D.* 

30.  If  the  greatest  common  measure  of  three  quantities  be  required,  find 
t}ie  greatest  common  measure  of  two  of  them,  and  then  that  of  this  measure 
and  the  remaining  quantity  will  bo  the  greatest  common  measure  of  all  tliree.f 

31.  If  the  two  polynomials  be  the  terms  of  a  fraction,  as  y,  and  d  their 
greatest  common  measure,  then  wo  may  put  az=zda\  and  b=db' ;  hence 
-=-—-=:—«  and,  since  a^  b'  contain  no  common  factor  (28),  by  dividing  both 

numerator  and  denominator  of  a  fraction  by  their  greatest  common  measure, 
the  resulting  fraction  will  be  simplified  to  its  utmost  extent,  and  thus  the  pro- 
posed fraction  will  be  reduced  to  its  lowest  terms. 

*  These  letters  stand  for  the  Latin  words  quod  crat  ilemonstrandnm,  Bi<piif>ning  which 
was  to  bo  demonstrated.  ^i)gther  mo<le  of  demonstrating  the  same  is  as  follows :  Let  A 
and  B  represent  the  two  given  qualities,  D  their  greatest  common  divisor,  d  the  quotient 
iif  A  by  B,  and  B,  the  remainder.  We  shall  first  prove  that  the  greatest  commcm  diviior 
of  A  and  B  is  the  same  as  the  greatest  oommon  divisor  of  B  and  IL  B^epresent  the  faitCer 
byD'. 

.      «.^  .  «       A    Ba  ,  11       ^  A     Ba  ,  R 

A=Ba+H, .-.  r,=ir+D'  "*^  iy=17+p- 

A  and  B  being  divisible  by  D,  R  must  bi>,  benaoso  a  whole  nomber  can  not  be  eqaal  to 
a  whole  numh(*r  plos  a  fraction.  Again,  B  and  li  being  divisible  by  ly,  A  most  be,  for  the 
sam  of  two  whole  umnbers  can  not  equal  a  fraction.  Finally,  D,  a  common  divisor  of  B 
and  R,  can  not  be  greater  than  their  greatest  common  divisor  D' ;  and  D',  a  c .  (2 .  of  A  and 
B,  can  not  be  greater  than  tlieir  ff.c.d.D;  i.e.,  D  can  not  bo  greater  than  D\  and  1/  can 
Tiot  be  greater  than  D. 

Or  thus :  since 

A=Ba+R, 
tlic  gri*ntc8t  common  divisor  D  of  A  and  B,  must  divide  R.    Represent  the  three  quotients 
by  A',  B',  and  R';  then 

A'=B'a+R'. 
B'  and  R^  have  no  farther  common  factor,  for  if  they  had,  it  must  by  tliis  equality  divide 
A;  then  A'  and  B'  would  have  still  a  coumion  factor,  and  D,  the  greatest  common  divisor 
of  A  and  B,  would  not  contain  all  the  common  factors  of  tlieso  quantities,  which  is  contrary 
m  the  defuiition.  Since  B'  and  IV,  which  arc  the  quotients  of  B  and  R  by  D,  can  have  no 
farther  common  factor,  it  follows  that  the  greatest  common  divisor  of  B  and  R  is  equal  to 
D  ;  then  it  is  the  same  as  that  of  the  quantities  A  and  B. 

In  pursuing  the  rule  for  finding  tlie  g.c.d.,  wo  arrive  at  a  remidnder  which  exactly  di^ 
vides  the  preceding  divisor,  and  which  is,  therefore,  the  g.e.d,  c/t  itself  and  this  preced- 
ing divisor ;  also  by  the  ahovo  demonstration  of  that  divisor  and  its  dividend,  and  so  on  up 
to  the  given  quantities. 

t  For  suppose  we  have  the  threo  quantities  A,  B,  C ;  let  D  be  the  greatest  common  di- 
vioor  of  A  and  B,  and  ly  that  of  D  and  C.  According  to  the  definition,  D  is  the  product  of 
the  common  factors  of  A  and  B,  and  ly  is  that  of  the  common  factors  of  D  and  C ;  then  jy  \b 
tlio  ])roduct  of  the  common  factors  of  the  three  quantities  A,  B,  C ;  therefore  ly  is  their 
greatest  common  divisor. 
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EXAMPLES. 

(1)  What  ia  the  greatest  common  measure  of  4j*y*r*  and  8x*y'2*? 

Here  4  is  the  greatest  common  measure  of  4  and  8,  and  3?}^^  is  that  of  the 
literal  parts ;  hence  Ax^i/z^  is  tlie  greatest  common  measure  required. 

(2)  Find  the  greatest  common  measure  of  — ^. 

^y^+y*=y*(^+y) »  rejecting  tlio  factor  y* 

—^y—y''' 

Hence  x-\-y  is  the  greatest  common  measure  sought,  and 

(3)  Required  the  greatest  common  measure  of  the  two  polynomials 

6a3—  6a2^+2ai/3— 2y»  ....  (a) 
I2a^—\bay  4-3^  ....  (6). 

Here  6a'—  6a2^+2ay»— 23/^=2(3<r»— Sa-y+fly-— y**) 

12a2— 15tfi/  +3i/a  =3(4a3— 5a?7  +y'') ; 

And  therefore,  by  suppressing  the  factors  2  and  3,  which  have  no  common 
measure,  and  which,  not  being  conmion  factors  of  the  two  given  quantities,  do 
not  affect  the  common  divisor,  we  have  to  find  the  greatest  common  measure 
of 

3a'— 3a2y4-ai/'»— y*  and  4a«— Say+y^. 
4a«— 5ay+y»)  Sa'—  3a2^+  af—  y=» 

Jl 

12a3— 12rt-^+4ai/2—  4y»  (3a 
V2a^—\bar-y+^ay^ 

3^^  ay"—  4y» 
4 


12a-y+  4a^2_x(jy3  (3^ 
12a^.y  — 15ffy^4-  3y^ 

Suppressing  19y',  by  note  3,  rule, 

a  — 7/)  4a-— 5ay+y«  (4a— y 
4a^ — 4ay 


Hence  a — y  is  the  greatest  common  measure  of  the  polynomials  a  and  h. 

The  factor  4  is  introduced  into  the  dividend  in  this  example  to  render  it  di- 
visible by  the  divisor.  This  can  be  done,  because  4  is  not  a  factor  of  every 
term  of  the  divisor,  and  therefore  not  a  factor  of  the  divisor.  The  quantities 
employed,  af^er  introducing  or  suppressing  factors,  are  different  from  the  given, 
but  as  tliey  have  the  same  greatest  common  divisor,  and  as  the  objept  is  to  find 
this,  the  circumstance  is  immaterial. 

(4)  Required  the  greatest  common  measure  of  the  terms  of  the  fraction 
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Here  a^  is  a  simple  factor  of  tho  numerator,  and  o^  is  a  factor  of  the  denomi- 
nator; hence  a^  is  tlio  greatest  common  measure  of  tliese  simple  factors,  which 
must  be  resen'od  to  be  introduced  into  the  greatest  common  measure  of  the 
other  factors  of  tho  terms  of  the  proposed  fi-action  ;  viz. : 

a* — r*  and  a*+a*x  — or* — 2^. 
rt'+a^j — ajf^—x^)  a^ — r*  (a — x 


2a2j*J— 2j:*=2j«  (a=— 2:«) ;  rejecting  2a* 
a'— j:=)  a^^a-x—aj^—j?  (a+x 
a^^ax^ 

a^x-^x^ 


Therefore,  restoring  a',  the  greatest  common  measure,  is  a^(a? — 2*). 
'.a''+a^x-^a*j^'-'a^j^''{a*+a^x--a^x^--^(^j^)-~a^(a^--x^)^a^+ax' 

ADDITIOr^AL  EXAMPLES. 

(1)  Find  the  greatest  common  measure  of  2«*J!^,  4iy,  and  Cr'y. 

(2)  Find  tho  greatest  common  measure  of  the  two  {ralynomiab  a' — c^b 
+  .?rt7/-— St",  and  a«— 5a6+46». 

(3)  What  is  the  greatest  common  measure  of  r* — ry*  and  a:"+2ary+y*? 

(4)  Find  the  greatest  common  measure  of  a* — y*  and  r** — y. 

(5)  Find  the  greatest  common  measure  of  the  polynomials 

(h—c)x^—h{2h'~c)x+h^ (a) 

{b+c)3^—b{'2b+c)ji^+h'^x (//). 

(6)  Find  the  greatest  common  measure  of  the  polynomials 

r*—  ej:*»4-21x=— 20z+4 (a) 

2r»— 12j^+21r  —10.  ....".  (6). 

(7)  7f^5fz—Ayz-+2z'^  and  72/-r+io?/:-+32^ 
(H)  Also  o£{x*+a'X^+a*)  and  (j:*+aa:3_a3j._a*). 

(9)  Also  of  (7a2— 23fl6+66«)  and  (5a»— 186a«+lla6«— 66»). 

(10)  Also  of  (5a*+10fl^6+5a3fea)  and  (a3i+ 202624- 2a2r»+6<). 

(11)  Also  of  (Gtf*+15a^6  — 4a3c«  — lOa^ftc')  and  (Sa^i  —  27a«6c  —  6a6c« 
+  l«?6c»). 

(12)  Also  of  (a''+y+fl>'i^+a"t*+&''+^)  and  (a'^jn+afn+b^m+b^n). 

(13)  Find  tho  ^.  c.  ti.  of  the  three  quantities  a^+3a'b+3ab^+I/^,  a^+2ah 
+  6-,  anda«— 6«. 

ANSWERS. 


(5)   X—b. 

(6)  ar— 2. 

(7)  y+2. 


(8)  x^+ax+a*. 

(9)  a— 36. 
(10)  a+b. 


(11)  3d=— 2A 

(12)  a«+6*'. 

(13)  a+b. 


(1)  2j*. 

'*-')  ^-cb- 

(3)  j^y. 

(4)  i:-2/- 
A  quantity  is  said  to  bo  independent  of  a  letter  when  it  does  not  contain  this 

letter,  and,  therefore,  does  not  depend  upon  it  for  its  value. 

Not^. — In  seeking  fur  a  common  divisor,  we  find  onrsclves  often  woriung  with  polynomi- 
tli  different  from  the  given,  bat  alwsyi  with  such  u  have  the  same  common  meaaare  with 
the  given  polynomials. 
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Proposition. — A  divisor  of  a  polynomial,  which  is  independent  of  the  letter 
of  arrangement  of  that  polynomial,  must  divide  soparutcly  each  orthe  multi- 
pliers of  the  different  powers  of  that  letter. 

Dr.MOifSTRATioN. — Let  Ax^'\-Bj'^^-^Cx''°^,  «kc.,  be  the  polynomialf  and 
D  the  divisor.  The  (|uotieDt  must  contain  every  power  of  the  letter  of  ar- 
rangement tliat  the  dividend  does,  since  the  quotient^  multiplied  by  the  divisor, 
must  produce  the  dividend,  and  the  letter  of  arrangement  is  not  contained  in 
the  divisor.  The  quotient  must,  therefore,  be  of  the  form  A'j:*"+B'j:"-* 
+  C'j:'"-*,  &c.,  multiplying  which  by  the  divisor  gives  DA'j:"+DB'i:"^* 
-j-DC'j:""*,  &c.,  the  original  dividend,  the  multiplier  of  each  power  of  x  in 

which  is  evidently  divisible  by  D.  Q.  £.  D. 

N.B. — A'  is  a  dilToreut  quantity  from  A,  B'  ironi  B,  Ac. 

KXAMPLKS. 

(1)  Find  a  common  divisor,  independent  of  the  letter  a,  of  the  two  quantitiet 
b  a''—ca^+b^a—c^'a+h'^—2bc+c^  and 

Z,V— 3i*Vrt'»4-  36C-V-.CV+  b'a'^c*a^+  ¥a  — r'^rt + J^'— 36=r+3&<^— c». 
Collecting  together  in  the  first  of  these  two  quantities  the  multipliers  of  a^  and 
€L»  and  observing  that  b^ — 26c -{-r^  is  the  square  of  6 — c,  wo  have 

(6— c)rt»+(6-— c-)a+(6— c)^ 
and  from  tho  second  by  a  similar  process, 

(b^cfa''-\-{b*--c^)a-+{b^—c^)a-{'(b—cf. 

The  multipliers  of  tlie  different  powers  of  a  in  the  two  quantities  are,  there- 
fore, b — c,  6* — c^,  (6 — c)^  (6 — r)^  M — c**,  and  fr* — c'.  The  only  number 
which  will  divide  them  all  is  their  common  divisor  b — r,  which  is,  therefore, 
the  answer  required. 

(2)  Find  the  greatest  common  divisor  of 

(b  — c  )a=— 26  (6  — r)a+6^(6— f)  and 
(6^— c-^)a---  6-(6^— t-). 
Here  the  common  divisor,  independent  of  «,  is  b — c;  suppressing  which,  wo 
have  left  the  two  quantities 

a'i—2ha  +6- and 
(6  +c)(a^-6^). 
Suppressing  the  factor  (6-{-c)  not  common  to  both,  wo  shall  find  the  common 
divisor  of  these  last  two  quantities  to  be  a — 6,  and  the  greatest  couunon 
divisor  of  the  two  original  quantities  is 

(6 — c)  (a — b)  or  ab — ac — 6*+ 6c. 

The  success  of  the  process  for  fimlinp:  a  greatest  common  divisor  (iepends  upon  tho  fact 
that  the  qoautities  being  arranged  according  to  the  itowers  of  some  letter,  each  division 
leads  to  a  remainder  of  a  degree  inferior  to  the  divisor.  When  t}ic  jwlynomials  contain 
many  terms  of  tlie  same  degree,  a  precaution  is  ueceasary,  without  which  this  reduction 
woald  not  always  obtain,  which  consists  in  uniting  all  these  terms  under  a  single  multiplier 

Let  there  be  the  two  polynomials : 

I  write  them  thus : 

B=      (y  4-i)^-+(y*4-y    +i)J+y- 

The  fint  term,  gfl,  not  being  divisible  by  (y-f"0-r*»  01*  account  of  tho  factor  y-f-1,  I  know 
(Prop,  above),  that  if  a  quantity  is  arranged  like  the  preceding,  ever^'  divisor  of  tliis  (juantity, 
independent  of  x,  most  divide  separately  tlie  multiplier  of  each  power  of  x.  From  this  it 
foUows  that  y-^-l  baa  no  common  factor  witli  B,  because,  if  it  had,  this  factor  would  be 
fixind  in  ys^y^l  and  in  y ;  but  it  is  evident  that  y  has  no  factor  common  with  y-^-l. 
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We  can  then  maltiply  A  by  jh\-l  withoat  affecting  the  common  diWsor  Bonght ;  and  aji 
It  would  be  necessary  to  multiply  again  by  y+^»  ^^  multiply  at  once  by  {y-\-l)^,  or 
y»-|-2y"f"l-*    ^  t^^"  manner  wo  arrive  at  the  remainder 

Before  passing*  to  the  second  division,  it  is  necessary-  to  suppress  in  R  the  factors  com- 
mon to  the  multipliers  of  the  powers  of  r.  But  the  two  partu  of  R  are  evidently  di\'isible 
by  — y* — 2^'\-y^f  *"i'l  after  this  simplification  there  remains  x-{-y.  We  can  then  take 
x-f-y  for  a  divisor,  ahd  as  the  division  is  effected  exactly,  it  follows  that  the  common  di- 
visor sought  is  x-\-y. 

The  process  is  not  alwa^nt  so  easy.  To  develop  the  general  method  to  be  pnrsaed  in 
sach  cases,  let  us  consi<ier  the  polynomials  A  and  B,  which  contain  two  lettoni,  x  and  y. 
Take  iirst  the  greatest  monomial  (rommou  divisor  of  the  terms  of  A;  let  a  be  tliis  divisor, 
and  A'  the  (|uotient  of  A  by  a :  we  shall  have  A=.aK'.  Arrjuige  A  according  to  the  jjow- 
ers  of  X,  taking  care  to  collect  all  the  terms  containing  a  same  power  of  this  letter,  and  let 
us  suppose,  for  example,  that  we  have 

A'=Lj:2-|_Mx-fN. 

All  the  factors  of  A',  independent  of  x,  must  be  factors  of  the  quantities  L,  M,  N,  which 
multiply  tlie  different  powers  of  x.  These  (quantities  containing  only  the  single  letter  y,  it 
will  be  easy  to  fmd  tlieir  greatest  common  divisor ;  let  us  name  this  divisor  aft  and  the 
quotient  of  A'  by  of,  A";  we  shall  have  \'=:t/\'\  and,  conse<iuently, 

A=ai/A", 

a  will  be  the  pnxluct  of  the  moiK)mial  factors  of  A.  of  the  product  of  the  polynomial  fac« 
tors  which  do  not  ctjutaui  x,  and  A"  the  i)roduct  of  the  factors  which  contain  x. 

Let  us  effect  tlie  same  decomi>osition  of  tlie  iKilyuoinial  B,  and  let 

B=;?^B''. 

Then  I  determine  the  greatest  common  divisor  of  the  monomials  a  and  ^,  as  well  as  that 
of  the  polynomials  of  and  Gf,  which  contain  only  tlie  letter  y ;  and  if  I  can  also  find  that 
of  the  polynomials  A'*  and  B'^  wliich  contain  y  and  x,  I  shall  have  tliree  qnantiti«>8,  the 
product  of  which  wiU  be  the  greatest  common  divisor  of  A  and  B.  ■ 

But  I  say  that  we  can  find  the  greatest  common  divisor  of  the  quantities  A"  and  B'^  in 
subjecting  them  to  the  same  calculus  as  the  preceding  examples.  It  is  clear,  indeed,  that, 
these  (]nantities  having  no  longer  either  monomial  factors  or  (Kilynomial  independent  of  j*, 
it  will  be  proper  to  multiply  the  partial  dividends  of  the  first  division  by  the  polynomial 
which  is  placed  before  the  highest  jiower  of  x  in  tiie  divisor,  and  that  we  shall  thu.s  urrivo 
at  a  remainder  of  a  degree  leu  in  x  than  tlie  divisor.  It  will  be  easy  to  take  from  this  re- 
mainder all  the  monomial  factors  which  it  contains,  as  well  as  the  pol^'uomial  factors  inde- 
pendent of  J*,  and  then  proceed  to  a  second  division,  taking  for  a  divisor  tins  remainder  sim- 
plified. We  operate  as  in  the  iirst ;  then  we  pass  to  the  third,  and  continuing  always  in 
this  manner,  we  are  sure  of  arriving  finally  at  a  remainder  zero,  or  independent  of  x. 

In  the  first  case  the  quantities  A"  and  W^  have,  for  greatest  common  divisor,  the  divisor 
of  the  last  division. 

We  have  thus  seen  that  the  finding  of  a  common  divisor,  when  the  pol^Tiomials  contain 
two  letters,  depends  upon  finding  it  when  they  contain  one ;  so  the  case  where  they  con- 
tain three  depends  upon  that  where  they  contain  two,  and  so  on,  whatever  be  the  number 
of  letters. 

There  is,  therefore,  no  case  in  which  the  common  diviscnr  can  not  be  found  by  the  abore 
rales. 

THE  LEAST  COMMON  MULTIPLE. 
32.  Wo  have  already  defined  a  multiple  of  a  quantity  to  be  any  quantity 
that  contains  it  exactly  ;  and  a  common  multiple  of  two  or  more  quantities  is  a 
quantity  that  contains  each  of  them  exactly. 

*  Let  N  be  the  dividend,  D  the  divisor,  c  the  cocflioient  of  the  first  term  of  the  divisor. 
Multiplying  by  tlie  square  of  this  coefficient,  the  dividend  becomes  r-N.  Tlic  first  tenn  of 
the  quotient  will  contain  the  first  power  of  c.  Multiplying  the  whole  divisor  by  tliis  term 
of  tlie  quotient,  every  term  of  the  product  will  contain  the  first  ]>owor  of  e,  and  the  whole 
product  may  be  represented  by  cP.  Subtracting  this  from  the  dividend,  the  remainder  is 
e^N — rP,  every  term  of  which  contains  c,  and,  therefore,  its  first  tenn  is  rcmdy  for  division 
without  multiplyii^  again  by  c. 
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The  least  common  mtdtipUj  of  two  or  more  quantities,  is,  therefore,  the  least 
qaantity  that  contains  each  of  them  exactly. 

N.  B.  The  least  common  multiple  must,  from  its  nature,  contain  all  the  dis- 
tioct  factors  in  either  of  the  quantities. 

33.   To  find  the  least  common  muUiple  of  two  quantities. 

(1)  Divide  the  product  of  tho  two  proposed  quantities  by  tlieir  greatest  com- 
mon measure,  and  the  quotient  is  the  least  common  multiple  of  these  quanti- 
ties ;  or  divide  one  of  the  quantities  by  their  greatest  common  measure,  und 
multiply  the  quotient  by  the  other. 

Let  a  and  h  be  two  quantities,  d  their  greatest  common  measure,  and  m 
their  least  common  multiple ;  then  let 

a:=hdj  and  b=^kd ; 
and  since  d  is  the  greatest  common  measure,  h  and  k  can  have  no  common 
factor,  and  hence  their  least  common  multiple  is  hk ;  therefore,  hkd  is  the 
least  common  multiple  of  hd  and  kd ;  hence, 

,,,     hkd'     hdxkd     axh     ah 

m=:hkd^—f-=^ J — = — 7— =nr  Q*  E.  D. 

d  d  d         d  ^ 

[2)  Also,  the  least  common  multiple  is  composed  of  tho  highest  powers  of  all 
the  factors  which  enter  into  the  given  quantities.* 

EXAMPLES. 

(1)  Find  the  least  common  multiple  of  2a^x  and  Qa^z^. 

__  ab     2«-.rx8</''j^ 

Here  m:=-7= -— z=Sa^x^=  least  common  multiple : 

«r,  by  (2),  the  two  quantities  being  2a'X  and  2^tf^r*,  ^a^jc^  is  the  /.  c.  m. ;  be- 
cause 2^  is  the  highest  power  of  2,  a^  the  highest  power  of  a,  and  r*  the 
highest  power  of  t,  in  either  of  the  given  quantities.     ^^^"-^ 

(2)  Find  the  least  common  multiple  o(  4x%v^—y')4a^ik^(x^—'f), 
Here  d:=i42°(x — y),  and,  therefore,  we  have  ,*'' 

or,  »n=122:7+12j«//— 12.7-«y— 12ry  ; 

or,  the  two  given  quantities  being  '2'x^{x--\-y)(x — y)  and  2^.3r*(x — y)(j^-{-xy 

+y»),  the  I,  c.  m.  is  2K:i2^(x+y)(x^7j)(x^+xy+y'')' 

(3)  Find  tne  least  common  multiple  of  x-+^-'*2/+2/'  *"^^  -^ — ^'* 
Here  d=:X'\-y<,  and,  therefore,  wo  get 

a  ,        .T-4-2T7/4-7/2  ^ 

a  ^+y 

=  {x+y)(r^-xf') 

=x(x+y)  (3^ — y*)=  least  common  multiple 
or,  the  two  given  quantities  being  (x+y)'  and  x(x-\-y)  (x — y),  the  L  c,  m,  is 

(4)  What  is  the  least  common  multiple  of  x* — 5r*+9x^— 7x+2,  and 
X*— 6a:«+ar— 3? 

By  the  process  for  finding  the  greatest  common  measure,  we  find 

</=2-''— 3j:--J-3.r— 1 

=:(x— 2)  («•— 6x«+*8x— 3) 

=:xft — 2x^6z'-)-jtQ2^— 19x4-6,  the  least  common  multiple. 


*  The  wdinaiy  tf|mp|itic  method  depondbi  on  this  principle. 

F 
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(5)  Find  the  least  common  multiple  of  a' — 2a6+t*  and  a*— 6*. 

(6)  Find  the  least  common  multiple  of  </'-' — ?/*  and  a'+6^ 

(7)  Find  the  least  common  multiple  of  i^ — y^  and  jfi — y^. 

(8)  Find  the  least  common  multiple  oft/- — 8y+7  and  y^+7y — 8. 


ANSWERS. 


(5)  (fl— 6)  (a^—b*). 
(G)  (a— 6)  (a»+i^). 


(7)  (x+y)  (r»-.y»). 

(8)  y3-67y+56. 


34.  Every  common  multiple  of  two  quantities,  a  and  b,  is  a  multiple  of  m, 
their  least  common  multiple. 

For  let  m'  bo  a  common  multiple  of  a  and  6,  then,  because  m'  is  greater 
than  m,  if  we  suppose  that  m'  is  not  a  midtiple  of  m,  wo  have,  as  in  the  an- 
nexed scheme, 

m)  m'  {li 
m'=hm-\-k  ...  (1)  hm 

m'—hmz=zk  ...  (2)  A:  =:  remainder. 

Now  the  remainder  k  is  always  less  than  m  the  divisor ;  hence,  since  a  and 
h  measure  m  and  m\  it  is  evident  that  a  and  h  measure  w' — hm,  or,  by  (2),  k ; 
therefore,  k  is  a  common  multiple  of  a  and  6,  and  it  has  been  proved  to  be  less 
than  m,  tlie  least  common  multiple,  which  is  absurd ;  hence  the  supposition 
that  m'  is  not  a  multiple  of  m  is  false,  or  m'  is  a  multiple  of  m. 

35.   To  find  the  least  common  multiple  of  three  or  more  quantities 

Let  a,  6,  c,  d,  dec,  be  the  proposed  quantities ; 

find  m,  the  least  common  multiple  of  a  and  b  ; 

find  7/i^ c  and  m  ; 

fi^il  «f'|\ d  and  m' ;  &%. 

The  last,  say^'YltOT^dcntly  a  multiple  of  a,  b,  c,  c/,  &c. 

Then,  since  flfMPy^.iniihipIo  of  a  and  6  is  a  nmltiple  of  ?/i,  their  least  common 
multiple  (34),  the  qaantity  soiij^ht^  x,  is  a  multiple  of  m ;  but  x  also  is  by  hy- 
pothesis a  multiple  of  c ;  therefore,  a*  is  a  multiple  of  both  c  and  m,  and,  there- 
fore, it  is  (34)  a  multiple  of  m' ;  but  x  is  a  multiple  of  d  and  m',  and,  therefore, 
of  jn,"  ;  hence  x  can  not  be  less  tlian  m'\  and,  therefore,  m"  is  the  least  com- 
mon multiple. 

KXAMPLES. 

(1)  Find  the  least  common  multiple  of  2a-,  4a'i-,  and  6al^. 
Here,  taking  2a^  and  4a^b^,  we  find  e/=2aS  and,  therefore, 

ab     2a'X^€i'b' 

d  2a^ 

Again,  taking  m,  or  4(z^6^  and  6a6^,  we  find  d=z2ab';  hence 

cw     6fffc»x4a'6« 
m'^-^= jpr^ =12a'6'=  answer  required. 

Or,  the  three  given  quantities  being  2a*,  2^a'&',  and  2 .  3ab*,  the  /.  c,  m.,  07 
33  .  (2),  is  2« .  30*6'. 

(2)  Find  the  least  common  multiple  of  a — x,  a* — 2*,  apd.o*— x'. 
Taking  a — x  and  «* — x-,  we  have  </=flf — x;  and 

ab     a — X 
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Again,  taking  a* — 3^  and  a' — a:*,  we  find  d=za — x;  honce 

cm     (a^— J^)(rt«— j3)     ,  ,  ,       , 

m'zsz—f=. ^(a+x)(a' — r')=:  answor  sought. 

Or,  tb©  three  given  quantities  being  (a— r),  (a — jr)(a+ j-),  and  (a — x)(a?'\-ax 
+a:*),  the  least  common  multiple  is  (a — x)(aJ^x)(a:^'\-axJ^3fi). 

(3)  Find  the  least  common  multiple  of  15^-6^  12a6^  and  Qa^h, 

(4)  Find  the  least  common  multiple  of  Qa'^x-(a — r),  Sr\a:^ — x-),  and  12 
(a-x)«. 

(5)  Find  the  least  common  multiple  of  r* — if^y — ary^+y*,  ^—^'^y+J^y'—y^i 
aod  X* — y*, 

(6)  Find  the  least  conunon  multiple  of  (a +6)*,  (a* — 6*),  (a — by,  and  a* 
+  3a26+3a62+63. 

(7)  Find  the  least  common  multiple  of  45,  50,  and  75,  or  3^ .  5,  2 .  5^,  and 
3.5". 


ANSWERS. 


(3)  60a»&3. 

(4)  24a«x»(a— r)(a«--xa). 

(5)  x^ — xy* — x*y-{-y^- 


(6)  (a+b)(a^—b^y. 

(7)  3-.  2.  5^=450. 


OF   ALGEBRAIC  FRACTIONS. 

36.  Algebraic  fractions  differ  in  no  respect  from  arithmetical  fractions,  and 
all  the  rules  for  the  latter  apply  equally  to  the  fonner.  Wo  shall,  therefore, 
merely  repeat  the  rules,  adding  a  few  examples  of  the  application  of  each.  It 
may  be  proper  to  remind  the  reader  that  all  operations  with  regard  to  frac- 
tions are  founded  upon  the  three  foUowing  principles : 

1.  In  order  to  multiply  a  fraction  by  any  number,  toe  must  multiply  the 
numerator,  or  divide  the  denominator  of  (he  fraction  by  that  number. 

2.  In  order  to  divide  a  fraction  by  any  number^  we  must  divide  the  numera- 
tor,  or  multiply  the  denominator  of  the  fraction  by  that  number, 

3.  The  value  of  a  fraction  is  not  changed y  if  we  multiply  or  divide  both  the 
numerator  and  denominator  by  the  same  number. — See  (17,  Note). 

REDUCTION  OF  FRACTIONS. 
I.  To  reduce  a  fraction  to  its  lowest  terms. 

37.  Rule. — Divide  both  numerator  and  denominator  by  their  greatest  com- 
mon  measure,  and  the  result  will  be  the  fraction  in  its  lowest  terms. 

When  the  numerator  and  denominator  are,  one  or  both  of  them,  monomials, 
their  greatest  common  factor  is  immediately  detected  by  inspection ;  thus 


So,  also, 


a^bc       a'^bxc       c 
ajf*         xxo^        cur 


in  its  lowest  terms. 


oj+a:*     x(a-\-x)     a+x 

It,  however,  both  numerator  and  denominator  are  polynomials-,  we  must 
lisve  recourse  to  the  method  of  finding  the  greatest  common  measure  of  two 
algebraic  quantities,  developed  in  a  former  article.  Thus,  let  it  be  required  to 
tedace  the  foUowtDg  fraction  to  its  lowest  terms  : 
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The  greatest  common  measure  of  the  two  terms  of  this  fraction  was  found  at 
})ago  37  to  be  a — y ;  tlierefuro,  dividing  both  numerator  and  denominator  by 
this  quantity,  wo  obtain  as  our  result  tlie  fraction  in  its  lowest  terms ;  or, 

12a-^3y ' 

In  like  manner,  taking  the  fraction ^ -"T 11 the  greatest 

*  iya*+Aa^b--0a'b'—3ab^+2h*  ^ 

common  measure  of  the  t^vo  terms  is  found  to  be  2a'-{-2ab — h';  and,  dividing 

both  numerator  and  denominator  by  this  quantity,  the  reduced  fraction  is 

2a^^2ah+   h* 

3a«—  ah— 2b*' 

« 

EXAMPLES  FOR  PRACTICE. 
Oj^ IQx 6 

(1)  Reduce  ;r-^ — -r- to  its  lowest  terms. 

48r»+3()j'-— 15 

(2)  Reduce  o4ji_21x-'4-l&r-~6  ^  ^**  ^"^®®'  ^"°®' 

20r*+a^ 1 

(3)  Reduce  7773  tT3 1"  *°  ^^  lowest  terms. 

^    ,        3m- « — m-p — Gmrr+2winp       .     , 

(4)  Reduce  -77; ^^-z — : r"7 to  its  lowest  terms. 

^  '  12mn — Ion- — 4mj)'{-onp 

.        m' — 2mn 

Ans.  —. ~ — . 

4m — on 

.     ,  ^        4rt(a+35) 

to  Its  lowest  terms.  Ans.  ^_,,,.  . — r— 

lj^(b-\-c) 

38.  It  frequently  happens,  however,  that  when  the  polynomials  which  form 
the  numerator  and  denominator  of  a  fraction  which  can  be  decomposed  are  not 
very  complicated,  we  are  enabled  by  a  little  practice  to  detect  the  common 
factor  and  effect  the  reduction  ^vithout  performing  the  operation  of  finding  the 
greatest  common  measure,  which  is  generally  a  tedious  process.  The  results 
to  whicli  we  cnll(!d  the  attention  of  the  reader  at  the  end  of  algebraic  division 
(see  page  30)  will  be  found  particularly  useful  in  suupliiications  of  this  nature. 

Thus,  for  example  : 

32^.7+33:^        ary(x+y)         3x»/(j'+y) xy_ 

Zj^^Jf^xy+'iy^-  3(x+yY  ~3(x+y)(x+y)-x+y 


(6) 


(7) 


(8) 


(9) 


(10) 


ai_2a6+63"~      (a— 6)«      ""a— 6' 

5a^+10/z°?>+5(7/;^     5<z(fl^'+2fl?>+Z»')     5fl(g+5)^     5(a+6) 
8fl3+8a-t        ■"      8(i'(a+i)       ""8a-(flf+6)""     8a     ' 


acJ^bd^ad+bc       (aJ^b)c+(a+b)d      (cJ^d)(a^b)       c+d 
fl/+2tx+2aj:+//-(a+6)/+2x(a+6)~(/+2x)(a+6)'"/+2jr* 
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6ae+l0hc+9ad+15bd3a{2c+3d)+5hi^c+3d)_{:^a+5h){2c+3d) 
^^  )  6c^+9crf— 2c— 3(i~~  3c(-2c+3</)— (2c+3(/)  ~  (3c— l)CJc+33y 
3a+5& 


3c— 1 


(12) 
(13) 
(14) 


a'+a6'         a 


8cx+12cy— lOc/x— 15c/^""4c— 5f£' 

II.   To  reduce  a  mixed  quantity  to  an  improper  fraction, 

39.  Rule. — Multiply  the  integral  part  by  Uie  denominator  of  tJie  fraction^ 
and  to  the  product  add  the  numerator  with  its  proper  sign ;  then  Oie  result 
placed  over  the  denominator  will  give  the  improper  fraction  required.     Thus, 
a  a-^b 

(2)  14 


/«v     I.  .     J  .  abc—(?d—2cd^     abc+c'^d+2abd+2cd'+abc—c^d—2c(i' 
(3)  ab+cd+ ^-^ = -— ^^ 

2abc-{'2ahd 
^  c+2d 

__  2ab(c+d) 

"■  c+2d 

Rg-^ca—gg     26c+£''+c^— fl"      (5+r)'--«g 
^*'  ^"^         26^        ~  Wc  "•         2b^        • 

40.  It  is  to  be  romarkod  that  when  a  fraction  has  the  siji^  — ,  it  signifies 
that  the  whole  fraction  is  to  be  subtracted ;  the  negative  sign,  therefore,  as 
will  bo  shown  hereafter,  applies  to  the  numerator  alone  ;  when  the  numerator 
is  a  polynomial,  the  negative  sign  extends  te  all  its  terms ;  the  bar  which  sepa- 
rates the  numerator  from  the  denominator  is  to  be  regarded  as  a  vinculum,  and 
if  it  have  the  negative  sign  before  it,  when  removed,  all  the  signs  of  the  numer- 
ator must  be  changed. 

b     a-^b 

(5)  1— = . 

^  '        a        a 

,  ^         ef    cd — ef 

fl«— 2a6-fi3     flS+fts— (a«— 2«6-f  6«)       2ab 


-  6fl+c«— g«     26c— (M+c^— flg) 
^®^  ^""        26c      "~  26^ 

fl9-.(68^2fec-fc^) 

^  26c 

g«— (6— c)° 
""        26c        • 
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(9)  0:^+223^+3^ ^+7^ 

^r^+3<V+3j-i/^+y»---(r»-.3i:°y+33ny«--y») 


2y(3j-+.v«) 


^+y 

Qmn- — Qpqn     m"n — mpq-X-mn^ — npq — {2mn* — 2^n) 

m-n — mpq — mn'-^-pqn 

w+n 
mn{m — n)  — pq(Tn — n) 


w+n 
{mn — pq){ni — n) 


III.  To  reverse  tJm  process^  or  to  reduce  an  improper  fraction  to  a  mixed 
quantity. 

Rule. — Divide  the  numerator  hy  Oie  denominator  ;  the  quotient  obtain^  as 
far  as  practicable,  icill  be  tht  entire  part,  and  the  remainder,  set  over  the  de- 
nominator, will  be  tJie  fractional  2>art.  Then  the  tico,  joined  together  icilh  the 
proper  sign,  will  form  the  mixed  quantity  required.     Thus, 

ay4-b  b 

(11)  -^-^=a+-. 

y  y 

a'+xa  2r« 

(12)  —^—=a+x+- 


a — X  '      '  a — j; 

(13)  p -^=4x3—2+—. 

^     '  ox  *  ox 

;>^+2p7+^-r-5  r+s 

04)  J+-q =^+^-^+^- 

m2(wiL*— 7i<)+3w3— 3w;i»  3 

'  m'(m- — n^)  '        '  m 

IV.  To  reduce  fractions  to  others  equivalent,  and  having  a  common  denomi* 
natm. 

41.  Rule. — Multiply  each  of  the  numerators,  separately,  into  all  the  denomi- 
nators, except  its  own,  for  the  new  numerators^  and  all  the  denominators  tO' 
getherfor  a  common  denominator.^ 

Thus,  reduce  j  and  -3  to  equivalent  fractions  having  a  common  denominator 

a  X  c/  is  the  new  numerator  of  the  first, 
c  xb\B  the  now  numerator  of  the  second, 

bxd'xs  the  common  denominator ; 

ad         be 
Therefore,  the  fractions  required  are  -j-j  and  T-7. 

*  The  rationale  of  the  above  examiilca  is  given  in  die  note  on  tho  next  page. 

t  The  nomerator  and  denominator  of  each  fraction  will  thuB  bo  multiplied  by  the  sama 
number,  viz.,  Uie  prodact  of  the  other  denominators,  and,  consequently,  its  value  will  be  nn- 
changed. 
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Reduce  Tt  Ti*  7»  t»  t»  ~i  to  a  common  deDommator. 
0  a  J    11   I    n 

adfhln   cbfhln   ehdhln  ghdfln  kbdfhn  mhdfhl         ^u    /•     ^.  .     , 

— ^ ,  —^ , ,  - — - — ,  — - — , ~ — ,  are  the  fractions  reouired. 

hdjhln  hdfkln  hdfhln    bdfhln    bdfhln'  hdfldn  ^ 

Keduce     '    ,  -^ — ,  -^— »  to  a  common  denominator. 
1— X  1— jr-  1— r» 

(1+T)(1-2«)(1-T»)    (l+T^)(l--r)(l-^)    (14.r^)(l-r)(l-T^)    ^^^^^ 

(l-r)(l-i<')(l-r»)'  (l-x)(l-x-)(l~ry  (l-T)(l-x-)(l-^)' 

fractions  required. 

ADDITION  OP  FRACTIONS. 
42.  Rule. — Reduce  the  fractions  to  a  common  denominator^  add  the  num^a* 
tors  together^  and  subscribe  the  common  denominator.     Thus, 
a      c     ad      be     ad-^bc 
<^)  I'^d'^Td'^ bd^'Td"' 

'   6  '   n  '  g  '  y      bufiy"^  bnqy"^  bnqif~^  bnqy 

(inqy  -{-mbqy-{-'pbny--\-xbnq 

—  bnqy 

ace      adfjfi     cbfr*      ebdj^ 

^^^  hi'^'d^'^J^^bSp'^MJ^'^Mf^ 

^adfj^+  bcfx*  +  bder^ 

—  bllf^*  • 

^  '  1— 2^^"l+r-""(l— J*j(l+a:*^)"^(l— x«)(l+a:«) 

2(1 +r*) 


1— J* 

1  1  1— x  1+x 

(5)  T^+T-Z=lT^-Zur—^+ 


(l+x)(l-.x) 
o 


~1— r^' 

SUBTRACTION  OF  FRACTIONS. 
43.  Rule. — Reduce  th/i  fractions  to  a  common  denominator^  subtract  the 
numerator  or  the  sum  of  the  numerators  of  the  fractions  to  be  subtracted^  from 
the  numerator  or  the  sum  of  the  numerators  of  the  others^  and  subscribe  the  com" 
mon  denominator,* 

a      c     ad      be      ad — be 
^^'  h'^^bd'"bd^     bd     • 

a,     ra     fp     3\_anq^l     mbqy  ^pbny  ^xbnq 
^  '  6  '  n      \q     y)      bnqy"^  bnqy      bnqy     bnqy 

^^^y  +*'*^9.V — P^y — ^bnq 

"  ^«9.y  * 

*  The  Tolei  fin*  addition  and  snbtraction  of  fractions  follow  from  the  general  prineiple  that 
Id  be  added  or  labtracted  moat  be  of  the  same  denomination. 
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a        c        e,        fc       adfhjiP      hcfhi*       hedhx'       hdfgjfi 

adfhx^  +hrfkx^  -^bedhx    —hd/g 
— "^  bJj'Jx' 

^^)  a—b     a+6""     (aJrb)(a—b) 

Aab 


1—2:* 


1  1       fl[»— 1 

\    /    am—n        Qta  gxa 

g»         bH     aH'+"'^bM 

44.  When  the  denominators  of  the  fractions  which  it  is  required  to  reduce 
have  a  common  multiple  less  than  their  continued  product,  the  result  will  fre- 
quently be  much  simplified  by  finding  this  least  common  multiple,  and  then 
reducing  tlie  fractions  to  their  least  common  denominator  by  multiplying  the 
numerator  and  denominator  of  each  fraction  by  the  quotient  of  the  least  com- 
mon multiple,  divided  by  the  denominator  of  that  fraction. 

Thus,  if  we  are  required  to  reduce  the  following  fractions : 

a — 3x     3a — 5x     3a — 5.r 


4     "^      5      ■'■     20     ' 

The  least  common  multiple  of  4  and  5  is  20,  the  denominator  of  the  tliird 
fraction ;  therefore  the  fractions,  when  reduced  to  their  least  common  denomi- 
nator, are 

5g— 15a;     12a— 20r     3a— 5.r     5a— 15r+12rt— 20T+3a— 5r 
20      "'"       20        "'"^0      ~  20 

20a— 4  Ox 


20 
=a — 2x, 
So,  also,  in 

27— 9x     5r+2     61     2ir+5     29+4j:     6— 37a: 
^"^        4      "■     6     "'12"'"~1j       '       12  i2~' 

the  least  common  multiple  of  3,  4,  6  is  12,  which  will  be  the  least  cmnmoii  de- 
nominatorf  and  the  above  fractions  become 

12a:     81— 27a:     IOj+4     61     8x4.20     29+4x     5— 37x 
"12""'"      12       "^     12      ""12"^       12       '■""12  12     ' 

Or, 

12J+81— 27r— IQj— 4— 61+8a:+20+29+4a:— 5+37x_24x+60 

12  "      12 

=:2r+5. 


FEACTIONS.  49 

MULTIPLICATION  OF  FRACTIONS. 
45.  Rule. — Multiply  all  the  numerators  together  for  a  new  numerator^  and 
&U  the  denominators  together  for  a  new  denominator.     Thus,* 
a     e      ac 

a     m     p     X     ampx 

ox  ?±^vizZv  *±i       P-7      (<^+h){e-f){k+l)(p^q) 
"^^  c+d^g^h^m—n^  r+s'~(c+d)(g—h)(m-^n)(r+sy 

ahcde         a 


W  i»>.X^_iX  i  -X^.X  f^ — 


hx^ei*'^dji^^ex^^  fj*~'bcdefx'^~'fx'^' 


DIVISION  OF  FRACTIONS. 


4C.  Rule. — Invert  the  divisor  and  proceed  as  in  Multiplication.^ 
a     c     a     d     ad  ^      ^    ^     ad     acd     a 

to\  ±tl  .  ^-/     a+h     g-h     (a+h){fr^h) 
^  ^  c+d-^g^h-c+d^  c^f-{c+d)(e^f)' 

^•^^  1— J*  •  l+x«""l—2*^l— j:^'"(1— 2-)*" 

J*— 6<       ^  3:«+6j  x^^h^  x—h 

_        (j«^fe4)(r— /i) 
~(x«— i>6r+6')(x-'+6j) 

""~(x"— 6)«Tx7(t+ /;)"" 

""       x(x— 6)(x— /')(x+A) 
x«+6« 


47.  Miscdlaneous  Examples  in  the  o])erations  performed  in  Algebraic  Frae- 

tiOHS. 

3a     y^x      4Qaey+35hfy'-&hex 
'^^  46"^8«^7y""  566tfy 

2a      hdf     deg      lGabc+15cdf^4deg 

a        c  rf        a— cx+cfx'+' 

*  To  maltiply  a  qaantity  by  the  fraction  §.  for  inBtancc,  ia  to  tako  it  aa  many  timea  aa  ia 
ezpreaaed  by  thia  multiplier,  that  ia,  two  thirda  of  a  time,  or  to  take  two  thirda  of  it, 
wluch  ia  done  by  dividing  it  by  3,  and  multiplying  by  2.  If  tlio  multiiilicaiid  be  a  fnution, 
dui  if  done,  aa  haa  been  before  ahown  (17,  Note),  by  multiplying  ita  numerator  by  2,  and 
bi  denominator  by  3,  which  acoorda  with  the  role  above  given. 

t  Thia  role  dcpenda  upon  the  principle  that  the  diviaor,  multiplied  by  the  quotient;  mmt 
modnoe  the  dxridend. 

D 
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(5)  c+2a6-.3.c j."  j^^-^ i;^^^ . 

a4-b     a — h 

(6)  ^+^7-=a. 

,  ,  a+b     a—b     , 

(7)  -^T —=^- 

/®)         4        "      G      "y=       60       • 

3a_46     2a— 6— c     15a— 4c     85a— 206 
^  '        7       ""        3  ^      12      ~       84       • 

a     aSb     a^^h'—ab     acd—Ab'^+a^ 
^^^^  6+~"^5~+        M       =         b^         • 
a»  a6  6    ^a^+ab'+b^ 

^^^^  (a+6)«""(a+6)«+S+6=    (a+6f     * 

(12)       ^      +     ^     ■!,     ^     ,-iz:; ^+^+^ 

^     ^  4(1— x)-^^8(l— a:)^8(14.x)     4(l+x-')~l— X— i^+o:*' 
„«v  a«4-6a     a— 6  a«+6« 


a2— 63^a+6""a-+2a6+6«' 

£— 9X-I-20     jO- 13X+42     J^^— llj+28  ^ 
^     ^       a:3_6;P      X       3^_5j.      —  ^  •* 

^+3x+2      a^»+5x+4      a:+2  ^ 
a     c 

a  6 

tf+6+IIl6 


a — 6     a4"6 

a+x     a — X 

a — X  '  a+x     a*4-x* 

(18)  — r -^=-;j^— , 

^     '  a+x     a — X       2ax 

a — x^a+x 
n— 1 

1  — 


(20) 


n+1 

g^- a«x+ax«— x»  g^— x* 

a6— o^x+o'x^— a«x»+ax*— x*""a6— xo 

a«+x» 


'a*+««x«+x*' 


*  Thef  e  oxamplei  admit  of  the  applicttion  of  the  finrmalM  at  tbe  top  of  page  30 
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ON  THE  FORMATION  OF  POWERS,  AND  THE  EXTRACTION 
OF  ROOTS  OF  ALGEBRAIC  QUANTITIES. 

48.  We  begin  by  considering  the  case  of  monomialSf  and,  in  order  to  sim- 
plify the  subject  as  much  as  possible,  wo  shall  first  treat  of  the  formation  of  the 
squai'e  and  the  extraction  of  the  square  root  only,  and  then  proceed  to  gener- 
alize our  reasonings  in  such  a  inanner  ns  to  embrace  powers  and  roots  of  any 
degree  whatsoever. 

Defimtion. — The  square  root  of  any  expression  is  that  quantity  which, 
when  multiplied  by  itself,  will  produce  the  proposed  expression.  Thus,  the 
square  root  of  d^  is  a,  because  <;,  when  multiplied  by  itself,  produces  a- ;  the 
square  root  oi  (a^hy  is  a-|-/>,  bocuuse  a-\-hy  when  multiplied  by  itself,  pro- 
duces (a-^hy ;  in  like  manner,  8  is  tlie  square  root  of  G4,  12  uf  144,  and  so  on. 
The  process  of  finding  the  square  root  of  any  quantity  is  called  the  extraction* 
of  the  square  root. 

The  extraction  of  the  square  root  is  indicated  by  prefixing  the  symbol  V  to 
the  quantity  whose  root  is  required.  Thus,  y/a*  signities  that  the  s(piare  root 
of  a*  is  to  bo  extracted ;  '\/a'-{-2ah-{-b''^  or  '\/(a''-\-2ab+h^)^  signifies  that  the 
square  root  of  a^-\~2ah-\-h^  is  to  be  extracted,  <S:c. 

In  order  to  discover  the  method  which  we  must  pursue  to  extract  the  squaie 
root  of  a  monomial,  let  us  consider  in  what  manner  we  form  its  square.     Ac 
cording  to  the  rule  for  the  multiplication  of  monomials, 

{5a'b\)'=5a'b^c  X  3a'lx^c=25a*b'^c-, 
So, 

{dab'c'd^y^Oab'C^d*  X  9ab"'(^d'=Sla'^b*(f^d\ 
Andy 

( At°^"2'»  ---)«= Aj^ifz^  -  -  -  X  A.i-^,y"2''  -  -  - = \.'X'"'if°z^^  -  -  -  ; 
t.  e.j  we  add  the  exponent  of  each  letter  of  the  given  monomial  to  itself. 

49.  Hence  it  appears  that,  in  order  to  square  a  monomial,  we  must  square 
its  corfficienty  and  multiply  the  exponents  of  each  of  Oie  different  letters  by  2. 
Therefore,  in  order  to  derive  the  square  root  of  a  monomial  from  its  square, 
we  must, 

I.  Extract  Oie  square  root  of  its  coefficient  according  to  tlic  rules  of  Arith- 
metic. 

II.  Divide  each  oftJie  exponents  by  2. 
Thus,  we  shall  have 

y/(}ia''b^=:8a^b'. 
This  is  manifestly  the  true  result,  for 

(8a*6«)«=8(r'fi«  X  8a^b'^=z6ia^b*. 
Similarly, 

Here,  also, 
Again, 


V  625<i-6V=25cr6^t'. 

(23ab*(P)'=:25ab*c^  X  2oab*c*=625a'^b^<fi. 

5a\* 


Also, 


^81a*"2r*"y^2*J'^=9a'"a;*"y'"2P"^ 
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Also, 

m    »+p— <i    I 

V  l6c°'d''-^P-'ig=4c^d    -    g^. 

If  the  given  quantity  be  a  fraction^  exti-act  the  square  root  of  its  numerator 
and  denominator  separately.  This  rule  follows  from  that  for  multiplication 
of  fractions.    Thus, 

16  c'd*~~  4cd^' 
Also, 

64a^c*  ~  8aPc3 
Also, 

(a+x)Vi'y~(a+x);Ay 

Also, 


[1 


50.  It  appears,  from  the  preceding  rule,  that  a  rtwnoinial  can  not  be  the  squaie 
of  anoOier  monomial  unless  its  coefficient  be  a  square  number^  and  Uie  exponents 
oftii^  different  letters  all  even  numbers.  Thus,  98r///  is  not  a  perfect  square, 
for  98  is  not  a  square  number,  and  the  exponent  of  a  is  not  an  even  number. 
In  this  case  we  introduce  the  quantity  into  our  calculations  affected  with  the 
sign  Vt  and  it  is  written  under  tho  form  '^\)6ab^.  Expressions  of  this  nature 
are  called  Surds,  or  Radicals  ofOie  Second  Degree,* 

51.  Such  expressions  can  frequently  be  simplified  by  tlie  application  of  the 
following  principle :   The  square  root  of  the  product  of  two  or  more  factors  is 
equal  to  Oie  product  of  Oie  square  roots  of  these  factors.    Or,  in  algebraic  Ian 
guage,  _____ 

^abcd =  V«X  V^X  V^X  -^d 

In  order  to  demonstrate  this  principle,  let  us  remark  that,  according  to  our 
definition  of  the  square  root  of  any  expression,  we  have 

(  y/abcd y^abcd 

Again^ 

z=.ahcd . 

Hence,  since  tho  squares  of  the  quantities  -^ abed ,  and  -/a.  \/6 

"V^c.  y/ d —  are  equal,  the  quantities  themselves  must  bo  equal. 

This  being  establiflluHl,  the  expression  given  above,  \/98rt6*,  may  be  put 
under  the  form  'v/496^xl>a  =:  V496*"x  ^f^,  but  -/496*  is  by  (Art.  49)  =762 . 
hence 

V986*tf=  V496^ X  ^/2az=^lb''■  -/2a. 
Similarly, 

'/46a^6^=  y/9a'b'C^X^bd=  VSo^^  X  y/M 

=3ahc  y/bbd. 

•  Pn>m  the  Latin  siirdnx.  Tlicy  arc  sometimes  called  iDcornmensarable,  bavini;  uo  com- 
mon measure  with  nnitv.  Tlioy  are  also  railed  irrational,  because  their  ratio  witli  nuitv 
can  not  be  expressed  in  numbers.  Fractious  have  both  a  common  measure  and  ratio  with 
unity.  Thus  the  fraction  {  has  I  for  a  cummou  measure  with  unity,  and  its  ratio  with  uni* 
ty  is  S.  t  This  follows  from  (10,  III.,  note). 
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So,  also, 

=  l2ab^(* '/ebc. 
Abo,  _ 

Also, 


Ako, 
Also, 
Also,  

V    120^6    ~      2a       V  "36  ~       a       V  TT* 

In  general,  therefore,  in  order  to  simplify  a  monomial  radical  of  the  second 
degree,  separate  Oijose factors  which  are  pcrftct  squares^  extract  their  root  (Art. 
A9),  place  the  product  of  all  these  roots  before  the  radical  sign^  and  place  all 
ikose  factors  which  are  not  perfect  squares  under  ttie  radical  sign. 

In  the  expressions,  lb'^'\/2a,  ^abc-s/bbd,  12ab'c^ '\/~6bc^  <kc.,  tlie  quantities 
76*,  3abc,  12</i'c*,  are  called  tlio  coefficients  of  the  radical. 

52.  We  have  not  hitherto  considered  the  sign  with  which  the  radical  may 
be  affected.  But  since,  as  will  bo  soon  hereafter,  in  the  solution  of  problems 
we  are  led  to  consider  monomials  affected  with  the  sign  — ,  as  well  as  tlie 
sign  -|~t  it  is  necessary  that  wo  should  know  how  to  treat  such  quantities. 
Now  the  square  of  a  monomial  being  the  product  of  the  monomial  by  itself,  it 
necessarily  follows  that,  whatever  may  be  the  sign  of  a  monomiaU  its  square 
must  he  affected  wiOi  Uie  sign  +.  Thus,  the  square  of  +5a^6'\  or  of  — 5a^b\ 
is  +2off*6<». 

Hence  we  conclude  that,  if  a  monomial  be  positivcy  its  square  root  may  be 
either  positive  or  negative.  Thus,  -/^«^^  +  «'^<^^»  or  — 3a',  for  either  of  these 
quantities,  when  multiplied  by  itself,  produces  9a^ ;  we  therefore  always  affect 
the  square  root  of  a  quantity  witli  tho  double  sign  i  1  which  is  called  plus  or 
minus.     Thus,  '/9a*=±3a3,  V  144a^i^c«=  i  12tt6V.« 

53.  If  the  monomial  be  affected  with  a  negative  sign,  the  extraction  of  its 
square  root  is  impossible,  since  we  have  just  seen  that  the  square  of  every 
quantity,  whether  positive  or  negative,  is  essentially  positive.     Thus,   ^/ — 9, 

*  The  doable  sign  may  be  omitted,  being  nlwnys  nnderstood  bcfcire  -)/.  An  important 
propoiition,  not  usually  noticed,  should  be  demoustrntud  here ;  it  is,  that  the  quantity  A  has 
no  odier  square  root  than  tho  two,  +v/A  and  — v/A.  To  prove  this,  let  us  obser>'c  that 
the  different  square  roots  of  A  are  tho  values  of  :r  in  the  ecjuation  d:^=A,  or  what  is  the 
tame, 

a:2_A=0. 

Instead  of  j;^ — A,  we  may  write  afl — (i/A)^ ;  then,  decomposing  this  difference  into  two 
fibcton,  we  have 

ar2— A=(2r— i/A)(j-+^A).  _  _ 

Under  this  form  we  perceive  that  every  value  of  x  which  is  not  either  -j-v/A  or  — ^/A, 
win  fail  to'render  either  of  these  two  factors  zero ;  then  it  will  not  render  tho  product  a:* — A 
sero  i  therefore  the  quantity  A  has  no  other  stiuare  root  than  J^v/ A. 

The  fquare  root  of  a  quantity  has,  therefore,  two  values,  which  are  equal  teith  contrarjf 
signa,  toid  it  has  iw  other  valuea. 
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V — 4a-,  -/ — 5,  are  algebraic  symbols  which  represent  operations  which  it  is 
impossible  to  execute*.  Quantities  of  this  nature  ai'o  called  imaginanj  or  im- 
'possible  quantities,  and  are  symbols  of  absurdity  which  we  frequently  meet 
with  in  resolving  quadratic  equations. 

By  an  extension  of  our  principles^  however,  we  perform  the  same  opera 
tions  upon  quantities  of  this  nature  as  ujjon  ordinary  surds.  Thus,  by  (Art 
51),  _ 

V --tl<z-6=  ^2 X 4tf- X  ^  X  — 1  =  V3</^ X  yf^bx  V— l=*2fl  \/-^*^  V— 1 

54.  Let  us  now  j)r()ceed  to  consider  the  fonnation  of  powers  and  extniction 
of  roots  of  any  degree  in  monomial  algebraic  quantities. 

Definition. — The  cube  root  of  any  expression  is  that  quantity  which,  luul 
tiplied  twice  by  itself,  or  taken  three  times  ils  a  factor,  will  produce  the  pni 
posed  expression.     The  fourth,  or  hiquadratc,  root  of  any  expression  is  that 
quantity  wliich,  muhiplied  three  times  by  itself,  or  taken  four  times  as  a  fnc 
tor,  will  [)roduce  the  proposed  expression :  and  in  general,  the  n**"  root  of  any 
expression  is  that  quantity  which,  multiplied  (n — 1)  times  by  itself,  or  token 
n  times  as  a  factor,  will  [)roduce  the  i)ropoRed  expression.     Thus,  the  cube 
root  of  a^b^  is  ab,  because  ab,  nuiltiplied  by  itself  twice,  or  taken  tlu*eo  times 
as  a  factor,  produces  ^"6'';  for  the  same  reason,  (6i+6)  is  the  6*''  root  of 
(a+^)*»  2  is  the  seventh  root  of  128,  and  so  on. 

55.  Let  it  bo  required  to  fonn  the  fifth  power  of  2<r*ft'. 

(2a^¥y=2aVy^  X  2a^b'''  X  2a^6*  X  '^aV)^  X  2a^6« 

Where  wo  perceive,  1°.  That  the  coefficient  lias  been  raised  to  the  fifth 
power;  2°.  That  the  exponent  of  each  of  the;  lettei-s  lias  been  multiplied  by  5 
In  hke  manner, 

(Sa'bh'Y=Sa-b^c  X  ^a-¥c  X  H^-^'c 

__  g3f  j3+3  +-i/,:H"r,+.\.l  +1+1 

=:512a«6''c3. 
So,  also, 

{2a¥c^d*Y=z2ab'c\l*  X  ^ab-cM^  x to  n  factors 

=2'rt"6-V'(/*°. 
Hence  we  deduce  the  following  general 

RULE  TO   RAISE   A  ftlONOMIAL  TO  ANY   POWER. 

Raise  the  numerical  cor-fficient  to  the  /^ircn  power,  and  multipbj  the  crponenta 
of  each  oftiie  letters  by  the  index  of  tJtc  power  required.* 
And  hence,  reciprocally,  we  obtain  a 

RULE  TO  EXTRACT  THE  ROOT,  OF  ANY   DEGREE,  OF  A  MONOMIAL. 

!•*.  Extract  the  root  of  the  numerical  corfpcient  according  to  the  rules  of 
arithmetic. 

2®.  Divide  the  exponent  of  each  Utter  by  the  index  of  the  required  root. 
Thus, 

Vfi4a''6V      =z4aV}c^ 
V  l(>a*'/;^-V^c/^=2a-6WZ 


•  When  a  (inantity  is  positive,  all  its  jKiwcrs  are  positive ;  but  if  it  is  negative,  all  its 
eTen  powers  will  be  positive,  and  its  uneven  negative. 


•/'■ 


EXTRACTION  OF  ROOTa  55 

EXAMPLES. 

(1)  (2a6c)»=32a»6*c». 

(2)  (3a«mV)9=27a«mV«. 
/       (3)  (j*y»ti»)»e=a*"y»»2»p. 

p  po 

(7)  (z«)»=sx«i. 

p  q         f< 

(8)  (y-)"=y'"°. 

^^^  \     d'^crp     )  —      d'^ccrcpi      ' 

(11)  R  fa2m^/i^°     2mn'* 

(12)  T  ^^^^_B2^^ 


(13)^ 


])ieyi4       04])  3^5^ 
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When  the  root  to  be  extracted  is  of  an  uneven  degree,  its  sign  sliould  be  that 
of  the  given  quantity  ;  when  of  an  even  degree,  it  should  be  i  •    (See  Inst  note.) 

56.  By  the  rule  for  extracting  a  root,  wo  porcoive  that,  in  oi'Iit  tliat  a 
monoraio]  may  be  a  perfect  power  of  that  degree  whose  root  is  required,  itj 
coefficient  must  be  .a  perfect  power  of  that  dcgi-ee,  and  the  exponent  of  each 
letter  must  be  divisible  by  the  index  of  the  root. 

When  the  monomial  whose  root  is  required  is  not  a  perfoct  power  of  the  re- 
quired degree,  we  can  only  indicate  the  operation  by  placing  the  radical  sign 
V      before  the  quantity,  and  writing  within  it  the  index  of  the  root.     Thus, 
if  it  be  required  to  extract  the  cube  root  of  4a"-6\  the  operation  will  be  indi- 
cated by  writing  the  expression, 

Expressions  of  this  nature  are  caUed  surds,  or,  irrational  quantttiiSy  or  radi-- 
eaU  of  the  second,  third,  or  n^  degree,  accoi-ding  to  the  index  of  the  root  re- 
qinired. 

67.  We  can  frequently  simplify  these  quantities  by  the  application  of  the 
foDowing  principle,  which  is  merely  an  extension  of  tiiat  already  proved  in 
(An.  61). 


56  ALGEBRA. 

The  n^  root  of  the  jrroduct  of  any  number  of  factors  is  equal  to  the  producf 
of  the  n**  roots  of  the  different  factors.     Or,  in  algebraic  language, 

Vabcd =  VaX  V6X  V^X  VdX  — -• 

Raise  each  of  these  expressions  to  the  power  of  the  degree  n,  then 

(  Vabcd y=zahcd 

Andf 

(VaX  VhX  V'cX  V5--)-=(  Va)-X(  V6)-X( Vc)-X( V^)-"" 

=abcd . 

Hence,  since  the  7i'^  powers  of  the  quantities  ^abcd^  and  ya.yb.ye. 
yd are  equal,  tlie  quantities  themselves  must  be  equal.  Q.  E.  D. 

This  being  established,  lot  us  take  the  expression  V^'^^^^^*  whose  root 
can  not  be  exactly  extracted,  since  54  is  not  a  perfect  cube,  and  the  exponents 
of  a  and  c  are  not  exactly  divisible  by  3. 

We  have. 


(1)    V^4a*^c2=  V27X2Xa=»Xa2i^X^ 

=  V27X  Va'X  V^X  V2ac* 
by  the  principle  just  proved, 

=3a6  y^acK 
So,  also. 


(2)  V48a»6«c«=  V2f>x3xa*XaX^XflX^_  _  _ 
=  V16X  Vo^X  V6«X  Vc^X  V3X  VaX  Vc* 
=2a6V{/;jac2. 


(3)  Vl92a'^i2_y^^3;^6xax6xc^        _        __ 

=  V"64X  y^X  Vc"X\/3X  VaX  V^ 
=2ac2V3a6. 

(4)  V192=4V3.» 

(5)  5V56a*6*=10a6V7a^. 


(6)  Vj^^''y^2*"+*=^y"'2'"V2. 


f^»Jj7bCHc 


m 

In  the  above  expressions,  the  quantities  Zab,  2ab%  2ac^,  &c.,  placed  beforo 
the  radical  sign,  are  called  the  coefficients  of  the  radical. 

58.  There  is  another  principle  which  can  frequently  be  employed  with  ad- 
vantage in  treating  these  quantities ;  this  is, 

The  m'*  power  ofthevf^  power  of  any  quantity  is  equal  to  the  mn**  power  of 
that  quantity.     Or,  in  algebraic  language, 

*  A  good  way  of  Beparating  a  number  into  factom,  some  of  which  are  perfect  powera,  ifl 
to  try  perfect  powers  upon  it  as  divisors,  beginning  with  powers  of  the  lowest  nomben. 
Thus,  in  the  4th  example,  8,  the  cnbe  of  2,  will  divide  192,  and  the  quotient  is  S4 ;  again,  8 
will  divide  24,  and  the  original  nomber,  192,  may  be  put  under  the  form  8X8X3=64X3, 
and  the  cube  root  will  be  2  X  2  X  V3,  or  4  ^ 3.  The  cube  root  of  1080  may  be  found  by  first 
dividing  by  V,  and  that  quotient  by  33, or  27.    The  result  is  <^2'X39X5=rSX34/5=6^5 
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For  we  have, 

And,  in  general, 

{a»}»=a»Xa"Xa"Xa"---tom  factors; 


=a"". 


And,  reciprocally, 

The  mn**  root  of  any  quantity  is  equal  to  the  m'*  root  of  the  n**  root  of  that 
quantity.    Or,  in  algebraic  laoguage, 


For,  let 

^ya:=p; 

Raise  the  two  quantities  to  the  power  m, 

ya^p^ ; 
Again,  raise  both  to  the  power  n, 

a=:p'°° ; 
Extract  the  mnf^  root. 


But,  by  supposition, 

Hence,  as  often  as  the  index  of  the  root  is  a  number  composed  of  two  or 
more  factors,  we  may  obtain  the  root  required  by  extracting,  in  succesaion, 
the  roots  whose  indices  are  the  factors  of  that  number.     Thus, 

(1)  V4a"3=>'^  V4^. 

=* /V^a-  by  the  above  principle, 

(2)  y36a^b^=J  ^/3^il7b• 

zzzy/eab. 

(3)  y256=*Jy256= 4/16=2. 

(4)  V32a*6*=  ^/2ab. 


f     (6)   ^l6a*j^y^z*°-*=yAa^xy'"z^'^. 

(6)  In  general,  

=  Vo^ 
That  is  to  say,  When  the  index  of  the  radical  is  multiplied  by  a  certain 

number  n,  and  (he  quantity  under  Oie  radical  sijin  is  an  exact  n'*  power,  toe 
cofi,  toithout  (hanging  the  value  of  the  radical,  divide  its  index  by  n,  and  ex- 
trad  (he  D^  root  of  the  quantity  under  the  sign. 
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Thus, 


\/'2oa'h\^  =*/oa^bc', 


y -27  w»*/iy  =  ^Gm^rty-, 


59.  This  last .  proposition  is  the  convei*se  of  another  not  less  important, 
which  consists  in  tliis,  that  we  maij  nmltiphj  the  index  of  a  radical  by  any  num- 
ber,  provided  we  raise  Uie  quantity  under  Vie  sign  to  Uie  power  whose  degree  is 
marked  by  that  number ^  or,  in  algebraic  language. 

For,  if  the  last  rule  be  applied  to  the  second  of  these  quantities,  it  will  pro- 
duce the  first. 

60.  By  aid  of  this  last  principle,  we  can  always  reduce  two  or  more  radi- 
cals of  different  degrees  to  others  which  shall  Iiave  the  same  index.  Let  it  be 
required,  for  example,  to  reduce  tlie  two  radicals  'i/'2a  and  ^3bc  to  others 
which  shtiU  be  equivalent,  and  have  the  same  index.  If  we  multiply  3,  the 
index  of  tlie  first,  by  5,  the  index  of  the  second,  and,  at  the  same  time,  raise 
2a  to  tlie  5th  power;  if,  in  like  manner,  we  multiply  5,  the  index  of  the 
second,  by  3,  the  index  of  the  fa*st,  and,  at  the  same  time,  raise  3bc  to  the  3d 
power,  we  shall  not  change  the  value  of  the  two  radicals,  which  will  thus 
become 

^2a  ='^'^^('20)'^  =  V32«» 


i/'36c=3>«y(3/;rf  =  '^^Ib^c". 
We  shall  tlius  have  the  following  general 

RULE. 

In  order  to  reduce  two  or  more  radicals  to  others  which  sfiall  be  equivalent 
and  have  the  same  index^  multiply  the  index  of  each  radical  by  tfie  product  of 
t)ie  indices  of  all  Oie  others^  and  raise  Uie  quantity  under  the  sign  to  the  power 
whose  degree  is  marked  by  that  product. 

Thus,  let  it  be  required  to  reduce  -/-<'»  y/'Sb-c^t  ^Ad*t'f^  to  the  same 
index, 

\/^2a      =3X5x  «/(o;7yrx:-.       -_  ^1^;^ 


The  above  rule,  which  bears  a  great  analog}*  to  that  given  for  the  reduction 
of  fractions  to  a  common  denominator,  is  susce])tible  of  the  same  modifications. 

RULK. 

To  reduce  radicals  to  their  least  common  index,  find  the  least  common  multi- 
ple of  all  tite  indices,  didde  it  by  the  index  of  each  radical,  and  raise  Hit 
quantity  under  tlie  radical  to  the  power  expressed  by  the  quotient.* 

This  rule,  applied  to  the  radicals  {/a,  -5/56,  \J'2Cy  gives 

ijlt='i^'a^  V56=V655M,  V3c=«{/57?. 

EXAMPLES. 

(1)  Reduce  yw™,  V^°»  «"^  V<^^  to  the  same  index. 

(•J)  Ileduce  V'^»  V^  '^"^  V^'  to  the  same  index. 

(3)  Reduce  ^/^l\  '^b\  y<^,  and  y/d^  to  the  same  index. 


*  This  is,  ill  cfTeot,  maltiplyiug  the  index  of  each  radical,  aud  the  exponents  under  that 
radical  by  the  quotient. 
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(4)  Reduce  W— ,  y-r-,  and  W-  to  the  same  index. 

(5)  Reduce  -J  .,  11 .  ,  and  J/-  to  the  same  index. 

ANSWERS. 

(1)  ^a^»   ^h^,  and  ^c^p, 

(2)  "'*-{^"^,  "•"-J/F?,  and  "7"^. 

(3)  «*^>'^liW,  -^^^"S^,  "^>'^"?WW,  and  ^^^11^, 

61.  Let  us  now  proceed  to  execute  upon  radicals  the  fundamental  opera- 
tions of  arithmetic. 

ADDITION  AND  SUBTRACTION  OF  RADICALS. 

Definition. — Radicals  aro  said  to  bo  similar  when  they  have  the  same  in- 
dex, and  w^hen,  also,  the  quantity  under  the  radical  sign  is  the  same  in  each ; 
thus,  3V«»  I2aci/ay  loby/uy  are  similar  radicals,  ns  are,  also,  4a-h^mn^p\ 

This  being  premised,  in  order  to  add  or  subtract  two  similar  radicals  we 
have  the  following 

RULE. 

Add  or  subtract  their  corfjlicicntsy  and  place  the  sum  or  difference  as  a  coeffi' 
fienl  before  the  common  radical.     For  example, 

(1)  3^Xf2^^I=5yI. 

(2)  31^6—2^6=^6.  

/I    (3)  Wpq  Vmn+4Z  Vwm=(3p9+4Z)  f^'mn* 

(4)  dcd^/a^irdy/a^bcdy/a. 

If  the  radicals  are  not  similar,  wo  can  only  indicate  the  addition  or  subtrac- 
tion by  interposing  the  signs  -f-  or  — . 

It  frequently  happens  that  two  radicals,  which  do  not  at  first  appear  similar, 
•nay  become  so  by  simplification  ;  thus, 

(5)  y/4^ab^+b  'v/75a=  V-^  X  1<>  X  </  X  6-4-6  y/3  X'-^^Xa 

=46V37/4-56'v/3a 
=  96'v/3a. 

(6)  2  -/Ss— 3  '•5=:2  Vox  9— 3  VZ 

=3V5. 

(7)  y 8a»5+l6<?—  ^"6*+  2rt6='=  »/8rt='(6-f  2^)  —  i^b\F+2a) 

=  ('2a'^b)^'2a  +  b. 


•  When  two  products,  consisting  each  of  several  factors,  hnvc  any  (!oinnion  factors,  tho 
cdier  fectors  may  be  regarded  as  the  coeiRcicnts  of  these,  *inco  they  8h<»w  how  many  tiniea 
tiie  common  factors  arc  repeated,  and  the  addition  may  ho  performed  hy  adding  tlie  c<K>tIl- 
dent*,  and  annexing  tlic  common  factors  to  the  sum  ;  thus,  abcd-\-m iicd-=.[uh-\-mn)cd,  and 
Sab^X'\-4cb^x=i{5a-\-ic)b^x,  on  the  same  i)rinciple  as  Sa-\-4{i=V2a. 
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(8)  3y4a3+2yi>a=3y2a+2i/2a 

(9)  V'SjfySO— \/l8=4V'2.  '  ^^irt,    4  ^^/^    ^>Ti  2, 

(10)  6Va6"+cVa?"— ciVa^"=(iM-c'— c^*)Va. 

(11)  2Vf+V60-j/15+ V|=f|Vl5.» 

(12)  Aay(r'b*+b^SaPb-^^l25a^b*=a'^b^b. 

(13)  V^(3fl«c+6afcc+36gc)=:(g+£)  -/Sc. 

(14)  '/45c»—  ■/80c3+  -v/5a'c=(a— c)  -y/^c. 

MULTIPLICATION  AND  DIVISION  OF  BADICALS. 

62.  In  the  first  place,  with  regard  to  radicals  which  have  tlie  same  index, 
lot  it  be  required  to  multiply  or  divide  y/ahy  ^b,  then  we  shall  have 

V~a X  Vb=  Vab,  and  V^^  V^=  V f 

For,  if  we  raise  y/aX  V^i  <^^  V^^t  ^^^^  ^^  th^  ^^  power,  we  obtain  the 
same  result,  ab ;  hence  these  two  expressions  are  equal.  The  same  principle 
is  demonstrated  in  (57). 

Va  fa  a 

In  like  manner,  — —  and  Wr,  when  raised  to  the  n^  power,  give  ? ;  hence 

the  two  expressions  are  equal.     We  shall  thus  have  the  following 

RULE. 

Jn  order  to  multiply  or  divide  txco  radicals  which  have  the  same  index,  mul- 
tiply or  divide  the  quantities  under  the  sign  by  each  otfier,  and  affect  the  result 
icith  the  common  radical  sign.  If  there  be  any  coefficients,  we  commence  by 
multiplying  or  dividing  Oicm  separately.  The  latter  part  of  this  mle  depends 
upon  the  principles  set  forth  and  alluded  to  in  17,  note ;  the  coefficients,  or  ra- 
tional parts,  and  the  radical  parts  being  regarded  as  factors  composing  a  product. 

~      yld 


(2)  3aV8tf=X26V4a-c=6rt6V32aV 

=\^a^b^2c.  _ 

(3)  2ay/TcX3by/abcXay/2a=(>a-bV''^o^b'C^ 

=z6a'^b^cV2. 

U)  5^  V^_5a   fh 
^  2by/c      2B\c' 

25a=6jv^^_25a=6   [^ 
5ab^  y/mn^       dab^Vmn^ 
5a  fn^ 


bam   f\ 

— rvn- 


*  Tho  numerator  and  denominator  of  each  of  the  two  fractions  in  tliiti  example  are  multi- 
plied by  its  denominator.  Tho  denominator  becomes  thus  a  perfect  square,  and  may  be  set 
outside  the  radical  sign. 
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Va^b^+b 


=26  .^H? 

(7)  (a+6V-l)x(a-6/^l)=a«+6«. 

(8)  V^X  V6X  Vc=  Vafec. 

(9)  ayxxb^/yXcyz=.abcYxyZ'  ^ 

(10)  4X2V3^X  V72=8V6. 

(11)  C'^ay,d's/a-=.acd, 
(12)-5-/8x3'/5=30'/10. 

(13)  ^18X5^4  =  10^9. 

(14)  JV6XA/9=A  V6.  

(15)  2  ya^  X  3  7 oi^  X  4  ^ 6<5=24  V^^^^^.         t 

(17)  (  v'  — 15+  V  — li2—  \/— --^l)-^  V--3=2+  ^/b^^/l, 
If  the  radicals  have  not  the  same  index,  we  must  reduce  them  to  others 
having  the  same  index,  and  then  operate  upon  tliem  as  above ;  tlius, 

(1)  3aVTx56V^=3fly7;^X56V8^ 

=15a6V8'^V. 

(2)  '^bab(?X  V'Zii^bc^^iyi'Zbd^^d^x  V Aa'^b^c^ 

=  V500a'6«c»3 


=ac«V500(/6ftc. 
(3)  TO^aX  v^^Xn  Vc=w/i  y a^*6*ci^ 
a  jc     X   jz     ax    k:\^ 

(7)  VaX  y^X  Vc='"7a"P^'"Pc"'". 

(8)  A  Va«  X  B  'V*"  X  C  \/c'=ABC"^^a^m^oY(faP, 

'  <^)  v^-^Kr-^^v — ?^^^^^ — ■ 

(10)  c  •v/a*— •r'-i-  Va+-r=f  V("— -tK"'— x^). 

(11)  V^=r'-H(a-z)=^^. 

*      (12)  A,«/--4-A2n/-=— !n.„r— -p. 

FOBMATION  OP  POWERS  AND  EXTRACTION  OF  ROOTS  OF  RADICALS 

63.  Let  it  bo  required  to  raise  y/a  to  the  7Jth  power;  then, 

( Vaj"=  V^X  V^X  y/(i to  n  factors, 

,  ^  V^"t  According  to  the  rule  for  multipHcation  just  established. 
Hence  we  have  the  following 
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RULE. 

In  order  to  raise  a  radical  quantity  to  any  given  power,  raise  the  quantity 
under  the  sign  to  that  power,  and  place  over  the  result  the  radical  sign  wiUi  its 
original  index.  If  there  be  any  cotfficienU  we  must  raise  the  coejicient  sepa- 
rately to  the  required  power.    Thus, 

(1)  (V4i?)-=Vl6a"^ 
=2a  y^. 


(2)  (3V-'"f=3'V32rt'^ 


=243s/3~«* 

=486aV^- 
WlieD  the  index  of  the  radical  is  a  multiple  of  the  exponent  of  the  power 
which  wo  wish  to  form,  the  operation  may  be  simplified. 

Lot  it  bo  required,  for  example,  to  square  ^ila ;  wo  liavo  seen  (Art.  58)  that 

y'Za=\j  y/'Za  ;  but  in  order  to  square  this  quantity,  it  is  sufHcient  to  sup- 
press tlie  first  radical  sign ;  hence,  (  ^2a)-^  '^'2a,     Again,  let  it  be  required 

to  raise  ^^abc  to  the  5th  power;  now,  ^^ahcz^yj  y/ahc;  but  in  order  to  rabe 
this  quantity  to  the  5th  power,  it  is  sufficient  to  suppress  the  first  radical  sign ' 
hence,  {^^ ahc^zz:.  y/ abc,  and,  in  general, 

that  is  to  say. 

If  the  index  oftlie  radical  he  dirisihle  by  the  index  oftfie  required  power,  tee 
may  divide  the  index  of  tlie  radical  by  Ote  index  of  Hie  power,  and  Uave  Uit 
quantity  under  the  sign  unchanged,* 

64.  With  regard  to  the  extraction  of  roots,  either  by  virtue  of  the  principle 
established  in  (Art.  59),  or  by  reversing  the  last  rule,  we  shall  manifestly  have 
the  following 

RULE. 

In  order  to  extract  any  root  of  a  radical  quantity,  multij}hf  the  index  of  the 
radical  by  the  index  of  the  root  required,  and  leave  the  quantity  under  the  sign 
unchanged.  If  there  he  a  corfjicient,  we  must  extract  its  root  separately • 
Thus, 

If  the  quantity  under  the  sign  bo  a  perfect  power  of  the  same  degree  as  the 
root  required,  we  may  simpFify.     Thus, 


*  It  may  be  well  to  iioto  here  tlmt  the  even  power  of  a  radical  of  the  Bccoud  degree  is 
rational,  aud  the  uucvud  power  irrationa],  the  latter  being  formed  by  the  maltipUcatioin  of 
the  pi'uixwed  ra'lical  by  a  rational  quantity. 
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that  is,  we  may  extract  the  root  oftJie  quantity  under  the  radical  sign, 

MISCELLANEOUS  EXAMPLES. 

(2)  ■•"l2+2\/27+3V75+9V48==59V3. 

(3)  V81— 2V24+-/58+2V63==8V7— V3. 

(4)  y/45^'-y/~e0?+y/l'^z=z(a-^c)y/5c. 

(5)  Vl8a*6'+  V50a363=(3a»6+5afe)  V2a6. 

(6)  V2^*a"6*c—  V4  X  5*a^'6^Jc6+  V4  X  G^ah^c 

=(8a^b--3ab'c+6b)V~iahc. 


(7)  3/^_s^=(3a-l)  3^ 
V    26        V  26  ^  V  2i 


(8)  -y54a»+o63— yi6a»-366+^2a*™+9+-y2c»a'° 

=(3a26— — +a"+3+c)?/2a«. 

4^3X2^     yg^_^  c /^  )  ^  i3x^^ 
^  f'rfV  i/3^c'd*p      I  d'^Scd  S  V     pg      • 

(^^)  ^VV27^+27p)=^y-  +  2^- 

(11)  V4a''y+8a6i^+46-'y=2(a+6)  V>. 

(12)  V4a*6«— 20a>6»+26a6*=(2a»— 56)  ^~a^.  \ 

Va«4-2ax+a?«       a+x^   ' 

/14\  ^^^  -/gc j/oc 

«+6*  -/a*— 2a6+6«""«+i' 

/15xf±^    F^       F+^ 

0^)  ^z:6-Vs+6=V  j:i6- 

(16)  V2X\^XV3=^. 

(17)  V"4X  ^^"3X^6=^3981302 

(18)  a Vx X hyyxc ^fz^ahc Tf^x-Py-Pz"-. 


•  Iti.  manifeBt  that,  in  general.  V^/^  V^a;  for,  by  (Art.  58),  each  of  these  expres. 
liong  if  ="^a. 
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E^      yh'M'e 


1  ^ /aV 


65.  Let  us  now  inquire  with  what  sign  a  monomial  root  is  to  be  affected. 

We  have  seen  (Ait.  52)  that,  whatever  may  be  the  sign  of  a  monomial, 
its  square  is  always  positive ;  and  it  is  evident  that,  in  like  manner,  every  even 
power  must  be  positive,  whatever  may  be  the  sign  of  the  original  monomial, 
and  that  every  uneven  power  will  be  affected  with  the  same  sign  as  the  origind 
monomial. 

Thus,  — a,  when  raised  to  different  powers  in  succession  will  give 
—a,  +a2,  — 1/3,  ^a\  — a%  +«•,  — a^  &c. 
And  -|-a,  in  like  manner,  will  give 

+a,  +a«,  +a»,  +a\  +a\  +a«,  +a^  &c. 
In  fact,  every  even  power  2n  may  be  considered  as  the  square  of  the  n^  power 
or  a-°=(a")^  and  must,  therefore,  be  positive;  and,  in  like  manner,  every 
power  of  an  uneven  degree  (S^i-^^)  ™^y  ^^  considered  as  the  product  of  the 
2n*^  power  by  the  original  monomial,  and  must,  therefore,  have  the  same  sign 
with  the  monomial. 

Hence  it  appears, 

I.  Tfiat  every  root  of  an  uneven  degree  of  a  monomial  quantity  must  be 
affected  with  Ou  same  sign  as  the  quantity  itself,     Tims, 

V+8<r»=2a;  V— 8«^=— 2a;  V--32a^=— 2a«6. 

IT.  That  every  root  of  an  even  degree  of  a  iwsitive  monomial  may  be  affected 
with  Oie  sign  -\-,  or  tJie  sign  — ,  indifferently.     Thus, 

III.  That  every  root  of  an  even  degree  of  a  negative  monomial  is  an  xmpos^ 
sible  root ;  for  no  quantity  can  be  found  which,  when  raised  to  an  even  power, 
can  give  a  negative  result.  Thus,  V — (^i  V — c, . . .  are  symbols  of  opera- 
tions which  can  not  be  performed,  and  are  called  impossible,  or  imaginary, 
quantities,  as  -/ — a,  V  —  6,  in  (Art.  53). 

6G.  The  different  rules  which  have  been  established  for  the  calculation  of 
radicals  are  exact  so  long  ns  wo  treat  of  absolute  numbers ;  but  are  subject  to 
some  modifications  wlieu  we  consider  expressions  or  symbols  which  are 
purely  algebraical,  such  as  the  imaginary  erjtressions  juat  mentioned. 

Let  it  be  required,  for  example,  to  detcrmuie  the  product  of  \/ — a  by 
■y/  —  a  ;  by  the  rule  given  in  (Art.  G2), 

V— «X  V^a=V-'ax^a 


But  '^-{-a^=:^a,  so  that  there  is  apparently  a  doubt  as  to  the  sign  with 
which  a  ought  to  be  affected  in  order  to  answer  the  question.  However,  the 
true  result  is  — a  ;  because,  in  genera],  in  order  to  square  \/m,  it  is  sufficient 
to  suppress  the  radical  sign ;  but  \/  — a  X  V  — <^  is  the  same  thing  as  (  \/  — a)*, 
and,  consequently,  is  equal  to  — a. 

Next,  let  it  be  required  to  detci-mine  the  product  of  >/  — a  by  •^  — b ;  by 

the  rule  (Art.  62)  

V— «X  V^=V^aX—b 

=z^/+ab 
= J:  '^ab. 


FRACTIONAL  ANE  NEGATmj  EXPONENTa  66 

The  true  result,  howeyer,  is  —  y/ah^  so  long  as  we  suppose  the  radicals 
V  — fl»  V  — ^  to  be  each  preceded  by  the  sign  +  ;  for  we  have,  according 
to  (Art.  53), 


Hence, 


=  —  yj  ab. 

According  to  this  principle,  we  shall  find  for  the  different  powers  of  V--"l 
tiie  following  results : 


=  -lX-l 
=  4-1. 

Since  the  four  following  powers  will  be  found  by  multiplying  +1  by  the 

first,  the  second,  the  third,  and  the  fourth,  wo  shall  again  find  for  the  four  now 

powers  +  \/ — 1,  — 1,  —  V  —  It  +1 ;  80  that  all  the  powers  of  -/  —  1  will 

form  a  repeating  cycle  of  four  terms,  being  successively,  •/  — ^t  — ^i  —  V  — ^* 

+  !••  

Finally,  let  it  be  required  to  determine  the  product  of  ^  -^a  by  ^ — i, 

which,  according  to  the  rule,  would  be  4/-f~^^'     ^^^  determine  the  true  result, 
we  must  observe  that 


And  .'. 

But, 


V— a  =  \Ja  .  V  — 1 


Hence, 


The  above  principles  will  enablo  tlio  student  to  operate  upon  these  quanti- 
ties without  embarrassment. 

THEORY  OP  FRACTIONAL  AND  NEGATIVE  EXPONENTS. 
67.  This  is  the  proper  place  to  explain  a  species  of  notatiuii  which  is  found 
extremely  useful  in  algebraic  calculations. 

«  This  n&ay  be  exproMcd  in  its  most  general  form  thu«,  if  n  be  any  whole  number  : 

(av/^)4°+'=a4°+iXH-\/— l=a4n+i .  \/^ 
(a|/_l)4n+3=:a4H^X— 1  =— o^n+a 

(a'/^)*«+»=a^«»+aX—\/^=— «*"+'.  lA^. 
The  fbvt  hi  the  note  oorrefponds  to  the  last  in  the  text,  the  second  in  the  note  to  tiie  fint 
In  the  text,  and  the  third  in  the  note  to  the  secxnid  in  the  text 

K 
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I.  Let  it  be  required  to  extract  the  n^  root  of  a  quantity  such  as  a^.  We 
have  seen  by  (Art.  55)  that,  if  m  is  a  multiple  of  n,  we  must  divide  m,  the 
index  of  the  power,  by  n,  the  index  of  the  root  required.  But  if  m  is  not 
divisible  by  n,  in  which  case  the  extraction  of  the  root  is  algebraically  impos- 
sible, we  may  agree  to  indicate  that  operation  by  indicating  the  division  of  the 
exponents.     We  shall  thus  have 


m 


Va"=a', 


m 


the  expression  a**  being  understood  to  signify  the  n*^  root  of  a<",  by  a  conven- 
tion founded  upon  tlie  rule  for  the  extmction  of  roots  of  monomial  quantities. 
According  to  this  convention  or  definition,  we  shall  have 

It  may  be  observed  that  the  denominator  of  the  fractional  exponent  is  ^e 
index  of  tlie  radical,  and  the  numerator  the  exponent  of  the  quantity  under  the 
radical. 

II.  Let  it  be  required  to  divide  a"  by  a".  According  to  the  rule  in  (Art. 
17),  we  must  subtract  the  index  of  the  divisor  from  the  index  of  the  dividend ; 
80  that 

a" 


a" 


it  is  to  be  remarked,  however,  that  hero  it  is  supposed  that  m'^n.  But  if 
m  <  ?2,  in  which  case  the  division  is  alj;obraically  impossible,  we  may  agree  to 
indicate  the  division  by  the  aid  of  a  negative  index  equal  to  the  excess  of  n 
over  m.  Let  jp  be  the  absolute  difference  of  m  and  ft,  so  that  n=m-^~p ;  we 
shall  then  have 

a"       a" 

=a-p. 

a™  1 

But  -jj;^  may  also  be  put  under  the  form  — ,  by  suppressing  the  factor  a* 

common  to  botli  terms  of  the  fraction ;  wo  shall  then  have 

1 

a-p=— . 
ay 

The  cx])ression  ar^  is  then  the  syinlx)!  of  a  division  which  can  not  \>e  executed; 
and  tho  true  value  of  the  expression  is  unity  divided  by  the  same  letter  a 
affected  with  tlio  exponent  p,  taken  positively.  According  to  this  convention, 
we  shall  have 

1  1    . 

a^  a^ 

Again,  by  supposing  the  exponent  of  the  numerator  to  t)e  larger  by  p  than 
the  exponent  of  the  denominator,  it  may  be  proved  in  a  similar  manner  that 

1 
ap= — -. 
a-P 

Froiri  those  expressions  it  appears  that  a  factor  may  be  transferred  from  tne 
denominator  to  the  numerator  of  a  fi-action,  or  vice  versa^  by  changing  the  sign 
of  its  exponent. 
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EXAMPLES. 

Write  -^  in  one  line.  Ana.  a^b^cr^d-*. 

3a"c* 
Write    .       in  one  line.  Ana.  3a'"c"(£-P«'~^. 

Write  ^^,_^  in  one  line.  Ana.  2 X 3-*^"^*»-p>fc». 

a»6*  1 

Write  -tt;  all  in  the  lower  line.  Ans. 


A«B^C  1 

Write  — r: —  all  in  the  lower  line.  Ans. 


My      A-"B-/^C-iMJ^* 

A*C-»  A*B« 

Write  ^_qpy,  with  all  positive  exponents.  Ans.  t^^z^ 

Write   y,_^  with  all  positive  exponents.  Ans.  -rr-j. 

III.  By  combining  the  last  two  converitionSf  wo  arrive  at  a  third  notation, 
which  is  the  negative  and  fractional  erponent. 

Let  it  be  required  to  extract  the  n'**  root  of  — . 

1  /T        _2 

In  the  first  place,  — =a-^;  hence  y— =  Vtf~'"=a   "i  substituting  the 

fractional  exponent  for  the  ordinary  sign  of  the  radical. 

As  in  words,  a™  is  usually  enunciated  a  to  the  power  m,  m  being  a  positive 


m  m 


integer ;  so  by  analogy,  a°,  a~",  a   °  are  usually  enunciated,  a  to  the  power  m 
by  n,  a  to  the  power  minus  nt,  and  a  to  the  power  minus  m  by  n. 

All  that  has  been  hitherto  said,  with  regard  to  fractional  and  negative  ex- 
ponents must  be  considered  as  a  more  matter  of  definition ;  in  shorty  that  by  a 


m 


convention  among  algebraists  a°  is  understood  to  moan  the  samo  tiling  as 

—  1  -^         il 

y  a™,  a~^  to  be  the  same  as  — ,  and  a   "  as  n  /— .     We  shall  now  proceed  to 

prove  that  the  rules  already  established  for  the  nmltiplication,  division,  fonna- 
tion  of  powers,  and  extraction  of  roots  of  quantities  affected  with  positive  in- 
tegral exponents,  are  applicable  without  any  modification,  when  the  exponents 
are  fractional  or  negative.     We  shall  examine  the  different  cases  in  succession. 

68.  Multiplication.     Let  it  be  required  to  multiply  a^  by  a* ;  then  it  in 
asserted  that  it  will  be  sufficient  to  add  the  two  exponents,  and  that 


3 

d'xa 

3            3    13 

For,  by  our  definition, 

J 

=  V^' 

And, 

«f 

=  Va'; 

^aH  by  definition  in  (Art.  67, 1.). 


Gd  ALGEBRA. 


—  3  £ 

Again,  let  it  be  required  to  multiply  a     ^  hj  or  \  then  it  is  asserted  fihat 


3  5  3    IS 


9      110 


=a 


=a>3. 


For, 


1 

=a^  by  definition  in  (Art.  67, 1«) 

m  p 

Generally,  let  it  be  required  to  multiply  a     °  by  a^ ;  tben 

m  p  ni   I   p 

np — nq 

=a  ™»  . 

For, 

p        

and  a^^  yd^ 


_™       E     „  /T        _ 


up — mq 

=a   "I     by  definition. 

69.  Hence  we  hnve  the  following  general 

RULE  FOR  EXPONENTS  IN  MULTIPLICATION. 

In  order  to  multiply  quantities  expressed  hy  the  same  leUtr,  add  the  ex- 
ponents of  that  letter f  whatever  may  be  the  natltre  of  the  exponents. 

This  is  the  same  rule  as  was  established  in  (Art.  11)  for  quantities  affected 
with  integral  and  positive  exponents.    According  to  this  rule,  we  shoD  find 

3     _3    ,  3    3  11     S  3 

a^b     %       xa^b^c^z=:a^b     'c~^ 

4    1  14    7 

u^    u  X2a     ^6V  =6a      ^6V. 

70.  Division.  Let  it  be  required  to  divide  a^  by  a^ ;  then  it  is  asMited 
that  it  will  be  sufficient  to  subtract  the  index  of  the  divisor  from  the  index  of 
the  dividend,  and  that  we  shall  thus  have 

3 

a^       f-} 


a^ 


=a^ 
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For, 

1         1         


=y  J  by  (Art.  62) 

=:a^  by  definition. 
In  Uke  manner,  we  can  prove  tliut 


5 


a     ' 


13 


m 


Generally,  let  it  bo  required  to  divide  a"  by  a^. 
Then, 

m  p  m       p 

mq— np 

For, 

m  p 

a°"=  ^/o™,  and  a'i=  V^t 
m       p      V""" 


mq— np 

=a   "'i     by  definition. 

71.  Hence  we  have  the  following  general 

RULE  FOR  EXPONENTS   IN   DIVISION. 

In  order  to  divide  quantities  expressed  by  the  same  letter^  subtract  the  ex- 
ponent of  the  divisor  from  the  exponent  of  the  dividend,  whatever  may  be  the 
nature  of  the  exponents. 

This  is  the  same  rule  as  that  established  in  (Art.  17)  for  quantities  affected 
with  integral  and  positive  exponents.     According  to  this  rule,  we  hnvn 

3  4  I 

a^-i-a^   =a     '^^. 

an^-^a     n^z=a'^H     ». 

72.  Formation  of  powers. — In  order  to  raise  a  monomial  to  any  power, 
the  rule  given  in  the  case  of  positive  and  integral  exponents  was,  to  multiply 
the  index  of  the  quantify  by  the  index  of  the  power  sought.  We  have  now 
to  prove  that  this  holds  good,  whatever  may  he  the  nature  of  the  exponent. 
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5 

Let  it  be  required  to  ruse  a^  to  the  4*^  power. 
Then, 


5    4  5 


X4 


For, 


Bat, 


29 


J=:  ya\  and  (aV=(  V^*)*. 


( Va*)'=  ya^,  by  (Art.  63) 

30 


m 


Generally,  let  it  be  required  to  raise  a°  to  the  power  jp. 
Then, 


(in\  p  m 


Xp 

mp 


=a 


For, 


But, 


ra  /    ni\p  

i°=  Va",  and\a°J=(Va'")P« 


xnp 

The  demonstration  will  manifestly  bo  precisely  the  same  if  we  suppose  one 
or  both  of  the  indices  to  be  negative. 

73.  Hence  we  have  the  following  general 

RULE  FOR  RAISING  A  MONOMIAL  TO  ANT  POWER. 

Multiply  the  exponent  of  Uie  monomial  by  Uic  exponent  of  the  power  requxredt 
whatever  m^y  be  the  nature  of  the  exponents. 

This  is  the  same  rule  as  that  established  in  (Art.  55)  for  quantities  affected 
with  positive  integral  exponents.     According  to  this  rule,  we  have 

3    5  3v/  . 

(Tv  rX  8 

a*)  =a* 


15 

as        s< 


=a^ 


(a*)  =a^^^ 


:a 


3 


(2a-*6V=2^a-^"'6?^' 


=:64a'~'5i  * 


74.  Extraction  of  Roots. — In  order  to  extract  the  n*^  root  of  any  quan- 
tity according  to  the  rule  in  (Art.  55),  wo  must  divide  the  exponent  of  each 
letter  by  the  index  n  of  the  root.  Let  us  examine  the  case  of  fractional  ex- 
ponents. 

5 

Let  it  be  required  to  extract  the  cube  root  of  a^. 
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Then, 


''J^J-^' 


=a*. 


J=:  Va«,  and  .-.  yj^yj  ya\ 


For, 


fiat, 

5 

=a^,  by  definition. 

n 

Generally,  let  it  be  required  to  extract  the  p^  root  of  a". 
Then, 


Pot, 


But, 

V^= V«°»  (V  Art.  58), 

m 

=a°P,  by  definition. 
75.  Hence  we  have  the  following 

RULE  FOR  THE  XXTRACTIOX  OF  ANT  ROOT  OF  AN  ALGEBRAIC  MONOMIAL. 

Divide  the  exponent  of  the  monomial  hy  the  exponent  of  the  root  required^ 
whatever  may  be  the  nature  of  the  exponents.    Thus, 


=a~Ti. 


'lah-'=J^h-'*' 


76.  We  shall  close  this  discussion  by  an  operation  which  includes  the  demon- 
stration of  every  possible  variety  of  tho  two  preceding  rules.   • 

in  «i 

Let  it  be  required  to  raise  a°  to  the  power  of  —  ,*  we  must  prove  that 

mr 
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If  we  recur  to  the  origin  of  this  Dotation,  wo  find  that 


m  r       *  / 

(a^)-=^(„^)' 

-•p 


Va 


vy^r 


„.- 1 


mr 


=  Va 


— mr 
mr 


=a     ",  by  definition. 
77.  The  notation  above  explained  can  be  extended  to  polynomials,  by  in- 
cluding them  within  brackets,  in  the  same  manner  as  was  explained  in  the  case 
of  integral  exponents. 

Thus,  (x+«)    signifies  the  same  thing  as  V-^^+^j  ®^  ^  square  root  of 

1  1 

So,  (x+«)     ^  is  equivalent  to  ,  or  unity  divided  by  the  square  root 

yx+a 

ofx+a. 


In  like  manner,  (x-\-a-\'h)^  will  be  the  same  as  ^(T+a+t)'*  or  the  fourth 

3 

root  of  the  third  jwiver  of  the  quantify  r+a+?;,  and  (x-\-a-^b)  ^  will  be 
unity  divided  by  the  last-mentioned  quantity.  Since  unity  is  always  under- 
stood to  be  the  exponent  when  no  other  is  expressed,  (X'{-a)~^  is  the  same  as 

— ; — ,  and  so  on.  The  same  rules  which  have  been  established  for  the  treat- 
x+a' 

ment  of  monomials  affected  with  exponents  will  also  manifestly  apply  to  pdy- 

nomials  under  the  same  restrictions.* 

EXAMPLES. 
3  7  13  1 

(!)  a     ^Xa     '=a      ^  =-^. 

a  V  <^" 

.__3__„        5   1  '_3       c    fa 

(2)  a^6     'xa^6-c=aT26-ic=^y^,. 

6^c^      c     ^  a'Nac^ 


*  Tho  calcolos  of  fractional  cxpoucuU.  says  Lacroix,  its  one  of  tlie  most  remarkable  ex- 
amples of  the  atility  of  signi ,  when  they  arc  well  chosen.  The  analogy  which  exiata  be- 
tween fractional  and  entire  exponents  renders  the  rules  to  be  followed  in  the  cnlcnlna  of 
tho  latter  applicable  to  the  former,  while  particular  rules  are  reciaisitc  for  tho  calculus  of 
radicals.  The  farther  we  advance  in  alcrcbra,  tlic  more  we  perceive  tlie  numerous  advan- 
tages wliich  have  resulted  to  that  science  from  tlio  notation  of  exponents,  invented  by 
Descartes. 


(4 
(5 

(6 

(7 

(8 
(9 

(10 

(11 
(12 

(13 
(14 

(15 

(16 
(17 

(18 
(19 

(20 
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n  p  p    n  ap— nM| 

a     '-^a     ^=:a*»  »=:a   "» 
3  «       c       I 

3 

3    1  7    1  ^SJjT 

c 

0     9  20     11  11     34 

a     H^     a      *d^      a^6" 

(3     2V  1  13 

(_    1     2\ 1  1    1      1  < 


a  f  —  1 


(1  1  33  14  5\/1  1\ 

(i  11  IV         /     *  U  3  3 

0  3    3  3    3  o 


I       3 


=a«— 6. 


3      5    1                11         3                                        00      331C    tj    V3  ^ 

m^p'^q^r^  Xp     ^q^     ^m^^  Xp^Y=^  *  P  ^^^  q*  r*  .  ^ 

1      20 

13         3        17            a^cZ '  -fr  . 

/3                 13               fV               4/                                   \/>  3\2 


It  may  be  asked  here  whether  the  mlcs  for  the  calculas  of  exponents  apply  to  incom- 
mensurable  and  imaginary  exiMinciits. 

With  rcirord  to  incommeusarable  exponents,  it  may  be  said  that  they  have  not  nbsohitely 
of  themselves  any  sij^fication,  and  that,  in  order  to  give  them  one,  it  is  nccofisary  to  con- 
ceive them  in  imagination,  replaced  by  their  approximate  commcusnrable  values.  A  forma- 
*  la,  thcreibre,  into  which  incommensurable  exponents  enter,  should  be  considered  as  repre- 
senting the  limit  toward  which  the  values  deduced  from  it  tend  by  the  substitution  of 
commensurable  numbers  for  the  exponents,  differing  from  tlicm  by  as  small  a  quantity  as 
we  choose  to  assign ;  in  this  way  we  perceive  that  the  proposed  expression  will  represent 
axictly  this  same  limit,  when  the  same  operations  shall  have  been  executed  ni)on  the  in> 
oonimensurable  exponents  which  it  contains,  as  would  be  if  they  were  commensurable. 

Thus,  for  example,  m  and  n  being  incommensurable  quantities,  we  shall  always  have 

For,  if  m^  and  nf  represent  their  approximate  commensurable  values,  we  have 
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The  fint  membcni  of  this  equality  tend  toward  the  same  limit  aB  the  aeoond.  Bui 
a"»Xa"  represcntB  the  limit  of  the  one,  and  a^+°  that  of  the  other;  hence,  a"  X  <»"=«"*+■ 

With  regard  to  imaginary  exponents,  there  is  necessary  here,  as  every  where,  a  tacit 
admission  that  the  general  relations  of  real  qnaiitities,  represented  by  letters,  hold  good  when 
those  letters  are  replaced  by  symbols  of  (juantitics  which  are  imaginary. 

This  subject  will  be  better  understood  afler  the  student  has  been  over  that  of  eJLtnc- 
tion  of  roots  by  approximation. 

78.  Having  thus  discussed  the  formation  of  powers,  and  the  extraction  of 
roots  in  monomial  quantities,  we  shall  now  direct  our  attention  to  polynomials ; 
and,  in  the  firat  pUice,  let  it  be  required  to  determine  the  square  of  2:-|-a ; 
then, 

(x+aY=(x+a)x(x+a) 

=x'-^2xa-\-a"-  by  rules  of  multipUcation. 

By  inspection  of  this  result,  it  is  perceived  that  the  square  of  a  binonEiial  con- 
tains the  square  of  each  term  together  with  twice  the  product  of  the  two. 

Next,  let  it  be  required  to  form  the  square  of  a  trinomial  (x-^-a-^-b).     Let 
us  represent,  for  a  moment,  the  two  terms,  x+a,  by  the  smgle  letter  z. 
Then, 

(x+a+by=(z+hy 

=z^+2zb+l^ (1). 


But, 


And, 


2«=(x+a)» 
=x'^+2xa+a}. 


2zb=2h(x+a) 
=2x6  +  2a6. 
Therefore,  substituting  for  z^  and  2zh  their  values  in  (1),  we  find 
(x+a  +  hY=x^+a^+h^+2xa+2xb+2ab. 

Hence  it  appears  that  the  square  of  a  trinomial  is  composed  of  the  sitm  of  the 
squares  of  all  the  terms ^  together  with  Oie  sum  of  twice  the  products  of  ail  the 
terms  multiplied  together  two  and  two. 

We  shall  now  prove  that  this  law  of  formation  extends  to  all  polynomials, 
whatever  may  be  the  number  of  terms.  In  order  to  demonstrate  this,  let  us 
suppose  that  it  is  true  for  a  polynomial  consisting  of  n  terms,  and  then  en- 
deavor to  ascertain  whether  it  will  hold  good  for  a  polynomial  composed  of 
(»  +  l)  terms. 

Let  j:-|-a-|-6-|-c-| V^-^-^  be  ^  polynomial  consisting  of  n+1  terms, 

and  let  us  represent  the  sum  of  the  first  n  terms  by  the  single  letter  :  ;  then 

(x+a+b+cJr-"+l'+l)  =(2+0» 
and.•.(x+a+6+c^ \-k-\-lY=z{z+lf 

or,  putting  for  z  its  value,  =(z+a  +  /;4-c-| |.A:)<-|.  2(x-4-a+6 

-fc-f  — +A-)/+P. 

But  the  first  part  of  this  expression,  being  the  square  of  a  polynomial  con- 
sisting of  n  terms,  is,  by  hypothesis,  composed  of  the  sum  of  the  squares  of 
all  the  terms,  together  with  twice  the  sum  of  the  products  of  all  the  terms 
multiplied  two  and  two ;  the  second  part  of  the  above  expression  is  equal  to 
twice  the  sum  of  the  products  of  all  the  first  n  terms  of  the  proposed  poly- 
nomial, multiplied  by  the  (n-f-l)'^  term  I ;  and  the  third  part  is  the  square  of 
the  (n-|-l)'*  term  I, 
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Hence,  if  the  law  of  formation  already  onounced  holds  good  for  a  poly- 
oomtal  composed  of  n  tonus,  it  will  hold  good  for  a  i>olyDouiial  composed  of 
(n-^1)  terms. 

But  we  have  seen  above  that  it  docs  hold  good  for  a  polynomial  composed 
of  three  terms ;  therefore  it  must  hold  for  a  polynomial  comimsed  of  four  terms, 
and  therefore  for  a  polynomial  of  five  terms,  and  so  on  in  succession.  There- 
fore the  law  is  general,  and  wo  have  tlie  following 

RULE  FOR  THE  FORMATION  OF  THE  SQUARE  OF  A  POLYNOMIAL. 

The  square  of  any  polynomial  is  composed  of  the  sum  of  the  squares  of  all 
the  terms,  togetfier  with  twice  Uie  sum  of  the  products  of  all  the  terms  multiplied 
together  two  and  two,     Acconling  to  this  rule,  >yo  shall  have, 

4-  'Ihd + 26<;  +  '2cd + 'Zee  +  2r/f . 

(2)  (a— i— c+</)-=a^  +  Jl»3+c-2+f/'— 2/zfc— 2<z/-+2tfc/+2fcc— 26(/— 2c(/. 

If  any  of  the  terms  of  the  proposed  polynomial  ho  afl'ected  with  exponents 
or  coefticients,  wo  must  square  these  monomials  according  to  the  rules  already 
established. 

(3)  (2a— 462c3)«=4a3+i66<c«— lGa6V\ 

(4)  (3a«— 2a6+46')^=9a<+4rt2//^+166*— 12a'6 

+  24a26a_l6c/63 

=9rt*  —  12a3^  +  2Ha^JI»-  —  1G«6^  +  Wt\  arranging  ac- 
cording to  powers  of  «,  and  reducing. 

(5)  (6a«6 — 4a6c+  Qhc?— Za^cf = 25tt*/> ^  + 1  Ckz -hh^  +  M)h^ + Oa^c^ 

— 40«362c4-G0a-6-c2— 30a<6c 
— 4  Hrt  i-tr''  +  ^Ueic' — 3G</-i<r». 
=25a*i-— 4ftu=7rV+7Grt2&V— 48tf62c» 
4. 3G/A-^— 30f/^6r+  'ZAa'^hi? 
— 3Grt-/;f^+yrtV^. 

79.  Let  us  now  pass  on  to  the  extraction  of  the  square  root  of  algebraic 
quantities. 

Let  P  be  the  polynomial  whoso  root  is  required,  and  lot  R  represent  the 
root  which  for  the  moment  we  suppose  to  be  determined ;  let  us  also  suppose 
the  two  polynomials,  P  and  R,  to  bo  arranged  according  to  the  powers  of 
some  one  of  the  letters  which  they  contain ;  a,  for  example. 

If,  we  reflect  upon  the  law  just  given  of  the  formation  of  the  square  of  a 
polynomial,  it  will  be  seen  that  the  first  two  terms  of  the  polynomial  P,  when 
thus  arranged,  are  formed  without  reduction,  and  will  enable  us  at  once  to  de- 
termine the  first  two  terms  of  the  root  sought ;  for, 

1**.  The  square  of  the  first  term  of  R  must  involve  a.  afiectcd  with  an  ex- 
ponent gi'cater  than  any  that  is  to  be  found  in  the  other  terms  which  compose 
the  square  of  R  ;  because  this  exponent  is  double  the  highest  exponent  of  a  in 
R,  and  must  bo  greater  than  the  double  of  any  lower  exponent,  or  than  the  re- 
sult produced  by  adding  it  to  one  of  the  lower  exponents,  or  by  adding  any 
two  of  them  together. 

2**.  Twice  the  product  of  the  first  term  of  R  by  the  second  must  contain  a, 
aflected  with  an  exponent  greater  than  any  to  be  found  in  the  succeeding 
terms;  for  it  will  be  the  sum  of  the  highest,  and  the  next  to  tlie  highest  ex- 
ponent of  a  in  R. 
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It  follows  from  this,  tliat  if  P  be  a  perfect  square, 

I.  The  first  term  must  be  a  perfect  square  ;  and  the  square  root  of  this 
term,  when  extracted  according  to  the  rule  for  monomials  (Art.  49),  is  the  fint 
term  of  R. 

II.  The  second  term  must  be  divisible  by  twice  the  first  term  of  R  thus 
found,  and  tlie  quotient  will  be  the  second  t«rm  of  R. 

III.  In  order  to  obtain  the  remaining  terms  of  R,  square  the  tico  terms  o/K 
already  determined^  and  subtract  the  result  from  P ;  we  thus  obtain  a  new 
polynomial,  P',  which  contains  twice  the  product  of  the  first  term  of  R  by  the 
third  term,  together  with  a  scries  of  other  terms.  But  twice  the  product  of 
the  first  tenn  of  R  by  the  third  must  contain  a,  affected  with  an  exponent 
greater  than  any  that  is  to  be  found  in  the  succeeding  terms,  and  hence  this 
double  product  must  form  the  first  term  of  P'.* 

IV.  The  first  term  of  P'  must  be  divisible  by  twice  the  first  term  of  R»  and 
the  quotient  will  be  the  third  term  of  R. 

V.  In  order  to  obtain  the  remaining  terms  of  R,  square  the  three  terms  of 
the  root  already  determined,  and  subtract  the  result  from  the  original  poly- 
nomial P;f  wo  thus  obtain  a  new  polynomial,  P",  concerning  which  we  may 
reason  precisely  in  the  same  manner  as  for  P^  and  continuing  to  repeat  the 
operation  until  we  find  no  remainder,  we  shall  arrive  at  the  root  required. 

The  above  observations  may  bo  collected  and  imbodied  in  the  following 

EULE  FOR  THE  EXTRACTION  OF  THE  SQUARE  ROOT  OF  ALGEBRAIC  POLY- 
NOMIALS. 

1°.  Arrange  the  polynomial  according  to  the  'powers  of  some  one  letter. 

2°.  Extract  the  square  root  of  the  first  term  according  to  the  rule  for  monami'' 
als,  and  the  result  will  be  the  first  term  of  the  root  required. 

3".  Square  the  first  term  of  the  root  thus  determined,  and  subtract  it  from  the 
original  jfolynomiaL 

4°.  Double  the  first  term  of  the  root,  and  divide  by  it  the  first  term  of  the  rt' 
mainder,  and  annex  the  result  {which  unit  be  the  second  term  of  the  root),  with 
its  proper  sign,  to  €ie  divisor, 

5**.  Multiply  the  whole  of  this  divisor  by  the  second  term  of  the  root,  and  sub' 
tract  the  product  from  the  first  remainder. 

6°.  Divide  this  second  remainder  by  twice  the  sum  of  the  first  two  terms  of 
the  root  already  found,  and  annex  the  result  (which  will  be  the  third  term  of 
the  root),  with  its  proper  sign,  to  the  divisor, 

7**.  Multiply  the  whole  of  this  divisor  by  the  third  term  of  the  root,  and  sub' 
tract  the  product  from  tJie  second  remainder ;  continue  the  operation  in  this 
manner  until  the  whole  root  is  ascertained. 

The  above  process  will  be  readily  understood  by  attending  to  the  foUowing 
examples : 

EXAMPLE  1. 

Extract  the  square  root  of  lOr*— 10r»— 12j*+5a:*+92«— 2r+l. 
Or,  arranging  according  to  the  powers  of  x. 


*  The  square  of  the  second  term  of  R  usually  oontoius  the  same  exponent  of  the  letter 
of  arrangement,  but  this  is  already  subtracted  from  P,  and  not  left  in  P^. 

t  In  practice,  this  operation  is  dispensed  with  by  following  the  precepts  5®,  70,  in  the  tail- 
lowing  rule,  which  cvideiitly  come  to  the  same  tiling. 
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93* 


6r»— 22« 


— 12j«+    lOir*  — 10r»+5j:8— 2a:+l 
— 12a*+      4r< 


ars—  4x«»+  a: 


Gj*  — 10r»+5a:«— 2j:+1 
6r<  —  4r>4-  :c* 


6r»—  42a+2x— 1 


—  6r»+42:«— 2x+l 

—  6r»+4a:«— .2r+l 


0. 

Haying  arranged  the  polynomial  according  to  powers  of  x,  we  first  extract 
the  square  root  of  9a*,  the  first  term ;  this  gives  3r*  for  the  first  term  of  the 
root  required ;  this  we  place  on  the  right  hand  of  the  polynomial,  as  in  division ; 
squaring  this  quantity,  and  subtracting  it  from  the  whole  polynomial,  we  ob- 
tain for  a  first  remainder,  —  12j:*+10r* — IOj'+S^ — 2x+l ;  we  now  double 
32^,  and  place  it  as  a  divisor  on  the  left  of  this  remainder,  and  dividing  by  it 
— 12j*,  the  first  term  of  the  remainder,  we  obtain  the  quotient  —  2a:^  (the 
second  term  of  the  root  sought),  which  wo  annex,  with  its  proper  sign,  to  the 
double  root  Gj:"  ;  multiplying  the  whole  of  this  quantity,  Gr* — 2z®,  by  — 2j* 
(which  produces  twice  the  product  of  the  first  term  of  the  root  by  the  second, 
together  with  the  square  of  the  second),  and  subtracting  the  product  from  the 
first  remainder,  we  obtain  for  a  second  remainder,  6r* — 10r'+^-'^ — 2j:+1« 
Next,  doubling  3x* — 2j:^,  the  two  terms  of  the  root  thus  found,  and  dividing 
6x*,  the  first  term  of  the  new  remainder,  by  6x^,  the  first  term  of  the  double 
root,  we  obtain  x  for  a  quotient  (which  is  the  third  term  of  the  root  sought), 
and  annex  it  to  the  double  root  6j^ — 4a:^,  multiplying  the  whole  of  this  quan- 
tity Gx* — 4x®+z  by  x  (which  produces  twice  the  first  by  the  third,  twice  the 
second  by  the  third,  and  the  square  of  the  third),  and  subtracting  the  product 
from  the  second  remainder,  we  obtain  a  third  remainder,  — 6jfi-{-4ji^ — 2x-{-l ; 
we  now  double  3x* — 2j:*+x,  the  three  tenns  of  the  root  already  found,  and 
dividing  — 6jr*,  the  first  term  of  the  new  remainder,  by  Cr*,  tlie  first  term  of 
the  double  root,  we  obtain  — 1  for  the  quotient  (which  is  the  fourth  term  of 
the  root  sought),  and  annex  it  to  the  double  root  Gjt^ — 4x'^-\'2x ;  multiplying 
the  whole  of  this  quantity  6jr* — 4x^+2x — 1  by  — 1,  and  subtracting  it  from 
the  third  remainder,  we  find  0  for  a  new  remainder,  which  shows  that  the 
root  required  is 

3jr>-.2x3+x— 1. 
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80  ALGEBRA. 

80.  If  the  proposed  polynomial  contain  several  terms  affected  with  the  same 
power  of  the  principal  letter,  we  must  arrange  the  polynomial  in  the  manner 
explained  in  division  (Art.  20) ;  and  in  applying  the  above  process  we  shall  be 
obliged  to  perform  several  partial  extractions  of  tfie  square  roots  of  tlie  coeffi- 
cients of  the  different  powers  of  the  principal  letter,  before  we  can  arrive  at  the 
root  required. 

Extract  the  square  root  of 

(a«— 2a6+i2)r«+2(a— 6)  {c—d)3^+  |2(a— 6)(/+g)+(c— (/)«}a:«+2(e— rf) 

Ans.  (a—b)jf^+(c—d)x+f+g. 

Such  examples)  however,  very  rArely  occur. 

Before  quitting  this  subject,  we  may  make  the  foUowing  remarks: 

I.  No  binomial  can  be  a  perfect  square  ;  for  the  square  of  a  monomial  is  a 
monomial,  and  the  square  of  the  most  simple  polynomial,  that  is,  a  binomial, 
consists  of  tliree  distinct  terms,  which  do  not  admit  of  being  reduced  with 
each  other.  Thus,  such  an  expression  as  a^-}-  b'  is  not  a  square ;  it  wants  the 
term  ±2a6  to  render  it  the  square  of  (a  ±6). 

II.  In  order  that  a  trinomial^  when  arranged  according  to  tiie  pairs'/s  of 
som^  one  letter,  may  be  a  perfect  square,  the  two  extreme  terms  must  le  perfect 
squares,*  and  the  middle  term  must  be  equal  to  twice  the  product  of  the  square 
roots  of  the  extreme  terms.  When  these  conditions  are  fulfiUed,  we  may  obtain 
the  square  root  of  a  trinomial  immediately,  by  the  following 

RULE. 

Extract  the  square  roots  of  Oie  extreme  terms,  and  connect  the  two  terms  thus 
found  by  the  sign  -}- ,  when  the  second  term  of  tiie  trinomial  is  positive,  and  bjf 
the  sign  — ,  wfien  the  second  term  of  the  trinomial  is  negative.  Thus,  the  ex- 
pression 

Oflfl— 48a^i-+64a«6* 
is  a  perfect  square ;  for  the  two  extreme  terms  are  perfect  squares,  and  the 
middle  term  is  twice  the  ])roduct  of  the  square  roots  pf  the  extreme  terms; 
hence  the  square  root  of  the  trinomial  is 

^"9^—  -/64a-K 
'Or, 

Sa^—Sab^. 

An  expression  such  as  Aa'-^-l^ab — 96^  con  not  be  a  perfect  square,  althongh 
4a^  and  9&^  considered  independently  of  their  signs,  are  perfect  squares,  and 
I2ab=2(2a  .3b) ;  for  — 9b^  is  not  a  square,  since  no  quantity,  when  multi- 
plied by  it^f,  can  have  the  sign  — . 

III.  In  performing  the  operations  required  by  the  general  rule,  if  we  find 
that  tlie  first  term  of  one  of  the  remainders  is  not  exactly  divisible  by  twice 
the  first  term  of  the  root,  we  may  immediately  conclude  that  the  polynomial 
is  not  a  perfect  square ;  and  when  we  arrive  at  a  term  in  the  root  having  a 
power  of  the  letter  of  arrangement  of  a  degree  less  than  half  that  of  this  letter 
in  the  last  term  of  tlie  given  polynomial,  we  may  be  sure  tliat  the  operation 
will  not  terminate.    This  is  on  the  supposition  that  tlie  given  polynomial  is  ar- 

*  In  order  thnt  any  polynomial  may  bo  a  perfect  square,  the  two  extreme  terms  most  bt 
perfect  sq;airua,  if  it  be  arranged  according  to  the  powers  of  some  letter. 


CtfBE  ROOT  OF  POLYNOMIAXS.  81 

raoged  according  to  the  decreasing  powers  of  tlie  letter.  If  it  be  according  to 
the  increasing  powers^  substitute  the  word  greater  for  '*  less"  in  the  above 
precept. 

IV.  We  may  apply  to  the  square  roots  of  polynoniials  which  are  not  per- 
fect squares  the  simplifications  already  employed  in  the  case  of  monomials 
(Art.  51).     Thus,  in  the  expression 

The  quantity  under  the  radical  sign  is  not  a  perfect  square,  but  it  may  be 
pat  under  the  form 

The  &ctor  within  brackets  is  manifestly  tlie  square  of  a  4- 26;  hence 

=  y/ab(a  +  '2bY 

81.  Let  us  next  proceed  to  form  the  cube  of  x-|-a. 

{x+ay=(x+a)  X  (x+a)  X  (x+a) 

=2r*+3J^'"+3-ra'+a'  by  rules  of  multiplication. 

Let  it  be  required  to  form  the  cube  of  a  trinomial  (x-|-a+6);  represent 
the  last  two  terms  a-{-b  by  the  single  letter  s ;  then 

(j+a+6)3=(x+«)3 

=r^+33^(a+b)+3x(a+hy+(a+bY 
=r»+ar3  a+33^b+:ixa:^+6xab+3xb»+a^ 
+3a«  b+Zab^+h", 
This  expression  is  composed  of  the  sum  of  the  cubes  of  all  the  terms ,  together 
with  three  times  the  sum  of  the  squares  of  each  term,  multiplied  by  the  simple 
power  of  each  of  tJie  others  in  succession,  together  with  six  times  the  product  of 
the  simple  power  of  all  the  terms. 

By  following  a  process  of  reasoning  analogous  to  that  employed  in  (Art.  78), 
we  can  prove  that  the  above  law  of  formution  will  hold  good  for  any  polynomial 
of  whatever  number  of  terms.     We  shall  thus  find 

{a+b+c+dy     =(i^  +  ffi  4.  r»  +e/3  +  3a'»b+3a^c+3a^d+3b*a-^  3¥c+3yd 

+3c''a+3c''b+3c'd+3d'a+3d'b+3d'C+Gabc+Gahd+6acd+6bcd 
(2as— 4a6+362)3=:  Qa'i  -•  64a''b^  +  276«  —  48a"^6  +  36a^b^  +  96a*b^  +  144a«6* 

-|-54a=t«— 108a6^— 144a353 

z=Qaf^—4Qa^b+l32a*b^—208a^b^+l98a''b*  —  10Ha¥'+27b^. 

In  a  similar  manner,  wo  can  obtain  the  4th,  5th,  6cc.,  powers  of  any  poly- 
nomial. 

For  more  upon  this  subject,  see  a  subsequent  article  (105). 

82.  We  shall  now  explain  the  process  by  which  we  can  extract  the  cube 
root  of  any  polynomial,  a  method  analogous  to  that  employed  for  the  square 
root,  and  which  may  easily  be  generalized,  so  as  to  be  applicable  to  the  ex- 
traction of  roots  of  any  degree. 

Let  P  be  the  given  polynomial,  R  its  cube  root.  Let  these  two  poly- 
nomials be  arranged  according  to  the  powers  of  some  one  letter,  a,  for  example. 
It  follows,  from  the  law  of  formation  of  the  cube  of  a  polynomial,  that  the  cube 
of  R  contains  two  terms,  which  are  not  susceptible  of  reduction  with  any 
others ;  these  are,  the  cube  of  the  first  term,  and  three  times  the  square  of 
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the  first  term  multiplied  bj  the  second  term ;  for  it  is  manifest  that  these  t^  a 
termg  will  involve  a  affected  with  an  exponent  higher  than  any  tliat  is  to  be 
found  in  the  succeeding  terms.  Consequently,  these  two  terms  must  form 
the  first  two  terms  of  P.  Hence,  if  ,we  extract  the  cube  root  of  the  first  term 
of  P,  we  shall  obtain  the  first  term  of  R,  and  then,  dividing  the  second  term 
01  P  by  three  times  tlie  square  of  the  first  term  of  K  thus  found,  the  quotient 
will  be  the  second  term  of  R.  Having  thus  determined  tlie  first  two  terms  of 
R,  cube  tliis  binomial,  and  subtract  it  from  P.  The  remainder,  P\  being  ar- 
ranged, its  first  term  will  be  three  times  the  product  of  the  square  of  the  first 
term  of  R  by  the  third,  together  with  a  series  of  terms  involving  a,  affected 
with  a  less  exponent  than  that  with  which  it  is  affected  in  this  product. 
Dividing  the  first  term  of  P'  by  three  times  the  square  of  the  first  term  of  R, 
the  quotient  will  be  the  third  term  of  R.  Fonning  the  cube  of  the  trinomial 
root  tlius  determined,  and  subtracting  this  cube  from  the  original  polynomial 
P,  we  obtain  a  new  polynomial,  P'',  which  we  may  treat  in  the  same  manner 
as  P',  and  continue  the  operation  till  the  whole  root  is  determined.* 

EXAMPLES. 

(1)  Extract  the  cube  root  of  27r»— 135x2+ 225x— 125. 

(2)  V(ar«+48za:*+602«r*— eOz'r'— 902*i:«+  1082»j:— 272«). 

ANSWERS. 

(1)  3x— 5.  I  (2)  2j^-+42:c— 32«. 

EXTRACTION  OP  THE  SaUARE  ROOT  OF  NUMBERS. 

83.  Rules  are  given  in  Arithmetic  for  extracting  the  square  and  cube  roots  of 
any  pro{>o.sed  number ;  we  slinll  now  proceed  to  explain  the  principles  upon 
which  these  rules  are  founded. 

The  numbers 

1,  2,  3,   4,    5,    6,    7,    8,    9,    10,    100,       1000, 

jwhen  squared,  become 

1,  4,  9,  16,  25,  36,  49,  64,  81,  100,  10000,  1000000, 

and  reciprocally,  the  numbers  in  the  first  line  ore  the  square  roots  of  the  num- 
bers in  the  second. 

Upon  inspecting  those  two  linos  wo  perceive  that,tmiong  numbere  expressed 
by  one  or  two  figures,  there  are  only  nine  which  are  the  squares  of  other 
whole  numbers;  consequently,  tho  square  root  of  all  other  numbers  consisting 
of  one  or  two  figures  must  bo  a  whole  numl>er  plus  a  fraction. 

Thus,  the  square  root  of  53,  which  lies  between  49  nnd  64,  is  7  plus  a  frac- 
tion.    So,  also,  the  square  root  of  91  is  0  plus  a  fraction. 

84.  It  is,  however,  very  remarkable  Oiat  the  square  root  of  a  whole  namher, 
which  is  not  a  perfect  square^  can  not  be  expressed  by  an  exact  fraction^  and  ist 
tkereforey  incommensurable  with  unity, 

a 
To  prove  this,  lot  y,  a  fraction  in  its  lowest  terms,  be,  if  possible,  the  square 

a       a^ 
root  of  some  whole  number ;  then  the  square  of  y,  or  y^,  must  be  equal  to  tliis 

whole  number.     But  since  //  and  b  are.  by  supposition,  prime  to  each  other 


*  This  siibject  will  be  roiumed  a  few  pages  farther  on. 
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(t.  «M  have  DO  common  divisor),  a^  and  6^  are  also  prime  to  each  other;*  there- 
at 
fore  T^  is  an  irreducible  fraction,  and  can  not  be  equal  to  a  whole  number. 

85.  The  difference  between  the  squares  of  two  consecutive  whole  numbers 
b  greater  in  proportion  as  the  numbei-s  themselves  are  greater ;  the  expres- 
sion for  this  difference  can  easily  be  found. 

Let  a  and  a-f-1  be  two  consecutive  whole  numbers; 
Then, 

(a+l)«         =a«+2a+l. 
Hence. 

that  is  to  say,  the  difference  of  the  squares  of  two  consecutive  whole  numbers  %s 
equal  to  twice  the  less  of  the  two  numbers  plus  unity. 

Thus,  the  difference  between  the  squares  of  348  and  347  is  equal  to 
2x347+1,  or  695. 

*  Thia  depends  upon  the  principle  that,  if  any  prime  number,  P,  will  divide  the  product 
of  tvro  numbers,  it  mast  divide  one  of  them,  which  may  be  demonstrated  as  follows  : 

Let  A  and  B  bo  the  two  numbers,  and  let  it  be  supposed  that  P  will  not  divide  A,  we 
are  to  prove  that  it  must  divide  B. 

Dividing  A  by  P,  and  denoting  the  quotient  by  Q,  and  the  remainder  by  P',  we  have 

A=Pa-hF  .-.  multiplying  by  B,  AB=PaB+P'B  .-.  dividing  by  P,  ~=aB+^ 

Since  by  hyxx)thesi8  AB  is  divisible  by  P,  P'B  must  be.  else  we  should  have  a  whole 
number,  equal  to  a  whole  number  plus  a  fraction,  which  is  impossible.  Proceed  now  with 
P  and  P'  after  the  method  for  finding  a  common  divisor,  and  let  P^  ^"',  dec,  be  the  suc- 
cessive remainders,  which  can  none  of  them  be  zero,  because  P  is  by  hypothesis  a  prhne 
number  (t.  e.,  a  number  divisible  otily  by  itself  and  unity) :  these  remainders  must  gt>  ou  di- 
minishing till  the  last  becomes  unity,  and  we  shall  have  the  series  of  equahties, 

P=P'a'-j-P",  P'=P"a''+P'",  &c. ; 
or,  multiplying  by  B  and  dividing  by  P, 

_,     P'a'B   *  P"B   P'B     P''a''B  ,  P'"B 
^=— p r-^f  -p-= — p r-p-.  &c. 

The  first  of  these  e<]ualitie8  shows  that  if  P3  is  divisible  by  P,  P'B  must  also  be  divisi* 
ble ;  and  if  both  these  are  divisible,  the  second  equality  shows  that  P'^B  is  divisible  by 
P,  and  BO  on.  But  the  remainders,  P",  P"',  &c.,  diminish  till  the  last  becomes  unity,  and 
we  shall  thus  have,  finally,  IXB,  or  B  divisible  by  P.  d.  £.  1). 

Now.  since  eft  is  the  product  of  a  and  r?,  any  prime  number  which  divides  a^  must  divide 
a,  or  which  divides  ^^  must  divide  b,  so  that  any  prime  number  which  divides  both  a'^  and 
b^  most  ilivide  a  and  b. 

Every  number  is  either  prime  or  composed  of  prime  numbers  as  factors,  and  if  this  num- 
ber will  divide  the  two  terms  of  a  fraction,  its  prime  factors  will  successively  divide  them. 
This  follows  from  (10,  I.,  2). 

As  an  addition  to  this  note  may  be  demonstrated  the  following  theorem :  A  lilcral  qvan- 
tity  can  not  he  decomposed  into  prime  faclorn  in  different  irayn. 

Let  ABCD ...  be  a  product  of  prime  factors,  and  suppose  that  it  could  be  equal  to  an- 
other product,  <7^c<2 .. .,  the  factors  a,  b,  c,  d. ..  bemg  also  prime.  The  factor  a,  dividing 
alfcd,  must  divide  the  equal  ABCD. . . ;  but  if  the  prime  quantity  a  is  different  from  each 
of  the  quantities  A.  B,  C,  D,  &c.,  it  can  not  divide  any  of  them.  Not  dividing  cither  A  or 
B  according  to  the  alwvo  theorem,  it  can  not  divide  the  pixxhirt  AB.  Not  dividing  citljor 
AB  or  C.  it  will  not  divide  the  product  ABC,  and  so  on.  The  factor  o  must,  therefore, 
n€^ceasarily  be  equal  to  one  of  the  factors  A,  B,  C,  &.c.  Piqjpose  ^= A.  Dividing  the  two 
products  by  A.  the  remaining  products,  BCD . . .  and  bed.. .,  are  still  equal,  and  applying  to 
them  tlie  preceding  reasoning,  we  conclude  that  b  ought  to  be  e(jual  to  one  of  the  factors  of 
^e  product,  BCD  . . .,  and  so  on.  The  two  products,  ABCD  . . .  and  abed . , .,  must,  thore- 
bre,  be  oompoaed  of  Uie  same  prime  factors.  CL  E.  D 
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The  square  of  a  number  will  always  consist  of  twice  as  many  digits,  or  one 
loss  than  twice  as  many,  as  the  number  itself.  Thus,  the  square  of  10  is  100, 
and  the  square  of  any  number  less  than  10  must  be  less  than  100,  or  contain 
not  more  than  two  figures.  The  square  of  100  is  10000,  and  the  square  of  all 
numbers  between  10  and  100  must  be  between  100  and  10000;  t.  «.,  consist 
of  3  or  4  figures.  In  the  same  way  it  may  bo  shown  that  the  square  of  a 
number  containing  three  figures  must  be  one  containing  five  or  six  figures,  and 
so  on ;  t.  e.,  the  square  of  a  number  consists  of  twice  as  many  digits  as  the 
number  itself,  or  one  less  than  twice  as  many. 

Let  us  now  proceed  to  investi^te  a  process  for  the  extraction  of  the  square 
root  of  any.  number,  beginning  with  whole  numbers. 

EXTRACTION  OF  THE  SaUARE  ROOT  OP  WHOLE  NUMBEBfl. 

86.  If  the  number  proposed  consist  of  one  or  two  figures  only,  its  root  may 
be  found  immediately  by  inspecting  the  squares  of  the  nine  first  numbers  in 
(Art.  83).  Thus,  the  square  root  of  25  is  5,  the  square  root  of  42  is  6  plus  a 
fraction,  or  6  is  the  approximate  square  root  of  42,  and  is  within  one  Qait  of 
the  true  value ;  for  42  lies  between  36,  which  is  the  square  of  6,  and  49,  which 
is  the  square  of  7. 

Let  us  consider,  then,  a  number  composed  of  more  than  two  figures,  6084 
for  example. 

Since  this  number  consist  of  four  figures,  its  root  must  60^84 1 

necessarily  consist  of  two  figures,  tliat  is  to  say,  of  tens  49 


118'4 
118'4 


0. 


and  units.     Designating  the  tens  in  the  root  sought  by  a,        148 
and  the  units  by  6,  we  have 

6084  =  (a+fc)-=a2-(-2a6+6«. 

which  shows  that  the  square  of  a  number  consisting  of  tens  and  units  is  com- 
posed of  Oie  square  of  the  tens,  plus  twice  Ou  product  of  the  tens  by  the  units^ 
plus  the  square  of  the  units. 

This  being  premised,  since  the  square  of  a  certain  number  of  tens  must  be 
a  certain  number  of  hundreds,  or  have  two  ciphers  on  the  right,  it  follows  that 
the  squares  of  the  tens  contained  in  the  root  must  be  found  in  the  part  60  (or 
60  hundreds),  to  the  left  of  the  last  two  figures  of  6084  (which  written  at  full 
length  is  6000+80-1-4),  the  84  forming  no  part  of  the  square  of  the  tens;  we, 
therefore,  separate  the  last  two  figures  from  the  others  by  a  point.  The  part 
60  is  comprised  between  the  two  perfect  squares  49,  and  64,  the  roots  of  which 
are  7  and  8 ;  hence  7  is  tlie  figure  which  expresses  the  number  of  tens  in  the 
root  sought;  for  6000  is  evidently  comprised  between  4900  and  6400,  which 
are  the  squares  of  70  and  80,  and  the  root  of  6084  must,  therefore,  be  com- 
prised between  70  and  80 ;  hence,  the  root  sought  is  composed  of  7  tens  and 
a  certain  number  of  units  less  than  ten. 

The  figure  7  being  thus  found,  we  place  it  on  the  right  of  the  given  number, 
in  the  place  of  tens,  separated  by  a  vertical  line  as  in  division ;  we  then  sub- 
tract 49,  which  is  the  square  of  7,  from  60,  which  leaves  as  remainder  11 
(which  is  11  hundreds),  afker  which  we  write  the  remaining  figures,  84. 
Having  taken  away  the  square  of  the  tens,  the  remainder,  1184,  contains,  as 
we  have  seen  above,  twice  the  product  of  the  tens  nniltiplied  by  the  units 
phis  the  square  of  the  units.  But  the  product  of  the  tens  multiplied  by  the 
miits  must  be  tens,  or  have  one  cipher  on  the  right,  and,  therefore,  the  last 
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figure  4  can  not  form  any  part  of  the  product  of  the  tens  by  the  units ;  we, 
therefore,  separate  it  from  the  others  by  a  point. 

If  we  double  tlie  tens,  which  gives  14,  and  divide  the  118  tons  by  14,  the 
quotient  8  is  tho  figure  of  units  in  the  root  sought,  or  a  figure  gre^iter  thun  the 
one  required.  It  may  manifestly  be  greater  thnu  the  figure  sought,  for  118 
may  contain,  in  addition  to  twice  the  product  of  the  tens  by  the  units,  other 
tens  ansing  from  the  square  of  tho  miits,  which  may  exceed  the  denomination 
units.  In  order  to  determine  whetlier  8  expresses  the  real  number  of  units 
in  the  root,  it  is  sufficient  to  place  it  on  the  right  of  14,  and  tlien  multiply  the 
number  148,  thus  obtained,  by  8.  In  this  manner  we  form,  1",  the  square  of 
the  units ;  2®,  twice  the  product  of  the  units  by  the  tens.  This  operation 
being  effected,  the  product  is  1184 ;  subtracting  this  product,  the  remainder  is 
0,  which  shows  that  G084  is  a  perfect  square,  and  78  the  root  sought. 

It  will  be  seen,  in  reviewing  tho  above  process,  that  we  have  successively 
subtracted  from  6084,  the  square  of  7  tens  or  70,  plus  twice  the  product  of  70 
by  8,  plus  the  square  of  8,  that  is,  the  three  parts  which  enter  into  the  com- 
position of  the  square  of  70 -|- 8,  or  78 ;  and  since  the  result  of  this  subtraction 
is  0,  it  follows  that  6084  is  the  square  of  78. 

The  quotient  obtained  from  dividing  by  double  the  tens  is  a  trial  figure  ;  it 
wiH  never  be  too  small,  but  may  be  too  great,  and  on  trial  may  require  to  be  di- 
minished by  one  or  two  units. 


Take  as  a  second  example  the  number  841.                                      8'41 
Thi§  number  being  comprised  between  100  and  10000,  its  ^ 


29 


44'1 
441 


0. 


root  must  consist  of  two  figures,  that  is  to  say,  of  tens  and  ^^ 
units.  We  can  prove,  as  in  the  last  example,  that  the  root 
of  the  greatest  square  contained  in  8,  or  in  that  portion  of  the 
number  to  the  lefY  of  the  last  two  figures,  expresses  the  number  of  tens  in  the 
root  required.  But  the  greatest  square  contained  in  8  is  4,  whose  i*oot  is  2, 
which  is,  therefore,  the  figure  of  the  tens.  Squaring  2,  and  subtracting  the 
result  from  8,  the  remainder  is  4 ;  bringing  down  the  figures  of  the  second 
period  41,  and  annexing  them  on  tho  right  of  4,  the  result  is  441,  a  number 
which  contains  twice  the  product  of  the  tens  by  the  units,  plus  the  square  of 
the  units. 

We  may  fartlier  prove,  as  in  the  last  case,  that  if  we  point  off  the  last  figure 
1,  and  divide  the  preceding  figures  44  by  twice  the  tens,  or  4,  the  quotient 
wiD  be  either  tho  figure  whicli  expresses  the  number  of  units  in  the  root,  or  a 
figure  greater  than  the  one  sought.  In  this  case  the  quotient  is  11,  but  it  is 
manifest  that  we  can  not  have  a  number  greater  than  9  for  the  units,  for  other- 
wise we  must  suppose  that  tho  figure  already  found  for  the  tens  is  incorrect. 
Let  us  try  9 ;  place  9  to  the  right  of  4,  and  then  multiply  this  number  49  by 
9;  the  product  is  441,  which,  when  subtracted  from  the  result  of  tho  first 
operation,  leaves  a  remainder  0,  proving  that  29  is  the  root  required. 

Let  us  take,  as  a  third  example,  a  number  which  is  not  a  perfect  square, 
such  as  1287. 

Applying  to  this  number  the  process  described  in  the  pre-  li'87  35 

ceding  example,  we  find  that  the  root  is  35,  with  a  remainder  ^ 

62.     This  shows  that  1287  is  not  a  perfect  square,  but  that        65 
it  is  comprised  between  the  square  of  35  and  that  of  36. 
Thus,  when  the  number  is  not  a  perfect  square,  the  above 
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process  enables  us  at  least  to  determine  the  root  of  the  greatest  square  con- 
tained in  tlie  number,  or  the  integral  part  of  the  root  of  the  number. 

87.  Let  us  pass  on  to  consider  the  extraction  of  the  square  root  of  a  num- 
ber composed  of  more  than  four  figures. 

Let  5G821444  be  the  number.  56'82'14'44  7538 

Since  the  number  is  greater  than  10000,  its  root 
must  bo  greater  than  100 ;  that  b  to  say,  it  must 
consist  of  more  than  two  figures.*  But,  whatever 
the  number  may  be,  we  may  always  consider  it  as 
composed  of  units  and  of  tens,  the  tens  being  ex- 
pressed by  one  or  more  figures.  (Thus,  any  num- 
ber such  as  37142  may  be  resolved  into  37140-|-2, 
or  3714  tens,  plus  two  units.) 

Now  tho  square  of  the  root  sought,  that  is,  the  proposed  number,  contams 
the  square  of  the  t«ns,  plus  twice  the  product  of  the  tens  by  the  imits,  plus 
the  square  of  the  units.  But  the  square  of  the  tens  must  give  at  least  hun- 
dreds ;  hence  the  last  two  figures,  44,  can  form  no  part  of  it,  and  it  is  in  the 
portion  of  the  number  to  the  left  hand  that  we  must  look  for  that  square. 
But  this  portion  containing  more  than  two  figures,  its  root  will  consist  of  units 
and  tens  ;  it  will,  therefore,  be  necessary  to  commence  the  process  for  finding 
tho  root  of  this  portion  by  cutting  off  its  two  right-hand  figures,  14,  and  the 
square  of  the  tens  of  the  tens  is  to  be  sought  in  the  figures  now  remaining  at 
the  left,  5682.  This  number  being  the  square  of  two  figures,  we  again  separate 
82,  and  seek  for  the  square  of  the  tens  of  the  tens  of  the  tens  in  the  two  re- 
maining figures,  56.  The  given  number  is  thus  separated  into  periods  of  two 
figures  each,  beginning  on  the  right.  We  then  go  on  to  extract  the  root  of 
the  number  5682,  as  in  the  previous  examples;  this  will  give  the  tens  of  the  root 
of  the  number  568214.  We  then  double  these  tens  for  a  divisor,  and  take  the 
remainder  afVer  the  last  operation,  with  14  annexed  for  a  dividend  ;  we  divide 
this  dividend,  after  cutting  off  tho  right-hand  figure,  and  the  quotient  will  be 
the  units  of  the  root  of  568214.  All  the  figures  now  found  of  tho  root  will 
constitute  the  tens  of  tlie  root  of  the  given  number,  and  we  find  the  units  by 
the  rule  previously  given.     The  detail  of  tho  whole  operation  is  as  follows  : 

Extracting  tho  root  of  56,  we  find  7  for  the  root  of  49,  the  greatest  square 
contained  in  56 ;  we  place  7  on  the  right  of  the  proposed  number,  and  squaring 
it,  subtract  49  from  56,  which  gives  a  remainder  7,  to  which  we  annex  the  fol- 
lowing period,  82.  Separating  the  last  figure  to  the  right  of  782,  and  then 
dividing  78  by  14,  which  is  twice  the  root  already  found,  wo  have  5  for  a  querent,' 
which  we  annex  to  14 ;  we  then  multiply  the  whole  number  145  by  5,  and 
subtract  the  product  725  from  782.  We  next  bring  down  the  period  14,  an- 
nex it  to  the  second  remainder  57,  and  point  off  the  last  figure  of  this  number 
6714.  Dividing  571  by  150,  which  is  twice  the  root  already  found,  tho  quotient 
is  3,  which  we  place  to  the  right  of  150,  and  multiplying  tlie  whole  number 
1503  by  3,  we  subtract  the  product  4509  from  5714. 

Finally,  we  bring  down  the  last  period  44,  annex  it  to  tho  third  remaindei 
1205,  and  point  off  tlie  last  figure  of  this  number  120544.     Dividing  12054  by 

*  Wo  have  seen  in  the  last  article  that  it  will  conflist  of  foar  figures,  lialf  as  many  as  the 
given  number.  Had  tho  given  number  contained  bat  seven  figures,  the  root  would  still  be 
composed  of  fisur. 
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1506,  which  is  twice  the  root  already  found,  the  quotient  is  8,  which  we  place 
on  the  right  of  1506,  and  multiplying  the  whole  number  15068  by  8,  we  sub- 
tract the  product  120544  from  the  last  result  120544.  The  remainder  is  0; 
hence  7538  is  the  root  sought. 

From  what  has  been  said  above,  it  is  easy  to  deduce  the  rule,  ordinarily 
given  in  Arithmetic,  for  the  extraction  of  the  square  root  of  a  number  consist- 
ing of  any  number  of  figures,  and  which  it  is  unnecessary  here  to  repeat. 

EXTRACTION  OP  THE  SaUARE  ROOT  BY  APPROXIMATION. 

88.  When  a  whole  number  is  not  the  square  of  another  whole  number,  we 
have  seen  (Art.  84)  that  its  root  can  not  be  expressed  by  a  whole  number  and 
an  exact  fraction ;  but  although  it  is  impossible  to  determine  the  precise  value 
of  the  fraction  which  completes  the  root  sought,  we  can  approximate  it  as 
nearly  as  we  please. 

Suppose  that  a  is  a  whole  number  which  is  not  a  perfect  square,  and  that 

we  are  required  to  extract  the  root  to  within  -,  that  is,  to  determine  u  number 
which  shall  differ  from  the  true  root  of  a,  by  a  quantity  less  than  the  fraction  — . 


n 


an* 


To  effect  this,  let  us  observe  that  the  quantity  a  may  be  put  under  the  form 
f ;  if  we  designate  the  integral,  or  whole  number,  portion  of  the  root  of  an* 


an 


t 


by  r,  this  number  an^  will  be  comprised  between  r-  and  (r+l)' ;  hence,  — j- 

r*         (r-Li)9 
is  comprised  between  —  and — ,  and  consequently,  the  root  of  a  is  com- 

r2        {r+iy                             r        r4-l 
prised  between  the  roots  of  —  and ;^ ,  that  is,  between  -  and .     Thus, 

r  1 

it  appears  that  -  represents  the  square  root  of  a  within  -  of  the  true  value. 

From  this  we  derive  the  following 

RULE. 

To  extract  the  square  root  of  a  whole  number  to  mithin  a  given  fraction  ^mtd' 
tiply  Uie  given  number  by  tJic  square  of  the  denominator  of  th€  given  fraction ; 
extract  the  integral  part  of  Oie  square  root  of  the  product^  and  divide  tliis  in- 
tegral part  by  the  given  denominator. 

Let  it  be  required,  for  example,  to  find  the  square  root  of  59  within  -j^  of 
the  true  value. 

Multiply  59  by  the  square  of  12,  that  is,  144,  the  product  is  8496 ;  the  in- 
tegral part  of  the  root  of  8496  is  92.  Hence  5§  or  7^^  is  the  approximate  root 
of  59,  the  result  differing  from  tlie  true  value  by  a  quantity  less  than  ^V^. 

So,  also, 

yTl   =  3j^5  true  to -jl,, 
V223=14JJ  true  to  ,V 

89.  The  method  of  approximation  in  decimals^  which  is  the  process  most 
frequently  employed,  is  an  immediate  consequence  of  the  preceding  rule. 

In  order  to  obtain  the  square  root  of  a  whole  number  within  j\f,  j|^,  y^^'^ . . . 
of  the  true  value,  we  must,  according  to  the  above  rule,  multiply  the  proposed 
number  by  (10)^  (100)^  (1000)^ or,  which  comes  to  the  same  thing, 
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place  to  the  right  of  the  number,  two,  four,  six, ciphers,  then  extract 

the  integral  part  of  the  root  of  the  product,  and  divide  the  result  by  10»  100, 
1000 

Hence,  in  order  to  obtain  any  required  number  of  decimals  in  the  root,  we 
must 

Place  on  the  right  hand  of  the  proposed  number  twice  as  many  zeros  as  toe 
wish  to  have  decimal  figures ;  extract  the  integral  part  of  the  root  of  this  new 
number,  and  then  mark  off  in  tlie  result  the  required  number  of  decimcd  places. 

EXAMPLES. 

(1)  Extract  the  square  root  of  3  to  six  places  of  decimals. 

Ana.  1.732050. 

(2)  Extract  the  square  root  of  5  to  six  places  of  decimals. 

Ana.  2.236068. 

(3)  Extract  the  square  root  of  12  to  six  places  of  decimals. 

Ans.  3.464101. 
When  half,  or  one  more  than  half,  the  figures  are  found,  the  rest  may  be 
found  by  division. 

(4)  Extract  the  square  root  of  2  to  nine  places  of  decimals. 

The  first  five  figures  of  the  root  found  by  the  ordinary  method  are  1.4142; 
with  the  remainder,  383G.  The  next  divisor  is  28284.  Dividing  3836  by 
28284,  according  to  the  ordinary  metliod  of  division,  produces  1356  for  a  quo- 
tient, which,  annexed  to  1.4142,  before  found,  gives  for  the  root  required 
1.41421356.* 

Extract  the  square  root  of  11  to  six  places  of  decimals. 

Ans.  3.316624. 

EXTRACTION  OF  THE  SaUARE  ROOT  OP  FRACTIONS. 

We  have  seen  (Art.  62)  tliat  W-=— ^ ;  hence,  in  order  to  extract  the 

square  root  of  a  fraction,  it  is  su(!icient  to  extract  tlie  square  roots  of  the  numer- 
ator and  denominator,  and  then  divide  the  former  result  by  the  latter.  This 
method  may  be  employed  with  advantage  when  cither  one  or  both  of  the  terms 
of  the  proposed  fraction  are  perfect  squares ;  but  when  this  is  not  the  case,  it 
will  be  found  inconvenient  in  practice.     If,  for  example,  we  take  the  fraction 

|,  although  -/-=~^  (since  each  of  these  expressions,  when  multiplied  by  it- 

self,  produces  the  same  quantity,  ^),  we  must  find  an  approximate  value  both 

for  V^  and  also  for  \/5,  and,  after  all,  we  shall  not  be  able  to  determine  at 

once  the  degree  of  approximation  in  the  result.     Under  such  cuxumstances 

the  following  process  may  bo  employed : 

a  ab 

Let  the  proposed  fraction  be  t»  this  may  be  put  under  the  form  -rj ;  this 

being  premised,  let  r  represent  the  integral  part  of  the  root  of  the  numerator 

*  The  reason  for  this  rale  may  bo  given  thus :  Let  k  be  the  part  of  tlie  root  alreftdy 
found,  and  z  the  remaining  part.  Then  k-{-z  will  bo  the  whole  root,  and  {k-^z)^=iIfi-\-2kz 
-4-2^  the  given  number ;  as  r  is  but  a  small  fraction  of  k,  z^  will  be  a  still  smaller  fraction, 
and  may  be  neglected,  so  that  the  given  number  may,  without  sensible  error,  be  considered 
equal  to  k*-\-ikz.  But  k'  has  been  taken  away,  and  the  remainder,  'ikz,  divided  by  2l^ 
gives  z. 
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,    .  ab         a  ,  r«  (r+1)' 

ab;  hence  -p,  or  v,  is  comprised  between  tt  and  — 7^ — ;  consequently,  the 

root  of  r  is  comprised  between  t  and  — r— .     Thus,  it  appears  that  r  repre- 

a  I 

sents  the  root  of  t  within  r  of  the  true  value.     Hence,  in  order  to  obtain  the 

square  root  of  a  fraction, 

Make  the  denomincUor  of  Oie  fraction  a  perfect  square^  by  multiplying  both 
terms  of  the  fraction  by  the  denominator ;  extract  the  integral  part  ofQie  root  of 
the  numerator^  and  divide  the  result  by  the  denominator. 

Let  it  be  required  to  extract  the  square  root  of  y^. 

7  X  13  91 

Thb  fraction  is  the  same  as  ,  or  ttttt^'     But  the  integral  part  of  the 

9 
square  root  of  91  is  9 ;  hence  —  is  the  root  sought,  a  result  within  -^  of  the 

true  vaJue. 

A  greater  degree  of  approximation  may,  perhaps,  be  required.     In  this  case, 

91 
returning  to  the  number ,  extract  the  root  of  91  to  any  required  degree 

of  approximation.     Suppose,  for  example,  we  wish  to  find  the  root  of  91  within 

r^  of  the  real  value,  it  will  become  by  (Art.  88)  \/91=9 .  53 . . . .     Hence 

7  91  9.53  1 

the  root  of — ,  or ,  will  bo  — ^ — ,  equal  -73  within of  the  true  value. 

13        (13)^  13        *  1300 

Remark. — It  frequently  happens  that  the  denominator  of  the  fraction,  al- 
though not  a  perfect  square,  has  a  perfect  square  for  one  of  its  factors,  in 
which  case  tlie  above  operation  may  be  simplified. 

23 
Let  the  fraction,  for  example,  bo  73.     48  is  equal  to  16x3,  or  (4)*x3; 

23  X  3 
hence,  multiplying  both  terms  of  the  fraction  by  3,  it  becomes  .  7^     ,      ,  or 

69 
i^n\i f  '^^  ^^  denominator  is  thus  made  a  perfect  square.     Extracting  the 

1  8  3  83 

root  of  69  to  — ,  which  gives  8 . 3,  we  find  — ^,  or for  the  root  required,  a 

10  ^  12         120  ^ 

result  within  r^  of  the  true  value. 

In  general,  therefore,  whenever  the  denominator  of  the  fraction  involves  a 
factor  which  is  a  perfect  square,  multiply  boOi  terms  of  the  fraction  by  the  factor 
iokich  is  not  a  perfect  square, 

£xtract  the  square  root  of  -  to  within  7^. 

D  4o 

6        6«X&'        6^X8^  V6     48 

EXTRACTION  OF  THE  SaUARE  ROOT  OF  DECIMAL  FRACTIONS. 

90.  This  process  is  an  immediate  consequence  of  the  preceding  remark. 
Required,  for  example,  the  square  root  of  2 .  3G. 
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236 
This  fi-action  is  the  same  as  r-rr ;  in  this  case  the  deDomlnator  is  a  perfect 

square ;  extracting,  therefore,  the  integral  part  of  the  root  of  the  numerator,  we 

15  1 

have  — ,  a  result  within  —  of  the  true  value. 
10  10 

Again,  let  it  be  required  to  extract  the  square  root  of  3.425. 

This  fraction  is  the  same  as  tj^.     But  1000  is  not  a  perfect  square  ;  it  is, 

however,  equal  to  lOO'XlO,  or  (10)^x10;  thus,  iu  order  to  render  the  de- 
nominator a  perfect  square,  it  is  sufficient  to  multiply  both  terms  of  the  frac- 

34250         34250 
tion  by  10,  which  gives  ,  or  .  .     Extractwg  tlie  integral  part  of  the 

185 
root  34250,  we  find  185;  hence  the  root  required  is  r-r-r,  or  1.85,  a  result 

which  is  within  -—  of  the  true  viiluo. 

lUJ 

It  appears  from  the  above  that  the  number  of  decimal  places  must  always 
be  made  even  before  the  operation  commences. 

If  we  wish  to  have  a  greater  number  of  decimal  places  in  tlie  root,  we  must 
add  on  the  right  of  34250  twice  as  many  zeros  as  we  wish  to  have  additional 
decimal  figures. 

We  thus  deduce  for  the  extraction  of  the  square  root  of  a  decimal  fractioQ 
the  following 

RULK. 

Annex  ciphers  till  Uiere  are  ticice  as  many  decimal  places  as  are  required  in 
the  rwfl,  and  then  proceed  as  in  whole  numbers  ;  or^  beginning  at  Ou  decimal 
jwint,  point  off  both  ways  the  usual  periods  of  two  figures  each. 

By  which  we  obtain 

V679y.(i51G  =  82.46,  V 73. 5  =  8. 5,   v^TTT)=2.81. 

EXTRACTION  OF  THE  CUBE  ROOT  OF  NUMBERS. 

91.  The  numbers 

1,  2,  3,    4,     5,      G,      7,      8,      9,      10,        100,  1000, 

when  cubed,  become 

1,  8,  27,  64,  125,  216,  343,  512,  729,  1000,  1000000,  1000000000; 

and,  reciprocally,  the  numbers  in  the  first  line  are  the  cube  roots  of  the  num- 
bers in  the  second. 

Upon  inspecting  the  two  lines,  we  perceive  that,  among  the  numbers  ex- 
pressed by  one,  two,  or  three  figures,  there  are  only  nine  which  are  perfect 
cubes  ;  consequently,  the  cube  root  of  all  the  rest  must  be  a  whole  number  plus 
a  fraction. 

92.  But  we  can  prove,  in  the  same  manner  as  in  the  cose  of  the  square 
root,  that  the  cube  root  of  a  whole  number,  which  is  not  the  perfect  cub^^  of  sonic 
other  whole  number,  can  not  be  cxj)ressrd  by  an  exact  fraction,  and,  cotuc- 
quently,  its  cube  root  is  incommensurable,  with  unity, 

93.  The  difference  between  the  cubes  of  two  consecutive  whole  numbc^rs 
is  greater  in  proirartion  as  the  numbers  themselves  are  greater;  the  expression 
for  this  difference  can  easily  be  found. 
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Let 

Then, 

IleDce, 


a  and  a-f-1  be  two  consecutive  whole  numbers ; 
(a+l)3=a3+3tf«+3a  +  l; 


that  is  to  say,  the  difference  of  the  cubes  of  tivo  consecutive  whole  numbers  u 
equal  to  three  times  the  square  of  Uie  less  of  the  tux)  numbers,  plus  three  times 
tilt  simple  jtower  of  the  number^  jdus  unity. 

Thus,  the  diflereuce  betwoon  the  cube  of  90  and  the  cube  of  89  is  equal  to 
3  X  (89)3+3  X  89  +  1  =24031. 

Let  us  now  proceed  to  investigate  a  process  for  the  extraction  of  the  cube 
root  of  any  number. 

EXTRACTION  OF  THE  CUBE  ROOT. 

94.  The  cube  root  of  a  proposed  number,  consisting  of  one,  two,  or  three 
figures  only,  will  be  found  immediately  by  inspecting  llie  cubes  of  the  first 
Dine  numbers  in  (Art.  91).  Thus,  the  cube  root  of  125  is  5,  and  the  cube  root 
of  54  is  3  plus  a  fraction,  for  3  X  3  X  3=27,  and  4x4X4  =G4  ;  therefore  3  is 
the  approximnte  cube  root  of  54,  within  one  unit  of  the  true  value. 

For  the  purpose  of  investigating  a  now  and  simple  rulo  for  the  extraction  of 
the  cube  root,  it  will  be  necossniy  to  attend  to  the  composition  of  a  complete 
power  of  tlie  third  degree.     Now,  since  we  have 

(a+6)3=(a  +  i)(ci+6)(«+6)=a3+.3a^6+3afe'+6^ 

it  is  obvious  that  the  cube  of  a  number,  consisting  of  tens  and  units,  will  be  al- 
Algebraically  indicated  by  the  polynomial 

rt»+3rt26+.3a62+63, 

where  a  designates  the  number  of  tens,  and  b  the  number  of  units  in  the  rpot 
sonclit.  The  number  in  the  tens'  place  will  evidently  be  found  by  extracting 
til©  cube  root  of  the  monomial  rt^,  for  y/u^z=a,  and  removing  a'  from  the  poly- 
nomial a^-\-3a'^b-\-3ab'^-\-h\  we  have  the  remainder, 

3a'b  +  3ab^+b^=(:ia"'+3ab+b^)b  ; 

and  the  difficulty  that  has  been  hitherto  experienced  in  the  extraction  of  the 
cube  root  entirely  consists  in  the  composition  of  tlie  expression  3a^+3a6+6', 
which  is  obviously  the  true  divisor  by  which  to  divide  the  remainder,  after 
subtracting  a^  or  tlie  cube  of  the  tens,  for  the  determination  of  6,  the  figure 
of  the  root  in  the  place  of  units.  The  part  3a'  of  the  expression  3a^+  3a6+ 6^ 
being  independent  of  6,  the  yet  unknown  part  of  the  root,  is  employed  as  a 
trial  divisor  for  the  determhiatiou  of  b  ;  but  since  the  expression  3a^-\-3ab-\-b* 
involves  the  unknown  part  of  the  root  in  its  composition,  it  is  obvious  that  the 
trial  divisor  3a^,  which  does  not  contain  6,  will,  at  the  first  step  of  the  opera- 
tion, give  no  certain  indication  of  the  next  figure  of  the  root,  unless  the  figure 
denoted  by  b  be  very  small  in  comparison  with  that  denoted  by  a ;  for  the 
trial  divisor  3a^  will  bo  considenibly  augmented  by  the  addend  3ab-\-b^  when 
5  is  a  large  number,  while  the  augmenUition,  when  2>  is  a  small  number,  will 
not  80  materially  afiect  the  trial  divisor. 

When  the  figure  in  the  tens'  place  is  a  small  number,  as  I  or  2,  it  is  hence 
obvious  that  little  or  no  dependence  can  be  placed  on  the  trial  divisor ;  but  if  a 
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be  great  and  h  small,  tlie  trial  divisor,  3a'.  wiU  generally  point  out  the  value 
of  6.  All  this  will  be  evident  if  we  consider  that  tlie  relative  values  of  a  and 
h  materially  aflfect  the  true  divisor,  3a^-\-3ah-\-b^,  In  the  successive  steps, 
however,  of  the  cube  root  this  uncertainty  diminishes ;  for,  conceiving  a  to 
designate  a  number  consisting  of  tens  and  hundreds,  and  b  the  number  o 
units,  then  tlie  value  of  b  being  small  in  comparison  with  a,  the  amount  of  the 
effect  of  b  in  the  addend  3ab-^-b-  will  be  very  inconsiderable  ;  hence  the  trial 
divisor,  3a*,  will  generally  indicate  the  next  figure  in  the  root. 

To  remove,  in  some  measure,  the  difficulty  which  has  hitherto  been  ex 
perienced  in  the  extraction  of  the  cube  root,  we  shall  proceed  to  point  out  two 
methods  of  composing  the  true  divisor,  3a--\-'3ab-\-bK  and  leave  the  student 
to  select  that  which  he  conceives  to  possess  the  greater  facility  of  operation.* 

95.  First  method  of  composition  of  Za:^-\-Zab-\-b'^, 

axa        =  a^  a=»+3a^6+3a6-+6^  (a+6=  root  sought. 

a  a^Xa= a^ 


a  a« 


—  3a«i  +  3a6«+6» 

3a» 
{3a+h)xh=  3ab+  6« 

b  

b  (3a«+3a6+  6«)xi= 3a«6+3a6«+&» 


3a+36  3a»+6a&+3fe«. 

Distmguishing  the  tliree  columns  from  left  to  right  by  Jirstt  second,  and 
third  columns,  we  write  a  in  the  root,  and  also  three  times  vertically  in  the 
first  column ;  then  aXa  produces  a-,  which >vrite,  also,  three  times  vertically 
in  the  second  column ;  multiply  the  second  a^  by  a,  placing  the  product,  a*, 
under  a^  in  the  third  column  ;  then,  subtracting  a^  from  the  proposed  quantity, 
we  have  the  remainder,  3tt^b-\-[iah^-\-b^,  The  sum  of  the  three  quantities  in 
the  second  colunm  gives  3a''  for  the  trial  divisor,  by  which  find  b,  the  next 
figure  of  the  root,  and  to  3a,  the  sum  of  the  last  three  written  quantities  in 
the  first  column,  annex  b;  then  the  sum,  3a  4- ^f  is  multiplied  by  6,  and  the 
product,  3aft-|-^'»  's  placed  in  the  second  column;  then  the  trial  divisor,  3a*, 
and  the  addend,  3ab-\-b'',  being  collected,  give  the  true  divisor,  3a'4"3<'^+^t 
which  multiply  by  6,  and  place  the  product,  3a^6-|-3«ft^+^»  under  the  re- 
mainder, Za'b-\-3ab'-\-tr'^.  When  there  is  a  remainder  after  this  operation, 
the  process  may  be  continued  by  writing  b  twice  in  the  first  column,  under 
3a -|- 6,  and  t^  once  in  the  second  column,  under  the  lust  true  divisor  ;  then  3a* 
+  6ai-|-3//^  the  sum  of  the  last  written  three  lines  in  the  second  column,  will 
be  another  trial  divisor,  with  which  jjroceed  as  above.  We  have  written  d* 
in  the  second  column  three  times  in  succession,  to  assimilate  the  first  step  in 
the  operation  to  the  other  successive  steps,  but  the  first  trial  divisor.  So*,  may 
be  written  at  once,  and  the  symmetry  of  the  disposition  of  the  quantities  in 
the  first  steps  disregarded.! 


*  These  mcttiods  may  bo  passed  over  by  the  student,  as  well  as  that  given  for  the  bi- 
quadrutc  root,  nud  the  method  employed,  which  is  described  at  (Art.  112),  which  is  appli* 
coble  to  the  extraction  of  the  root  of  the  tliird  and  fourth,  as  well  as  of  any  oUier  degree. 

t  Three  quantities  are  added  each  time ;  in  the  metliod  on  next  page,  two. 
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96.  SecoruL  mctliod  ^composing  S^t^-^Sat-f-^^  ^^  ^''^  divisor . 


2a 

•  • 

a 

3a« 

3a+  6  •  •  • 

3a6+  i« 

6 

3aa+3ai+  6»  .  . 

•  • 

3a«6+3a6«+6» 


3a«6+3a6«+&» 


3a+26 


3a6+26« 


3a^-f~^^^~f~^^'=  8<)cond  trial  divisor. 


3a+3& 

In  tbis  method  we  write  a  under  a  in  the  first  column,  and  the  sum  'Za 
being  multiplied  by  a,  gives  2a'  to  place  under  a'  in  the  second  column,  and 
the  sum  of  2a*  and  a'  is  So*  for  the  trial  divisor.  Again,  under  2a  in  the  first 
column  write  a,  and  the  sum  of  2a  and  a  gives  3a.  Now,  having  found  h  by 
the  trial  divisor,  annex  it  to  3a  in  the  first  column,  making  3a -f-^*  which,  mul- 
tiplied by  6,  and  the  product  placed  in  the  second  coluom,  gives,  by  addition, 
the  true  divisor,  3a'-|-*^^^'1~^^«  <^  before.  We  shall  exhibit  the  operation  of 
extracting  the  cube  root  by  both  these  methods. 

EXAMPLES. 

(1)  What  is  the  cube  root  of  a:«— 9j»+39ar«— 99a«+156x»— 144a:+64  ? 

By  the  first  method. 

afi  X* afi 

^  X*  


Zx* 


—  9x»+  9aj» 


3x4 


9a:3 


fixt — 2x 

— ar 

3^  - 

3x*— iar»+27j:« 

3.i;>— 9x+4  .  .  .  12*1—36x4-16 

3x*— iar3-f39j:2_36x-|-16 


— 9aH-39**— 99a« 


— 9a:«+27a:<— Sy7x9 


12x4— 72x34-1 56a;«—14ir+64 


12x4— 72j34-156x«— 144x4-64. 


(a)  What  b  tlie  cube  root  of  a:«4-6z»— 40jr»4-9&r— 64  ? 

By  the  second  method. 

Sffk  24 xfi 


8x< 


3xS4-^  •  •  • 
Sx 

3*8*4"^  .  •  • 
%x 

3ia^4~^^^ — *  • 


2x4 
3x4 


6x6— 40aP 


6x84-  4x« 


•        *        •        • 


3x»4-  6x84-  4a^ 
6x8-1-  8x« 


3x44-12x84-12x8 

—12x»— 24x4-16 


6x64-12x44-  8x9 


3x44-12x8— 


24x4-16 


— 12r»— 48x3-f96x— 64 


— 12x4— 48x»4-96x— 6  4. 
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(3)  What  is  the  cube  root  o^a'^+Sa-h  +  Sah^+Jr^+Sarc+Gabc+Sb^c+Sac* 
+  3bc^+c^l  Ans.  a  +  b+c. 

(4)  Extract  the  cube  root  of  a:6_Gi:* +I5r*— 20x^+1 5j:«—Gr+l. 

Alls.  x2_2j:+1. 

97.  The  same  process  is  employed  in  the  extraction  of  tlie  cube  root  of 
numberSf  as  in  the  subsequent  examples. 

EXAMPLES. 

(1)  Extract  the  cube  root  of  40:i583'419. 

•  . 
7 49  403583419  (739  =  root 

7  49 343 

7  49  


60583 


147 
213 639 


3  

3  15339 46017 

9  


14566419 


15987 

2199 19791 


1618491  14566419. 

(2)  What  is  the  cube  root  of  115501303  ? 

•  •  • 

115501303  (487  =  root 
4 16 64 


51501 
32 

48 


128 1024 

8  


5824 46592 


136 1088 


8  4909303 

—  6912 


1447 10129 


701329  4909303. 


98.  Tho  local  valnes  of  the  fiEcures  in  the  root  determine  the  arranfrcnicnt 
of  tho  figure**  in  the  sovoral  columns,  as  is  exemplified  by  working  the  last  ex- 
ample lis  on  next  page ;  by  omitting  tho  trnninal  ciphers,  the  arrangement  is 
— -^ciscly  the  same  as  in  the  preceding  example. 
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•      • 


115601303  (400+80+7 

400 IGOOOO 64000000 

400  


51501303 


800 320000 

400  

480000 


1200 
80 


1280 102400 

80  

582400  46592000 

1360 108800  • 

80  4909303 

691200 


1440 

7 


1447 10129 


701329  4909303 


99.  Extraction  of  the  fourth  root  of  whole  numbers, 

Tho  iDvesti^nlion  of  a  method  for  extmcting  the  fourth  root  of  any  number 
is  similar  to  that  employed  for  the  cube  root.     Thus,  since 

(a+6)<=a<+4flr»&  +  6a«6=+4a63+6^ 

we  may  conceive  a  to  denote  the  number  of  tens,  and  b  the  number  of  units 

in  the  root  of  the  number  expressed  by  a^+4a*6+Ga*6^+4a63+6<.     Then 

i/a*=za,  the  figure  in  the  t«ns*  place,  and  the  remainder,  when  a*  is  removed,  is 

4aU+6a^t«+4tflr»+i<=(4a'+6a"-6+4a62+6')6. 

The  method  of  composing  the  divisor  4a^-\-6a^b-\-Aab^-\-br^t  for  tlie  deter- 
mination of  &,  the  figure  in  the  units*  place,  may  be  illustrated  as  follows : 

axa    =  fl«  a*+4a^b+6a^b^+4ab^+b*  {a+b 

a  a'^Xa  =  a' 


2a  X  a    =2a«  a'Xa  =a' 


3a^Xa  =3a3  4a^b+6a^b^+4ab'^+b* 


3nxa    ='^«'  4a» 

a  


-     6a« 


(4a+6)6=4/ift+6« 


(6a^+4ab+b^)b=z6a^b+4ab'^+Ir^ 


(4a''+6a'b+4ah'+b^)h  =  4a^b  +  Ga'''b^+4a}p+b*, 

100.  From  this  mode  of  composing  tho  coin))lote  divisor  we  easily  derive 
the  following  process  for  the  extraction  of  the  fourth  root  of  any  number. 


96  ALQEBBA. 


EXAMPLE. 

What  is  the  fourth  root  of  1185921  ? 

3X3 

^ 

9 

3 

9X3     =     27 

6X3 

=r 

18                   27X3 

3 

27X3     =     81 

9X3 

= 

27                  108  ..  . 

3 

54  .  . 

369 

^      123X3 

:zs 

5769X3=     17307 

1185921  (33  =  root 

=     81 

375921 


125307X3  =     375921 

In  the  same  manner,  the  student  may  readily  investigate  rules  for  the  ex- 
traction of  the  higher  roots  of  numbers,  simply  observing  to  use  an  additional 
column  for  each  successive  root. 

101.   To  represent  a  rational  quantity  as  a  surd* 
Let  it  bo  required  to  represent. a  in  the  form  of  a  surd  of  the  nth  order; 

then,  by  (Art.  63),  the  form  will  bo  V«"i  or  (a°)°  ;  for  by  raising  a  to  the  »th 
power,  and  then  extracting  the  nth  root  of  the  nth  power  of  a,  we  must  evi- 
dently revert  to  the  proposed  quantity,  a.     Hence  we  have 


1  3    3 


m    n 


5     c  ni     n 

c*^v-/  — V-  ;  —V-  r=(a")™. 
102.  \Vlicn  the  given  quantity  is  the  product  of  a  rational  quantity  and  a 
surd,  wo  must  represent  the  rational  quantity  in  the  form  of  the  given  surd, 
and  then  express  the  product  with  a  single  radical  sign,  or  fractional  index. 
Thus,  wo  liave 

aV6  ='s/a^X  Vh=y/M        - 

tiay/5bz=z^^ax3ax  V^    =-v/9a^X56    =  -/45a*6 

a yxy=i  ^axaxax  V^=  V^ X  V^!/=  V«^ 

12V7  =  V114X  \/7  =-v/l44X7     =  -/lOOS 

a(l^a-^jr-)^=z  {a-y  (1— a-^x')^"  =  {a^--(^jr')^  =  Va«-.2«. 

EXAMPLES. 

(1)  Represent  a^  in  the  form  of  a  surd,  whose  index  is  5. 

(2)  Represent  2 —  -y/S  in  the  form  of  a  quadratic  surd. 

(3)  Transform  6  -y/^^  hito  the  form  of  a  quadratic  surd. 

(4)  Transform  a  V^ — ^  into  tlie  form  of  a  quadratic  surd. 

(5)  Represent  as  a  surd  the  mixed  quantity  (x-J-y)  /?n2 

(6)  Represent  as  a  surd  the  mixed  quantity  (x-)-4). 


ANSWERS. 


(1)  V^  or  (a»o)*. 

(2)  V7— 4-V/3. 

(3)  ^/^^6. 


(4)  y/a^—d'b  or  (a»— ««&)*. 

(5)  V^^  or  (x«-v«)* 

(6)  Vx+4  or  (x-f.4)*. 
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103.   To  find  mtdtipliers  which  will  rendet  binomial  surds  rational. 

The  product  of  two  irrational  quantities  is,  in  many  instances,  a  rational 
qaantity,  and,  therefore,  an  irrational  quantity  may  frequently  be  found,  which, 
employed  as  a  factor  to  multiply  some  other  given  irrational  quantity,  will 
produce  a  rational  result ;  thus, 

y/ax  y/a      =a 

Again,  since  the  product  of  the  sum  and  dinferonce  of  two  quantities  is  equal 
to  the  difference  of  their  squares,  we  have,  evidently, 

(  yTa—  y/h){  Va+  y/h)=a  —b 

(  Vx—    y)(  V-r+     y)  =jc  —y^' 

Hence  it  is  obvious  that,  in  these  nnd  similar  equalities,  if  one  of  the  factors 
be  given,  the  other  factor  or  multiplier  is  readily  known,  and  the  proposed 
irrational  quantity  is  thus  rendered  rational.  By  a  double  operation  of  this 
kind,  multiplying  (y/n+  y/p+  y/q)  by  {-^71+  y/p— -y/q),  we  haVe  {y/n 
+  '^PY — 9»  ^^  ^•\'P — q+'^y/np ;  and  multiplying  tliis  by  n^p — q — 2  y/np^ 
the  given  expression,  y/n-^-  y/p-^  V<7»  is  rationalized.  In  the  same  manner, 
since 

.-.  (^x^^y)(^x''^^xy^^if)=X:Ly. 
and  the  expression  V-^i  y/y  '"^y*  therefore,  be  rationalized  by  multiplying  it 
by  -J^x^^F^/ry 4-^7/2.  a„(i  ^j^^^/xy+^y\  multiplied  by  ^x±^i/,  will 
produce  a  rational  result. 

Again,  by  division  [see  Art.  23  (5),  (6),  (7)], 


=j:»-i+x»>-2^_|-x°-y+ar»-»3/«+  ....  +y 


n— 1 


r=x»-»— i:'»-^?/4-a*-Y— x«-^?/3+ y 


n-1 


x—y 

x"" — y° 

^+y 


Put      J*=a  ;  tlien  x=  Va  i  a:°-'=  V«°~^ ;  :r"-^=  V a""--,  &:c. ; 
i/''=6  ;  then  y=,  ^h  ;  y^    =  i/b- ;  ?/''=  VK  <Scc. ; 
hence,  b}-  substitution  in  the  three  preceding  equalities,  we  have 

a-b 


yjZryb=  V«°-^+  Va'^^'b+  Va--^b^+  Va^b^+  . . .  +  V^""^  •  (1) 


a — b 


K/a^Vb~  Va—'—  Va"--'^+  V^"-^^-—  V"°"^^'H V^""'  •  (2) 


a+b 


^    '       =  Va°-^—  V«""^^+  Va"-^^-—  V^^'^^H h  V^""^  •  (3) 

Now,  the  dividend  being  the  product  of  the  divisor  and  quotient,  it  is  obvi- 
ous that  a  binomial  surd  of  the  form  V« —  V^  will  bo  rendered  rational  by 
multiplying  it  by  n  terms  of  the  second  side  of  equation  (1),  and  a  binomial 
surd  of  the  form  y/a-^-y/b  will  bo  rationalized  by  employing  n  terms  of  the 
second  side  of  equality  (2)  or  (3),  occording  as  n  is  even  or  odd,  the  product 
in  the  former  case  being  a — 6,  and  in  the  latter  a — 6  or  a-f-^* 

G 
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Note. — When  n  is  an  even  number,  employ  equation  (2),  and  when  it  is  an 
odd  number,  equation  (3),  in  order  to  rationalize  ya-\-yh, 

EXAMPLES. 

(1)  Find  a  multiplier  to  rationalize  yil  —  ^7. 

Employing  equation  (1),  we  liave  a =11,  6=7,  and  w=3  ;  hence  required 
multipUer  =yTP+yil.7+^'72=  »a5i  +  4W+^T9. 

And,  ?/T|l   +  V77  +  V45 

V1331+  ^847+  V'539         

—  Vd4^—  V539—  V343 


11  *     »        *  —      7     =:  4,  a  rational  product. 


(2)  Rationalize  the  binomial  surd  \/b-\-^A, 

Here  we  have  a=5,  5=4,  n=3,  an  odd  number;  hence  by  equation  (3) 
we  have  multiplier  required,  =^25 — v^20+^W;  and,  by  multiplication, 
(^5+y4)(^25— y20+^lC)=5+4=9=  a  rational  number. 

(3)  What  multiplier  will  render  the  denominator  of  the  fraction  ^.  ,  ,  ■ 
a  rational  quantity  ? 

(4)  Change   ,.   y    into  a  fraction  that  shall  have  a  rational  denominator. 

(5)  Change  V/jai  3/j.»  i  u/,.a  *°^  *  fraction  that  shall  have  a  rational  de- 
nominator. 


(6)  Change  — ;     ;  7=^  Jnto  a  fraction  that  shall  have  a  rational  do- 

•)/  a-\-x —  yrt — X 


nominator. 

ANSWERS. 


(3)    V7'+  yr\'Z+  ^7-.2^+  ^7.2^+  V2*. 
,,,  5(j/TH.i/8+V4) 

(4) 7y • 

Mr 

(5)  i^flV^TJ^^^ilJA^ 

(6)  -^-^^ . 

^  X 

104.   To  extract  Ote  square  root  of  a  binomial  surd. 

Before  commencing  the  invest igiition  of  the  formula  for  the  extraction  of 
the  square  root  of  a  binomial  surd,  it  will  bo  necessary  to  premise  two  or  three 
lemmas. 

Lemma  1 .  The  square  root  of  a  quantity  can  not  be  partly  rational  and  partly 
irrational. 

For,  if  Vrt=^+  V^^  then,  by  squaring,  wo  have 

a=6^4"C+2&\/«;  therefore,  ^/c^z —. ; 

that  is,  an  irrational  equal  to  a  rational  quantity,  which  is  absurd. 
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Lemma  2.  If  ait  \/&=xdb  Vy  l>e  an  equation  consisting  of  rational  and  ir- 
rational quantities,  then  a^x,  and  '^bzsz  -^y ;  i,  «.,  the  rational  ana  irrational 
parts  of  the  two  members  of  an  equation  must  be  separately  equal. 

For,  if  a  be  not  equal  to  x,  let  a — x=zd ;  then  we  have 

db  VyT  Vi=<* — -r;  but  a — x=zd;  therefore 
dL  Vy^  y/b^^dy  which  is  impossible  ; 
.*.  a=r,  and,  taking  away  these  equals,  y/b=z  s/y. 


Lemma  3.  If  V<^+  V^=^+y»  ^^^'^    V" —  y/bz=.x — y ;  where  r  and  y 
are  supposed  to  be  one  or  both  irrational  quantities. 

For,  since  a-\-  '\/b:=.x"'\-y'^'^2xy ;  and  since  x"  and  xf^  ai*e  both  rational, 
2xy  must  be  nrrational.     By  Lemma  2,  we  have 

azsx'+y^i    y/bz=2xy 
.'.  a—  y/b=z3^-~2xy-\-y'^ 

and  y/a —  -y/bzzzx — y. 

Let  it  now  be  required  to  extract  tlie  square  root  of  a-f-  'v/6. 

Assume  y/a+ y/bz^x-^-y  ;.  ihen  y/a — y/b^zx — y 

...  a+  y/b=zx^+y^+2xy 
a—  y/b=3^+y^-^2xy 

.-.  By  addition,  2a  =2(r^+y^),  or  a=j:«+y«. 


Again,  \/a+  V^X  V'^—  \/6=r^— y-,  or  y/a'—b^jf^^i/*. 
Hence  3:«4-y«=a 

3fi — y«=  ^tf'-» — 6=f,  suppose. 
Therefore,  by  addition  and  subtraction,  we  have 

a-^-c  a — c 


/«+^  /a— c 


Hence  Va+  \^^=V    2    +V~2" ^^^ 

—        /a+r        /tf — c 

Va-  V6=\/^-V-o- (2) 

where  c=z  y/a:^ — 6  ;  and,  therefore,  a' — b  must  be  a  perfect  square  ;  and  this 
is  the  test  by  which  wo  discover  the  possibility  of  the  operation  proposed.* 


*  When  the  quantity  a- — b  is  not  a  aqnnre,  the  values  of  a  and  h  are  no  loncrcr  rational , 
but  it  is  clear  that  the  formalas  (1)  and  (2)  will  still  i^ivc  true  rcsnlts.  As,  however,  these 
mte  more  complicated  than  Uie  ori.ipnal  expressions  themselves,  they  nrc  rarely  employed  : 
yet,  when  y/b  is  imaginary,  the  result  merits  attention. 

In  order  to  examine  this  case,  change  b  into  — b^ ;  a-^-y^b  becomes  a-^-hy/ —  I.  The  re- 
markable circumstance  just  alluded  to  is  this,  that  tho  square  root  of  a-\-b\/ — 1  lias  tho 
same  form  as  this  quantity  itself. 

Thi«  is  shown  from  tlio  formula  (1),  for  since  c-^y/ (vi-^-h^,  when  b  is  changed  into  — b\ 
the  second  member  becomes  h-^V^'-^-f'-J^  \'^—V"-+''^.  Tho  quantity  under  tho 
first  radical  is  positire,  and  that  under  the  second  negative,  since  '\/a--\-bi  ia  greater  than 


3446SI 
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EXAMPLES. 

(1)  Wliat  is  tlie  square  root  of  11+  ^^fly  or  11  +  6  ^2  ? 
Here  a=ll ;  &=72;  c=  ^/a'-^h^^VZl—TZ^l 

...  Vll  +  G  V2=^-^+^-7r-=3+  V2. 

(2)  What  is  the  square  root  of  23—8  y/ll 


Here      a=23  ;  6=8^X7=448;  r==  Va^— 6=  V529— 448=9 

, \ii-\-c        la — c 

,-.  V23-8  V7=^^-i^-y-=4- V7. 

(3)  What  is  the  square  root  of  14±6  \/5  ?  Ads.  3±  VS 

(4)  What  is  the  square  root  of  18±2  -/t?  ?  Ans.  -/iTdb  VtI 

(5)  What  is  the  square  root  of  94+42  V^  ?  Ans.  7+3  y/d. 

(6)  To  what  is  '\Jnp+2m'^—2m'\/np'\-m^  equal?      Ans.  '\/np-{-m* — m. 

(7)  Simplify  the  expressiony  lC+30  V-a+ V 16— 30  y/"^.     Ans.  10. 

(8)  To  what  is  v^ 26+ 10-/ 3  equal?  Ans.  5+  -•3. 

(9)  Vic +26 y/bc^^'+y  10—21  -v/fec— 6^=  ±26 


^/: 


(10)  Va6+4c8— <^2^.o^4^i,ca_aie/i=  -/«&+  -^Ac^—d^. 

(11)  What  is  the  square  root  of  —2  V  —  1  ?  A.ns.  1 —  -/  —1. 

(12)  What  is  tlio  square  root  of  3—4  V  — 1  ?  Ans.  2—  a/— !■ 

„r,       .  .3-/3+2V6    112+20  Vl2, 

(13)  What  IS  square  root  of r . ^-r 1 

Ans.  (1+ V2).(5+'/3). 
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105.  It  is  manifest,  from  what  has  been  said  above,  that  algebraic  polynomiak 
may  bo  raised  to  any  power  merely  by  applying  the  rules  of  multiplication. 
Wi*  can,  however,  in  all  cases  obtain  the  desired  result  without  having  recourse 
lo  this  operation,  which  would  frequently  prove  exceedingly  tedious.  When 
a  binomial  quantity  of  the  form  x+a  is  raised  to  any  power,  the  successive 
t-orms  arc  found  in  all  cases  to  bear  a  certain  relation  to  each  other.  This  law, 
when  expressed  generally  in  algebraic  language,  constitutes  what  is  caDed  the 
*'IVmomial  Theorem."  It  was  discovered  by  Sir  Isaac  Newton,  who  seems 
1.0  have  arrived  at  the  general  principle  by  examining  the  results  of  actual  mnl- 
1  iplication  in  a  variety  of  particular  cases,  a  method  which  we  shall  here  pursue, 
and  give  a  rigorous  demonstration  of  the  proposition  in  a  subsequent  article  of 
this  treatise. 

tf ;  rci)rt>«cnting  tho  (luniitity  under  tbc  first  radical  by  a^,  and  that  under  the  Beoond 
by  — jji,  the  expresiion  takes  the  form  a+z^v^ — 1 ;  hence 

^o+V— 1=0+/?"/— i. 

CI.S.IX 
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Lot  m  form  the  succcssivo  jwwcrs  of  j:+«  hy  actual  mnltiplicalion. 
>+" 

+  ja+a' 
z'+Sia-f-a* 2(1  jxivvcr. 

_+_  fl"jf_2£5^+«' 

j:»-i-3j:^a+  ara"+^ 3d  power. 

^+  " 

x«+4j^'a+   ''■^^'1'+  4i:a=+^* 4lh  power. 

'+   a  

»*+5x^j+loW'+Tar=a^+~5zri*4.u* 5tJi  power. 

»+   " 

+  j'a+   5j<a^+10j^u'-f  lOr'a'4-   5j:(i''+n' 

*»+ftiJfl  +  l*r^'+ao.t^''+li'-r-"'+   (>■'■"" +«^ 6lh  power. 

'+  "  

-i-  j'n-f-  6j"fl'+15g'fl'4-'J0J'''''*-f'5J'"'+fij"''+ «' 
x'+7x«u  +  'Jl/^uLJ-3Sr',A4^5rt('+-21jJu^  +  7iu^+u'  ....  7tli  power. 

In  order  that  theso  rosults  maj-ba  more  cli-arly  exliibitcd  to  the  eye,  wo 
■hall  arrange  thcin  in  a  tabln. 


l'+«) 

1 

(i+.j-^+a™  +.. 

(r+«)>'»'+.l,-„+  .1i-,,=  +,r' 

(j+fl)*c'+4j^,(+   G,rn'+  4r,(^ +«■ 

1,+.,. 

j*+5jr'(i  +  10.r''rt'+10j^<;^+   5j-iC  +.("■ 

('+")• 

r"+Gj'a  +  15i-'n'+a0xV+15j:"<f+  G,rH>+u« 

(»+.]' 

x'4-7r'rt+21rV'+3r>r'fl''+3."..r^a'+-Jl,rti'+   7jvi=  +«' 

(»+«)' 

i«+ar'o+3flr'u'+S6r'a>+70r'a<4-JCj^«»4-2a('«"+ara'+«-. 

In  the  above  tabic,  the  quantilies  in  the  IcA-lmiitl  column  ere  called  ihc  e 
pratum*  tai  a  bmomial  raised  to  the/ri(,  second,  third,  tic,  jimcer :  the  ct 
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responding  quantities  in  the  right-hand  column  are  called  the  expansions,  or 

developments,  of  those  in  the  left. 

106.  The  developments  of  the  successive  powers  of  r — a  are  precisely 
tlio  same  with  those  of  x-f-^i  with  this  difference,  that  the  signs  of  the  terms 
are  alternately  -{-  and  —  ;  thus, 

(x— a)»=j*— 5j^a+10jr»a2— IOj^o^+Sjo*— fl% 

and  so  for  all  the  others. 

107.  On  considering  the  above  table,  we  shall  perceive  that, 

I.  In  each  case  tlio  first  tcnn  of  the  expansion  is  the  first  term  of  the  bi- 
nomial raised  to  the  given  power,  and  the  last  term  of  the  expansion  is  the 
second  term  of  the  binomial  raised  to  the  given  power.  Thus,  in  the  expan* 
sion  of  {x-^-ay  the  first  term  is  r*,  and  the  last  term  is  a*,  and  so  for  all  the 
other  expansions. 

II.  The  quantity  a  does  not  enter  into  the  first  tenn  of  the  expansion,  but 
appears  in  the  second  term  with  the  exponent  unity.  The  powers  of  x  de- 
crease by  imity,  and  the  powers  of  a  increase  by  unity  in  each  successive 
term.     Thus,  in  the  expansion  of  (x+a)®  we  have  a*,  a*a,  x*a%  I'a',  ai^o*, 

III.  The  coefficient  of  tlie  first  term  is  unity,  and  the  coefficient  of  the 
second  term  is,  in  every  case,  the  exponent  of  the  power  to  which  the  binomial 
is  to  be  raised.  Thus,  the  coefficient  of  the  second  term  of  (jr-f-a)*  is  2,  of 
{x+af  is  G,  of  (x+ay  is  7. 

IV.  The  coofTicient  of  any  term  after  the  second  may  be  found  by  multiply- 
ing the  coefficient  of  the  preceding  tenn  by  the  index  of  x  in  that  term,  and 
dividing  by  the  number  of  terms  preceding  the  required  term.  Thus,  in  the 
expansion  of  (r4-<i)^  the  coefficient  of  the  second  term  is  4 ;  this  multiplied 
by  ,'5,  the  index  of  x  in  that  term,  gives  12,  which,  when  divided  by  2,  the  num- 
ber of  terms  preceding  the  third  term,  gives  G,  the  coefficient  of  the  third  term. 
Again,  G,  the  coefficient  of  the  third  term  multiplied  by  2,  the  exponent  of  / 
in  that  term,  gives  12,  which,  when  divided  by  3,  the  number  of  terms  pre- 
ceding the  fourth  term,  gives  4,  the  coefficient  of  the  fourth  term.  So,  also, 
35,  the  coefficient  of  the  fifth  term  in  the  expansion  of  (x-^-ay,  when  multi- 
plied by  3,  the  index  of  x  in  that  term,  gives  1 05,  which,  when  divided  by  5, 
the  number  of  terms  preceding  the  sixth,  gives  21,  the  coefficient  of  that 
term. 

By  attending  to  the  above  observations  we  can  always  raise  a  binomial  of 
the  form  (x-^-a)  to  any  required  power,  without  the  process  of  actual  multi- 
plication. 

EXAMPLE  I. 

Raise  x-\-a  to  the  9th  power. 

The  first  term  is sfiafi; 

The  s(*cond  term  is 9z"a* ; 

9x8 
The  third  term  is -7^rM«=r  36ar'ii'; 

««     ^       ,  .  36X7 

The  fourth  term  is — r— i*a^=  842*a» ; 


I 
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The  fifth  term  ia — ^x^a*=l263*a*i 

rni-      .    1-  .  126X5 

The  sixth  tenn  18 — i^^r«a»=126a:*a»; 

5 

126x4 

The  seventh  term  b — - — x^o^rz:  842*a«; 

6 

The  eighth  term  is — —x'^a''=z  363*a'' ; 

36x2 
The  ninth  term  is — — ^x»a«=     9x^a* ; 

o 

9X1 
The  tenth  term  is — — 2«a9=      3p<V. 

Hence, 

(x+a)«  =  a:«+9a:«a+36xTa«  +  84a:«a3_^  12Ci:»a<+126x*a»+84r»fl«  +  36z^» 
+  9xa»+a». 

EXAMPLE  II. 

In  like  manner, 

(jr-.a)»0a-j.io__ioa:<>a+45a*a«— 120j:^a3+2102«a<--252x«a»+210a:*a«--120 
a:^»+46a:«a8— 10xa»+«*". 

108.  The  labor  of  determining  the  coefficients  may  be  much  abridged  by 
attending  to  the  following  additional  considerations  : 

V.  The  number  of  terms  in  the  expanded  binomial  is  always  greater  by 
tinity  than  the  index  of  the  binomial.  Thus,  the  number  of  terms  in  (x-\~ay 
is  4+1,  or  5;  in  (x+fl)»o  is  10+1,  or  11.       * 

VI.  Hence,  when  the  exponent  is  an  even  number,  the  number  of  terms  in 
the  expansion  will  be  odd,  and  it  will  be  observed,  on  examining  the  examples 
already  given,  that  after  wo  pass  the  middle  term  the  coefficients  ai*c  repeated 
m  a  reverse  order ;  thus. 

The  coefficients  of  (jr+a)**  are  1,  4,  G,  4,  1. 

The  coefficients  of  (x+a)«  ai*e  1,  6,  15,  20,  15,  6,  1. 

The  coefficients  of  (x+a)^  are  1,  8,  28,  66,  70,  56,  28,  8,  1. 

VII.  When  the  exponent  is  an  odd  number,  the  number  of  terms  in  the 
expansion  will  be  even,  and  there  will  be  two  middle  terms,  or  two  contiguous 
terms,  each  of  which  is  equally  distant  from  the  corresponding  extremities  of 
the  series;  in  this  case  the  coefficient  of  the  two  middle  terms  is  the  same, 
and  then  the  coefficients  of  the  preceding  terms  are  reproduced  in  a  reverse 
order;  thus, 

The  coefficients  of  (x+a)^  are  1,  3,  3,  1. 

The  coefficients  of  (x+a)*  are  1,  5,  10,  10,  5,  1. 

The  coefficients  of  (x+ay  are  1,  7,  21,  ;i5,  35,  21,  7,  1. 

The  coefficients  of  (x+a)o  are  1,  9,  36,  84,  126,  126,  84,  36,  9,  1. 

109.  If  the  terms  of  the  given  binomial  bo  aflected  with  coefficients  or  ex- 
ponents, they  must  bo  raised  to  the  required  powers,  according  to  the  princi- 
ples already  established  for  tho  involution  of  monomials ;  tlius. 
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t  EXAMPLE  III.* 

Raise  (2r*4"^^')  ^^  ^^^  ^^  power. 

The  first  term  wiU  bo (i2r»)*  =  16x^2; 

The  second  term  will  bo  ....  4(2j:«)^x(oa«)  =4x8x52*o«; 

4x3 
The  third  term  will  bo — -X  C^)^X(5a2)9=6x4x25a:«a*; 

The  fourth  term  wiU  bo    ....  -^(Sr*)^  X  (5a»)»     =4  X  2  X  125j*fl»» 

4 
The  fifth  term  will  be T(2.r»)'>  X  (5flt«)*  =625a«; 

.-.  (2r»+5a2)*=16x^-+ 160j*a-^C002«a*4-1000r»a«+625a«. 

EXAMPLE  IV'.* 

In  like  manner, 
(a»+3a6)9  =  (a=»)»+9(a3)«x  (3fl6)  +  3G(a3)^  X  (3a5)«  +  84(a»)«  X  {3a5)» 

+  12G(ay'  X  (3a6)^  +  126(a=')^  X  (3a6)*  +  84(a'J»  X  (3ad)» 
+  36(tf3)2  X  (3(z?>)7+ 9rt3  X  (3a6)«+  {fiahf 
=a27+27rt"6  +  324tf23  62  ^  22C8a=^  t«  +  10-206a»o6*  +  306iea»^6» 
+  C1236a"Z»«+78732rt»^6^+59049a"i«+19683a969. 

110.  We  shall  now  proceed  to  exhibit  the  binomial  theorem  in  a  general 
form.  Let  it  be  required  to  raise  any  binomial  (x-\-(C)  to  the  power  represent- 
ed by  the  general  algebraic  symbol  n.  Then,  by  t}ie  preceding  principles,  we 
shall  have  * 

The  first  term x° ; 

The  second  term  .  .  •  • nx^'a ; 

The  thutl  term V-«a»; 

mi     ^       ,  n(n— l)(n— 2) 

The  fourth  term -^^ — -~7- ^a:"-»a» ; 

m,     n^x^                                                         n(»— 1)(»— 2)(»— 3) 
The  fifth  term -^^ 1^77"^ ^^^^^^^^ 

&C &c. 

The  last  term a". 

The  whole  number  of  terms  will  be  n+1,  and  the  coefficients  be  repeated 

in  a  reverse  order  after  the  (— :;—)"'»  or  (-+1  Vi*  term,  according  as  n  is  odd 

or  even;  moreover,  tlio  terms  will  all  have  the  sign  +,  if  the  quantity  to  be 
expanded  bo  of  tho  form  i-\-a^  and  they  will  have  the  sign  +  and  —  alter- 
nately, if  the  quantity  be  of  the  form  x — a.     Hence,  generally, 

nin  —  1)  nln  —  Win 2^ 

(x+  ay  =x- + nx-^a+  — ,-— ^x°-^a«+  // lx--^a^+ 

n(n— l)(w^2)  n(n  —  i) 

+ 1:^:3— -^''^""'+-^^«'^-"+«^«-^+«- 

n(n  — 1) 
(x— a)°=a*— ?ix"-*a-| ^     x^-^a^ -{-a». 

*  The  bout  method  of  proceeding  in  these  examples  is  to  raise  (y+r)  to  the  fourth  and 
tdath  powers,  and  then,  in  the  expansions  thus  obtained,  to  substitute  2x^  for  y,  and  So'  fcr 
z  in  the  first,  and  cfi  for  y,  and  3iib  for  z  in  tho  second. 
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In  this  last  case,  if  n  bo  an  even  number,  the  lost  terra,  being  one  of  the  odd 
terms,  will  have  the  sign  -f- «  &d^  i^  n  be  an  odd  number,  the  last  term,  being 
one  of  the  even  terms,  will  have  the  sign  — . 

Both  forms  may  be  inchidod  in  one  by  employing  the  double  sign. 

/     I     X         .1       n_i     I  w(n  — 1)  „  „  ,  ,  fi(w  — l)(n — 2)  „  -  -  ,  , 

If  we  make  x  and  a  each  oqaal  to  1,  {x-\-a)^  becomes  (I-j-l)">  or  2°,  aod  the  second  mem- 
ber re<luce8  to  iU  coefficicnta  ;  hence  the  nam  of  the  coeflioienta  in  tbo  binomial  formula  is 
equal  to  the  n^  power  of  S. 

EXAMPLE  V. 

To  exemplify  the  application  of  the  theorem  in  this  form,  let  it  be  required 
to  raise  x-\~ato  tlio  power  5. 

Here  we  have  n=5,  n — l=s4,  n— 2=3,  &c. 
Hence, 

x" is  a*  =s    3* 

nx*~^a is  5r*rt  =  5x*a 

n(n— 1)  5.4 

fi(n— l)(n— 2)  5.4.3 

n(n— l)(n— 2)(n— 3)  5.4.3.2 

-^ -3f-^a* is xa*       =  5xa* 

1.2.3.4  1.2.3.4 

n(n— l)(n— 2)(n— 3)(n— 4)  .    5.4.3.2.1 

1.2.3.4.5  -^ '*  1.2.3.4.5^'*  ""     ^^ 

(ar+a)»=a*+5jr*a+10rV+10j^tt'+5ja*+a». 

EXAMPLE  VI. 

Raise  5c^ — 2yz  to  the  4th  power 

Here, 

.\2f becomes  (So*)*  =  625c® 

nr^*  a becomes  4(5c^)'x(2y2)  =lOOO(fiyz 

nin—l)  ,  4.3, 

^  j°-^a» becomes        — (5c-)'-X(2^::)-=  600c*y^2« 

n(w— lUw— 2)  4.3.2 

-^^ — -~ -V--3a^  .  .  .  becomes    r-— (oc^)^  X  (23/2)'»=  IGOc^yV 


=10j«a* 


r=5<r» 

a=2yz 

n=A 


n(n— l)(/i— 2Vn— 3)  4.3.2.1, 

"^ 1^374 ^'a*hecoxncsj^^^{5crx('2iJzy=     16i/ 


»r» 


...  (5c=— 2j/r)«=r)25r:«— 1000c''ir:  +  C00cy22  — inOc*yV+  lGy«r». 

111.  We  have  sometimes  occasion  to  employ  a  particular  term  in  the  ox 
pansion  of  a  binomial,  while  the  remainder  of  the  series  does  not  enter  into  our 
calculations.  Our  labor  will,  in  a  case  like  this,  be  much  abridged,  if  we  can 
at  once  determine  the  term  sought,  without  reference  either  to  those  which 
precede,  or  to  those  which  follow  it.  This  object  will  bo  attained  by  finding 
what  is  called  tlie  general  term  of  the  series. 

If  we  examine  the  general  formula,  we  shall  soon  perceive  that  a  certain 
relation  subsists  between  the  coefficients  and  exponents  of  each  term  in  the 
expanded  binomial,  and  the  place  of  the  term  in  the  series ;  thus, 
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The  first  term  is 
x°,  which  may  be  put  under  the  form  a*~*+* ; 
The  second  term  is 

Tiie  third  term  is 

n(n— 1)  n(n— 3+2) 

1.2    -^    '^  -   1.(3-1)  -^        ^     ' 
The  fourth  terra  is 

w(n— l)(n  — 2)      ,  ,  n(n  — l)(n— 4  +  2)       ^,      , 

1.2.3  1.2.(4  —  1)                        ' 
The  fifth  torm  is 

n(;.-l)(n-2)(n-3)  ,.(.,i)(n-2)(n-5+2)              _, , 

1.2.3.4  ~          1.2.3.(5  —  1) 
The  sixth  torm  is 
r,(n— l)(w-2)(n— 3)(/?— 4)         ^     w(w-l)(n— 2)(n-3Xw-6+2) 

•                   1.2.3.4.5  1.2.3.4.(6  —  1) 

Observing  the  connection  between  the  numerical  quantities,  it  is  manifest, 
that  if  wo  designate  the  j)laco  of  any  term  by  the  general  symbol  jd,  the  p^ 
term  is 

n(rt-l)(n-2)(n-3)  (^-;>  +  2).._^..^. 

1.2.3.4  (;?-l)    "^^^      ' 

This  is  called  the  general  Ic.rm^  because  by  giving  to  p  the  values  1.  2,  3,  4, 
we  can  obtain  in  succession  the  dilfcrent  terms  of  the  series  for  (x+a)". 

/-  KXAMPLK  VII. 

Required  the  7***  term  of  the  expansion  of  (z+a)". 
Hero  n=12  )  .-.  n — j>+2=7,  n — j>+l=6 

;?=  7  \  ;>— 1=6. 

Substituting  these  values  in  the  general  expression,  we  find  that  the  torm 
sought  is 

12.11.10.9.8.7 
1  .  2  .  J  .  4  .  o  .  () 

EXAMPLE  VIII. 

Required  tlie  5'"'  term  of  (2c^— 4/i'')'*. 

Hero  7i=0,  7>=5,  i==2c*,  «=  1/r''; 

.•.  n — ^>+2=6,  n — ^^?+l=5,  p — 1=4; 

9.8.7.6 

.-.  the  5»^  lenn  is  - — ,   .,    ^{fic^Y^ X  (4/t'')S  or  126 X  32 X 256c'2"/i'». 

1  .  ^  .  J  .  4 

Since  the  second  term  of  the  proposed  binomial  has  the  sign  — ,  all  the 
even  terms  of  the  expansion  will  have  the  sign  — ,  and  all  the  odd  terms  the 
sign  +  ;  therefore  the  5^^  term  is 

+  1032192c2o//w 

EXAMPLE  IX. 

Required  the  middle  term  of  the  expansion  of  (.r — a)^*. 

Since  the  exponent  is  18,  the  whole  number  of  terms  will  be  19,  and  hence 


« 


The  oi>cratioii  hero  to  be  performed  is  best  effected  by  canccliiii?  the  factors. 


HIGHER  ROOTS  OF  NUMBERS.  107 

the  middle  term  wUl  be  the  10"* ;  and  since  it  is  an  even  term,  it  will  liuvo  the 
sign  —  ;  hence  it  will  be 

la.  17.16.15.14.13.12.11.10 
-1.2.3.4.5.6.7.8.9^^^-  or-48620x*a«. 

EXAMPLE  X. 

Required  the  third  and  tlie  last  terms  of  the  expansion  of  (5^+2^)^ 

21 
Ans.  TT^i/'  *°^  ^^y 

TO  EXTRACT  THE  nti«  ROOT  OF  A  NUMBER. 

112.  The  n^  power  of  10  is  1  with  n  ciphers,  and  the  n^  power  of  any 
number  below  10  must  be  loss,  and  can,  therefore,  be  composed  of  no  more 
tlian  n  figures.     The  n^  power  of  100  is  1  with  2n  ciphei*s,  and  the  n^^  power 
of  any  number  between  10  and  100  can  not,  therefora,  contain  more  than  2n 
figures,  nor  less  than  n.     For  a  lil^e  reason,  the  n"*  power  of  three  figures  can 
not  contain  more  than  3/1,  nor  less  than  2n.     That  of  four  figures  can  not  con- 
tain more  than  4n,  nor  less  than  3n,  6cc.     The  n^''  root  of  a  number  being  re- 
quired, it  is  evident  from  the  above  that  there  will  be  as  many  figures  in  the 
root  as  there  are  periods  of  n  figures  in  the  given  number,  counting  from  right 
to  left,  and  one  more  if  any  figures  remain  on  the  left.     The  root  may  bo 
divided  into  units  and  tens,  and  the  n"'  power  of  it,  or  the  given  number,  will 
be  equal,  according  to  tlie  Binomial  Theorem,  to  the  n*''  power  of  the  tens  plus 
n  times  the  n  —  1  power  of  tlie  tens  inte  the  units  plus  a  number  of  other  terms 
which  need  not  be  considered.     Tens  have  one  cipher  on  the  right,  and  hence 
the  n"'  power  of  tens  has  n  ciphers  on  the  right ;  the  n  right-hand  significant 
figures,  therefore,  make  no  part  of  the  n"'  power  of  the  tens ;  to  find  the  tens 
of  the  root,  then,  the  n'''  root  of  those  figures  which  remain,  after  rejecting  n  on 
tlie  ri^ht,  must  be  sought  by  an  independent  operation  ;  but  if  there  are  more 
than  n  of  these  remaining  figures,  the  tens  of  the  root  are  expressed  by  a 
Dumber  containing  more  than  one  figure,  which  number  may  be  separated  into 
its  units  and  tons,  the  n^^  power  of  the  tens  of  which  does  not  contain  the  n 
significant  figures  on  the  right  of  that  number  upon  which  the  independent 
operation  is  now  performing,  and  in  consequence  these  n  figures  are  also  re- 
jected.    After  rejecting  periods  of  n  figures  successively,  beginning  on  the 
right  until  there  remains  but  one  period  and  pait  or  the  whole  of  another 
period  on  the  left,  let  these  be  considered  an  independent  number,  its  root  will 
contain  two  figures,  tens  and  units ;  the  n^  root  of  the  tens  is  to  be  sought  in 
what  is  left  after  rejecting  the  right-hand  period;  the  n — 1  power  of  the 
tens  has  n — 1  ciphera  on  the  right;  so,  also,  has  any  multiple  of  this,  and, 
therefore,  n  times  the  n — 1  power  of  the  tens  into  the  units;  which  last 
quantity,  therefore,  is  not  to  bo  sought  in  the  n — 1  right-hand  significant 
figures ;  after  subtracting  the  n^  power  of  the  tens  just  found,  only  one  figure 
of  the  next  period,  therefore,  is  to  bo  placed  on  the  right  of  the  remainc^r, 
which  is  then  divided  by  n  times  tlie  n  —  1  power  of  the  tens ;  the  quotient 
win  not  be  exactly  the  units,  for  the  dividend  contains  also  a  part  of  the  other 
terms  of  the  power  of  the  binomial  which  were  not  considered ;  this  quotient 
may  be  greater  than  the  units  of  the  root,  but  never  can  be  less ;  it  must  be 
diminished  till  the  n*''  power  of  the  two  figures  found  is  equal  to  or  less  than 
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the  independent  number  nnder  consideration.  Annex  now  to  this  independent 
number  the  next  period  on  the  right  of  it,  and  consider  what  is  thus  obtained 
as  a  now  independent  number;  the  two  figures  of  the  root  already  found  will 
bo  tlie  tens  of  the  root  of  the  new  number ;  bringing  down  one  figure  of  the 
right-hand  period  of  it  to  tlio  romninder  after  subtracting  the  n^  power  of  the 
two  figures  of  the  root  just  found  from  tlie  first  independent  number,  and 
dividing  by  n  times  tlio  n  —  1  power  of  tlie  tens,  now  composed  of  two  figures, 
a  third  figure  of  the  root  is  obtained ;  proceeding  in  this  manner,  the  entire  root 
of  the  given  number  will  at  length  bo  extracted.* 


EXAMPLES. 


(1)  V504321,  2366=8,921. 

(2)  V 1164532,  07234. 


(3)  V233416517309451, 

(4)  V282429536481. 


113.  By  employing  the  binomial  theorem,  we  can  raise  any  polynomial  to 
any  power,  without  the  process  of  actual  multiplication. 

For  example,  let  it  be  required  to  raise  x-\-a'{-b  to  the  power  4. 
Put 

a+h  =y; 

Then, 

(x+a+hy=:{x+y)\ 

=2-^4-4r*y4"6^^*+4^2/'+y*»  o'*  putting  for  y  its  value, 
=x'+4r\a  +  b)  +  6.r-''(a+bY+A.v{a  +  bY+(a+by. 

Expanding  ((z4"^)^  (^4"^)^'  (^  +  ^)*»  ^^7  the  binomial  theorem,  and  per- 
forming the  nmltiplications  indicated,  we  shall  arrive  at  the  expansion  of 
(x+a+by. 

It  is  manifest  that  we  may  apply  a  similar  process  to  any  polynomial. 

The  following  is  a  demonstration  of  a  general  formula  for  the 

POWER    OF    A    POLYNOMIAL. 

In  the  expression 

{a+b  +  c+d,...)"^ 

make  x^b-^-c-^-d , , ,  the  above  power  will  be  equal  to  (rt-j--^)"**  ^"^  ^7  the 
binomial  theorem  the  term  which  contains  a"  in  the  development  of  this  raay 
bo  written 

1.2.3.4 7nX«V"-" 

1.2.3...«Xl.2.3...(m— w)*'"  '■^■' 

Making  y=c-\-d ...  we  have  ^"'-''=(6+2/)"'-",  and  developing  this  last  power, 
the  term  containing  6°'  may  be  put  under  the  form 


*  If  there  be  decimals  in  the  irivcn  nuinbor,  ciphers  mnst  be  annexed,  if  necessary,  to 
make  exact  periods  of  dociiuals,  cm  a  principle  similur  to  that  explained  in  (Art.  90). 

If  tiie  iiidcx  of  the  nn^t  Uy  be  extracted  be  composed  of  factors,  it  can  be  extracted  by 
means  of  the  successive  roots,  the  degrees  of  which  are  expressed  by  these  factors.    For 

if  the     "^/f/""'P  be  require«l,  we  have   \/a'""\'=a'*P,  ^a**v=.aP,  and  \/ai*=a. 

The  best  way  to  extract  nwts  of  numbers  of  a  dejpree  hiijdier  than  the  square  is  by  meant 
of  loiraritlmis. 

t  Tills  may  be  obtained  from  the  ordinarj*  form  of  the  general  term  of  the  bloomial 
formula 

m(m — 1) (m — w-}-l)^"J^~" 

by  multiplying  both  numerator  and  denominator  by  1 . 2 .  3  . . .  {m — »). 
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1.2.3...n'Xl.2.3 (m— n— n')'  ' 

It  is  evident  that  if  this  quantity  bo  put  in  the  place  of  ar"*-"  in  the  ex- 
pression [a],  the  result  will  represent  the  assemblage  of  the  terras  which 
contain  a"6"'  in  the  power  of  the  given  polynomial.  This  result,  after  can- 
celing common  factors,  will  be 

1.2.3.4....mX  flnt-'y"*-"--' 
1.2.3...nXl~2~37rrn'Xl.2.3~(m— n— n')'        ^  ^ 

Making  2^=d-{~..,  wo  shall  have  y"-'*-«»'r=(c+ 2 )""""'*'»  and  the  term  con- 
taining c""  will  be 

1 . 2 . 3 . . .( m — n— n')  X  c^^'z™-"-"'-"" 

1.2.3 n"Xl.2.3 (m—n— »'—»")  ' 

substituting  this  expression  for  ^m-"-"'  in  [6],  we  have 

1 . 2 . 3 . . .  m  X  a"6°'c°"2°-°-»'-°" 


1.2.3...nXl.2.3...n'Xl.2.3...n"Xl.2.3...(?/i— n— »'— n")' 

It  is  evident  now,  ^vithout  carrying  the  reasoning  farther,  that  if  V  be  the 
general  term  of  the  development  of 

(a+b+c+d.,.)", 
this  term  may  be  represented  thus, 

1.2.3.4.. ..mxa°&"'c°^'"» 

1.2.3...nXl.2.3...n'Xl.2.3...n"X  •• 
n,  n',  n'\  ..  being  any  positive  whole  numbers  at  pleasure,  subjected  only  to 
the  condition  that  their  sum  shall  bo  equal  to  m.    So  that  all  the  terms  of  tho  re- 
quired development  may  be  obtained  by  giving  in  this  formula  to  n,  n\  n" , , , 
all  the  entire  positive  values  which  satisfy  the  condition 

n-\-n' ■\'n" , . .  .=m. 
When  t)ne  of  these  numbers  is  made  zero,  'Y  takes  an  illusory  form.     If,  for 
example,  n=0,  the  series  1 . 2 . 3 . .  .n  placed  in  the  denominator  is  nonsensical, 
because  factors  increasing  from  one  will  never  present  us  with  a  factor  zero. 
To  relieve  this  difficulty,  let  us  recur  to  the  general  term  [a]  in  the  development 

of  (rt+a:)™,  and  observe  that  the  hypothesis  n=0  reduces  it  to  - — ^— r -. 

But  the  hypothesis  n=zO  ought  to  give  in  this  development  the  term  which 
does  not  contain  a,  and  this  term  is  x".  Then,  in  order  that  this  term  shall  be 
deduced  from  the  formula  [a],  it  is  sufficient  to  consider  tho  series  1 .2.3. .  .n 
as  equivalent  to  1  in  this  particular  case  of  71=1 0.  The  same  observation 
should  be  extended  to  the  other  series  of  factors  contained  in  the  denominator 
of  V,  and  then  V  will  give,  without  any  exception,  all  the  terms  of  the  power 
of  the  polynomial  a+^+^+i  ^c. 

TO  EXTRACT  THE  mt'»  ROOT  OF  A  POLYNOMIAL. 

The  problem  is,  having  given  a  j^olynomial^  P,  which  is  the  m ''  power  of 
another  polynomial^  p,  to  find  the  latter. 

Let  us  consider  tho  two  polynomials  as  an'anged  according  to  the  decrcns- 
ing  exponents  of  some  letter,  x,  and  call  a,  2),  r, . . . .  tho  unknown  torms  of  tho 
root  p.  They  must  be  such  that,  in  raising  a-^-h-^-c,  to  the  power  m,  we 
obtain  all  the  terms  which  comi)ose  P.  But  if  we  imagine  that  we  have 
formed  this  power  by  successive  multiplications,  it  is  clear  tliat,  in  the  result. 
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the  term  in  which  x  has  the  highest  expoaent  is  the  m^'  power  of  a  ;  then  toe 
shall  know  (he  first  term  of  the  root  sought j  p,  by  extracting  the  m'*  root  of  the 
first  term  of  the  given  polynomial  P. 

The  first  term  of  the  root  beio^;  found,  it  will  be  easy  to  obtain  the  second ; 
but  I  prefer  to  show  at  once  how,  when  we  know  several  successive  terms  of 
the  root  setting  out  from  the  first,  wo  can  determine  the  term  which  comes 
immediately  after. 

Let  u  represent  the  sum  of  the  known  terms,  and  v  that  of  the  UDknown; 
then  P=(M+t')™,  or,  developing, 

1  have  not  exhibited  the  composition  of  the  coefficients  A',  k' . .,  this  not 
being  necessary,  as  will  appear.  From  this  equality,  by  subtracting  u"  from 
both  the  equals,  we  obtain 

P— M'"=mM"-it?+A:u'°-"r2-|.A-'M"-V-f-,  &c. 

The  first  of  these  equals,  P  — m"™,  is  a  quantity  which  we  can  calculate  by 
forming  the  m^^  power  of  the  known  quantity  u^  and  subtracting  it  from  the 
polynomial  P.  The  second  is  a  sum  of  products,  by  means  of  which  we  can 
easily  assign  the  composition  of  the  first  term  of  the  remainder  P— -u",  and, 
consequently,  discover  the  first  term  of  the  unknown  part,  r. 

First,  if  we  develop  m"'~S  it  is  clear,  by  the  rules  of  multiplication  alone, 
that  the  first  term  of  the  development,  that  is,  the  one  which  contains  r,  with 
the  highest  exponent,  will  bo  a^~^ ;  then,  if  we  coll/  the  first  term  of  r,  the 
fii'st  term  of  the  product  mu'^'^v  will  be  ma^~f.  By  a  similar  course  of  rea- 
soning, we  perceive  that  the  first  terms  in  the  developments  of  the  other  prod» 
ucts  will  be  respectively  A-a"~^,  t'a°*-y^, ....  These  terms,  abstraction 
being  made  of  the  coefficients, which  have  no  influence  upon  the  degree  of  r, 
can  bo  deduced  from  the  term  ma^'~fy  by  suppressing  in  it  one  or  more  fac- 
tors equal  to  a,  and  replacing  them  by  as  many  factors  equal  to/.  But/ being 
of  a  degree  inferior  to  a  with  respect  to  ar,  these  changes  can  give  only  terms 
of  a  degree  inferior  to  ma"*~f.*  Then,  after  having  subtracted  from  the  given 
polynomial  P  the  m'**  power  of  the  part  u  of  the  root  ah*eady  found,  the  first 
term  of  the  remainder  is  equal  to  the  product  of  m  times  the  power  m  —  1  of 
the  first  tenn  a  of  the  root  by  the  first  of  those  terms  which  remain  st'dl  to  be 
found.  Therefore,  dividing  the  first  term  of  the  remainder  by  m  times  the 
power  m  —  1  of  the  first  term  of  the  root,  the  quotient  will  be  a  new  term  of 
this  root.  This  conclusion  furnishes  the  means  of  discovering  successively  aO 
the  terms  of  the  root  as  soon  as  the  first  is  known.  To  have  Oie  second  terniy 
b,  subtract  from  the  given  polynomial  P  tfte  m**  power  of  the  first  term  of  the 
rooty  then  divide  the  first  term  of  the  remainder  by  ma"'-* ;  to  have  the  thira 
terniy  c,  of  the  rooty  subtract  from  P  the  m'*  power  of  a-f-b,  then  divide  the  first 
term  of  this  remainder  by  ma™~',  und  so  on. 

If  in  any  part  of  the  process,  the  ronniindor  being  arranged  accoi*ding  to  the 
powers  of  r,  its  first  term  is  not  divisible  by  m  times  the  m — 1  power  of  the 
first  term  of  the  root,  the  given  polynomial  will  not  have  an  exact  root  of  the 
degree  m. 

Wo  may  arrange  according  to  the  ascending  powers  of  a  letter,  r,  as  was 


^  Thus,  for  example,  if  a  roiitaiu  af',  ami/ contain  x*,  and  wi=10,  then  o"*-'/ will  contatu 
3D»,  a™--f^  will  coutaiu  xf*'>,  a"'-/^  will  contain  2^*,  and  so  on. 
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remarked  at  (Art.  80,  III.),  when  treating  of  the  square  root,  and  the  above 
observation  will  undergo  the  same  modification  as  there  stated. 

It  would  be  superfluous  to  speak  of  the  case  where  the  letter  of  arrangement, 
X,  enters,  with  tlie  same  exponent,  into  several  terms.  The  method  of  proceed- 
ing in  such  a  case  has  been  already  sufficiently  indicated  in  ])rovious  articles. 

EXAMPLES. 

(1)  Extract  the  5th  root  of  32j:*— 80jr*+80x»— 40i«+10j:— 1. 

(2)  Extract  the  Gthroot  of  729— 2916j:3+48602:<— 4320j:«+2160.t«— 576r»« 

+  e42-»«.  Ans.  3— 22«. 

(3)  Extract  the  fifth  root  of  ar»+15r-»6— 5a:-'<+90r-»— G0x-»o+282r-« 

—  252ar^  +  505jr-*  —  49Gir^*  +  495  —  4G5j^ 
+275x«— 80a:«+  15x«— j»^ 

Ans.  x-^+3— a:*. 

114.  In  the  observations  made  upon  the  expansion  of  (x-f-fl)"*  we  have  sup- 
posed n  to  be  a  positive  integer.  The  binomial  theorem,  however,  is  applica- 
ble, whatever  may  be  the  nature  of  tlie  quantity  n,  whether  it  be  positive  or 
negative,  integral  or  fractional.*  When  n  is  a  positive  integer,  the  series  con 
usts  of  n-f-l  terms ;  in  every  other  case  the  series  never  terminates,  and  the 
development  of  (j:-|-^)°  constitutes  what  is  called  an  infinite  series. 

Before  proceeding  to  consider  this  extension  of  the  theorem,  we  may  re- 
mark, that  in  all  our  reasonings  with  regard  to  a  quantity  such  as  (i'-f-^i)",  we 
may  confine  our  attention  to  the  more  sim])le  form  (1-f  a)",  to  which  th» 
former  may  always  be  reduced.     For, 

(x-f-a)  =x(l+j) 

.'.(x+ay=\x(l+l)Y 

(a\"  a 

1+-)  ,  or  j:"(14-w)"»  if  we  put  -=m 


a  ^  w(w  — 1)  a'^  ^  w(w— l)(n— 2)  «"» 

? 

t 


=^ \ ^+^'x+-r:2-v+    1.2.3  ^v+ 


„(n-l)(,i-2)(w-.3)    «\      .      ? 


1.2.3.4 

r 
Supi)oso  Ti=-,  where  r  and  s  are  any  whole  numbers  whatever, 

:  r 

Then  (x-f-fl)"  becomes  (x4"^)'»  *"^  substituting  -  for  n  in  the  series. 


(r+fl);=a:^(l+j)^ 


s\s       )    a-  .  s\8       )\s   ,^) 


r   a     s\s       J    a-     s\s       /  \s  .    /    a' 
=-^'^^  +  J*i+     1.2      •7^"'  17273  '^ 

+ 17273"! ':?+•  ^-  S 


•  A  perfectly  ri^'urous  dcniniistrutiou  of  the  hiiiomial  theorem  for  any  ex]M>ueut  what- 
ever, integml  or  fractional,  positive  or  negative,  will  be  found  towarciv  the  clu.se  of  tliia 
treatiiie. 

t  This  expansion  may  bo  obtained  by  substitatin^,  iu  the  general  form  (Art.  110),  1  for 

9,  and  -  for  a. 

X    ■ 
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Or,  redaced, 


'. ^  ^  r   a  ^  r{r^s)   a«  ^  r(r— «)(r— 2»)    a* 

s    X 


[a]  =x\l  +  -.-+j-^^.-+     i^2^3^^     .^ 


■  r{r^s){r-'2s){r^3s)   a*  > 

+         1. -2.3. 4. 5*  -j^+'^^S 

The  binomial  theorem,  under  this  form,  is  extensivelj  employed  in  analysis 
for  developing  algebraic  expressions  in  series. 

EXAMPLE  I. 

Expand  Vr-|-a  in  a  series. 

=x'2  (l +-)  .    Here  r=l,  «=2. 

l(i«i)        i(i-i)(^-o\ 

1    a     2\2     V    ^     2\2     V  \2     V    ^ 
^"*'2'i"'"     1.2     V+         1.2.3     .      'x* 

+  1.2.3.4  'x*+ 

11  1  1         3 

—  i^        i     ?     ^^""^      ^     2^~2^""2      ^ 

-^  '  ^+2  •  x+  1 .2  •  f^+    r:273     •  x» 

113         5 
■^  1.2.3.4  '^"^ 


5_ 
16 


""^    ^    ^■2'ar     1.2.4  V"!"  1.2. 3.8' r»""l.2.3.4. 

?+ 


which  last  may  \ye  derived  at  once  from  [a],  and  put  under  the  form 

iC        1    a     _l_   a«       1.3      (^       1.3.5      a* 
^    ^    ■'"2'x""2.4'ar3"'"2.4.6'r»~2.4.6.8'r« 
1.3.5.7       ^        .  I 

+  2.4.6.8.10*5""'^ \ 

wherb  tho  law  of  the  series  is  evident. 

EXAMPLE  II. 

Expand  -/a' — a^e^  in  a  series. 

=a(l— ««)^      Here,  r=:l,  5=2,  ?=— «« 

56-06-2)^-3) 


■^  1.2.3.4         ''T'  **•••• 


• 
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EXAMPLE    III. 


Lxpand  —  in  a  series. 


m 


;=m(6«+c*)     i 


=m6-^(l+g)"*    Herer=l,s=-2,^=g. 

=  7^1!  ^^ZiiziZll    ^ 

^   (    ^"2  •  6«  +  172  •  b^ 

■^  1.2.3  '  6« 

+ ^ 1.2.3.4 •  \F')  ^' 

(  13  12      5 

~6"(^""2'6«+        1.2         '6"*+  1.2.3 

13         5  7 

c»a      ~2^^2^7"2^~2    c^e 
•  "6^+  1.2.  3'. 4  •  "65+'  &c.  .  .  . 

-6"  K'"2'6*+2.4'fe^""2.T76'"65  +  '*^^ S 

which  last  expression  might  be  derived  immediately  from  formula  [a].     The 
same  remark  will  apply  in  the  following  examples. 


EXAMPLE  iv. 


n 
Expand  "7===  in  a  series. 


i=n(6«— cV)     ^ 


nc  1      c«^  2  \       2        ^  /      /c«g«\< 

-6^  +  2  •     6«    +  1.2  •  VT^) 

""2\~2~0  (^2~^)         /.flilV 

1.2.3  '   \    b*    ) 

""2(""2"  V  ("2""^)  ("2"" V  /cV\^       ,      > 


c«e«        1.3      c<e<        1.3.5     c«»«« 


n<  1      c«ej        l_j_3      c^ 

=  6r  +  2  '     6«    +  274  •     6*    + 


2.4.6  •     6« 

1.3.5.7    (*t*  i 

+2747678 -"F+'^S^ \ 

H 


114  ALGEBRA. 

JEXAMFLE   ▼. 

Expand  77===  in  a  series. 


^^^==(p+,)(..+n.)     ? 


=:m'^hp+q)(l+^^      "^     Hero,r=-3,»=4, 


—     w^      ^  4  'm*"*"  1.2  •  \mV 


3/      3      ^  ^ 


""4(~4""V(""4~V     /n»\'  i 

"T"  1.2.3  "  \mV S 

(P+Jjr  3    ^         3.7     n"        3.7.11 

tJ       i  ^'"4'wi»"'"l.2.4«m«'"  1.2.3.4* 
n«      3.7.11.15  n»  ) 

m»  +  1.2.3.4.4*»i^""'       S 


EXAMPLE  TI. 


1  ,  1  C        2j     3a<     4r»        .      > 


(c+x)« 

EXAMPLE  VII. 


/o^x?      i^n      3a:«3a:*52«7a:«        .      ) 
^  '  i        2=»    c»     2'»    c*     2^    c«     2«   c«  S 


EXAMPLE  VIII. 
1 


^  '  tf'i    ^10    a^  10^     1.2.a«^ 


3.13.23   a^ 

103        1.2.3  .  a  ■ 


,  3  .  13  .  23  .33  T*  ,      . 

-I 1-,  &c. 

^  10*  1.2.3.4.0*^ 


EXAMPLE  IX. 
1_ 

(1+x)' 


-     ,      ar,    6.t«       6. 11.. r»  ,  6. 11. 16. a:*         ,      > 

1=1 1 ,  &c.  S 

6^5.10     5.10.16^5.10.15.20  > 


EXAMPLE  X. 

T  21)18   ^x^ 

The  eleventh  term  of  the  series  for  (a' — x^)^  is ^^^ .  — . 

^  '  4782969    a« 

115.  The  binomial  theorem  is  also  employed  to  determine  approximate 
values  of  the  roots  of  numbers. 
In  the  formula 

^^^  ^^      x^     1.2       X-  1.2.3  x"^         ' 


APPROXIMATE  HOOTS  OF  NUMBERS. 


115 


Let  us  pat  n=-,  the  expression  becomes  (j^-j"^)^  ^^  V-^+^f  ^°^  ^^  ^^® 


Vx+a=V:r(l  +  ---4 


r' x^     1.2      "i*"^  1.2.3  *r» 


5+ 


r,  ,,  ,  1    a     1    r— 1    a«  ,  1    r— 1    2r— 1    a'        , 
^  r   X     r      2r     a*^  r     2r         3r       z* 


•) 


If  we  wished  to  form  a  new  term,  it  would  manifestly  be  obtained  by  mili- 
ar—1       .  a 


tiplying  the  fourth  by 


and  -,  then  changing  the  sign,  and  so  on  for  the 


rest^  the  terms  after  the  first  being  alternately  positive  and  negative. 

This  being  premised,  let  it  be  required  to  extract  the  cube  root  of  31.  The 
greatest  cube  contained  in  31  is  27 ;  in  the  above  formula  let  us  make  r^3, 
rs=27,  a =4,  and  we  shall  then  have 


V31=:  V27  +  4 

14       1 

=  3(1  +  3-27-3 

4  16 

=  3-k 4- 

^27       2187  ^ 


1 

3  • 
320 


16       1 
729"^'3  ' 

— ,  &c. 


64 


3  •  9  •  19683  ■"'  ^') 


2     4 


531441 

320  3r— 1    a 

Tlie  succeeding  term  will  be  found  by  multiplying  e». . ..  by  — - —  .  -,  or 

2560 


— .  — ,  and  then  chang'mg  the  sign,  which  will  give  us  — laQdc^oi' 


In  like  manner,  we  shall  find  the  next  term  by  multiplying 
a 


2560 


by 


43046721 
4r— 1    a  2560         11       4  112640 

-57"  -x'  ^*  ^"*'  therefore,  be  430^6^  ><  15  ><  27=17433922005'  ^'^^  ''^  °° 
for  any  number  of  terms. 

Let  us,  however,  confine  our  attention  to  the  first  five  terms  of  the  series, 
and  reduce  them  to  decimals ;  we  shall  have,  for  the  sum  of  the  additive  terms, 

r  3=3.00000  ^ 


-=0.14815 


320 


,-  =  0.00060 


(^  531441 

And  for  the  sura  of  the  subtractive  tonus, 

16 


V  =3.14875. 


2560 


Hence 


43046721 


^31=3.14138 


=  —0.00006 


)>  =—0.00737. 


a  result  which  we  sliall  proceed  to  show  is  within  0.00001  of  the  truth. 

116.  When  the  expression  for  a  numhor  is  expanded  in  a  series  of  terms, 
the  numerical  values  of  which  go  on  decreasing  continually,  we  easily  perceivo 
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that  the  greater  the  number  of  terms  which  we  take,  the  more  nearly  shall  we 
approach  to  the  real  value  of  the  proposed  expression.  Such  a  series  is  called 
converging.  If  we  suppose  the  terms  of  the  series  alternately  positive  and 
negative,  we  can,  upon  stopping  at  any  particular  term,  determine  precisely 
the  degree  of  approximation  at  which  we  have  arrived. 

Let  there  be  a  series  a — h-{-c — d-{-e—f-{-g — h-{-k — Z+'w composed 

of  an  mdefinite  number  of  terms,  in  which  we  suppose  that  the  quantities  a, 
6,  c,  d  go  on  diminishing  in  succession,  and  let  us  designate  by  N  the  number 
represented  by  this  series,  we  shall  prove  that  the  numerical  value  of  N  lies 
between  any  two  consecutive  sums  of  any  number  of  the  terms  of  the  above  series. 

For  let  us  take  any  two  consecutive  sums, 

a — b-{-c — d-^-e—f  and  a — b-{-e — d+e^+g* 

Upon  considering  the  first  of  these,  we  perceive  that  the  terms  which  fol- 
low —/are  -{•(g''h)'\-(k^l)-{- ;  but  since  the  series  is  a  decreasing 

one,  the  positive  differences  g — ^,  k — I,  dec.,  are  all  positive  numbers ;  hence 
it  follows  that,  in  order  to  obtain  the  complete  value  of  N,  we  must  add  to  the 
sum  a — b'\-c — d-^-e—faome  positive  number.     Hence 

a—i+c— c£+e— /'<N. 

With  regard  to  the  second  sum,  the  terms  which  follow  -^g  are  — {h — it), 

—  (Z — ?m), ;  but  the  partial  differences,  h — k,  I — m,  &c.,  are  positive; 

hence  — (A— A:),  — (I — m) ,  are  all  negative,  and,  therefore,  in  order  to 

obtain  the  complete  value  of  N,  we  must  subtract  some  positive  number  from 
the  sum  a — b-^c-^d-^-e—f-^g.    Hence 

a^b+c^d+e^f+g>'S, 
and  it  has  been  shown  that 

a-i+c-d+e-f       <N; 
therefore  N  lies  between  these  two  sums. 

From  this  it  follows  that,  since  g  is  the  numerical  value  of  the  difference 
of  these  two  sums,  the  error  committed  when  we  assume  a  certain  number  of 
terms  a^b+c^d+e—f  for  the  value  of  N  is  numerically  less  than  the  term 
which  immediately  follows  that  at  which  we  stojyped. 

In  the  preceding  example,  all  the  terms  after  the  first  being  alternately  po«- 
tive  and  negative,  we  may  conclude  that  the  numerical  value  of  the  first  five 
terms 

4  ^J^        320  2560 


27     2187^'  531441      43046721 
differs  from  the  true  value  of  V^l  by  a  quantity  less  than  the  value  of  the 

sixth  term,  which  was  found  to  be  equal  to _— ;  but  this  fraction  is 

17433922005 

by   mere   inspection  less  than  — ,  therefore,  when  we   assume   that 

Vsi  =3.14138,  the  result  b  within  0.00001  of  the  truth. 

117.  From  what  has  been  said  above  it  will  be  seen  that,  in  order  to  obtain 
an  approximate  value  of  the  n^^  root  of  any  number  N  by  the  method  of  series, 
we  may  make  use  of  the  following 

RULE. 

Resolve  the  given  number  N  into  two  parts  of  the  form  p"+q,  where  p*  is  the 

I 
highest  n**  power  contained  in  N,  and  in  the  development  of  (x-f-a)"  make 
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x^p",  a^q.  The  number  of  terms  to  be  taken  in  Oie  resulting  series  will 
depend  upon  the  degree  of  accuracy  required^  and  can  be  determined  by  the 
principle  just  explained.  Convert  all  the  terms  of  which  account  is  taken  into 
decimals 9  and  then  effect  the  reduction  between  the  additive  and  subtr active 
terms, 

q 
This  method  can  not  be  employed  with  advantage  except  when  ~  is  a  smad 

fraction ;  for  unless  this  be  the  case,  the  terms  of  the  series  will  not  diminish 
with  sufficient  rapidity,  and  it  will  be  necessary  to  take  account  of  a  great 
Dumber  of  terms  in  order  to  arrive  at  a  near  approximation. 

It  may  happen  that  j?°  ^  K.q  !  we  must  then  modify  the  above  process,  lor 

p^      a  a 

then  —  or  -  is  greater  than  unity,  and  therefore  all  the  powers  of  -  will  m 

crease  in  numerical  value  as  the  degree  of  the  power  increases. 

Suppose,  for  example,  that  the  cube  root  of  56  is  sought,  27  being  the 

greatest  cube  contained  in  56,  we  shall  have 

a     29 
x=27,  a=29  and  .«.  -=-:r, 

and  the  terms  of  the  series  will  go  on  increasing  instead  of  diminishing  (we  do 

Dot  speak  of  the  coefficients,  which  are  fractions  differing  but  little  fi'om  unity). 

8         1 
But  we  may  resolve  56  into  64 — 8,  or  4^—8 ;  but  — ,  or  -,  is  a  small  fraction. 

o4         o 

On  the  other  hand,  if  we  substitute  — a  for  a  in  the  expression  for  V^~{~^« 
we  have 

1    a     1    n— 1    a^     1    n— 1    2»— 1    a' 


yx — a=rx»(l . . 


n    X     n      2n      a:*     »      2n         3n      r* 

If  we  put  x=64,  a =8,  we  shall  obtain  a  series  of  terms  which  will  de- 
crease with  great  rapidity. 

Here  all  the  terms,  with  the  exception  of  the  first,  are  negative,  and  we  can 
Dot  apply  to  this  series  the  criterion  established  in  (Art.  116)  for  fixing  the  de- 
gree of  approximation.  But  we  shall  approach  very  nearly  to  the  required 
degree  of  approximation  if  we  take  into  account  such  a  number  of  terms  that 
the  first  which  we  neglect  shall  be  less,  by  one  tenth,  for  example,  than  the 
decimal  place  to  which  we  wish  to  limit  the  approximation. 

The  student  may  take  the  following  examples  as  exercises : 


(1)  V^9  =V32  +7  =2.0807 true  to  0.0001. 

(2)  {/65   =  V64   +1   =4.02073  . . .  true  to  0.00001. 

(3)  {/260=  ^-^56+ 4   =4.01553  . . .  true  to  0.00001. 

(4)  Vl08=  V 1-8— 20  =  1.95204  . . .  true  to  0.00001. 

118.  Roots  of  imaginary  expressions  of  the  form  ai6V — 1  are  extracted 


by  putting  the  expression  under  the  form  (fl  =t  5  V  —  1)",  and  developing  by  the 
biDomial  theorem ;  a  series  of  terms  will  thus  be  obtained,  which  may  be  put 
under  the  form  A-|-B  'Z — 1,  A  representing  the  algebraic  sum  of  the  rational 
terms,  and  B  the  algebraic  sum  of  the  coefficients  of  V — 1.  Algebra  fur- 
Dishea  DO  other  general  method  for  this  transformation,  but  when  n  is  a  power 
of  2,  it  can  be  effected  without  the  aid  of  series. 
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Let  us  consider,  first,  the  two  radicals  'yJa-^-hy/ — 1  and  yja — by/ — 1. 
Placing 

[1]  yj a+h  ^/~^\J^\} a^h  y/~^\=x 

[2]  yj aJfh  yT^-^yj a^byf^lzriy, 
and  squaring  both,  there  result^} 

2f/— 2V«-+^^=y'. 
Whatever  may  be  the  sign  of  a,  the  value  of  3f^  is  positive,  but  that  of  ^  ia 
negative.     From  tliese  equalities  we  derive 

[3]  x=zy2a+2y/a-+b\  t/=\\/ — 2a4-2'/a«+6«/  y/'^. 
But  the  equalities  [1]  and  [2]  give 

Then,  finally,  putting  for  a-  and  y  the  values  [3],  we  shall  have 
[4]  ^a+by/'^l=     l^2a+2y/l^* 

[5]  ^fl-W'^=     ^^2a+2V^H^ 

-^J— 2a+2'/a«+6V"^^. 
Now,  if  we  consider  the  radical  expressions 

<l      ~  J — —  J      z: 

we  observe  that  the  extraction  of  a  single  root  which  is  some  power  of  two, 
can  be  replaced  by  successive  extractions  of  the  square  root;  consequently, 
the  repetition  of  the  formulas  [4]  and  [5]  will  always  reduce  the  above  ex- 
pressions to  expressions  of  the  form  AdLB  >/ — 1. 

Remark. — In  each  of  these  formulas  the  first  member,  by  reason  of  the 
radicals  which  it  contains,  may  have  four  different  values,  and  the  same  is 
true  of  the  second  member.  In  both,  the  four  values  of  the  first  member  are 
the  snmo,  and  this  is  the  case  evidently  with  the  second  member;  so  that 
the  two  formulas  make  really  but  one.  They  present  no  difference  except 
when  wo  use  them  simultaneously  in  the  same  algebraical  calculation,  because 
tlicn  we  ought  to  regard  the  terms  into  which  V — I  enters  as  affected  with 
contrary  signs.  But  then  it  is  necessary  to  remark  besides,  that,  by  the  very 
manner  in  which  we  have  arrived  at  these  formulas,  y/a'-^-b^  in  them  repre- 
sents the  product  of  yJa-^-b  y/  —  1  \la — 6  -/  — 1 ;  consequently,  the  determ- 
inations of  these  two  radicak  ought  always  to  be  supposed  associated  in  such 
a  manner  that  their  product  should  have  the  sign  which  is  given  to  V<i^4'^ 
in  the  second  member.  Without  attention  to  this  the  formulas  might  lead  tn 
false  results. 
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Another  remark  of  importance  may  be  added  hero. 

The  methods  of  proceeding  in  certain  operations  upon  imaginary  expressions, 
exhibited  at  (Art.  66),  were  suited  to  the  restrictions  which  in  ordinary  cases 
would  be  understood  as  pertaining  to  the  radical  sign.  If,  however,  this  sign 
have  its  most  general  signification,  it  must  be  used  in  its  ambiguous  sense, 
that  is,  as  having  db  before  it.  Then  \/  — a  X  V  — a  would  have  n  more  ex- 
tended sense  than  simply  the  square  of  V  — ^*  ^^  would  have,  in  fact,  four 
values. 


—  V— flX  — V— a. 
or 

— (2,  +a,  -fa,  —a 

These  four,  in  fact,  amount  to  but  two,  -|-a  and  — a,  which  are  the  values 

obtained  by  the  ordinary  rule  of  multiplication,  y/  — ax  V  — a=\/fl^=dba. 
If  the  quantities  under  the  radical  are  difierent,  the  reasoning  will  be  a  little 

varied.     Let  the  product  be  required  of 

y/~^  X  V^- 


The  first  of  these  Actors  V  — a  may  be  put  under  the  form  a'  V  — 1,  and 
the  second  under  the  form  6'  \/  —  1.     The  product  will  then  be  expressed  by 

a'h'  V^ X  V  — 1. 
But  after  what  hns  just  been  said,  if  there  bo  no  restriction  in  the  meaning 
of  the  sign  -/     ,  we  have  >/ — IX  V — 1  =  ±1.    Hence 

a'h'  /^  X  y/~^  =  ±  a'b'. 

But  smce  the  square  oi  a'h'  is  a'^ft'^  or  aft,  we  have  a'h'z=.  y/ah,  and,  there- 
fore, 

the  result  which  we  should  obtain  by  the  ordinary  rule  for  the  multiplica- 
tion of  radicals.  Wo  thus  perceive  that  this  rule  gives  us  the  true  product 
in  its  most  general  form  when  there  is  no  restriction  in  the  sense  of  the  radi- 
cal sign. 
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119.  Numbers  may  be  compared  in  two  wnys. 

When  it  is  required  to  determine  by  how  much  one  number  is  greater  or 
less  than  another,  the  answer  to  this  question  consists  in  stating  the  difference 
between  these  two  numbers.  This  difference  is  called  the  Arilhmetieal  Ratio 
of  the  two  numbers.  Thus,  the  arithmetical  ratio  of  9  to  7  is  9  —  7,  or  2,  and 
if  a,  6  designate  two  numbers,  their  arithmetical  ratio  is  represented  by  a— 6. 

When  it  is  required  to  determine  how  many  times  one  number  contains,  ot 
is  coDtaiced  in  another,  the  answer  to  this  question  consists  in  stating  the 
quotient  which  arises  from  dividing  one  of  tliese  numbers  by  the  other.  This 
quotient  is  called  the  Geometrical  Ratio  of  the  two  numbers.  The  term 
Ratio,  when  used  without  any  qualification,  is  always  understood  to  signify  a 
geometrical  ratio,  and  we  shall,  at  present,  confine  our  attention  to  ratios  of 
this  description. 
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120.  By  the  ratio  of  two  numbers,  then,  we  mean  the  quotient  which  Bnaes 

from  dividing  one  of  these  numbers  by  die  other.     Thus,  the  ratio  of  12  to  4 

12  5  1 

is  represented  by  —  or  3,  the  ratio  of  5  to  2  is  -  or  2.5,  the  ratio  of  1  to  3  is  - 

or  .333 . . .  Wo  here  pei*ceive  that  the  value  of  a  ratio  can  not  ahfvays  be  ex- 
pressed exactly,  except  in  the  form  of  a  vulgar  fraction,  but  that,  by  taking  a 
sufficient  number  of  terms  of  the  decimal,  we  can  approach  as  nearly  as  we 
please  to  the  true  value. 

121.  If  a,  h  designate  two  numbers,  the  ratio  of  a  to  &  is  the  quotient 

a 
arising  from  dividing  a  by  h,  and  will  be  represented  by  writing  them  a :  6,  or  r- 

122.  A  ratio  being  thus  expressed,  the  first  term,  or  a,  is  called  the  ante- 
cedent of  the  ratio ;  the  last  term,  or  h,  is  called  the  consequent  of  the  ratio. 

123.  It  appears,  therefore,  that,  in  arithmetic  and  algebra,  the  theory  of 
ratios  becomes  identified  with  the  tlieory  of  fractions,  and  a  ratio  may  be  de- 
fined as  a  fraction  whose  numerator  is  the  antecedent,  and  whose  denominator 
is  the  consequent  of  the  ratio. 

124.  When  the  antecedent  of  a  ratio  is  greater  than  the  consequent,  the 
ratio  is  called  a  ratio  of  greater  inequality ;  when  the  antecedent  is  less  than 
the  consequent,  it  is  called  a  ratio  of  less  inequality ;  and  when  the  antecedent 

and  consequent  are  equal,  it  is  called  a  ratio  of  equaUty.    Thus,  —  is  a  ratio 

12  3 

of  greater  inequality,  —  is  a  ratio  of  less  inequality,  -  or  1  is  a  ratio  of 

equality.  It  is  manifest  that  a  ratio  of  equality  may  always  be  represented  by 
unity. 

125.  When  the  antecedents  of  two  or  more  ratios  are  multiplied  together 
to  form  a  new  antecedent,  and  their  consequents  multiplied  together  to  form 
a  new  consequent,  the  several  ratios  are  said  to  bo  compounded^  and  the  re- 
sulting ratio  is  called  the  sum  of  the  compounding  ratios.     Thus,  the  ratio  t 

c 
is  compounded  with  the  ratio  -.  by  multiplying  the  antecedents  a,  c  for  a  new 

antecedent,  and  the  consequents  6,  d  for  a  now  consequent,  and  the  resulting 

ac  a         c 

ratio  T-T  is  called  the  sum  of  the  ratios  ^  and  -%. 

m  p  r   t 
In  like  manner,  the  ratios  -,  -,  -  -  are  compounded  by  multiplying  aU 

the  antecedents  together  for  a  new  antecedent,  and  all  the  consequents  for  a 

mprt 

new  consequent^  and  the  resulting  ratio, ,  is  called  the  sum  of  the  ratios 

nqsw 

m  p  r    t 
n  q  s  to 

126.  When  a  ratio  is  compounded  with  itself  the  resulting  ratio  is  called  the 

duplicate  ratio,  or  double  ratio  of  the  primitive.     Thus,  if  we  compound  the 

a  a  a?  a 

ratio  -r  with  ^,  the  resulting  ratio,  vj,  is  called  the  duplicate  ratio  of  t-. 

a'  a 

Similarly,  ^  is  called  the  triplicate  ratio,  or  triple  ratio  of  t-. 
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a 


And,  generally,  ^  is  called  the  sum  of  the  n  ratios  -r* 


\i 


According  to  the  same  principle,  the  ratio  — :  is  called  the  suhduplicaU  ratio, 

hi 


b- 


i       i      i 
a^  ,    a^     a^     a 


or  half  ratio  of  t-  ;  for  the  duplicate  ratio  of  -r  is  -7  X  "^=r» 

'^  5*      6^     h^     ^ 


I 


a* 
So,  also,  the  ratio  — j  is  called  the  suhlriplicate  ratio^  or  ont  third  of  the  ratio 

b^ 

111' 
-fl      _-  a^     a^     a^     a^     a 

of  V-.     For  the  triple  ratio  of  -5-  is  —  X  -1  X  "T=T- 

b^      b^     5^     b^ 

1 

.     ,  a"*  a 

And,  in  general,  -j  is  called  one  »*  of  the  ratio  ^ ;  for  n  times  the  ratio 

6- 

1111 

«■ .   a"     a"     a"  a 

-7  IS  —,  X  -7  X  —  X  • .  •  to  n  terms  =^. 

6*      6«     6"     &» 

3 
Note. — The  ratio  -^  is  called  the  sesquiplicate  ratio  of  r»  for  it  is  com- 


*  -  J 


1 

a^     a     a 


poanded  of  the  simple  and  subduplicate  ratio ;  thus,  — 7  Xr=~3* 

b^     ^     b^ 

127.  If  the  terms  of  a  ratio  be  both  multiplied,  or  both  divided^  by  the  same 
quantity  J  the  value  of  the  ratio  remains  unchanged. 

The  ratio  of  a  to  6  is  represented  by  the  fraction  t  ;  and  since  the  value  of 

a  fraction  is  not  changed,  if  we  multiply,  or  divide,  both  numerator  and  de- 
nominator by  the  same  quantity,  the  truth  of  the  proposition  is  evident.    Thus, 

a 

a     ma     n  i  r     ^    ^ 
_1 II,  or  a:6=ma  :mo=-:-. 

b^mb     b  ^   ^ 

n 

128.  Ratios  are  compared  with  each  other  by  reducing  the  fractions^  by 
ithich  they  are  represented^  to  a  common  denominator. 

If  we  wish  to  ascertain  whether  the  ratio  of  2  to  7  is  greater  or  less  than 

2  3 

that  of  3  to  8,  since  these  ratios  are  represented  by  the  fractions  -  and  -, 

7  0 

16  21 

which  are  equivalent  to  —  and  —  ;  and  since  the  latter  of  these  is  greater  than 

the  former,  it  appears  that  the  ratio  of  2  to  7  is  less  than  the  ratio  of  3  to  8. 

129.  A  ratio  of  greater  inequality  is  diminished,  and  a  ratio  of  a  less  inequaU 
itn  is  increased,  by  adding  the  same  quantity  to  both  terms. 
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Let  Y  represent  any  ratio,  and  let  x  be  added  to  each  of  its  terms.    The 

two  ratios  will  then  bo 

a  a-f-a: 

which,  reduced  to  a  common  denominator,  become 

ab-^ax   ab-{-bx 


b(b+xy  b{b+xy 


a 


[f  a ^6,  i.  e.y  if  t  be  a  ratio  of  greater  inequality,  then 

ab-^-ax     ab-^-bx 
b(b+xyb(b+x)' 

and  .*.  T  is  diminished  by  the  addition  of  the  same  quantity  to  each  of  its  terms* 

Again,  if  a  ^  6,  i.  «.,  if  -r  be  a  ratio  of  less  inequality,  then 

ab-\-ax      ab-^-bx 
b(b+x)'^b(b+x)* 

'and  .'.  J  is  increased  by  tlie  addition  of  the  same  quantity  to  each  of  its  terms. 

130.  If  there  be  any  number  of  ratios  in  which  Oie  consequent  of  the  first  ratio 
is  the  antecedent  of  the  seconds  and  the  consequent  of  the  second  the  antecedent 
of  Qie  third,  and  so  on,  the  sum  of  any  number  of  said  ratios  is  the  ratio  of  the 
first  antecedent  to  the  last  consequent. 

Let  the  proposed  ratios  be 

a    b   c   d  e 

6' 7' 3' ?/'""'• 

Then,  by  (Art.  125),  their  sum  is 

a     b      c     d     e 

l^l^d^'e^f'"' 
or 

abcde 


bcdef-"' 
a 


131.  Proportion  is  an  equality  of  rntios. 

Thus,  if  a,  &,  c,  d  be  four  quantities,  such  that  a,  when  divided  by  b,  gives  the 
same  quotient  as  c  when  divided  by  </,  then  a,  6,  c,  d  are  said  to  be  in  propor- 
tion, or  to  be  inoportionals ;  the  numbers  20,  5,  36,  9  are  proportionals,  for 

20  ,  36 

— =4.  and  -77=4. 

o  y 

When  four  quantities  are  proportion nls,  it  is  usually  enunciated  by  saying 
that  the  first  is  to  Uie  second  as  the  tJiird  is  to  the  fourth.  Thus,  if  a,  6,  r,  (/  arc 
pro))oi-tioiia]s,  wo  say  that  a  is  to  6  as  c  is  to  d,  and  this  is  expressed  by  wri- 
ting them 

aibiicid,  or  a : b^c : d, 
or  as  fractions, 

a      c 
6  =3* 
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The  first  or  second  form  of  notation  is  usually  employed  m  geometry,  the 
last  m  analytical  investigations.  The  signs  : :  and  =  have  precisely  the  same 
meaning.     The  sign  :  is  the  sign  of  division. 

a     c 

132.  The  expression  aihiicid^  or  7  =:^,  is  called  a  proportion,  and  a,  6,  c,  d 

are  severally  called  the  terms  of  the  proportion.  The  first  and  last  are  called 
the  extreme  terms,  the  second  and  third  the  mean  terms.  The  first  term  is 
called  the  first  antecedent,  the  second  term  \he  first  consequent,  the  third  term 
the  second  antecedent,  and  the  fourth  term  the  second  consequent, 

133.  When  the  second  and  third  terms  of  a  proportion  are  identical,  the 
quantity  which  forms  these  terms  is  called  a  mean  proportional  between  the 
other  two ;  thus,  if  we  have  tliree  quantities  a,  b,  c,  such  that 

a:b::o:c,  or  t=~» 
0     c 

then  h  is  sud  to  be  a  mean  proportional  to  a  and  c,  and  c  is  called  a  third  pro- 
portional to  a  and  b. 

If,  in  a  series  of  proportional  magnitudes,  each  consequent  be  identical  with 
the  next  antecedent,  these  quantities  are  said  to  be  in  continued  proportion ; 
thus,  if  we  have  a  series  of  quantities,  a,  b,  c,  d,  e,  f,  g,  h,  such  that 

a:b:  :b:c::c:d::d:e::e :/::/:  g::g:k, 
or 

a     b      c     d     e     f     g 
l^'c^d^l'^f^g^h' 
then  the  quantities  a,  6,  c,  d,  e,f,  g,  h  are  in  continued  proportion. 
A  continued  proportion  is  called  a  progression. 

The  following  are  the  most  important  propositions  connected  with  the  sub- 
ject of  proportion. 

I.  If  four  quantities  be  proportionals,  the  product  of  the  extreme  terms  toiU  he 
equal  to  the  product  of  the  mean  term^. 

Let 

aibiicid, 

or 

a     e 

b^^d' 
Multiplying  these  equals  by  bd,  the  expression  becomes 

ad=bc. 

II.  Conversely,  If  the  product  of  any  two  quantities  be  equal  to  the  product 
of  any  oOier  two,  these  four*  quantities  will  constitute  a  jrroportion,  the  terms  of 
one  of  the  products  being  the  means,  and  the  terms  of  the  other  the  extremes. 

Let 

ad=zbc. 
Dividing  these  equals  by  bd,  the  expression  becomes 

a     c         c     a 
b'^d'^'^d'^b^ 
i.  e.,  a:b::c:d,  or  c:d::a:b. 
In  the  first,  a  and  b  are  the  extremes,  and  b  and  c  the  means ;  in  the  second^ 
h  and  c  are  the  extremes,  and  a  and  d  the  means. 

III.  If  three  quantities  be  in  continued  proportion,  the  product  of  the  extreme 
terms  is  equal  to  the  square  of  the  mean. 
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This  follows  immediately  from  I. ;  for  let  a,  &,  c  be  three  quantities  in  con- 
tinued proportion,  then 

a     b 

aihiihic,  or  r==~ 
b     c 

.*.  ac^b  xbhy  I. 

=zb\  or  5=  y/ac, 

IV.  Conversely,  If  the  product  of  any  two  quantities  be  equal  to  the  square 
of  a  thirds  th€  last  quantity  tvill  be  a  mean  proportional  between  the  other  two. 

Thus,  if  ac=&S  6  is  a  mean  proportional  between  a  and  c  ;  for,  since 

ac=b\ 

dividing  these  equals  by  bcy 

O'      b  ,      , 

-=-,  or  a:6::&:c. 
b     c 

y.  Quantities  which  have  the  same  ratio  to  the  same  qtiantity  are  equal  to 
one  another,  and  those  to  which  the  same  quantity  has  tht  same  ratio  are  equal 
to  one  another. 

First,  let  a  and  b  have  the  same  ratio  to  the  same  quantity  c,  then  a =6. 
Since 

aieiibic, 
or 

a_b 
c—c' 
multiply  these  equals  by  c  .*.  a=&. 
Again,  let  c  have  the  same  ratio  to  each  of  the  quantities  a  and  (,  tiben  a=:6. 
Since 

c:a::c:b. 


or  I 


dividing  these  equals  by  c. 


c     c 
a'^V 


1—1 

.*.  a^b, 

VI.  Ratios  that  are  equal  to  the  same  are  equal  to  one  another. 

Let  <*-^»*^*y  ?  r«, 

.     ,  ,  >  Then  a:o::c:a. 

And  c:a::x:y^ 

This  is  an  axiom. 

VII.  If  four  quantities  be  proportionals ,  they  toill  be  proportionals  cUso  alter- 
nando,  that  is,  the  first  will  have  the  same  ratio  to  the  Uiird  Ouit  the  setcnd  has 
to  (he  fourth. 

Let  a:5::c:^,  then,  also,  a:c::5:c/. 

a     c 
Since  t=~7i  divide  each  of  those  equals  by  c,  and  multiply  each  by  b. 

Then  -=";»  i.  e.,  a:c::6:a. 

c     a 

VIII.  If  four  quantities  be  proportionals,  they  unll  be  proportionals  also 
tnvertendo,  that  is,  the  second  will  have  to  the  first  the  same  ratio  Oiat  the 
fourth  has  to  the  third. 


• 
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Let  aibiicidt  then,  bUbo^  h:a::d:e, 

a     e 
Since  t=  j«  divide  unity  by  each  of  these  equals. 

WehaTe 

1  1 


©■©• 


or 


b     d 

— =— ;  i.  e.,  biaiidie. 
a     c 

IX.  If  four  quantities  be  proportionalsj  they  will  be  proportionals  also  com* 
poDeodo,  that  is,  the  first,  together  with  the  second,  will  have  to  the  second  the 
9ame  ratio  that  the  third,  together  wiOi  the^fourth,  hcu  to  the  fourth* 

Let  .a:b::e:d,  then,  also,  a-\-b:b::c-{-d:d. 


Since  a^=>  ^^^  ^  ^^  ®^^  ^^  these  equals,  then 

a  c 


or 


-?-=— "1— ;  i,  e.,  a-^-bibiie-^-did. 

X.  If  four  quantities  be  proportionals,  they  will  be  proportionals  also  divi- 
dendo,  that  is,  the  difference  of  the  first  and  second  will  have  to  the  second  the 
same  ratio  that  the  difference  of  the  third  and  fourth  has  to  tlie  fourth. 

Let  a:b::c:d,  then,  also,  a — b:b::c — did. 

a    c 
Since        T^^«  suhtract  unity  from  each  of  these  equals,  then 

a  e 

or 

•—. — =: — J—  ;  1.  e.,  a — b:b::e — did. 
b  a 

XL  If  four  quantities  be  proportionals,  they  will  be  proportionals  also  con- 
▼ertendo,  that  is,  the  first  will  have  to  the  difference  of  the  first  and  second  the 
same  ratio  tfiat  the  third  has  to  the  difference  of  the  third  and  fourth. 

Let  aibiicid,  then,  also,  aia — biicic — d, 

a     c  b     d 

Since  r=^  then,  by  prop.  VIII.,  -=- ;  and  lieuce,  subtracting  these  equal 

quantities  from  unity, 

b d 

a  c' 

or 

a — b     c — d 


or 


a  c 

r= If  i.  e.,  aia — biicic — d, 

a — b    C'-d 
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XII.  If  four  quantities  he  proportionals^  the  9um  of  the  first  and  second  wiU 
have  to  their  difference  the  same  ratio  that  the  sum  of  the  third  and  fourUi  hat 
to  their  difference. 

Let  a:h:ic:d,  then,  also,  a-\-h:a — bzic-^-die — cL 

a     c 
Since  I^5»  ^^  have, 

by  prop.  IX..  -y-=-^  ; 

a— &     c^d 
and,  by  prop.  X.,  — -r—zsz     ,    ; 

dividing  these  equals  by  each  other, 

a+6     c-^-d 


a— 6     c— d 

"T"    "5" 

or 

a+5     c-}-d  ,  7  ,         , 
7= %;  1.  e.,  a4-&:a — o::c4-a:c — a. 

XIII.  If  there  be  any  number  of  quantities  more  than  two,  and  as  many 
others^  which,  taken  two  and'  two  in  order,  are  proportionals  (ex  sequali),  tht 
first  will  have  to  the  last  of  tJie  first  rank  the  same  ratio  that  the  first  of  the- 
second  rank  has  to  the  last* 

Let 

a,  &,  c,  (/....  be  any  number  of  quantities. 


and 
Let 


^tfi  gi  h   ....  as  many  others. 

a:b  ::e  :f  j 

b:c  :''f  :g>  Then,  also,  a:d::e:h. 

c  :d::g:h  ) 


For,  since 


a     e 

c    i 
d-^h' 

multiplying  the  first  coliunn  together,  and  also  the  second, 

abc     efg 

b^^J^' 

or 

a     t 

"j— ^ T" ,  !•  e.,  a»az»e\n>* 

XIV.  If  there  be  any  number  of  quantities  more  than  tioo,  and  as  many 
others,  which,  taken  tico  and  two  in  a  cross  order,  are  proportionals  (ex  sqaafi 
perturbat^),  the  first  will  have  to  the  last  of  the  first  rank  the  same  ratio  that  the 
frU  of  the  second  rank  has  to  the  last. 


Let 

and 

Let 


For,  since 
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Ofby  Ct  d  ,  ,  .  .  be  any  number  of  quantitieSv 

e,/,  gfh  ....  as  many  others. 

a:b  ::g'h 

h:c  ::/ :g)^  Then,  also,  a:d::e:h> 

c  idi'.e  if 


a 

f( 

6" 

^h 

5 

f 

c 

g 

c 

c 

d- 

T 

ahc 

/?/< 

bed     hfif 


or 


a     e 


~l=ii  i*  ©•»  a:d::e:h, 

XV.  If  four  quantities  be  proportionals^  any  powers  or  roots  of  these  quan* 
titles  tcill  also  be  proportionals. 

Let  a:b::c:d ;  then,  also,  a" : 6" : : c° : ^'*. 

Since 

a     c  /a\"»      /cX" 

v=:^,  raising  each  of  these  equals  to  the  nth  power,  Ir)  =( -^j, 


a 


6_  SS     j_    f      I*    e*,    Ct      •  O      mmC     •  Cw    t 
"a" 

where  n  may  be  either  integral  or  fractional.* 

XVI.  Jf  there  be  any  number  of  proportional  quantities,  the  first  will  have  to 
the  second  the  same  ratio  that  the  sum  of  all  tlie  antecedents  has  to  the  sum  of 
all  the  consequents. 

Let  a,  6,  c,  d,  «,/,  g,  h  be  any  number  of  proportional  quantities,  such  that 

aib  ::c:d :  :e:f::  g  :h. 


Then 
Since 

we  have 


a     c      e     g 


ab  ^ba 
ad=bc 
af=be 
ahz=zhff, 

and  •.  a{b+d+f-\-h)^H't  +  r+e+g) 

a     flr-|-c+e+/y 

•*•  {—h  +  d+f+h 
or  aibiia-\-c-\-e-\-gib-\'d-\'f'\'h. 


*  Tb0  ntlo  of  the  ret ulting  propoition  ii  the  n^  power  of  the  ratio  of  the  given  \;(CQ^Qict.>ui&. 
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XVII.  If  three  quantities  be  in  continued  proportion,  the  first  will  haife  to 
the  third  Oie  duplicate  ratio  of  that  which  it  has  to  the  second* 

Let  a:b::b:c,  then  a:c::a*:bK 

Since 

a     b  a 

T^-»  multiply  each  of  these  equals  by  ^ ;  then 

a     a     b     a       a^     a     ,  ^  _, 

XVIII.  If  four  quantities  be  in  continued  proportion,  the  first  will  have  te 
thefourOi  the  triplicate  ratio  of  that  which  it  has  to  the  second. 

Let  a,  b,  Cy  d\}Q  four  quantities  in  continued  proportion,  so  that 

aibwbiciicid  ;  then,  also,  a:d::a^:bK 
Since 

a     b     c 

T=-=  J,  we  have 
6     c .   d 


a 

b 

V 

"c 

a 

c 

V 

=5 

a 

a 

r 

=6' 

Multiplying 

these 

equals 

together, 

a» 

bca 

6^= 

-cdV 

a» 

a 

or 

t5=t;  i.  e.,  aidzia^il^. 

XIX.  If  two  proportions  be  multiplied  together,  term  by  term^  (he  products 
will  form  a  proportion. 

Let  aibiicid, 

and  eifiigih; 

then  aeibfiicg:  dh, 

a     c  e      g 

for  T="7»  and  "7  =7- ; 


hence,  multiplying  equals, 


b—d"^^^  f—h 


ae     eg 

■r-^-jY^  or  ae:bf::cg:  dh* 

The  compatibility  of  any  change  in  the  order  of  the  terms  of  a  proportion 
may  be  tested  by  forming  the  product  of  the  extremes  and  means  in  both  the 
original  and  changed  proportion,  when,  if  they  agree,  the  change  is  correct 
Thus,  a:b::c:d  may  be  written  dibiicia,  for  we  have  ad=sbc  in  both. 

EXAMPLES  IN   PROPORTION. 

(1)  The  mercurial  barometer  stands  at  a  height  of  30  inches,  and  the  8peci6c 
gravity  of  quicksilver  b  13  J  J.     How  high  would  a  water  barometer  stand  ? 

Ans.  33  feet  11 1  inches. 

(2)  The  weights  of  a  lever  have  the  same  ratio  as  tlie  lengths  of  the  oppo 
site  arms.  The  ratio  of  the  weights  is  5,  and  the  longer  arm  10  inches 
What  is  the  length  of  tlie  shorter  arm  ?  Ans.  2  inches. 

*  TIm  ratio  of  the  retoUiog  proportica  ii  the  product  of  the  ratios  of  the  two  given  pro- 
jwrtiDoft 
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(3)  The  weights  of  a  lever  are  6  and  8  pounds,  and  the  length  of  the  shorter 
arm  18  inches.    What  is  that  of  the  longer  ?  Ans.  24  inches. 

(4)  At  the  end  of  an  arm  of  a  lever  5  inches  long,  what  weight  can  be  sup- 
ported by  2]  pounds  acting  at  the  end  of  an  arm  4^  inclies  long? 

Ans.  2^j  pounds. 

(5)  Triangles  are  to  each  other  as  the  products  of  their  bases  by  thou*  alti- 
tudes. The  bases  of  two  triangles  are  to  each  other  as  17  and  18,  and  their 
altitudes  as  21  and  23.     What  is  the  ratio  of  the  triangles  themselves  T 

Ans.  119:138. 

(6)  The  force  of  gravitation  is  inversely  as  the  square  of  the  distance.  At 
the  distance  1  from  the  centre  of  the  eaith  this  force  is  expressed  by  the 
number  32.16.     By  what  is  it  exprossoil  nt  the  distance  60  ? 

Ans.  0.0089. 

(7)  The  motion  of  a  plnnot  about  the  sun  for  a  short  space  is  proportional 
to  unity  divided  by  the  duplicate  of  the  distance.  If  the  motion  be  represented 
by  V  when  the  distance  is  r,  by  what  will  it  bo  expressed  when  the  distance  is  r'  ? 

Ans.  —. 

(8)  The  times  of  revolution  of  the  planets  about  the  sun  are  in  the  sesquipli- 
cate  ratio  of  their  mean  distances.  The  mean  distance  of  the  earth  from  the 
sun  being  expressed  by  1,  that  of  Jupiter  will  be  5.202776 ;  the  time  of  revolu- 
tion of  the  earth  is  365.2563835  days.  What  is  the  time  of  revolution  of 
Jupiter?  Ans.  4332.5848212  days. 


EQUATIONS. 

FRELIMIXART   REMARKS. 

134.  Aif  equation,  in  the  most  general  acceptation  of  the  term,  is  composed 
of  two  algebraic  expressions  which  are  equal  to  each  other,  connected  by  the 
sign  of  equality. 

Thus,  (Z2-=i,  cz^+dx=:Cj  cr^-{-g3^=hX'\'k,  mx*'\'n3p-\'pjifl-\-qx-\'r=0,Qre 

equations. 

The  t^ro  quantities  separated  by  the  sij^n  =  are  called  the  mcmhers  of  the 
equation,  the  quantity  to  the  left  of  the  sign  =  is  called  iho  first  member,  the 
quantity  to  the  right  the  second  munht-r.  The  quantities  separated  by  the 
signs  -|-  and  —  are  called  tlie  terms  of  the  equation. 

135.  Equations  are  usually  composed  of  certain  quantities  which  are  known 
and  given,  and  others  which  are  unknown.  The  known  quantities  are  in 
genera]  represented  either  by  numbers,  or  by  the  first  letters  in  the  alphabet, 
a,  h,  c,  &c. ;  the  unknown  quantities  by  tlio  last  letters,  5,  t,  r,  y,  2,  &;c. 

136.  Equations  are  of  different  kinds. 

V*,  An  equation  may  be  such  that  one  of  the  members  is  a  repetition  of  the 
other;  as,  2j:— 5^2r— 5. 

2**.  One  member  may  be  merely  tlie  result  of  certain  operations  indicated 
in  the  other  member;  as,  5x-|-16=10r— -5— (5:r— 21),  (x-|-y)(x— y)=x®— y*. 
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3°.  AH  the  quantities  in  each  member  may  be  known  and  given ;  as,  25:=  10 
4-15,  a'\-b=c — dj  ill  which,  if  we  substitute  for  a,  &,  c,  d  the  known  quan- 
tities which  they  represent,  the  equality  subsisting  between  the  two  members 
will  be  self-evident. 

In  each  of  the  above  cases  the  equation  is  called  an  identical  equation, 

4  .  Finally,  tlie  equation  may  contain  both  known  and  unknown  quantities, 
and  be  such  tliat  the  equality  subsisting  between  the  two  members  can  not  be 
made  manifest,  until  we  substitute  for  the  unknown  quantity  or  quantities  cer- 
tain other  numbers,  tlie  value  of  which  depends  upon  the  known  numbers 
which  enter  into  the  equation.  The  discovery  of  these  unknown  numbers 
constitutes  what  is  called  the  solution  of  the  equation. 

When  found  and  put  in  the  place  of  the  letters  which  represent  them, 
if  they  make  the  equality  of  the  two  members  evident^  the  equation  is  said  to 
be  verified,  or  satisfied. 

The  word  equation,  when  used  without  any  qualification,  is  always  under- 
stood to  signify  an  equation  of  this  last  species  ;  and  these  alone  are  tlie  objects 
of  our  present  investigations. 

x-|-4=7  is  an  equation  properly  so  called,  for  it  contains  an  unknown 
quantity  j:,  combined  with  other  quantities  which  are  known  and  given,  and 
the  equality  subsisting  between  the  two  members  of  the  equation  can  not  be 
made  manifest  until  we  find  a  value  for  j-,  such  that,  when  added  to  4,  the 
result  will  be  equal  to  7.  This  condition  will  be  satisfied  if  we  make  j::=3; 
and  this  value  of  x  being  determined,  the  equation  is  solved. 

The  value  of  the  unknown  quantity  thus  discovered  is  called  the  root  of  the 
equation,  being  the  radix  out  of  which  the  equation  is  formed ;  the  term  root 
here  has  a  dififerent  sense  from  that  in  which  we  have  hitherto  used  it,  viz., 
that  of  the  base  of  a  power. 

137.  Equations  are  divided  into  degrees  according  to  the  highest  power  of 
the  unknown  quantity  which  they  contain.  Those  which  involve  the  simple 
,cr  first  power  only  of  the  unknown  quantity  are  called  simple  equations,  or 
equations  of  the  first  degree ;  those  into  which  the  square  of  tlie  unknown 
quantity  enters  are  called  quadratic  equations,  or  equations  of  the  second  de- 
gree:  so  we  have  cubic  equations,  or  equations  of  the  third  degree  ;  biquad- 
ratic equations,  or  equations  of  the  fourth  degree  :  equations  of  the  fifth,  sixth, 

,  ,  ,  ^  ,n^  degree.     Thus, 

ax -^b    :=zcx-\-d  is  a  simple  equation. 

4jp2 — 2x  r=5— a"*  w  a  quridrntic  equation. 

j^-\-px'=z2q  is  a  cubic  equation. 

x''-\-]u-^~^-\-qjt.^~'-\-,  Acc,  =r,  is  an  equation  of  the  n^  degree. 

138.  Numerical  equations  are  those  whicli  contain  numbers  only,  in  addition 
to  the  unknown  quantities.  Thus,  j^+5.?'^=3r-|-17  and  4x=:7y  are  numer- 
ical equations. 

139.  Literal  equations  are  those  in  which  the  known  quantities  are  repre- 
sented by  letters  only,  or  by  both  letters  and  numbers.  Thus,  2r^-\-pj^-{-qxs:zr, 
X* — \]pr^jj -\-3q3ry--\-rxi/^=o  are  liteml  equations. 

140.  Let  us  now  pass  on  to  consider  the  solution  of  equations,  it  being  under- 
stood that  to  solve  an  equation  is  to  find  the  value  of  the  unknown  qyantity,  or 
to  find  a  vvmher  which,  vht  n  suhsfitufrdfor  the  unknown  quantity  in  Uic  eqiui- 
tvin.  rtndcrs  the  first  member  identical  with  the  second. 
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The  difficulty  of  solving  equations  depends  upon  the  degree  of  the  equations 
and  the  number  of  unknown  quantities.     We  first  consider  the  most  simple 


ON  THE  SOLUTION  OP  SIMPLE  EQUATIONS  CONTAINING  ONE  UN- 
KNOWN QUANTITY. 

141.  The  various  operations  which  wo  perform  upon  equations,  in  order  to 
arrive  at  the  value  of  the  unknown  quantities,  are  founded  upon  the  following 
axioms: 

If  to  two  equal  quantities  the  same  quantity  he  added,  tfie  sums  will  be  equal. 

If  from  two  equal  quantities  the  same  quantity  be  subtracted,  the  remainders 
will  be  equal. 

If  tujo  equal  quantities  be  multiplied  by  the  same  quantity,  the  products  mil 
be  equal. 

If  two  equal  quantities  be  divided  by  iJte  same  quantity,  the  quotients  will  be 
equal. 

These  axioms,  when  applied  to  the  two  equal  quantities  which  constitute 
the  two  members  of  every  equation,  will  enable  us  to  deduce  from  thcui  new 
equations,  which  are  all  satisfied  by  the  same  value  of  tlie  miknown.quantity, 
and  which  will  lead  us  to  discover  that  value. 

142.  The  unknown  quantity  may  bo  combined  with  the  known  quantities  m 
the  given  equation  by  the  operations  of  addition,  subtraction,  multiplication, 
and  division.     We  shall  consider  these  different  cases  in  succession. 

T.  Let  it  be  required  to  solve  the  equation 

If,  firom  the  two  equal  quantities  r-|-a  and  6,  we  subtract  the  same  quantity 
a,  the  remainders  will  be  equal,  and  we  shall  have 

ar+a — a=b — a, 
or 

r=6 — a,  the  value  of  a:  required. 

So,  also,  in  the  equation 

r+6=24. 

Subtracting  6  from  each  of  the  equal  quantities  x-\-6  and  24,  the  result  is 

x=24— 6 
=18,  the  value  of  x  required. 

II.  Let  the  equation  be 

X — a=b. 

If,  to  the  two  equal  quantities  x — a  and  b,  the  same  quantity  a  be  added, 
the  sums  will  be  equal ;  then  we  have 

X — a'\'a=:b-\-a, 
or 

x=6+a,  the  value  of  a:  required. 

So,  also,  in  the  equation 

X— 6=24. 

Addmg  6  to  each  of  these  equal  quantities,  the  result  is 

x=24  +  6 
=30,  the  value  of  z  required. 

It  follows  from  (I.)  and  (II.)  that 
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We  may  transpose  any  term  of  an  equation  from  one  member  to  the  other  by 
changing  the  sign  oftfiaf.  term.* 

We  may  change  Oie  signs  of  every  term  in  each  member  of  the  equation  «0tA 
out  altering  the  value  of  the  cxpression.f 

If  the  same  quantify  appear  in  each  member  of  the  equation  affected  tcM  th 
same  sign^  it  may  be  suppressed, 

III    Let  the  equation  be 

Dividing  each  of  these  equals  by  a,  the  result  is 

b 
r=:-,  the  value  of  or  required. 

So,  also,  in  the  equation 

6t=24. 
Dividing  each  of  these  equals  by  6,  the  result  is 

.T=4,  the  value  of  x  required. 

From  tliis  it  follows  that, 

When  one  member  of  an  equation  contains  tJie  unknown  quantity  aumc, 
affected  with  a  coefficient,  and  the  other  member  contains  known  quantities  only, 
the  value  of  die  unknown  quantity  is  found  by  dividing  each  number  of  the 
equation  by  the  coefficient  of  the  unknown  quantity 

IV.  Let  the  equation  be 

j: 
a 
Multiplying  each  of  these  equals  by  a,  the  result  is 

x=a6,  the  value  of  x  required. 

So,  also,  in  the  equation 

£=24. 
6 

Multiplying  each  of  those  equals  by  C,  the  result  is 

T=144. 

From  this  it  follows  that. 

When  one  member  of  the  equation  contains  the  unknoum  quantity  alone,  di- 
vided by  a  knoum  quantity,  and  the  other  member  contains  known  quantities 
only,  t)te  value  of  the  unknown  quantity  is  found  by  multiplying  each  member 
'jfthc  equation  by  the  quantity  which  is  the  divisor  of  the  unknown  quantity, 

V.  Let  the  equation  bo 

ax  dx     m 

b  e       n' 

In  order  to  solve  this  equation,  wo  must  clear  it  of  fractions ;  to  effect  this, 
reduce  Uio  fnictions  to  equivalent  ones,  having  a  common  denominator  (Art. 
41),  the  equation  becomes 

aenx     been     bdnx     bem. 
ben       ben        ben       hen ' 
Multiply  these  equal  quantities  by  the  same  quantity  ben,  or,  which  is  evi- 


*  If  we  transpose  a  plas  term,  it  subtracts  this  term  from  both  members ;  tnd  if  wo 
traa<ipose  a  minus  term,  it  adds  tliis  term  to  both. 

1  This  Is,  in  fact,  the  same  thinar  aa  transposing  every  term  in  each  member  of  the  equa 
iion,  or  multiplying  throaglK>ut  by  — 1. 
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dentlj  the  same  thing,  suppress  the  denominator  ben  iu  each  of  the  fractions, 
the  result  is 

aenx — hcen=:bdnx — bcm^  an  equation  clear  effractions. 
So,  also,  in  the  equation 

2z     3  X 

Reducing  the  fractions  to  a  common  denominator 

4()x     45      GGO      12j 
go"  ""go"  "60"  "^iKr* 

Multiplying  both  members  of  the  equation  by  60,  the  result  is 
AOx — 45=6004-1'^-^,  nn  equation  cloar  of  fractions. 

If  the  denominators  have  common  factors,  we  can  simplify  the  above  opera- 
tion by  reducing  them  to  thoir  least  common  denominator,  which  is  done  (see 
Art.  44)  by  finding  the  least  common  multiple  of  the  denominators.  Thus,  in 
the  equation 

5x     4x  __7      13j: 

The  least  common  multiple  of  the  numbers  1*2,  3,  8,  G  is  24,  which  is,  there- 
fore, the  least  common  denominator  of  the  above  fractions,  and  the  equation 
will  become 

lOz     32  J     312     21      52  J 

Multiplying  botli  members  of  the  equation  by  24,  the  result  is 

lOr — 32ir — 312=21 — 62^-,  an  equation  clear  effractions. 

Hence  it  appears  that, 

Jn  order  to  clear  an  equation  of  fractions,  reduce  the  fractions  to  a  common 
denominator,  and  tlicn  multiply  each  term  by  this  common  denominator.  In  the 
fractional  terms  the  common  denominator  icill  be  simply  suppressed. 

143.  From  wlut  has  been  said  above,  we  deduce  the  following  genenil 

RULE  FOR  THE  SOLUTION  OF  A  SIMPLE  Ei^UATION  CONTAINI?fO  ONE  UNKNOWN 

(QUANTITY. 

1®.  Clear  the  equation  of  fractions,  and  perform  in  boOi  members  all  the  alge- 
braic operations  indicated, 

2*.  Transpose  all  the  terms  containing  the  unknown  quantity  to  one  member 
of  the  equation,  and  all  the  terms  containing  known  quantities  only  to  Oie  oOicr 
member,  and  reduce  each  member  to  its  most  simple  form, 

3".  We  Uius  obtain  an  equation^  one  member  of  which  contains  the  unlnown 
qttaniity  alone,  affected  with  a  coefficient,  and  the  other  number  contains  known 
quantities  only  ;  Oie  value  of  the  unknown  quantity  will  be  found  by  dividing  th^ 
member  composed  of  the  known  quantities  by  Oie  coefficient  of  tit c  unknoivn 
quantity. 

The  terms  containing  the  unknown  quantitj'  are  usuiilly  collected  in  the/r5/ 
member  of  the  equation,  though  they  may  often  be  more  conveniently  col- 
lected in  the  second ;  the  second  being  aftenvard  written  as  the  first  member, 
and  the  first  as  the  second. 

Sometimes  an  equation  presents  itself  ns  one  of  a  degree  higher  than  the 
first,  but  both  members  are  divisible  by  such  a  power  of  the  unknown  quan- 
tity M  to  reduce  the  equation  to  one  of  the  first  degree. 
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In  other  cases,  clearing  an  equation  of  fractions  reduces  it,  by  the  cancelJDg 
of  those  terms  which  contain  the  higher  powers  of  the  unknown  quantity,  to 
tlic  first  degree. 

A  proportion  containing  an  unknown  quantity  in  any  of  its  terms  can  be 
thrown  into  the  form  of  an  equation  by  multiplying  the  extremes,  and  also  thn 
means,  and  setting  the  two  products  thus  formed  equal  to  each  other. 

EXAMPLE  I. 

Given,  I9j+13  =59— 4x. 

Traii8i)08ing,  19j-|-  4r=59 — 13. 

Reducing,  232r=46. 

Dividing  by  23,  t=2. 

Verification. — Substitute  2  for  i  in  the  given  equation,  it  becomes 

19x2+13=59—4X2,  or 

38+13=59—8,  an  identity. 
Let  this  process  be  repeated  in  some  of  the  following  examples. 

EXAMPLE  II. 

Given,  |-f+10  =     |-5+ll. 

Reducing  to  least  common  denominator  12, 

2jr     3j:  4x     6a: 

Multiplying  both  members  by  12, 

oa:— 3X+120  =  4j:— 6X+132. 
Transposing,   2x— 3x— 4x+6.r=132— 120. 
Reducing,  x         =12. 

EXAMPLE    III. 

5x+3  4x— 10 

Given,  -4     +^  =  ~To~+^^- 

Reducing  to  least  common  denominator  20, 

25J-+15  8x— 20 

— — 4-7  = 1-10. 

20      ^'   —       20     ^ 

Multiplying  both  members  by  20, 

25x+15+140=  8x— 20+200. 

Transposing,  25x—  8t=200— 20— 15— 140. 

Reducing,  17x=  25. 

25 
Dividmg  by  17,  t=  — . 

EXAMPLE  lY. 

2x— 5     7X+10                12x— 10 
Given,  — ^ —3—  =16 ^— . 

Reducing  to  common  denominator, 

30x— 75     140x+200__         144x— 120 
60      "        60        =^^—        60        • 
Multiplying  both  members  by  60, 

30x— 75— 140x— 200  =960— 144x+120. 
Transposing,  30x—140x+144x=960+  75  +200+120. 
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Reducing,  34z=1355. 

^     ,  1355 

DiTidingby34,  xs=:-r--. 

It  is  unnecessary  to  write  the  common  denominator. 

EXAMPLE  V. 

12— 4ar     ac+5  7x4-60 

even,  —^ f-     =3+-^-50. 

Reducing  to  least  common  donominntor,  10,  and  neglecting  it,  we  have 

12— 4x— 4x— 10  =30+   35X+300— 500. 
Transposing,      — 4a:— 4x— 35r=3o4-300  —  12+10—500. 
Reducing,  — 43t=  — 172. 

Changing  the  signs  of  both  members,* 

43x=      172. 
Dividing  by  43,  x=         4. 

EXAMPLE  VI. 

Given,  OJ+ft  =cx+<^. 

Transposing,  ax — cr=  d — b. 

Simplifying,  (a — c)x=  d — 6. 

d—h 
Dividing  by  (a — c;,  j:=     __  . 

EXAMPLE  VII. 

ax     ex  -      gx 

Reducing  to  a  common  denominator, 

adhx     hchx  hdgx 

Multiplying  by  bdh, 

adhx-\-  bchxJ^  bdKh=bdf/ix-\-  hdgx-\'  bdhm. 
Transposing,  adhx-\'  bchx — bdfhx — bdgx = bdhm — bdeh . 
Simplifying,        (adh + bch — bdfh — bdf:)xz=bd/itn — bdeh. 

bdhm — bdek 
Dividing  by  coefficient  of  x,  '=adh+bch-bdfh-hdg 

bdh^m-^e) 
'^adh+ bch — bdfh — bdg 

EXAMPLE  VIII. 

X  dx 

Given,  — 1 +3a6=0. 

a  c   * 

Reducing  to  common  denominator  and  iioglecting  it, 

ex — ae — aJa:+3a^6c=0. 

Transposing  and  simplifying,  (c — ad)x=zac — Sa-hc, 

ac(l— 3(i&) 
Dividing  by  coefficient  of  x,  x= . — . 

Verijieation. 
ac(l— 3a5) 


c^^ad  aedil — Sab) 

a  c{e — ad)      ' 


*  Or  dxviding  both  memben  by  — 43,  givei  x=4. 
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or 


or 


c(l  —:\(ih)  (£</(! —3flfc) 

c — ad  c — ad      "•         ""    ' 


c~~3abc^c+ad—ad+3a-bd+3abc—3a-bd:=0. 


EXAMPLE  IX. 

Given, 

x-\-lS=3x—5. 

Transposing, 

18+5  =3x— .r 
i>3=2.r 

i>3 

EXAMPLE  X. 

Given, 

a      6      (£ 

Clearing  of  fractions, 

<Zff 

bc-{-cd' 

EXAMPLE    XI. 

Given, 

Si-s— lOj-ssar+z-. 

Dividing  by  a:, 

ar— 10  =8  +x 

x=9. 

EXAMPLE  XII. 

Given, 

x^=zax^~^. 

Dividing  by  x"~S 

x=za. 

EXAMPLE  XIII. 

■  3(v<kr« 

ax'^^a'             a" 

,.IU 


..tll-1* 


Multiplying  by  x",         ax"'—a'=a.c^ — a"x. 
Canceling  ox"  in  both  inembei*8. 


a 


— a'= — a  'X .'.  xs=.—r, 


a' 


EXAMPLE  XIV. 


ad 


Given,  aibxiicid  »',bcx=.ad  ,'*x^=.-r-' 

be 

144.  In  addition  to  tlio  axioms  in  (Art.  141)  wo  may  subjoin  tlio  following: 
Iftico  equal  quantifies  be  raised  to  the  same  power ^  the  results  will  be  equal. 
If  the  same  root  of  two  equal  quantities  be  extracted ^  the  results  will  be  equal, 
Henco  any  cquntioii  nmy  bo  cleari'd  of  a  singlo  radical  quantity  by  trans- 
posing all  the  other  Icnns  to  tlie  opposite  sidts  and  then  raising  each  member 
to  tho  power  denoted  by  tlio  index  uf  the  rudical.     If  there  bo  more  than  one 
nulJcal,  the  operatiou  must  be  repeated.    Thus : 
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KXAMPLE  XV. 


Giveo,  V3j-+7=10. 

Squaring  each  member  of  the  equation, 

3jr+7=100. 
Transposing,  3j-=100 — 7. 

Keducing,  and  dividing  by  3,  jr=ol. 

EXAMPLE  XVI. 


Given,  V*l-'+*^=  V-*J^+^' 

Squaring  both  sides  of  tlie  oquution, 

4i"-j-2=4j+ 10  \/Ir+25. 
Reducing,  — 10V4r=*23. 

Squaring  both  sides,  400.r=5*29. 

__5*29 
•^~400' 


Given, 


EXAMPLE  XVII. 


Clearing  the  equation  of  fractions, 

r+28-v/x+GV^+168=i'+38  /j:+4  Vj:+152. 
Transposing  and  reducing,  1G=8  V^* 

Dividing  both  members  by  8,  2=    '^x. 

Squaring  both  members,  4=       x. 

EXAMPLE  XVIII. 


Given,  V"+^  ^^^jf'+bax+b*. 

Raising  both  members  to  the  m^''  power, 

/z+J^  =  \/-'^+'^"-^+^^« 
Squaring  both  membera,  a'-\-2ax-\-x^=zd^-{-5ax-\-h'. 
Transposing  and  reducing,  — Sax  =6- — a'^. 

Changing  the  signs,  'Sax  =cr- — Jr. 

a-— 6* 
Dividing  by  3a,  x  =  . 


Given, 


EXAMPLE  XIX. 

^r—a-     -^x—a 


-'^x-rC      b 

Since  ^x  is  the  square  of  -i{J/r,  and  a-  is  the  square  of  a,  we  can  perform 
the  division  indicated  in  the  first  fraction,  and  have  for  a  quotient 

...  (6— i)-Yj-=— C^+iK 

(20)  Given  4j-f36=5jr+34.  Ans.  a:=2. 

(21)  Given  4jr—12+3x+l=2x+4.  Ans.  a:=3. 
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[22)  Given  :)i£+j  — r)6+2=76— a+c+6.       Ana.  x=126— 4a+c+4. 

[23)  Given  13J— -=2z— 8J.  Ans.  i:=9. 

24)  Given  12J+3X— 6— y  =  J— 5J.  An8.x=139J. 

[25)  Given  1+1=^+7.  An8a:=12. 

[26)  Given  ^+-+-=13.  Ans.  x=12. 

[27)  Given  a:+-— -=4t— 17.  Ans.  r=6. 

T+4 

[28)  Given  5 jy-rsr— 3.  An«.x=7. 

3r— 5  2j— 4 

[29)  Given  x+--; — =12—  .  Aug.  r=5. 

x4-l     x4-3     a:+4  .     ^  *  ^, 

30)  Given  -J— +--7--= ^^  +  16.  Ans.  x=41. 

^      '  3  4  O 

^  »•  4jr 

[31)  Given  Sx— — +12=-r-+26.  Ans.  r=12. 

X     4x  41jr 

[32)  Given7x+13j  — -=y— 8J+— .  Ans.  t=9. 

[33)  Given  8j:— 7J— Jr±10— 6x— 2J=0.  Ans.  r=0,  or  8}- 

[34)  Given4(5j+7— f)=J(3x+9— 4).  Ans.  x=— 1}. 

[35)  Given    ^,^-_T'   ="T6F"'  '  '=2A- 

T— 5  284  ^—x 

[36)  Given  — r-+6x=— 7 — .  Ans.  x=9. 
\     I                 4      •                 5 

11 X     19 X 

[37)  Given  x+ — - — =-^^^ — .  Ans.  x=5. 

2x4-0  ll.r— 37 

[38)  Given  3x4-— r^— =5  + Ty —  •  ■^"''  *=7. 

6j— 4  18— 4x 

[39)  Given  —z — —2= — - — 4-x.  Ans.  x=4. 

3x— 11      5x— 5     97— 7x 

[40)  Given214-^^7— =— g 1""""^'  Ans.  x=9 

T— 4  5X+14       1 

[41)  Given  3x ^ 4= — '- — •  ^^'  ^=^ 

X— 1     23— X  44-x  .  _ 

[42)  Given  -;r-H =—  =7 Ans.  x=8 


[43)  Given 


7X+5     16+4X  3X+9 

—3 — "T^ +^=^r  •  ^"'-  """^ 

3x+4     7x— 3     X— 16  . 

[44)  Given  -^- —-=—^.  Ans.  x=2 

17— 3x     4x4-2     ^     ^    .  7x4-14  .                _ 

[45)  Given  — — j-  =5— 6x-;- — ^ — .  Ans.  xr=4 

3t— 3  20— X     6x— 8     4x— 4 

[46)  Givenx 5~"+'*=~2~""'"7~+^"''  Ans.  x=6 
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^47] 
(48) 

(49) 
(50] 

(52] 

(53] 
(54] 


Given 


4^— 21 


57— 3r 


— +3J+-1 


6ar+18       .     11— 3j 
Given  — S 4J— — :7;r-=6x— 48— 


5x— 96 
241— — —— — llx.       Ans.  a:=21. 

13— r     oi_2x 


13 


36 


l*> 


18 


Given  21  + 


3r— 11      5r— 5     97— 7^: 


16 


=-^-+ 


8 


_,.        hx     d     a     ex 

Given =T — J. 

a     c      0      d 


Ans.  7=10. 
Ans.  x=9. 
ad 


Ans.  xzsz 


be' 


6a:— 1      3t— 2     llr— 3     13jr— 15     ar— 2 
Given  23+ -^^+-3 


11 


12 


Ans.  2r=9. 

1      3a:— 13     12+7j:                      9+5x     lU— 17 
Given  4x+- ^j— =7x-33 — g— . 

Ans.  x=15. 

^.        ace     {a4-hyx     ,  ,  aV(c— (/) 

Given  —J- — bxssae — 3bx.  Ans.  x=z.   .  ,  ,-.  .. 

d  a  (a'*+6*)a 

_.        a+3a:     7a — 5j:  9j:      x      bx 


Ans.  T=- 


39a6— 14a« 


(55] 


Given 


bx 


(56] 
(57] 
(58] 
(59] 
(60] 
(6i; 

« 

(62] 
(63] 
(64] 
(65] 


27(i6— 96+12' 

(36c+a</)3:       bab       {3bc^ad)x     5a(26— <?) 

26— a""  2a6(a+6)  ""3c— e/~  2tf6(a— 6)  ""    a«  — 6«    * 

5/z(26— a) 
3c— rf    • 
rf — c 


Ans.  x=- 


Given  ax+c=:6x+(f. 

Given  2ar— 6a:+2a6=4a» — ab — 3ax. 

Given  (3a— x)(a— 6)+2ax=46(a+x). 

Given  -aj+T6x=c. 

Given  — 1 +3a6=0. 

a  c    • 


Ans.  T= 
Ans.  2=: 


a-6- 
4a»— 3a6 


Ans.  Xsn 


5a-6   • 
7a6— 3a« 


Ans.  x= 
Ans.  x= 


a-36   " 
6c 


3a +26' 
ar(l— 3a6) 


Given 


a-x 


7 |-f/c=:6T — aC. 

6 — c  ' 


Ans.  x=i 


c — ad 
abc — ac^-\-bcd — c^d 


ax  mx      , 

Given -r —  c= — +a. 


6«— 6c— a« 

6cri+6ff?i 


Given 


6 
ax 
a — 6 


+46  = 


ex 


3a+6' 


Ans.  x= 
Ans.  x= 
Ans.  T= 


an — bm  ' 
8a6«+46^— 12a^6 
3a«+a6— ac+6c* 
4a2(a«+a6— 6^) 


36x     X— 6     6x — a»      x 
G»^en  2^— ^:p=-^;?i::p— 4^-       *-"-  -— 3a3-6a«6+a6-+6^* 

(a+6)(x— 6)  4a6— 6«  a^- 6x 

Given  ^  ^  ^S -—30=    ,  .  ,    — 2x+- 


a— 6 


a+6       — r      ^     • 

(,4+ aa^i  _|-  4a^6«— 6a6'+26* 
6(4a«+2a6— 26«) 


Ans.  x= 
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_.        ax     b     ex    px     q     TX        ^  'kh'\-kq 

(66)  Given  — y-J^-r~ -—-7:.      Ans.  a:=— t- — i^x^^i^ 

X     ax     hx      ex     mx 

(67)  Given  ;^.+2;j+3;^+j5=^+i>. 

^°*'  ^— 12(1— »n)+2(3ffl+26)+3c* 

(68)  Given  r(ax+6—c)=c(pr+?—r).  Ans.  t=^^_     . 

(69)  Given  £±£f=:?f =!!E=!?.  Ans.  ^=^^^^=15. 

(70)  Given  (Jni+i?)(?x-.3r)=(|m+2p)(Jx-.7r). 

r(952wi+4928p) 


Ans.  x=- 


9m+208p 


m«x     h*  4m«x— ^«fi— SnV^r 

(71)  Given  — — — |-5iir= 


n       g  •  dng 

4nA« 
Ans.  r=: 


5w«g— 4w«+33»*^' 

13(5ajr— 2226)     24(3aT— 20|6) 

(72)  Given ^, = ;^ . 

(2041c— 4406iAf)6 
^^''—    (455c— 648A:)«    ' 

_.        13m — 7x     4m — x      m+p 

(73)  Given ; 1- = — -^-^ kx. 

^     '  m-Yp     '   m — p       m — p 

llmj?— 16m«4>n» 
^°«'  ^-6;>-8;;i+A:(m-— !?«)• 

3<z6c      (2a+6)62a:        a«6«  6x 

(74)  Given  — rT+     /     .  rw  +/    .  i.x3=3cj:+— . 
^     '  a+o       a(a+&)'    '  (a+fc)'  ^   a 

3fl«6c(a+6)9+rt»6« 


Ans.  x-=. 


(3ac+6)(a+6)3— (2a+6)(a+6)6«* 


a'— 36r       ,       ,       66r— 5a»     6x+4a 

(75)  Given  ar ai«=ix+ r -7-—. 

^     '  a  '        2a  4 

4a&>— 10a 


Ans.  X'sz- 


(76)  Given  00:^+^^=^^+ ^'^^  Ans.  a:= 


4a— 36   ' 
J— 6 


a — c 


(77)  Given  Ax»+Br»->=Cr»—Da-°-^  Ans.  3:=^"^ 


C-A' 


14a»— 2a«6x  21a'+5a«6z 


105a' 

Ans.  x=: 


151a-6+28611c*i» 


4m(K«— 5i«)                 5711  (^— 2a:)  ,  2K» 

(79)  Given  — ^—z -=7mpH ^^ ^.  Ans.  x=: 


gj.         -.",rn-  4  •  ^""••*^-2e/;+55«- 

24a:«  5a:« 

(80)  Given  jz::^^—-^:^^'  Ans.  x=3}^. 


SIMPLE  EOUATIONS.  141 

(8i; 


(82 

(83 
(84 
(85 

(86 

(87 
(88 
(89 
(90 
(91 
(92 

(93 
(94 

(95 

(96 

(97 

^98 


^.         oar"         mx^  ^              hm — ap 

Given  T-. —  = — ; — .  Am.  a:= -. 

o+cx     p+qx  aq — cm 

Given  12— x:-::4:l.  Ans.  t=4. 

5x+4   18— r 

Given — - — : — - — ::7:4.  Ans.  t=2. 
A            4 

Given  20:1  ::1:3.1416.  Ans.  0=0.1591. 

^.                 ^  7ac« 

Given  a :<::-: 7c.  Ans.  ^=— r-. 

c  6 

Given  r:l::c: 3.1416.  Ans.  r= 


.—         15 


3.1416' 

Given  '•Tr+Ttj=zl2.  Ans.  r=:32. 

Given  V2z+3+4=7.  Ans.  x =12. 

Given  -/l2+x=2+  -Jx,  Ans.  x=4. 

Given  V-r+ 40=10— -/i.  Ans.  x=9. 

Given  -/x- 16=8— -/x.  Ans.  x=25. 

Given  V^— 24=-/r— 2.  Ans.  x=49. 
__          25a 

Given  '\/x—a=  V^—Wt'-  Ans.  x=-7^. 

Id 

—         9 

Given  V5X  '/x+2=  V5-r+2.  Ans.  x= 


"20 
Given  V4a+x=2'/6+x— -v/7.  Ans.  x=-;y ^, 

Given  x+a+  V2ax+x-=7;.  Ans.  x=^^. 

X— ax      -vAr  1 

Given p:-= .  Ans.  x=: 


y/x         ^  1-a 

^7+28      V7+38 
Uiven  — ^ = — =: .  Ans.  x=:4 


^/x+A        V-r+6 

/An%  n-         Vx+2a      y/7+4a  /  ah  \* 

(99)  Given  — = =— t= .  Ans.  x=( r)  . 

-•^+6        y/x+3h  \tf— i/ 

3x— 1  -v/^— 1 

(100)  Givon"7= =  1+ o  —  •  Ans.  x=3 


ox- 6-  Jax^h  .  \/  c?  \» 

(101)  G.ven  -^=_=.+i4_.  Ans.  ^=-[h+—x) 

(102)  Given  x=     a^+xy/t^+^—a,  Ans.  x= 


7i-— 'la« 


(103)  Given  V5+x4-  y/x= — := — .  Ans.  x=4 

1/5+1-        

(104)  Given  yjx+  Vr— yx—  V^=^\l  --  Ans.  J^=^. 

Ans.  xs=2a. 


^.11       /l        /  4        9 
(106)  Given  j+-=Vs+V5v+5i- 
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(106)  Given  '/10x+3=7.  Ans.  x= 


46 


10 


(107)  Given  V-^^— 32  =  16— V^r  Ana.  x=81. 

5x— 9  -/bx—S 

(108)  Given  -^zn — 1= .  Ans.  x:=5. 


(109)  Given  h  yax^b^k  ^cx+dx—'f.  Ans.  x= 


bh^-fk 


'-3 


ah^^{c+d)k^ 


(110)  Given  =  V^.  Ans.  r=r7-j — . 

(111)  Given  V^qTe^^^^g.  Ans.  ar=;^7-~-9. 

_.        mx   , m»x»  .  (nr+mo)(nr — ma) 

(112)  Given  —  y/p^x'+q^+^^—=rx.        Ans.  x=:      ^  J^^^  ^ ^. 

Wlien  an  equation  can  never  be  verified,  whatever  value  we  put  in  the 
place  of  the  unlinown  quantity,  it  is  said  to  be  imjwssihU  ;  and  when  an  equa- 
tion is  always  verified,  whatever  value  be  put  for  the  unknown  quantity,  it  is 
said  to  bo  indeterminate. 

CASES  OF  IMPOSSIBILITY  AND  INDETERMINATION  IN  EaUATlONS 

OF  THE  FIRST  DEGREE. 

T.  Problem. — To  find  a  number  such  that  the  third  of  it,  augnoeuted  by  75, 
and  five  twelfths  of  it,  diminished  by  35,  shall  make  three  quarters  of  it,  added 
to  49. 

The  equation  is 

^  5x  3x 

X     5x     3r 

•'•    3+12""T=^ 

.'.  4x+5x— 9x=:108 

.-.  0  =  108. 

An  absurdity.     There  is,  therefore,  no  value  of  x  which  can  satisfy  the 

equation  [1]. 

The  impossibility  may  be  rendered  evident  in  the  equation  [1]  itself  by  re 

ducing  the  similar  terms  in  the  first  member ;  thus, 

3.r  3x 

-+40=-+49. 

It  is  evident  that  the  two  members  will  olways  differ  by  9,  whatever  be  the 
value  of  X. 

II.  Problem. — To  find  a  number  such  that,  adding  together  the  half  of  it  in- 
creased by  10,  two  thirds  of  it  increased  by  20,  and  five  sixths  of  it  diminish- 
ed by  34,  the  sum  shall  bo  equal  to  twice  the  excess  of  this  number  over  5. 

T+10     2(x4-20)     5(.r  — 34)        ,         ^ 

.-.  3x+30+4.r+80  +5x  — 170=12x— 60 
.-.  3x4-4x-|-5x— 12x=170— 30  —80  —60 
i,  c,  0=0. 
The  unknown  x  is,  therefore,  oltogctlier  indeterminate ;  that  is  to  say,  it 
may  be  taken  equal  to  2  or  3,  or  any  number  whatever. 
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ON  THB  SOLUTION  OF  SIMPLE  EaUATIONS.  CONTAINING  TWO  OR 

N   MORE  UNKNOWN  aUANTITIES. 

145.  A  siDgle  equation,  contoming  two  unknown  quantities,  admits  of  an  in- 
finite number  of  solutions ;  for  if  we  assign  any  arbitrary  value  to  one  of  the 
unknown  quantities,  tbe  equation  will  determine  tbe  corresponding  value  of 
the  other  unknown  quantity.  Thus,  in  the  equation  ^=:x-|-10,  each  value 
which  we  may  assign  to  x  will,  when  augmented  by  10,  furnish  a  correspond- 
mg  value  of  y.  Thus,  if  x=:2,  ^=12;  ifx=3,  y^l3,  andso  on.  An  equation 
of  this  nature  is  called  an  indeterminate  equation^  and  since  the  value  of  y  de- 
pends upon  that  of  x,  y  is  said  to  be  a,  function  of  x. 

In  general,  every  qttantity,  whose  value  depends  upon  one  or  more  quaniiiieSf 
is  said  to  be  a  fupiction  of  these  quantities. 

Thus,  in  the  equation  y=:az-{-6,  we  say  that  y  is  a  function  of  x,  and  that 
y  is  expressed  in  terms  of  x,,  and  the  known  quantities  a,  h. 

If,  however,  we  have  two  equations  between  two  unknown  quantities,  and 
if  these  equations  hold  good  together,  then  it  will  be  seen  presently  that  we 
can  combine  them  in  such  a  manner  as  to  obtain  determinate  values  for  each 
of  the  unknown  quantities;  that  is  to  say,  each  of  the  unknown  quantities  will 
have  but  a  single  value,  which  will  satisfy  the  equations.  The  equations  in 
this  case  are  called  determinate. 

In  general,  in  order  that  questions  may  admit  of  determinate  solutions,  we 
must  have  as  many  separate  equations  as  Oiere  are  unknoum  quantities;  a 
group  of  equations  of  this  nature  is  called  a  system  of  simultaneous  equations. 

If  the  number  of  equations  exceed  the  number  of  unknown  quantities,  un- 
less the  equations  in  excess  conform  to  the  values  of  the  unknown  quantities 
determined  by  the  others,  the  equations  are  said  to  be  incompatible.  Thus, 
if  we  have  x-\-y=10  and  x — y=6,  the  only  values  of  x  and  y  which  will  satisfy 
both  these  equations  are  8  for  x,  and  2  for  y.  Now,  if  we  were  to  add  an- 
other equation  to  these,  it  must  conform  to  these  values,  and  could  not  be 
written  in  any  form  at  pleasure.  Thus,  we  might  for  a  third  equation  say 
xy=:lG ;  but  we  could  not  write  a:^=100,  for  this  third  equation  would  be  in- 
compatible with  the  other  two.* 


*  £qaatiou8  may  be  iiicompatible  when  the  nombcr  docs  not  exceed  the  uamber  of  un- 
knowns, as  the  followiug  jiroblem  will  show : 

A  sportsman  was  aiked  how  many  birds  ho  had  taken.  He  replied,  if  5  be  added  to  the 
third  of  ttiose  I  took  last  year,  it  will  make  the  half  of  the  number  taken  this  year.  But  if 
firom  three  times  this  last  half  5  be  taken,  you  will  have  precisely  the  number  taken  last 
year.     How  many  did  he  take  in  each  year  7 

Let  x=  the  number  this  year,  and  y=  the  number  last  year. 

X     y  ,             3x 
-=-+5,  y= 5. 

Substituting  in  the  first  the  value  of  y  in  the  second, 

X       X     5 

2       U     3     "^ 
.-.  3a? — 3x=30— 10 
0  =20; 
an  absurd  equality,  whence  we  conclude  that  there  exist  uo  values  of  x  and  y  which  satisfy 
the  two  equations. 

This  is  because  the  conditions  of  the  problem  are  inconsistent  with  each  other.  When, 
Inwcver,  tbe  two  equations  are  derived  from  the  same  problem,  and  its  conditions  are  not 
oontradictoiy,  values  for  x  and  y  will  always  bo  f  >uu<i  to  satisfy  them. 
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146.  In  order  to  solve  a  system  of  t>vo  simple  equations  cri'-'-r-  I'lng  two  un- 
known quantities,  we  must  endeavor  to  deduce  from  tbem  a  single  equation 
containing  only  one  unknown  quantity ;  we  must,  therefore,  make  one  of  the 
unknown  quantities  disappear,  or,  as  it  is  termed,  we  must  eliminaU  it.  The 
equation  thus  obtained,  containing  one  unknown  quantity  only,  will  give  the 
▼aJue  of  the  unknown  ({uantity  which  it  involves,  and,  substituting  the  value  of 
this  unknown  quantity  in  either  of  the  equations  containing  the  two  unknown 
quantities,  we  shall  arrive  at  the  value  of  the  other  unknown  quantity. 

The  process  which  most  naturally  suggests  itself  for  the  elimin€Uion  of  one 
of  the  unknown  quantities,  is  to  derive  from  one  of  the  two  equation.*)  an  ex- 
pression for  that  unknown  quantity  in  terms  of  the  other  unknown  quantity, 
and  then  substitute  this  expression  in  the  other  equation.  We  shall  see  that 
the  elimination  may  be  effected  by  different  methods,  which  are  more  or  less 
simple  according  to  the  nature  of  the  question  proposed. 

EXAMPLE  I. 

Let  it  be  proposed  to  solve  the  system  of  equations 

y-x=:  6 (1)  ) 

3^+^=12 (2)  $ 

147.  First  Method. — From  equation  (1)  we  find  the  value  of  y  in  terms 
of  r,  which  gives  y=iX-\-6;  substituting  the  expression  ar-j"^  ^^'  y  ^^  equation 
(2),  it  becomes  x-\'G-\-x^=12j  from  which  wo  find  the  determinate  value  x=3 ; 
since  wo  have  already  seen  that  ^=:x-|-6,  we  find  also  the  determinate  value 
y=:3+6  or  9. 

Thus  it  appears,  that  although  each  of  the  above  equations,  considered  sep- 
arately, admits  of  an  infinite  number  of  solutions,  yet  the  system  of  equations 
admits  only  one  common  solution  ^  r=:3,  y=9. 

148.  Second  Method. — Derive  from  each  equation  an  expression  for  y  in 
terms  of  r,  wo  shall  then  have 

y=  a'+G 
2/=12— X. 

These  two  values  of  y  must  be  equal  to  one  another,  and,  by  comparing 
them,  wo  shall  obtain  an  equutiou  involving  only  one  unknown  quantity,  vjz., 

x-|-6=12— JT. 
Wlience 

x=3. 
Substitut'uig  the  value  of  x  in  the  expression  y=:j:+6,  we  find  y=9. 
The  substitution  of  3,  the  value  of  x,  in  the  second  expression,  y=sl2 — x, 
loads  necessarily  to  tlie  same  value  of  y ;  thus,  12 — 3=9,  for  we  derived  the 
value  of  .r  from  the  equation  x-|-6=12 — x. 

149.  Third  Method. — Since  the  coefficients  of  y  are  equal  in  the  two 
equations,  it  is  manifest  tliat  we  may  eliminate  y  by  subtracting  the  two  equc' 
lions  from  each  other  ^  which  gives 

(y+x)^(y—x)=12—6. 
Whence 

2r=6 
x=3. 

Having  thus  obtained  the  value  of  x,  we  may  deduce  that  of  y  by  making 
x=3  in  eillior  of  the  proposed  equations ;  we  can,  however,  determme  the 
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▼Blue  of  y  directly,  by  observing  that,  since  the  coefficients  of  x  in  the  proposed 
equations  are  equal,  and  have  opposite  signs,  we  may  eliminate  x  by  adding 
ike  two  equation*  together,  which  gives 

(y-^)+(y+^)=i2+6. 

Whence 

2y=18 
y=9. 

If  we  examine  the  three  above  methods,  we  shall  perceive  that  they  con- 
sist in  expressing  that  tht  unknown  quantities  have  the  same  values  in  both 
equations. 

These  methods  have  derived  their  names  from  the  processes  employed  to 
effect  the  elimination  of  the  unknown  quantities. 

The  first  is  called  the  method  of  elimination  hy  substitution. 

The  second  is  called  the  method  of  elimination  hy  comparison. 

The  third  is  called  the  method  of  elimination  hy  addition  and  subtraction. 

The  rule  for  the  first  is  to  find  the  value  of  one  of  the  unknown  quantities  in 
one  of  the  equations^  and  substitute  it  in  the  other  equation. 

For  the  second,  is  to  find  the  value  of  the  same  unknown  quantity  in  each  of 
the  two  given  equations,  and  set  these  values  equal. 

And  for  the  third,  is  to  make  the  coefficient  of  the  unknoum  quantity  to  be 
eliminated  the  same  in  the  tux)  equations,  and  add  or  subtract  as  the  case  may 
require.  Add,  if  the  signs  of  the  equal  terms  are  different,  and  if  they  are 
alike,  subtract. 

By  either  of  these  rules  a  single  equation,  containing  but  one  unknown  quau 
tity,  is  obtained. 


\ 


EXAMPLE  II. 

Take  the  equations 

2x+3y=:13 (1) 

6z+4y=22 (2) 

1^.  Eliminating  by  substitution. 
From  equation  (1),  we  find 

13— 2jr 

y=-3-. 

Substituting  the  value  of  y  in  terms  of  x  in  equation  (2),  it  becomes 

13— 2z 
5r+4x — 3 — =22; 

an  equation  containing  x  alone,  which,  when  solved,  gives 

X=:2. 

This  value  of  x,  substituted  in  either  of  the  equations  (1)  or  (2),  gives 

y=3. 

2*.  Eliminating  by  comparison. 

13— 2x 
From  equation  (1)  y= — ^ — . 

22— 5x 
From  equation  (2)  y=: — -: — . 

13 Oj.     22 5x 

Equating  these  values  of  y,  — o~"= — 7 — »  ^^  equation  containing  x  only 

K 
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Whence 

ar=2. 

Sabstituting  thb  value  for  x  in  either  of  the  preceding  exprastions  for  jf, 

we  find 

y=3. 

3**.  Eliminating  by  subtraction. 

In  order  to  eliminate  y,  we  perceive  that  if  we  could  deduce  from  the  pro- 
posed equations  two  otlier  equations  in  x  and  y^  in  which  the  coefficients  of  y 
should  be  equal,  the  elimination  of  y  would  be  effected  by  subtracting  one  of 
these  new  equations  from  the  other. 

It  is  easily  seen  that  we  shall  obtain  two  equations  of  the  form  required  if 
we  multiply  all  the  terms  of  each  equation  by  the  coefficient  of  y  in  the  other. 
jVIultiplying,  therefore,  all  the  terms  of  equation  (1)  by  4,  and  all  the  terms  of 
equation  (2)  by  3,  they  become 

&r+12y=:52 
15a:+12y=66. 
Subtracting  the  former  of  these  equations  from  the  latter,  we  find 

7x=14. 
Whence 

z=2. 
In  like  manner,  in  order  to  eliminate  x,  multiply  tlie  first  of  the  proposed 
equations  by  5,  and  the  second  by  2,  they  will  then  become 

10x+ 15^=65 
10j:+   8^=44. 
Subtracting  the  latter  of  these  two  equations  from  the  former, 

7y=21. 

Whence 

y=3. 

In  order  to  solve  a  system  of  three  simple  equations  between  three  unknoxcn 
quantities^  we  must  first  eliminate  one  of  the  unknown  quantities  by  oue  of  the 
methods  explained  above ;  this  will  lead  to  a  system  of  two  equations,  con- 
taining only  two  unknown  quantities ;  the  value  of  these  two  unknown  quan- 
tities may  be  found  by  any  of  the  methods  described  in  the  last  article,  and 
substituting  the  vnluo  of  these  two  unknown  quantities  in  any  one  of  the  original 
equations,  we  shall  arrive  at  an  equation  which  will  determine  the  value  of  the 
third  unknown  quantity. 

EXAMPLE  III. 

Take  the  system  of  equations 

3r+2y.f  2=16 (1) 

2x-{-^y-\-2z  =  \S (2) 

2x-f2,v-f  2=14 (3) 

1°.  Eliminating  by  substitution. 
From  equation  (1),  we  find 

2=16— 3x— 2?/ (4). 

Substituting  this  value  of  2  in  equations  (2)  and  (3),  they  become 

2j-+2i/-f  2(16^3.r— 27/)  =  18  .  .  .  (5)  ? 
2x+2y+   (16— 3.r— 27/)  =  14  .  .  .  (6)  S 
these  lost  two  equations  contain  x  and  y  only,  and,  if  treated  according  to  any 
of  the  above  methods,  will  give  us 

a:=2,  y=3. 
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Substitutiog  these  values  of  x  and  y  in  any  one  of  the  equations  (1),  (2),  (3), 
4),  we  find 

2=4. 

52<».  lUiminating  by  comparison. 

In  order  to  eliminate  z,  derive  from  each  of  the  three  proposed  equations  a 
value  of  z  in  terms  of  x  and  y  ;  we  then  have 

2  =  16— 3x— 2y 
2=  9 —  X —  y 
2=14— 2x— 2y  ; 
equating  the  first  of  these  values  of  z  with  the  second  and  with  the  third  m 
succession,  we  arrive  at  a  system  of  two  equations : 

16— 3j:— 2y=  9—  jr—  y  ) 
16— 3j:— 2^=14— 2x—2y  J 
ccmtaining  x  and  y  only  ;  these  equations  give 

j:=2,  2/=3; 

these  values  of  x  and  y^  when  substituted  in  any  of  the  three  expressions  for 
z,  give 

2  =  4. 

3°.  Eliminating  by  subtraction. 
In  order  to  eliminate  z  between  equations  (1)  and  (2), 

3x+2y+  2  =  16 
2x+ 2^+22= 18; 
we  perceive  that,  in  order  to  reduce  these  equations  to  two  others  in  which 
the  coefficients  of  z  shall  be  the  same,  it  will  be  sufficient  to  divide  the  two 
members  of  the  second  equation  by  2,  for  we  thus  have 

x+y+z=z9. 
Subtracting  this  from  the  first  equation, 

3x4-2^+2  =  16, 
we  find  an  equation  between  two  unknown  quantities, 

2ar+y=7 (a). 

In  order  to  eliminate  z  between  equations  (1)  and  (3), 

Sr-f  22/+r=16 
2x+2y+z=zU, 

Subtract  the  latter  from  the  former,  which  gives 

r— o  • 

the  substitution  of  this  value  of  x  in  equation  (a)  gives 

y=3, 
and  the  substitution  of  these  values  of  x  and  y  in  any  of  the  proposed  equa 
tbns  gives 

2  =  4. 

The  particular  form  of  the  proposed  equations  enables  us  to  simplify  the 
above  calculation ;  for  if  we  subtract  equation  (3)  from  equations  (1)  and  (2) 
in  succession,  we  have 

(3x+2t/+  2)— (2x+2y+2)  =  16— 14,  whence  a:=2 
(2j+2i/+22)— (2x+27/+2)  =  18— 14,  whence  2=4; 
and  substituting  these  values  of  x  and  z  in  any  of  the  proposed  equations,  we 
find 

y=3. 
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In  order  to  solve  a  system  of  four  equations  between  four  unknown  quantities, 
wo  reduce  this  case  to  the  last  by  eliminating  one  of  the  unknown  quaotitiefl. 
We  thus  arrive  at  a  system  of  throe  equations  between  three  unknown  quan- 
tities, from  which  the  value  of  these  three  unknown  quantities  may  be  found. 
Substituting  these  values  in  any  one  of  the  equations  which  involve  t^e  other 
unknown  quantity,  we  deduce  from  it  the  value  of  that  unknown  quantity. 

EXAMPLE  IV. 

Take  the  system  of  equations 

^+2/+2+  '=14 

^+y+-'-  '=4 

x+y-'Z+2t=ll 

x— y+2+3^=18 

The  first  equation  gives 

t  SSI  X4  "^.t  ~~"  w  "^,w       •.■........•...  lOj. 

Substituting  this  expression  for  t  in  the  three  other  equations,  we  find 

x+  y+  2=  9 (6) 

T+  y+33  =  17 (7) 

x+*2y+  2  =  12 (8). 

In  order  to  solve  these  three  equations  between  t,  y,  z,  we  find  from  the 
first 

2=9— x—y (9) ; 

and  substituting  tliis  value  of  z  in  the  two  other  equations,  they  become 

^+y=5 (10) 

y=3 (11) 

Whence  x=2 (12). 

Substituting  the  values  of  x  and  y  in  equation  (8),  we  find 

2=4 (13). 

Substituting  those  values  of  x,  y,  z  in  any  of  the  first  five  equations,  we  find 

^=5. 

We  can  arrive  at  the  same  result  more  simply  by  subtracting  equation  (\\ 
from  the  three  following  in  succession  ;  we  shall  thus  find 

2^=14—4,  22— /=14  — 11,  2y— 2/=14  — 18; 
iho  first  of  these  three  new  equations  gives  ^=5 ;  this  value  of  f,  substituted 
in  the  two  other  equations,  gives  2=4,  y=3  ;  and  substituting  these  values  of 
y,  2,  t  in  any  one  of  the  original  equations,  we  find  x=2. 

By  following  a  process  of  reasoning  analogous  to  the  above,  wo  shall  be  able 
to  resolve  a  system  of  any  number  of  equations  of  the  first  degree,  provided 
tlioro  be  as  many  equations  as  unknown  quantities. 

It  frequently  happens  that  each  of  the  proposed  equations  do  not  involve  all 
the  unknown  quantities.  In  this  case,  a  little  dexterity  will  enable  us  to  effect 
the  elimination  very  quickly. 

EXAMPLE  V. 

Take  the  system  of  equations 

2a?-.3y+22=13 (1) 

4i— 2a:=30 (2) 

4y+22=14 (3) 

6y +3^=32 (4)  >' 

Upon  examining  these  equations,  we  perceivo  that  tlie  elimination  of  z  be- 
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tween  equations  (1)  and  (3)  will  give  an  equation  in  x  and  y,  and  tliat  tho 
elimination  of  t  between  equations  (2)  and  (4)  will  give  a  second  equation  in 
X  and  y.     These  two  unknown  quantities  may  thus  be  easily  determined  : 

The  elimination  of  z  between  (1)  and  (3)  gives     ....  ly — 2x^=.  1 

The  elimination  of  t  between  (2)  and  (4)  gives     ....  20^4"^-^=^^ 
Multiply  the  first  of  these  equations  by  3,  and  then  add 

them,  we  have 41^=41 

Whence yz=z  1 

Substituting  the  value  of  ^  in  ly — 2x=l,  we  have  .     .     .  a:=  3 

Substitute  this  value  of  X  in  (2),  we  have 4^ — 6=30 

Whence r=  9 

Finally,  the  substitution  of  the  value  of  i/  in  (3)  gives     .     .  ;*^=:  5 

The  foUowing  general  rule  may  bo  given  for  a  system  of  any  number  of 
equations  : 

Eliminate  one  of  the  unknown  quantities  by  combining  the  first  equation 
with  each  of  tho  others,  or  by  combining  them  all  in  any  way  in  separate 
pairs.  The  number  of  equations  and  of  unknown  quantities  is  thus  made  one 
less.  Proceed  with  these  in  the  same  way  till  there  is  but  one  equation  and 
one  unknown  quantity.  Having  found  the  value  of  this,  substitute  it  in  a  pre- 
ceding equation  containing  but  two  unknown  quantities,  which  will  then  have 
but  one,  whose  value  may  be  found.  Substitute  the  values  of  the  two  un- 
known quantities  thus  found  in  an  equation  immediately  preceding,  containing 
only  three,  and  so  on,  till  all  the  values  of  the  unknown  quantities  are  obtained. 

We  have  seen  in  the  method  of  olimination  by  subtraction  that,  in  order  to 
render  the  coefficients  of  the  unknown  quantity  the  same  in  both  equations, 
we  must  multiply  each  of  the  equations  by  the  coefficient  of  the  unknown 
quantity,  which  it  is  required  to  eliminate,  in  the  other.  If  the  coefficients  of 
the  unknown  quantity  have  a  common  factor,  tliis  operation  may  be  simplified; 
thus 
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EXAMPLE  VI. 

Take  the  system  of  equations 

12j-|-32i/=340 (1) 

8.r+24y=254 (2) 

In  order  to  render  the  coefficients  of  y  equal,  observe  that  32  and  24  have  a 
common  factor,  8 ;  it  will  suffice  then  to  multiply  equation  (1)  by  3,  and  equa- 
tion (2)  by  4  ;  they  then  become 

36z-|-96.y=1020 
32x-f96yr=:1016. 
Subtracting  the  latter  from  the  former, 

4x=4 

X=:l. 

Again,  in  order  to  eliminate  x,  since  12  and  8  have  a  common  factor,  4,  it 
will  suffice  to  multiply  equation  (1)  by  2,  and  equation  (2)  by  3  ;  we  then  have 

24x+64t/=680 
24x-f72y=762. 
Subtracting  the  former  of  these  two  equations  from  the  latter,  we  have  -^ 

Sy=82 
y=10J. 


• 
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(7)  Given  x+y=15 (1) 

x-y=  7 (2) 

Ant.  x=ll,  y=4. 

(8)  Given    ar+y  =10 (1) 

2^-:5y=  5 (2) 

Ajds.  xs=7,  y^3. 

(9)  Given  2x+3.v=13 (1) 

5j4-4i/=22 (2) 

Ajis.  x=2,  2/=3. 

(10)  Given    x=iAy (1) 

2j:+3y=44 (2) 

Ad8.  x=16,  3^=4. 

(11)  Given  2jr+3y=  70 (1) 

42:+5i/=130 (2) 

Ads.  x=20,  y=:10. 

(12)  Given  3x— 5y=13 (1) 

2x+7y=81 (2) 

Ans.  j:=16,  y:=7. 

(13)  Given  llr+3y=:100 (1) 

4x-7i^=     * (2) 

Ans.  x=8,  y=4. 

(14)  Given  |+|=7 (1) 

5+l=« (^) 

Ana.  x=6,  y=10. 

(15)  Given  ^+7y=99 (1) 


f+7x=61 (2) 


Ans.  r=T,  ^=14 


(16)  Given     3^+^=22 (1) 

llu— -=20 (2) 

o 

Ans.  /=5,  ?/s=:2. 

(17)  Given  x+l:y::5:3 (1) 

7+j:     5— y     42     2x— 1 


4  2-12  4       ^^) 


Ans.  r=4f  2^=3. 


(18)  Given  |^+y=64 (1) 

6+15="^^ <") 

Ans.  r=60,  «=30 

(19)  Given    5p+Ja=131} (1) 

13f>—  ff=142; (2) 

Aus.  p=16J5-J.  ff=72JJl 
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(20)  Given  6?;t—14V'=5V'+119f (1) 

7;t+140=2V' (2) 

Am.  ;r=  —24.06,  V'=  — 14.2. 

(21)  Gifen  9x=4a:' (1) 

ar4.x'=26 (2) 

Adb.  x=:8,  r'rslS. 

(^)  Given  jj^=gj^ (1) 

21zi+28za=334 (2) 

Ans.  2,=61-,VV»  «i=— 33}|{. 

v+3 

(23)  Given  2r— ^^=7 (1) 

8— a:         .     2y+l 
4y 3-=24i— ^ (2) 

Ans.  r=5,  ^=5. 

y— 8     3x+4y+3     2r+7— y 

(24)  Given    6+^=-^^= =i^ (1) 

7x+6     9y+5j:-8_  x+y 

]1     ""        12  4     ^^ 

Ans.  x=:7,  y=9. 

(26)  Given  (x+6)(y+7)=(x+l)(y-9)+112 (1) 

2x+10=3y+l (2) 

Ads.  x=:3,  y=5. 

2x          V                3v      1 
(26)  Given -^4+|+x=8-f+- (1) 

1-1+2=5-2^+^ (2) 

Ans.  x=2,  y=7. 
a:— 2     lO—x     y— 10  ,  ^ 

(27)  Given    -"l— 3-="-4— (^) 

2.V+4     2x+y     x+13 

~3  8     -     4       ^^^ 

Ans.  x=7,  y=10« 

2v     8x— 2           4+y  .  x— y 
(2«)  Given  :J--3^=l-^+V (^) 

x:3y::4:7 (2) 

Ans.  x=:12,  y=7. 

4y 

3y-2+x         .  ^^''+ 3" 

(29)  Given  X — ^  ^^^  =1+      33       (1) 

3x4- 2y     y— 5     11x4-152     3y4-l 
6      ■"    4    ""       12       "" 

Ans.  x=8,  y=9. 

254-5y     7x— 6     ,^     3x— 104-7y         .  ^ 

(30)  Given  1+— ^ 3"=^^ 12^  '  '  ^^^ 

12— X  144-y    ,    ^  ,„, 

— — —  :5x ^::1:8 (2) 

9  3 

Ans.  x=3,  ys:7. 


H- (2) 


Its 
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4x     by     9 
(31j  Given»-r  +  -7=-  — 1 

5     4_7     3 


(3-2)  Given    6x+7yr=43 
llx+9y=69 

(33)  Given  ar—21y=  33 
6x+35y=l77 


•(1) 

•(2) 
Ads.  z=4,  y=rfl 

.(2)S 
Ads.  z=r3,  y^4 

.(2)S 

Ads.  z=12,y^3. 


2x  V  3v      1 

(34)  Given  -_4+|+i=8— ^+j2 

V    X  1 


3r+5y  4r+7 

(35)  Given  x-—^+17=:5y+-^ 


22— 6y     5r— 7     0:4. 1     8y+5 


11 


18 


36)  Given  ox-f-  &y=c 


(37)  Given  r+y=:« 
a:— y=(£ 


(1) 

....  (2) 

Ans.  a:=:2,  y=7. 

....(1) 

....  (2) 

Ads.  2r=8,  y=B2. 

m 

(2)  S 

eg — hk         ah^'Cf 

(1) 

(2) 

.  s4-d        8 — d 

Ans.  x=-^,y=:-^. 


(38)  Given    x+ysrzs 
bx=:ay  .  . 


(1) 

(2) 


as  bs 

Ans.  x=z — r^,  y=z- 


(39)  Given  ax-\-byz=:c  . 
mx — nyz=zd 


(40)  Given  7ax=46  .  .  . ' 
2cx+3dy=ic 


a+b'^—a+b' 

(1) 

(2) 

^  nc4-bd         mc — ad 

Ans.  x=z i — J-,  y= ; r. 

na-\-mb  ^     na-^-mb 

(1) 

(2) 

46         28ac— 8&<; 


Ans.  x=--,  v=' 
7a  ^ 


21ad 


(41)  Given  bcxz^cy — 2b 


aic'-^b^)     2b^ 


—  (1) 

(2) 

Ans.  x~,  y= 


a  a+2b 


^qatLtMOM  ghoold  not  be  cleared  of  fractions,  bat  the  anknown  fractions  be  olimi 
Dg  them  alike,  and  anbtracting. 
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(42)  Given  rT-=^-4— (1) 

ax+2hy=d (2) 

^'«-  ^= — 55 — •  y= — 35 — • 

(40)  Given  r— ?^^ri:c (1) 

a — X 

y — ^-=d (2) 

a4-4&     2a— 3& 

(44)  Given  —-^i: (1) 

5ax^2hy=c (2) 

(45)  Given  6»y+^^^-j^—^=(r'a: (1) 

b(cx+2)=zcy (2) 

6c  ^  c 

(46)  Given  17x-^+(6+l0/)»/=/^x (1) 

96—2/ 

4^+^y=-6rzi-i (2) 

(47)  Given  1+^=^1 (1) 

-+-=:w (2) 

6c — a(£  6c— a</ 

Ans.  a:=-T 3,  y= • 

no — ma  ^     mc-~na 

,48)  Given  t  +y  =« (1) 

T^-t^'d (2) 

(49)  Given  x-{-y:a::x — y:6 (1) 

^-t^c (2) 


a-\-h    Ic  a — 6    Ic 


(50)  Given  r+  \/3''+y=a (1) 

^+  V^^=h (2) 

a^+h^  abja^h) 

^"*'  ^-2(5+6J'  ^-    a  +  6    • 

(51)  Given  j^+Ty=a (1) 

f+^J^h (2) 

Ana.  x= —  ,  y= —  - 


• 
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(52)  Given  2x+3y+42=16  (1) 

3x4-2^—52=  8  (2) 

Sx-Sy+Sz^z  6 (3) 


Ajis.  x=z3\  y=2;  z=l. 


(53)  Given  6j— 6y+42=15 (1) 

7j:+4y— 32=19 (2) 

2x+  y+62=46 (3) 


Ana.  x=3;  ^=4;  2r=:6. 

(54)  Given*  J+J=a (1) 

\+\=' (2)^ 

i+i=c (3) 

2  2  2 

Ana.  x= — r-r 1  y= r-J" »  ^=jn ' 

(55)  Given  x+y=36;  a:+2=49;  y+2=53. 

Ana.  r=lG;  y=20;  z=s33 

(56)  Given  r+w+2=30;  t7+M7— 2=18;  r— ti?+2=14. 

Ana.  t^=16;  ir^8;  z:=6 

(57)  Given  tt+it>= 164;  t?+iM?=82;  tt+>=136. 

Ana.  14=128;  17=72;  i£?=40. 

(58)  Given  aa-|-6y=c;  niy+fi2=^  ; /j:4-^2=^. 

^vns.  x^^  .  I  ^        • 

afrp-\-cfn — anq 

amq+bfp^cfm 

(59)  Given  3((iJ-+/j»/)=2;  5y=7(j'+3tf) ;  llr=5z+121. 

4840+189aft 


Ana.  x= 


440— 45a— 636' 
6776+ 1 848a— 189a« 


y—     440— 45a— 636      ' 
14520a4-5544a6+203286 


440— 45tf— 636 


5     9       11        13        15 


(60)  Given  j-:5=-;  -=^35;  --  ^^g- 

Ana.  r= -405"^;  ^=-34^;  2  =  -32JVV- 

a+h     h^c      h+c      c^J     d+k     k^h 

(61)  Given — ; — zrzz ;  j—. —  = ;  -7-j — =7 . 

^     '  a+z     6— y     b+y     c^z     d-\-z      k—x 


*  Do  not  dear  of  fractions,  bat  make  -,  -,  Ac,  the  unknown  nuontitiea. 

J-  y 
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3v              11 
(62)  Ghren  2x— —=93— -a:— jy (1) 


2       4- 
Ix—'bz^y  +ar  —86 
X     y       z 


(2) 
(3) 


(63)  Given    6j:— 4y+52=2}l 

4x+3y— 7z=l}  . 

12z— 6y— 32=3|  . 


2  ■  3    '4 

Ads.  x=48;  y=54;  z^64. 

(1) 
(2) 

(3) 
Ans.  x=J;  y=i;  2=1- 

(64)  Gifen  18x— 7y— 52  =  11 (1) 

4y-fx+2§2=108 (2) 

352+2y+fx  =  80 (3) 

Ans.  x=12;  y=25;  2=6. 


(66)  Given  y+~^+5 


3     5 
z— 1     y— 2     2+3 


4  6     " 

2v— 5        ,       2 


10 
12 


(1) 
(2) 
(3) 


(66)  Given  |  +  |  +  y=  68 

bx      y      z 


32 


Ans.  x=5;  y=7  ;  2= — 3. 

(1) 


(2) 


X        '6Z        U 

2+¥+5=^^ 


(3) 

y  +  2  +  tt  =248 (4) 

Ans.  x=12;  y=30;  2=168;  tt=60. 

(67)  Given  7x--22+3w=17 (1)' 

4y— 22+    ^=11 (2) 

5^— 3x— 2m=  8 (3) 

4y— 3m+2^=  9 (4) 

32+8m=33 (5)  J 

Ans.  a:=:2  ;  ys=:4  ;  2=3;  tt=3  ;  ^=1. 

Elimination  may  be  effected  in  a  general  form,  and  particular  cases  be  re* 
solved  by  substitution  in  this  form. 

We  shall  illustrate  this  with  a  system  of  three  equations. 

Given  ax  -\-by  +C2   +^•  =0, 

a'x  +b'y  +c'z  +k'  =0, 
a"x+b"y  +c"2+^-"=0. 

Eliminating  among  these  three  equations  by  any  of  the  foregoing  methods, 
we  find 

__(6"c'  — &V^)J^  +  (he"  ^h"c)k'  +  {h'c  ^lc')k" 
^"-(a'F^^''6')c  +  (a"6— a6")c'  +(ah'  —a'h)c"' 
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^       The  same  deiiomiuator  as  in  the  value  of  a:   ' 

(a"b'  -^a'b")k+(ab''  ^a"h)k'  +(a'b^ah')k'' 
The  same  denominator  as  in  the  value  of  x 
To  apply  this  general  form  to  a  particular  case,  take  (Example  53)  above. 

(IX— 3— 4X6)(— 15)+(— 6X6— iX4)(— 19)-|-[4X4— (— 6X--3)](— 46)_1257 
"^  (7X1— 2X4)4+(2X— 6— 5X1)(— 3)+(5X4— 7X— 6)6"  ~  419  "^ 

(42+6)(  — 15)  +  (8-30)(  — 19)  +  (~15— 28)(— 46)      1676 
2^~"  419  ""419""^' 

(l)(~15)  +  (  +  17)(-19)  +  (-62)(-46)     2514      ^ 
^—  419  —  419  "-^' 

Changing  the  signs  of  A',  k",  k'\  in  order  that  they  may  be  positive  in  the 
second  member  of  the  three  proposed  equations,  and  performing  the  multipli- 
cations indicated  in  the  general  values  of  x,  y,  and  z,  they  may  be  written  as 
follows : 

kb'c"  —kc'b"  +ck'b"  ^bk'c"  -\-bc'k"  —  cb'k' 
^^~ab'c''''^~ac'b''  ■\-ca'b''  — 6aV+6r'a"  ^cb'a'" 
ak'c"  ^ac'k"  +ca'k"  —ka'c"+kc'a"  ^ck'a" 
^  The  same  denominator  as  that  of  x  * 

ab'k"^ak'b"-{-ka'b"---ba'k"+bk'a"'-kb'a" 
The  same  denominator  as  before 

By  observing  carefully  the  composition  of  the  formulas  for  two  and  three 
equations,  we  may  discover  general  rules  by  means  of  which  we  can  calcu- 
late the  formulas  suitable  for  any  number  of  equations. 

First  Rule. — To  find  the  common  denominator  in  the  values  of  all  the 
unknown  quantities.  With  the  two  letters  a  and  b  form  the  arrangements 
ab  and  ba^  then  interpose  the  sign  —  between  them,  thus : 

ab — ba. 

If  there  are  but  two  equations  to  resolve,  place  an  accent  on  the  2**  letter 
of  each  term,  and  the  result,  ab' — ba\  will  be  the  common  denominator  of 
the  values  of  x  and  y. 

If  there  are  three  equations,  pass  the  letter  c  through  all  the  places  in  each 
term  of  the  expression  ab — ba,  taking  care  to  alternate  the  signs ;  ab  will  thus 
give  abc — acb-\-cab  ;  also,  — ba  will  give  — bac-\-bca — cba^  and  the  whole 

abc — arb-\'Cab  —  bac-\-bca — cba  ; 
then  place  one  accent  on  the  2**  letter  of  each  term,  and  two  on  the  3°,  and  the 
resulting  expression  will  bo  the  common  denominator  of  the  values  of  x,  y,  and  z. 

If  there  are  fom-  equations,  take  the  letter  d,  which  is  the  coe/ficient  of  the 
fourth  unknown  fi,  and  pass  it  through  all  the  places  in  each  term  of  the  sexi- 
nomial  above  fonncd,  taking  care  to  alternate  the  signs  of  the  terms  furnished 
by  each  of  them,  beginning  with  -|-  for  those  which  result  from  a  term  pre- 
ceded by  the  sign  +*  ^"^^  ^^ith  —  for  those  rcsiilting  from  a  term  affected 
with  the  sign  —  ;  finally,  place  one  accent  on  the  2"  letter,  two  on  the  3",  and 
three  on  the  4".  The  resulting  polynomial  is  the  common  denominator  of  the 
four  unknown  quantities  x,  ?/,  z,  u. 

ab'c"d'''^ab'd'Y"+ad'b"c/"—da'b"c' 
'-ac/b"d'" + ac'd"b'" — ad'c"b"' + da'c"b" 
-f  ca'b"d'" — ca'd"b'*'  -|-  cd'a"b"'^dc'a"b' 
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'^ba'c"d'''+ba'd"c'"'^hd'a"c'"+db'a"c'" 
+  bc'a"d'"—bc'd"a'"+bd'c"a'"'-'dh'c"a"' 
— cb'a"d'" + cb'd"a"'  -'cd'b"a"' + dc'b"a"', 

ii  there  he  a  greater  number  of  equations,  proceed  in  the  same  manner. 

Second  Rule. — The  numerators  may  be  derived  from  the  common  de 
nominator.  For  this  purpose,  it  is  only  necessary  to  replace,  without  touch- 
ing  the  accents,  the  letter  which  serves  for  coefficient  of  the  unknown  quanti- 
ty we  wish  to  find,  by  the  letter  ^,  which  represents  the  known  term  in  tlie 
second  member.  Thus  :  change  a  into  A:,  to  have  the  numerator  of  x ;  b  mto 
A:,  to  have  that  of  y ;  and  so  on. 

There  remains  still  a  method  of  elimination  to  be  mentioned,  which  alone 
is  applicable  to  oqaations  of  higher  degrees,  as  well  as  to  those  of  the  first.  It 
is  called  the  method  of  the  common  divisor.  It  consists,  where  two  equations 
are  given,  in  dividing  one  by  the  other  (after  transferring  all  the  terms  to  the 
first  member  in  both),  that  divisor  by  the  remainder,  and  so  on  till  the  letter 
of  arrangement,  which  must  be  one  of  tlie  unknown  quantities,  is  exhausted 
from  the  remainders.  The  last  remainder  containing  but  the  other  unknown 
quantity,  being  put  equal  to  zero,  will  present  an  equation  from  which  the  first 
unknown  quantity  is  eliminated. 

If  there  be  three  or  more  equations,  eliminate  one  of  the  iii:!.'r>\vn  quanti- 
ties in  this  way  between  the  first  and  second,  then  between  the  liist  and  third, 
and  so  on. 

The  reason  which  may  be  given  for  this  rule  here,  though  a  better  one  wiD 
be  furnished  hereafter,  is,  that  the  dividend  being  zero  and  the  divisor  zero, 
tbe  quotient  must  be  zero  and  the  remainder  zero. 

Let  us  apply  this  method  to  Example  (8)  above.   The  two  g^ven  equations  are 

a:+  ?/  — 10=0 

oj:— 3?/—  5=0. 
Elimination, 


2a:— 3y—  5 
2x4-2//— 20 


x+y-10 


— 5y+15  -1-5. 
—  ?/-(-  3  =0  .'.  y=3. 
Substituting  this  value  in  x-fy — 10=rO,  we  obtain  x=7. 

EXAMPLE   II. 

Given  x»+3yx<»+3t/-x— 98=0 (1) 

s^^iyx  — 2j/3  —10=0. 
Elimination, 


x^-\-3y3fl-\~  3y«x—    98 
a^-f-4.y^ —  2y«x —    lOx 


afi-\-iyx — 2y« — 10 


x—y 


—  yri—  4y3.r-i-    2y"-f-10y 
a^+  iyx—  2y«— 10 
9/5+10 


9y*x-\-  10  X—  2y3— lOy— 98,  or 
(9y^  4-^0)  ^-~  gy'— lOy— -98 


(9ya+10)r2-f(36y3-|-40y)x— 18y*— llOj^a— 100|j-fli>y3-f23y-f-49 

(9yg4-10)3g*--(  gy^+lOy    +98)3; ~ 

(38y»+50y   -f58)x—  18y*— 11 0y3— 100-^2 

(19y»-i-25y   4-*9)^—     9y*—  55yi—  50 

9^+  10 

(9yH-10)(195^4-25y  +49)x—  81^— 585y*— lOOOyS— 500 
(9y8+10)(19y3-|-*^y  +49)3;—  38y^— 240  y4—1960ya—250yg—2<)40y— 480*2 

—  43yO— 345y»+1960ya— 750yS+2940y+4802. 
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This  last  remainder,  put  equal  to  zero,  will  make  an  equation  from  which  x 
18  eliminated,  and  which  contains  only  y.     It  is  called  the  ^inaZ  equation. 

ON  THE  SOLUTION  OF  PROBLEMS  WHICH  PRODUCE  SIMPLE 

EaUATIONS. 

150.  Every  problem  which  can  be  solved  by  Algebra  includes  in  its  eiran- 
ciation  a  certain  number  of  conditions  of  such  a  kind  that,  in  taking  at  pleasure 
values  for  the  unknown  quantities,  it  b  always  easy  to  see  whether  or  not  they 
will  verify  these  conditions.  In  the  greater  part  of  questions  in  Algebra,  these 
verifications  consist  in  this,  tliat,  after  having  eOfected  certain  operations  upon 
the  values  of  the  known  and  unknown  quantities,  we  ought  to  arrive  at  equali- 
ties. This  being  understood,  if  tiie  unknown  quantities  be  represented  by 
letters,  algebraic  expressions  may  be  formed  in  which  shall  be  indicated,  by 
means  of  signs,  all  the  calculations  necessary  to  be  made,  as  well  upon  the  un- 
known numbers  as  upon  the  known,  to  find  the  quantities  which  ought  to  be 
equal.  Consequently,  joining  these  expressions  by  the  sign  of  equality,  we 
shall  have  one  or  more  equations,  which  will  be  satisfied  when  the  true  val- 
ues of  the  unknown  quantities  are  substituted  in  the  place  of  the  letters  which 
represent  them. 

Keciprocally,  when  all  the  conditions  of  the  problem  are  expressed  in  the 
equations,  the  values  of  the  unknown  quantities  which  satisfy  these  equationt 
must  certainly  satisfy  the  enunciation  of  the  problem. 

It  is  impossible  to  give  a  general  rule  which  will  enable  us  to  translate  eve- 
ry problem  into  algebraic  language ;  this  is  an  art  which  can  be  acquired  by 
reflection  and  practice  alone.  Two  rules  which  may  be  of  some  service  itfe 
the  following :  1.  Indicate  upon  the  unknown  quantities  represented  by  letters^ 
and  upon  the  known  quantities  represented  either  hy  letters  or  numbers^  the  same 
operations  as  would  he  necessary  to  verify  tliem  if  they  were  known.  2.  Form 
two  different  expressions  of  the  same  quantity^  and  set  them  equal.  We  shall 
give  a  few  examples,  which  will  serve  tq  initiate  the  student,  and  the  rest 
must  be  left  to  his  own  ingenuity. 

PROBLEM  1. 

To  find  two  numbers  such  that  their  sum  shall  be  40,  and  their  difference 

16. 

Let  X  denote  the  least  of  the  two  numbers  required. 

Then  will  x4-16=  the  greater. 

And  a:+a:+ 16=40  by  the  question ; 

That  is,  2j:=40— 16=24  ; 

^  24 

Or  ar=— =12=  less  number. 

And  x-f  16=12-^16=28=  greater  number  required. 

PROBLEM  2. 

What  number  is  that,  whose  J  part  exceeds  its  \  part  by  16  ? 

Let  a:=r  number  required, 

Then  will  its  J  part  be  ]x^  and  its  |  part  \x ; 

And,  therefore,  }x — jr=16  by  the  question, 

Or,  clearing  of  fractions,  4x — 3x=:192  ; 

Hence  x=192,  the  number  required. 
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PROBLEM  3. 

Divide  oClOOO  among  A,  B,  and  C,  so  that  A  shall  have  £12  more  than  B 

and  C  <£100  more  than  A. 

Let  2:=  B*s  share  of  the  given  simi. 

Then  wiD         a:+  72=  A's  share, 

And  1+172=  C's  share, 

And  the  sum  of  all  their  shares,  0:4-^+724-^+172, 

Or  3ar+ 244=1000  by  the  question ; 

That  is,  3a:=1000— 244=756, 

^  756       ^  ^ 

Or  =— =06252=  B's  share  ; 

Hence  a:+  72=252+  72=de324=  A's  share. 

And  r+ 172=252+172=06424=  C's  share; 

B's  share d6252 

A's  share 324 

C's  share 424 

Sum  of  an   .  .  c£1000,  the  proof. 

PROBLEM   4. 

Out  of  a  cask  of  wine,  which  had  leaked  away  j,  21  gallons  were  drawn, 
and  then,  being  gauged,  it  appeared  to  be  half  full :  how  much  did  it  hold  ? 
Let  it  be  supposed  to  have  held  x  gallons. 
Then  it  would  have  leaked  \x  gallons ; 
Consequently,  there  had  been  taken  away  21  +  ^:r  gallons. 
But  21  +  'x=^x  by  the  question. 

Or  126+2x=3a:; 

Hence        3a:— 2a:=126, 
Or      :r= 126=  number  of  gallons  required. 

PROBLEM  5. 

A  hare,  pursued  by  a  greyhound,  is  60  of  her  own  leaps  in  advance  of  tne 
dog.  She  makes  9  leaps  during  the  time  that  the  greyhound  makes  only  6 ; 
but  3  leaps  of  the  greyhound  are  equivalent  to  7  leaps  of  the  hare.  How 
many  leaps  must  the  greyhound  make  before  he  overtakes  the  hare  ? 

It  is  manifest,  from  the  enunciation  of  the  problem,  that  the  space  which 
must  be  traversed  by  the  greyhound  is  composed  of  the  CO  leaps  which  the 
hare  is  in  advance,  together  with  the  space  which  the  hare  passes  over  from 
the  time  that  the  greyhound  starts  in  pursuit  until  he  overtakes  her. 

Let  x=  the  whole  number  of  leaps  made  by  the  greyhound.     Since  the 

hare  makes  9  leaps  during  the  time  that  the  greyhound  makes  6,  it  follows 

9         3 
that  the  hare  will  make  ^  or  -  leaps  during  the  time  that  the  greyhound 

,      3r 
makes  1,  and  she  will  consequently  make  —  leaps  dunng  the  time  that  the 

greyhound  makes  x  leaps. 

We  might  hero  suppose  that,  in  order  to  obtain  the  equation  required,  it 

3x 
would  be  sufficient  to  put  x  equal  to  60+—;   in  doing  this,  however,  wo 

ihould  commit  a  manifest  mistake,  for  the  leaps  of  the  greyhound  are  greater 
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than  the  leaps  of  the  hare,  and  we  should  tlius  be  eq\iatiDg  two  heterogeneous 
numbers ;  that  is  to  say,  numbers  related  to  a  different  unit.  In  order  to  re- 
move tliis  difficulty,  we  must  express  the  leaps  of  the  hare  in  terms  of  the 
leaps  of  the  greyhound,  or  the  contrary. 

According  to  the  conditions  of  the  problem,  3  leaps  of  the  greyhound  are 

7 

equal  to  7  leaps  of  the  hare ;  hence  1  leap  of  the  greyhound  is  equal  tx>  -r 

7x 
leaps  of  the  hare,  and,  copsequently,  x  leaps  of  the  greyhound  are  equal  tx>  -r- 

leaps  of  the  hare  ;  hence  we  have  at  length  the  equation 

7x  3x 

Clearing  of  fractions,  14x= 360 + 9x 

x=z  72. 

Hence  the  greyhound  will  make  72  leaps  before  he  reaches  the  hare,  and  m 

3 
that  time  the  hare  will  make  72  X  n*  ^^  ^^^  leaps. 

PROBLEM  6. 

Find  a  number  such,  that  when  it  is  divided  by  3  and  by  4,  and  the  qoo- 
tients  afterward  added,  the  sum  is  63. 

Let  X  be  the  number ;  then,  by  the  conditions  of  the  problem,  we  have 

X       X 

3+4=  «3' 
Clearing  of  fractions,  7xs=  63X12 

T=108. 

If  we  wished  to  find  a  number  such  that,  when  divided  by  5  and  by  6,  the 
sum  of  the  quotients  is  22,  we  must  again  translate  the  problem  into  algebraic 
language,  and  tlien  solve  the  equation ;  in  this  case  we  have 

X  X 

5+     6=^^' 
Clearing  of  fractions  llr=22  X  30 

a:=60. 

If,  however,  we  desire  to  solve  both  these  problems  at  once,  and  all  others 
of  the  same  chiss,  which  differ  from  the  above  in  the  numerical  values  only, 

we  must  substitute  for  these  particular  numbers  the  symbols  a,  6,  c, , 

which  may  represent  any  numbers  whatever,  and  tlieu  solve  the  following 
question. 

Find  a  number  such  that,  when  it  is  divided  by  a  and  by  5,  and  the  quo- 
tients afterward  added,  the  sum  is  p.    We  have 

X      X 

a+b    =P' 
(a-|-6)r=r  ahp 
abp 


X=z 


a+h' 

151.  This  expression  is  not.,  strictly  speaking,  the  value  of  the  unknown 
quantity  in  our  problems,  but  it  presents  to  oiu*  view  the  calculations  which 
are  requisite  lur  the  solution  of  them  all.    An  expression  of  this  nature  ia  call- 
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ed  K  formula.  This  formula  points  out  to  us  tliut  the  unknown  quantity  is  ob- 
tained by  multiplying  together  the  three  numbers  involved  in  the  question, 
and  then  dividing  their  product,  ahp^  by  a-|-6t  the  sum  of  the  two  divisors  ;  or 
"we  should  rather  say,  that  our  formula  is  a  concise  method  of  enunciating  the 
above  rule.*  Algebra,  then,  may  bo  considered  as  a  language  whose  object 
•8  to  express  various  processes  of  reasoning,  as  also  tho  results  or  conclusions 
to  which  they  lead. 

Such  is  the  advantage  of  tho  above  formula,  that,  by  aid  of  it,  the  most  ig- 
norant arithmetician  could  solve  either  of  the  proposed  problems  as  readily  as 
the  most  expert  algebraist.  Tlio  former,  however,  could  only  arrive  at  tho 
result  by  a  blhid  reliance  on  tlie  rule  which  tlie  formula  expresses  ;  but  differ- 
ent knids  of  problems  require  ditferent  fonnula?,  and  the  algebraist  alone  pos- 
sesses the  secret  by  whicli  thoy  can  be  discovered. 

PROBLKM   7. 

A  laborer  engaged  to  seno  40  days  upon  these  conditions :  that  for  every 
day  he  worked  he  was  to  receive  80  cents,  but  for  every  day  lie  was  idle  ho 
was  to  forfeit  32  cents.  Now  at  the  end  of  tho  time  he  was  entitled  to  re- 
ceive 815.20.  It  is  required  to  find  how  many  days  ho  worked  and  how 
many  he  was  idle. 

Let  X  be  the  number  of  diivs  ho  worked  ; 

Then  will  40 — x.  be  the  nmiiljor  of  diiys  he  was  idle  ; 

Also  2'X80=:80j=  the  sum  earned, 

And  (40— r)  X  32=1280— :{2.r=  sum  forfeited  ; 

Hence  80^- (1280— 32r)=1520  by  tho  question  ; 

That  is,  80r— 1280+32j-=ir>20, 

Or  112x=15204- 1280=2800 ; 

2800 
Henco  t=— — -=25=  number  of  days  he  worked, 

JL  X  <w 

And  40 — T=40 — 25=15:=  number  of  days  lie  was  idle. 

We  may  generalize  tho  above  problem  in  the  following  manner : 

Let  w=  the  whole  number  of  days  for  which  he  is  hired, 

az=  the  wages  for  each  day  of  work, 
i=  the  forfeit  for  each  day  of  idleness, 
r=  the  sum  which  lie  receives  at  the  end  of  n  days, 
xz=.  the  number  of  dnys  of  work  ; 
Then  n — z=  the  number  of  days  of  idleness, 

(Z.r=  tho  sum  due  to  him  for  the  days  of  work, 
6(n — t)=  the  sum  he  forfeits  for  the  days  of  idleness. 

Wo  thus  find  for  the  equation  of  the  problem, 

ax — h(n — a:)=   c; 
Wlionce  ax^hn  4-^i*=  c 

(a+6)jr=  c-{-hn 

x=  — r-T-.  the  number  of  days  of  work. 


'  Let  the  stadent  try  this  rulo  npon  a  variety  of  ntimbers  ;  lie  will  nee  that  tho  gcQora. 
formala  embimcei  as  many  particular  examples  as  ho  cbcxwes  to  imagine. 

L 
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Ana  .*.  n — ar=  n — — r-r 

an-^bn — c — bn 

an — c 
= — r~rj^  the  number  of  days  of  idleneu. 

l3y  substituting  in  these  general  expressions,  for  the  number  of  dayi  of 
work  and  number  of  days  of  idleness,  the  particular  numerical  faluea  of  the 
letters,  the  same  result  will  be  obtained  as  before. 

PROBLEM   8. 

A  can  perform  a  piece  of  work  in  G  days,  B  xran  perform  the  same  work  in 
8  days  :  in  what  time  will  they  finish  it  if  both  work  together  ? 
Let  x=z  the  time  required. 

Since  A  can  perform  the  whole  work  in  G  days,  -  will  denote  the  quantity 

X 

he  can  perform  in  1  day,  and  therefore  -  the  quantity  he  can  perform  in  z 

X 

days ;  for  the  same  reason,  --  will  bo  the  quantity  which  B  can  perform  in  x 
days ;  and  we  shall  thus  have 


X      X 

14j:=48 
x=:3y  days. 
Let  us  generalize  tlie  above  problem. 

A  can  perform  u  [)iece  of  work  in  a  days,  B  in  6  days,  C  in  c  days,  D  m  d 
days :  in  what  time  will  they  perform  it  if  they  all  work  together  ? 
Let  x=  the  time ; 

Then,  since  A  can  perform  the  whole  work  in  a  days,  -  will  denote  the 

X 

.ijuautity  he  can  perform  in  1  day,  and,  consequently,  -  will  be  the  quantity  he 

XXX 

can  perform  in  x  days ;  for  the  same  reason,  r,  -,  -%  will  be  the  quantities 
which  B,  C,  D  can  perform  respectively  in  .r  days ;  we  thus  have 

X       X       X       X 

— hi 4- "•+"?=  (whole  work), 

=  1; 

abed 


'  abc-\-abd-\-(jLcd'\-bcd' 
What  is  the  rule  expressed  by  this  formula  ? 


*  Let  the  studout  translate  the  formula  for  the  number  of  days  of  idleneu,  and  tfut  fiir 
the  number  of  days  of  work,  into  a  rule. 

t  \Vc  might  reprcscut  tlic  piece  of  work  by  y;;  then     and  —  would  express  the  qanntitiei 

wliich  A  and  B  can  perform  in  one  day.  and  tlie  equation  would  be 

which,  divide<l  tliroutjfhout  by  p,  i^ivcs  the  ei|t)ntinii  iu  the  text.    Wkentfae  valae  of  a  qoafr 
is  immmterial,  as  in  tiiiji  case,  it  i«  best  rej»rcsentod  by  L 
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PROBLKM  9. 

A  courier,  who  traveled  at  tlie  rate  of  31 7  miles  in  5  hours,  was  dispatched 
from  a  certain  city ;  8  hours  after  his  dcpartuio,  another  courier  was  sent  to 
overtake  him.  The  second  courier  traveled  at  the  rate  of  22 1  miles  in  3  hours. 
In  what  time  did  he  overtake  the  first,  and  at  what  distance  from  the  place  of 
departure  ? 

Let  x^  number  of  hours  that  the  second  courier  tinvels. 

Then,  since  the  first  courier  travels  at  the  rate  of  31 1  miles  in  5  hours,  that 

63  .  63 

18,  TT  miles  in  1  hour,  ha  will  travel  r^x  miles  in  x  hours,  and,  since  he  start 

ed  8  hours  before  the  second  courier,  tlie  whole  distance  traveled  by  him  will 
.     .  63 

Again,  since  the  second  courier  travels  at  the  rate  of  22^  miles  m  3  hours 

that  is,  -r-  miles  in  one  hour,  ho  will  hence  travel  —x  miles  in  x  hours, 
o  u 

The  couriers  are  supposed  to  be  to(;cther  at  the  end  of  the  time  x,  and 

therefore  the  distance  traveled  by  ench  must  bo  the  same ;  hence 

45        ^  63 

4o0j-=(8+j:)378; 

.-.  72i-=:3024 

x=42. 

Hence  the  second  courier  will  overtake  the  first  in  42  hours,  and  the  wholo 

45 
distance  traveled  by  each  is  —  X  42=315  miles. 

To  generalize  the  above, 

A  B  C 

■| I ^1  • 

iiet  a  courier,  who  travels  at  the  rate  of  m  miles  in  t  hours,  be 'dispatched 
from  B  in  the  direction  C ;  and  n  hours  after  his  departure,  let  a  second 
courier,  who  travels  at  the  rate  of  m'  miles  in  t'  hours,  bo  sent  from  A,  wliich 
is  distant  a  miles  from  B,  in  order  to  overtake  the  first.  In  what  timo  will  he 
come  up  with  h*m.  and  what  will  bo  the  whole  distance  traveled  by  each  ? 

Let  x=  number  of  hours  that  the  second  courier  travels. 

Then,  since  the  first  courier  travels  nt  the  rate  of  m  miles  in  t  hours,  tliat  is, 

—  miles  in  1  hour,  ho  will  travel  jx  miles  in  x  hours,  and,  since  ho  started  n 
hours  before  the  second  courier,  the  wholo  distance  traveled  by  him  wiU  be 

(«+')7- 

Again,  since  the  second  courier  travels  at  the  rate  of  m'  miles  in  t'  hours, 
that  is,  ;7  miles  in  1  hour,  he  will  travel  —x  miles  in  x  hours ;  but  since  ho 
■tarted  from  A,  which  is  distant  d  miles  Irom  B,  the  wholo  distance  traveled 
by  the  second  courier,  or  --7T,  will  be  greater  than  the  whole  distance  travelci! 

V 

by  the  first  courier,  by  thb  quantity  d ;  hence 


.'.  x=- 
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m'        ,     ^  m 

yX— (f=(n+T)y 

(m'     m.\       mn      _ 

m'l—mt'  ' 
The  whole  distance  traveled  by  first  courier,       =— .  <  - — — — - — [•*>  , 

The  whole  distance  traveled  by  second  courier,  = —  .  li — — — i-. 

PROBLEM  10. 

A  father,  who  has  three  children,  bequeaths  his  property  by  will  in  the  fol- 
lowing manner :  To  the  eldest  son  ho  leaves  a  sum,  a,  together  with  the  rC^  part 
of  what  remains  ;  to  the  second  he  leaves  a  sum,  2a,  together  witli  tlie  vS^  part 
of  wlmt  remains  after  the  portion  of  the  eldest  and  2a  have  been  subtracted ; 
to  the  third  he  leaves  a  sum,  3a,  together  with  the  tC^  part  of  what  remains 
after  the  portions  of  tlie  two  other  sous  and  3a  have  been  subtracted.  The 
pro])erty  is  found  to  be  entirely  disposed  of  by  this  arrangement.  Required 
t.ho  amount  of  the  property. 

Let  x=  the  projwrty  of  the  father. 

If  we  can,  by  means  of  tliis  quantity,  find  algebraic  expressions  for  the  por- 
tions of  the  tliree  sons,  we  must  subtract  their  sums  from  the  whole  property 
r,  and,  putting  this  remainder  =0,  we  shall  detennine  the  equation  of  tlie 
problem. 

Let  us  endeavor  to  discover  these  three  portions. 

Since  x  represents  the  whole  property  of  tho  father,  x — a  is  the  remaindei 
nfuir  subtracting  a ;  hence, 

X — a 
Portion  of  eldest  son,    =a  -|- 


n 

an-^x — a 


n 

an4-x — a 

a:— 2a ■ 

n 

Portion  of  second  son,  =2a-|- 


(1) 


=2a4 


n 
nx — 3a  w — x-j-a 


2an^'\-  nx — 3an — x-|-a 


(2) 


an+x — a     2a7i*4-nx— 3an-» r4-a 

X— 3a— ' ■ 1 -!— 

Portion  of  third  son,      =  3a  -| 


=3a+ 


71 

n'x — 6a7i^ — 2wx4-4a7i4-x — a 


71' 

3a7t^-f  Ti^x— Ga7t"— 2/?x4-4a7i4-x^a 
According  to  the  conditions  of  the  problem,  the  property  b  entirely  disposed 
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of.     Hence,  when  the  sum  of  the  three  portions  is  subtracted  from  x,  the  dif- 
ference most  be  equal  to  zero ;  this  gives  us  the  equation 

an-^x — a      2an'^nx — 2an — x-^-a      3an^-\-H'^x — 6atfi — ^nx-^-ian-^ — a 


It  wi  «? 

clearing  the  equation  of  fractions,  and  reducing, 

/jV— Cfl/i'— 3n*x+10an2+3nx— 5an— j-+rt=0 
.•.(/;•"»— 3n«+3n—l)a:=6an'—10an«+5tfn— a 

^Ctfn^— 10rtn3+5flw— a     (6»»— 10n«+5n— l)a 
^""      n=»— 3n''+3/i  — 1      ~  (n  — 1)»  * 

!  y  rofli^cting  upon  the  conditions  of  the  problem,  we  may  obtain  an  equation 
insich  more  simple  than  the  preceding.  It  is  stated  that  the  portion  of  tlio 
third  sou  is  3a,  together  with  the  n**"  of  what  remains,  and  that  the  property 
is  thus  entirely  disposed  of ;  in  other  words,  tho  portion  of  the  third  son  is  3a, 
and  the  remainder  just  mentioned  is  nothing. 

We  found  the  expression  for  that  remainder*  to  be 

n'j — 6an^ — •2wT+4an-|-^ — fl 


Equating  this  quantity  to  zero,  we  have 

fih: — 6an^ — 2nx-\-4an'\'X — a 


n* 


=0 


...  n^^i— 6flw-— 2nx+4an4-r— <z=0 
(n«— 2n+l)j=6an*— 4a/i+a 

Can- — Ann -{-a 

(6rt«— 4n  +  l)a 


X=: 


This  result  is,  moreover,  more  simple  than  tho  former.  We  can  easily  prove 
that  the  two  expressions  are  numerically  identical^  for,  applying  to  tho  two 
polynomials  (6n' — 10/i--4-5n  —  !)«,  and  (n^ — 3/i-+3n+l),  the  process  for  find- 
ing the  greatest  common  measure,  we  shall  find  that  these  two  expressions 
have  a  common  factor  n — 1 ;  dividing,  therefore,  both  terms  of  the  first  result 
by  this  common  factor,  we  arrive  at  the  second. 

The  above  problem  will  point  out  to  the  student  the  importance  of  examin- 
ing with  great  attention  the  enunciation  of  any  proposed  question,  in  order  to 
discover  those  circumstances  which  may  tend  to  fiicilitate  the  solution ;  he  will 
otherwise  run  the  risk  of  arriving  at  results  more  complicutnd  than  the  nature 
of  the  case  demands. 

The  above  problem  admits  of  a  solution  less  direct,  but  more  simple  and 
elegant  Uian  those  already  given.  It  is  founded  on  tlie  observation  that,  after 
having  subtracted  3a  from  the  former  portions,  nothing  ought  to  remain. 

Let  us  represent  by  r, ,  Tj,  r,  the  three  remainders  mentioned  in  the  enun- 
rJatioQ ;  the  algebraic  expressions  for  the  three  portions  must  be 

r,  To  Vn 

a+— ,  2a+-,  3rt+— . 

1".  By  the  conditions  of  the  problem,  we  have  r3=0. 
Hence  the  third  portion  is  3a. 

*  Next  above  (3). 
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3^.  The  remainder,  after  the  second  son  has  received  2a-|- — ,  may  be  rep- 

r-        (n— 1)7- 

resented  by  r^ =,  or  -^ —^, 

n  n 

But  this  is  the  portion  of  the  third  son  ;  hence  we  hare 

n 

San 


Hence  the   portion  of  the  second  son  is  2«+ r-i-n=2a-| — ^p  ®'*' 

reducing, 

2an-f  a 

3*.  The  remainder,  after  the  eldest  son  has  received  a-\ — »  may  be  repre- 


n 


sented  by  r. »  or — , 

But  this  remainder  forms  the  portion  of  the  other  two  sons ;  hence  we  have 

(^— ^)yi      '-^an+a 
n  n  —  1     ' 

ban!^ — 2an 

5a*i« — 2an  San — 2a 

Hence  the  portion  of  the  eldest  son  is  a+— ; .rz — '^n^aA — ; ^rr-f 

*^  '     (n — 1)*  '    (n — 1)« 

or.  reducing, 

an«4-3an — a 

Hence  the  whole  property  is 

2an-\-a     an^-\-3an — a 

reducing  the  whole  to  a  common  denominator, 

3a{n'^'-'2n+l)^{2an-{'a)(n—'i)+an*-{'3an'^a  ^ 

performing  the  operations  indicated,  and  reducing, 

(6n«— 4w  +  l)a 
ns— 2ii+l    ' 
the  result  obtained  above. 

This  solution  is  more  complete  than  the  former,  for  we  obtain  at  the  same 
time  the  property  of  the  father  and  t}ie  expressions  for  the  portions  of  his 
three  sons. 

We  slioll  now  solve  one  or  two  problems  in  which  it  is  either  necessary  oi 
convenient  to  employ  more  than  one  unknown  quantity. 

PROBLEM    11. 

Required  two  numbers  whoso  sum  is  70  and  whose  difference  ia  16. 
Let  X  and  y  be  the  two  numbers. 
Then,  by  the  conditions  of  the  problem. 
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'+y=70 (1) 

x-y=16 (2), 

which  aro  the  two  equations  required  for  its  aolutioD. 
Adding  the  two  equations, 

2j=86 
x=43. 
Subtracting  the  second  from  the  first, 

37=54 
y=27. 
Hence  43  and  27  aro  the  two  numbers. 

PROBLEM  13. 

A  p.tXin  has  two  kinds  of  ^old  coin,  7  of  tlie  larger,  together  with  12  of  the 
smaller,  make  288  shillings ;  and  12  of  the  larger,  together  with  7  of  the  smaller, 
make  358  shillings.     Kequired  tho  value  of  each  kind  of  coin. 

Let  X  be  the  value  of  the  larger  coin  expressed  in  sliillings,  y  tliat  of  tho 
smaller. 

Then,  by  the  conditions  of  the  prublcm, 

7x+12^=JKS (1) 

And 

12x+  7y=358 (2). 

Multiplying  equation  (1)  by  7,  and  equation  (2)  by  12, 
and  subtracting  tho  former  product  from  the  latter,      .     .  95x=:2280 

.'.  z=     24. 
Substituting  this  value  of  x  in  equation  (1),  it  becomes    1G8^-12^=  288 

.-.  y=     10. 
The  larger  of  the  two  coins  is  worth  24  shillings,  the  smaller  10  shillings. 

PROBLEM   13. 

An  individual  possesses  a  capital  of  $30,000,  for  which  he  receives  interest 
at  a  certain  rate  ;  he  owes*,  however,  -^.20,000,  for  which  he  pays  interest  at  a 
certain  rate.  The  interest  he  receives  exceeds  that  which  he  pays  by  $800. 
Another  individual  possesses  a  capital  of  $35,000,  for  which  he  receives  inter- 
est at  the  second  of  the  above  rates ;  ho  owes,  however,  §24,000,  for  which 
he  pays  interest  at  the  first  of  tho  iifiove  rates.  The  interest  which  he  re- 
ceives exceeds  that  which  ho  pays  by  .^310.  Required  the  two  rates  of  in- 
terest. 

Let  X  and  y  denote  the  two  rates  of  interest  for  $100. 

In  order  to  find  tho  interest  of  630,000  ut  the  rate  x,  we  have  the  pro 

portion, 

30,000r 
100 :  30,000  ::x:—-^^r=300x. 

In  like  manner,  to  find  the  interest  of  $20,000  at  the  rate  of  y, 

20,000  y 
100:20,000::y:— — -^=200y. 

But,  by  the  enunciation  of  the  [)rob1em,  the  difference  of  these  two  sumi  is 
8800  ;  hence  we  shall  have,  for  the  first  equation, 

300x— 200j/=800 (1). 

Translating,  in  tike  manner,  the  second  condition  of  tho  problem  into  alge- 
braic language,  wo  arrive  at  the  second  equation. 
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350y— 240r=310 (2) 

The  two  nicnibcrs  of  tho  first  equation  are  divisible  by  100,  and  those  of  the 
second  by  10 ;  they  may  therefore  be  replaced  by  the  following : 

3r—   2y=:  8 (3) 

35y— 24j:=31 (4) 

In  opier  to  eliminate  x,  multiply  equation  (3)  by  8,  and  then  add  equation 
(4) ;  hence 

19y=95 
.-.  y=  5. 

Substituting  this  value  of  y  in  equation  (3),  we  have 

3j:— 10=8 
.'.  j:=x:6. 

Then  the  first  rate  of  interest  is  6  per  cent.,  and  the  second  5  per  cent 

PROBLEM   14. 

An  artisan  has  three  ingots  composed  of  different  metals  melted  together. 
A  pound  of  the  first  contains  7  oz.  of  silver,  3  oz.  of  copper,  and  6  oz.  of  tin. 
A  pound  of  the  second  contains  1*2  oz.  of  silver,  3  oz.  of  copper,  and  1  oz.  of 
tin.  A  |X)und  of  the  third  contains  4  oz.  of  silver,  7  oz.  of  copper,  and  5  oz. 
of  tin.  How  much  of  each  of  these  three  ingots  must  he  take  in  order  to 
form  a  fourth,  each  pound  of  which  shall  contain  8  oz.  of  silver,  3 J  oz.  of  cop- 
per, and  4 1  oz.  of  tin  ? 

Let  Xj  y,  and  :  be  tho  number  of  ounces  which  he  must  take  in  each  of  the 
ingots  respectively,  in  order  to  form  a  pound  of  the  ingot  required. 

Since,  in  the  first  ingot,  there  ai'e  7  oz.  of  silver  in  a  pound  of  IG  oz.,  it  fol- 

7 
lows  that  in  1  oz.  of  the  ingot  there  are  —  oz.  of  silver,  and,  consequently,  in  z 

Ix 
oz.  of  the  ingot  there  must  be  —  oz.  of  silver.     In  like  manner,  we  shall  find 

12y  42 
that  rrrr%  tt:  represent  the  number  of  ounces  of  silver  taken  in  the  second  and 

third  ingots  in  order  to  form  the  fourth ;  but,  by  tlie  conditions  of  tho  proh 
lem,  the  fourth  ingot  is  to  contain  8  oz.  of  silver ;  we  shall  tlius  have 

7x     12v     4r 

ifi+-[5-+ru=« (^> 

And  reasoning  precisely  in  tho  same  manner  for  the  copper  and  tin,  we  find 

3t      3y      Iz     If) 

rd"'"  1(3  +rG~T ^^^ 

which  are  tho  tliree  equations  required  for  the  solution  of  the  problem. 
Clearing  them  of  fractions,  they  become 

7.r4-l'2?/+4r  =  128 (4) 

3^:+   3}/-|-7;=   CO (5) 

6r+     j/+5:=  09^ (6) 

In  those  three  equations  the  coefficients  of  y  are  most  simple  ;  it  wUI,  there- 
fore, be  convenient  to  eliminate  this  unknown  quantity  first. 
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Multiply  equation  (5)  by  4,  and  subtract  equa- 
tion (4)  from  the  product,  wo  have 5x-|-24z=112  .  .  (7) 

Multiply  equation  (6)  by  3,  and  subtract  equa- 
tion (5)  from  tlie  product,  we  have 15.r-|-  8z=144  .  .  (8) 

Mukiply  equation  (8)  by  3,  and  subtract  equa- 
tion (7)  from  the  product,  wo  liavo 40x=320 

.-.  x=.     8 

Substitute  this  value  of  x  in  equation  (8) ;  it  be- 
comes          120+  82=144 

.'.  2=      3 

Substitute  these  values  of  x  and  z  in  equation 
(G);  it  becomes 48+y+15  =  G8 

•••  2/=    5 
Henco,  in  order  to  form  a  pound  of  the  fourth  ingot,  ho  must  lake  8  ounces 
of  the  first,  5  ounces  of  the  second,  and  3  ounces  of  the  tiiird. 

PROBLEM    15. 

There  are  three  workmen.  A,  B,  C  A  and  B  together  can  perform  a  cer- 
tain piece  of  labor  in  a  days ;  A  and  C  together  in  h  days ;  and  B  and  C  to- 
gether in  c  days.  In  what  time  could  each,  singly,  execute  it,  and  in  what 
tinie  could  they  finish  it  if  all  worked  together  ? 

Let  x=  time  in  which  A  alone  could  complete  it. 
y=i  time  in  which  B  alone  could  complete  it. 
:=  time  in  which  C  alone  could  complete  it. 

Since  A  and  B  together  can  execute  the  wholo  in  a  days,  the  quantity 
which  they  perform  in  one  day  is  -  ;  and  since  A  alone  could  do  the  whole 

in  X  days,  the  quantity  he  could  perform  in  one  day  is  - ;  for  the  same  rea- 

SOD,  the  quantity  whicli  B  could  perform  in  one  day  is  - ;  the  sum  of  what 

they  could  do  singly  must  be  equal  to  tlie  quantity  they  can  do  together; 
hence 

111 

-+-=- (1) 

X  ^  y     a  ^  ' 

In  like  manner,  we  shall  have 

111 

i+2=6 (2) 

111 

y+==c (3) 

Subtract  equation  (3)  from  (1), 

1     1_1_1 

X    2     a     c ^  ' 

Add  equations  (2)  and  (4), 

2_1      1      1 

2i?6r 
ac-\-hc — ah' 
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In  like  manner, 

2abc 
^     a6+6r — ac 
2ahc 
ab-^ac — 6c' 

Let  ^  be  the  time  in  which  they  could  finish  it  if  all  worked  together;  then, 
by  Prob.  8, 


/I     1      1\ 

(1     ab-^ac — bc\ 


2abc 


ab'^-ac^^-bc 

(16)  Wliat  two  umnbers  are  those  whose  dilTerence  is  7  and  sum  33  ? 

Ans.  13  and  20. 

(17)  To  divide  the  number  75  into  two  such  parts  that  three  times  the 
greater  may  exceed  7  times  the  less  by  15. 

Ans.  54  and  21. 

(18)  In  a  mixture  of  wine  and  cider,  |  of  the  whole  plus  25  gallons  was 
wine,  and  ]  part  minus  5  gallons  was  cider ;  how  many  gallons  were  there  of 
each  ? 

Ans.  85  of  wine,  and  35  of  cider. 

(19)  A  bill  of  $34  was  paid  in  half  dollars  and  dimes,  and  the  number  of 
pieces  of  both  sorts  that  were  used  was  just  100 ;  how  many  wore  there  of 
each  ? 

Ans.  60  half  dollars  and  40  dimes. 

(120)  Two  travelors  set  out  at  the  same  time  from  New  York  and  Albany, 
whosi>  distance  is  150  miles ;  one  of  them  goes  8  miles  a  day,  and  the  other  7 : 
in  what  time  will  they  meet  1 

Ans.  In  10  days. 

(21)  At  a  certain  election  375  persons  voted,  and  the  candidate  chosen  had 
0  majoriiy  of  01 ;  how  many  voted  for  each? 

Ans.  233  for  one,  and  142  for  the  other. 

(2*2)  What  number  is  that  from  wliich,  if  5  be  subtracted,  |  of  the  remain- 
der will  bo  40  ? 

Ans.  65. 

(23)  A  post  is  I  in  the  mud,  \  in  the  water,  and  10  feet  above  the  water; 

what  is  its  whole  length  ? 

Ansi  24  feet 

(24)  There  is  n  fish  whoso  tail  wciglis  9  pounds,  his  head  weighs  as  much 
as  his  tail  and  half  his  body,  and  his  body  weighs  as  much  as  his  head  and  his 
tail ;  what  is  the  whole  weight  of  thu  fish  ? 

Ans.  72  pounds. 

(25)  AAer  payin:;  away  \  and  \  of  my  money,  I  had  66  guineas  left  in  my 
muTBe ;  what  was  in  it  at  first  ? 

Ans.  120  guineai. 
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(26)  A*i  oge  18  double  of  B*8,  and  B*8  is  triple  of  C*8,  and  the  8um  of  all 
their  ages  is  140;  what  is  the  age  of  each  ? 

Ans.  A's  =84,  B*8  =42,  and  C's  =14. 

(27)  Two  persons,  A  and  B,  lay  but  equal  sums  of  money  in  trade ;  A 
gains  $630,  and  B  ioses  $435,  and  A*8  money  is  now  double  of  B*8 ;  what  did 
each  lay  out  ? 

Ans.  $1500. 

(28)  A  person  bought  a  chaise,  horse,  and  harness,  for  $450;  the  horse 
came  to  twice  the  price  of  the  harness,  and  the  chaise  to  twice  the  price  of 
the  horse  and  harness ;  what  did  ho  give  for  each  ? 

Ans.  $100  for  the  horse,  $50  for  the  harness,  and  $300  for  tlie  chaise. 

(29)  *Two  persons,  A  and  B,  have  both  the  same  income :  A  saves  ]  of  his 
yearly,  but  B,  by  spending  $*J50  per  annum  more  than  A,  at  tlie  end  of  4 
years  finds  himself  $500  in  debt ;  what  is  their  income  ? 

Ans.  $626. 

(30)  A  person  has  two  horses,  and  a  suddle  worth  $250;  now,  if  the  sad- 
dle be  put  on  the  back  of  the  first  horse,  it  will  make  his  value  double  that  of 
the  second ;  but  if  it  be  put  on  the  back  of  the  second,  it  will  make  his  value 
triple  that  of  the  first ;  what  is  the  value  of  each  horse  ? 

Ans.  One  $150,  and  the  other  $200. 

(31)  To  divide  tlie  number  3G  into  three  such  parts  that  J  of  the  first,  ^  of 
the  second,  and  |  of  the  third  may  be  all  equal  to  each  other  ? 

Ans.  The  parts  are  8,  12,  and  16. 

(32)  A  footman  agreed  to  servo  his  master  for  v£8  a  year  and  a  livery,  but 
was  turned  away  at  the  end  of  7  months,  and  received  only  c£2  13^.  Ad.  and 
bis  lirery ;  what  was  its  value  ? 

Ans.  oC4  16«. 

(33)  A  person  was  desirous  of  giving  ^d.  a  piece  to  some  beggars,  but  found 
that  he  had  not  money  enough  in  his  pocket  by  &d. ;  he  therefore  gave  tliem 
each  2d;  and  had  then  3c/.  remaining ;  required  the  number  of  beggars  ? 

Ans.  11. 

(.34)  A  person  in  play  lost  |  of  his  money,  and  then  won  35. ;  after  which, 
he  lost  I  of  what  he  then  had,  and  then  won  2^. ;  lastly,  he  lost  \  of  what  he 
then  had;  and  this  done,  found  he  had  but  12^.  remaining;  what  had  he  at 
first? 

Ans.  205. 

(35)  To  divide  the  number  90  into  4  such  parts  that  if  the  first  bo  increased 
by  2,  the  second  diminished  by  2,  the  third  multiplied  by  2,  and  the  fourth 
divided  by  2,  the  sum,  difference,  product,  and  quotient  shall  bo  all  equal  to 
each  other  ? 

Ans.  The  parts  are  18,  22,  10,  and  40  resfkjctively. 

(36)  The  hour  and  minute  hand  of  a  clo*'  /ire  exactly  together  at  12  o*c]ock ; 
when  are  they  next  together  ? 

Ans.  1  hour  5/y  minutes. 

(37)  There  is  an  island  73  miles  in  circumference,  and  three  footmen  aD 
start  together  to  travel  the  same  way  about  it :  A  goes  5  miles  a  day,  B  8,  and 
C  10 ;  when  will  they  all  come  together  again  ? 

And.  73  dayiB. 
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(38)  How  much  foreign  brandy  at  Hs,  per  gallon,  and  domestic  spirits  at  3s. 
per  gallon,  must  bo  mixed  together,  so  that,  in  selling  the  compound  at  9s.  per 
gallon,  the  distiller  may  clear  30  per  cent.  ?  * 

Ans.  51  gallons  of  brandy,  and  14  of  spirits. 

(39)  A  man  and  his  wife  usually  drank  out  a  cask  of  beer  in  12  days ;  but 
whoii  the  man  was  from  home,  it  lasted  the  woman  30  days  ;  how  many  days 
would  the  man  alone  be  in  drinking  it  ? 

Ans.  20  days. 

(40)  If  A  and  B  together  can  perform  a  piece  of  work  in  8  days ;  A  and  C 
together  in  9  days;  and  B  and  C  in  10  days:  how  many  days  will  it  take 
each  person  to  perform  the  same  work  alone  ? 

Ans.  A  14JJ  days,  B  17ff,  and  C  23,^. 

(41)  A  book  is  printed  in  such  a  manner  that  each  page  contains  a  certain 
number  of  lines,  and  each  line  a  certain  number  of  letters.  If  each  page  were 
required  to  contain  3  lines  more,  and  each  line  4  letters  more,  the  number  of 
letters  in  a  page  would  be  greater  by  224  than  before ;  but  if  each  page  were 
required  to  contain  2  lines  less,  and  each  line  3  letters  less,  the  number  of  let- 
ters in  a  page  would  be  less  by  145  than  before.  Required  the  number  of 
lines  in  each  page,  and  the  number  of  letters  in  each  line. 

Ans.  29  lines,  32  letters. 

(42)  Iliero,  king  of  Syracuse,  had  given  a  goldsmith  10  pounds  of  gold  with 
which  to  make  a  crown.  The  work  being  done,  the  crown  was  found  to 
weigh  10  pounds;  but  the  king,  suspecting  that  the  workman  had  alloyed  it 
with  silver,  consulted  Archimedes.  The  latter,  knowing  that  gold  loses  in 
water  52  thousandths  of  its  weight,  and  silver  99  thousandths,  ascertained  the 
weight  of  the  crown,  plunged  in  water,  to  be  9  pounds  6  ounces.  This  dis- 
covered the  fraud.     Required  the  quantity  of  each  metal  in  the  crown. 

Ans.  7  pounds  12  j  2  ounces  of  gold,  2  pounds  3J^  ounces  of  silver. 

(43)  To  divide  a  number  a  into  two  parts  which  shall  have  to  each  other 

the  ratio  of  m  to  w. 

ma        rta 
Ans.  — ; — ,  —- — . 

(44)  To  divide  a  number  a  into  three  parts  which  shall  be  to  feach  other 
asm:n:p. 

ma  na  pa 

'  7/1+ «+j/  m4-n-|-p*  m-|-/t-|-^* 

(45)  A  banker  has  two  kinds  of  change  ;  there  must  bo  a  pieces  of  the  first 
to  make  a  crown,  and  b  pieces  of  the  second  to  make  the  same  :  now  a  per- 
son wishes  to  have  c  pieces  for  a  crown.  How  many  pieces  of  eoch  kind  most 
the  banker  give  him  ? 

a{h — r)  h(c — a) 

Ans.  —, of  the  first  kind,  — : of  the  second. 

b—a  b — a 

(4G)  An  innkeeper  makes  this  bargain  with  a  sportsman :  every  day  that 
the  latter  brings  a  ceitain  quantity  of  game  he  is  to  receive  a  sum  a,  but  every 
day  that  ho  fails  to  bring  it  ho  is  to  pay  a  sum  b.  After  a  number  n  of 
days  it  may  happen  that  neither  owes  the  other,  or  that  the  first  owes  the 
second,  or  that  tho  second  owes  the  first  a  sum  c.     Required  a  formula  which 
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snail  express  in  aU  three  cases  the  number  of  days  that  the  sportsman  brought 
the  game. 

Ans.  x= — — r. 

In  the  first  cose  c=:0,  in  the  secoud  case  we  must  take  the  positive  sign,  in 
the  third  case  the  negative  sign. 

(47)  If  one  of  two  numbers  bo  multiplied  by  m,  and  the  other  by  n,  the  sum 
of  the  products  is  p  ;  but  if  the  first  be  multiplied  by  m',  and  the  second  by  n', 
the  sum  of  the  products  is  7/.     Required  the  two  numbers. 

n'p — np'    mp' — m'p 

Ans.  -  r-,  ;  —m 

mn — mn  mn — mn 

(48)  An  ingot  of  metal  which  woighs  n  pounds  loses  p  pounds  when  weigh- 
ed in  water.  This  ingot  is  itself  composed  of  two  other  metals,  which  wo 
may  caU  M  and  M' ;  now  n  pounds  of  M  loses  q  pounds  when  weighed  in 
water,  and  n  pounds  of  M'  loses  r  pounds  when  weighed  in  water.  How 
much  of  each  metal  does  the  original  ingot  contain  ? 

n{r — J))  n(p  —  q) 

Ans. pounds  of  M, pounds  of  M'. 

r—q     ^  r—q      * 

EEMABJCS  UPON  EttUATIONS  OF  THE  FIHST  DEGREE. 

162.  Algebraic  formulae  can  offer  no  distinct  ideas  to  tho  mind  unless  they 
represent  a  succession  of  numerical  operations  which  can  be  actually  perform- 
ed. Thus,  tho  quantity  b — a,  when  considered  by  itself  alono,  can  only  sig- 
nify an  absurdity  when  a>6.  It  will  be  proper  for  us,  therefore,  to  review 
the  preceding  calculations,  since  they  sometimes  present  this  difficulty. 

Every  equation  of  the  first  degree  may  be  reduced  to  one  which  has  all  its 
oigns  positive,  such  as 

ax+bz=cx+d (1)* 

Subtracting  cx+  b  from  each  member,  we  then  have 

ax — cx=^d — b. 
Whence 

x= ('.') 

a — c  ^  ' 

This  being  premised,  three  different  cases  present  themselves ; 

1".  ^>6  and  a>c. 

2?.  One  of  these  conditions  only  may  hold  good. 

3".  by^d  and  c^^a. 

In  tlie  first  case  the  value  of  x  in  equation  (2)  resolves  the  problem  without 
giving  rise  to  any  embarrassment ;  in  the  second  and  third  cases  it  does  not,  at 
first,  appear  what  signification  wo  ought  to  attach  to  the  value  of  x ;  and  it  is 
Ma  that  we  propose  to  examine. 

In  the  second  case  one  of  tlie  subtractions,  d — h,  a — c,  is  impossible  ;  for 
example,  let  b'^d  and  a^c;  it  is  manifest  that  tho  propostjd  equation  (1)  is 
absurd,  since  the  two  terms  ax  and  b  of  the  first  niombcr  are  respectively 
greater  than  the  two  terms  ex  and  d  of  tho  secoud.  Hence,  when  wo  en- 
counter a  difRcolty  of  this  nature,  we  may  be  assured  tliat  the  proposed  prol)- 

*  We  cftn  always  change  the  negative  terms  of  an  eqaatiou  into  positive  ones  by  trans- 
them  from  the  member  in  which  they  ore  found  to  the  other  member. 


174  ALGEBRA. 

lem  is  absurd,  since  the  equation  is  merely  a  faithfal  expression  of  its  condi- 
tions in  algebraic  language. 

In  the  third  case  we  suppose  h^d  and  c^a;  here  both  subtractions  are 
impossible  ;  but  let  us  observe  thnt,  in  order  to  solve  equation  (I),  we  subtract- 
ed from  each  member  the  quantity  CT-^h^  an  operation  manifestly  impossible, 
since  each  member  ^cx-\'b.     This  calculation  being  erroneous,  let  us  sub 
tract  ax-\-d  from  each  member ;  we  then  have 

b — d=icx — ax. 

Whence 

6— rf 
x= (3) 

c — a  ^  ' 

This  value  of  r,  when  compared  with  equation  (2),  difTers  from  it  in  this 
only,  that  the  signs  of  both  terms  of  the  fraction  have  been  changed,  and  the 
solution  is  no  longer  obscure.  Wo  perceive  that,  when  we  meet  with  this 
third  case,  it  points  out  to  us  that,  instead  of  transposing  all  the  terms  involv- 
ing the  unknown  quantit}"  to  the  first  member  of  the  equation,  we  ought  to 
place  them  in  the  second ;  and  that  it  is  unnecessary,  in  order  to  correct  this 
error,  to  recommence  tlie  calculation ;  it  is  sufficient  to  change  the  signs  of 
both  numerator  and  denominator. 

When  the  equation  is  absurd,  as  in  the  second  case,  we  may  oerertheless 

make  use  of  the  negative  solution  obtained  in  this  case ;  'for  if  we  substitute 

— X  for  4-^«  ^o  proposed  equation  becomes 

— aj-|-6=  — cX'\-d, 

h^d 

Whence  a:=r » 

a — c 

a  value  equal  to  that  in  (2),  but  positive.     If,  then,  we  modify  the  question  m 

such  a  manner  as  to  agree  with  this  new  equation,  this  second  problem,  which 

will  bear  a  marked  resemblance  to  the  first,  will  no  longer  be  absurd,  and, 

with  the  exception  of  the  sign,  will  have  the  same  solution. 

Let  us  take,  for  example,  the  following  problem  : 

A  father,  aged  42  years,  has  a  son  ai^ed  12 ;  in  how  many  years  will  the  age 

of  the  son  he  one  fourth  of  that  of  Uie  father  ? 

Let  r=  the  number  of  years  required. 

Then  ■  "^   =12+j;; 

.    r—  — -O 

Thus  the  problem  is  absurd.  But  if  we  substitute  — x  for  -{-r,  the  equa- 
tion becomes 

42— r 

— 7— =  12— X 

4 

and  the  conditions  corresponding  to  this  equation  change  the  problem  to  the 
following : 

A  father,  aged  42  years,  has  a  son  aged  12 ;  how  many  years  have  elapsed 
since  the  age  of  the  son  teas  one  fourth  oftfiat  of  the  father?* 

Here  .t=2. 


*  As  a  problem  is  translated  into  alf?ebraic  lnn;rnago  by  moans  c^  an  equation,  to  an 
eqnation  may  be  translated  back  into  a  problem,  provided  the  general  nature  of  Ae  problem 
be  known. 
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Ttke  abotfaer  example. 

What  number  of  dollars  is  that,  the  sum  of  the  third  and  fifth  parts  of  which, 
diminished  by  7f  is  equal  to  the  original  number  ? 

Here  -+g— 7=x. 

Whence  x^ — 15. 

The  problem  b  absurd  ;  but,  substituting  — x  for  -{-r, 

X       X 

"3  ""5  ""''="'• 


or 


X       X 


which  gives 

ar=:15; 

and  the  problem  should  read,  What  number  of  dollars  is  that^  the  third  and  fittn 
parts  of  which,  when  increased  by  7,  give  the  original  number  ? 

153.  With  regard  to  the  interpretation  of  negative  results  in  the  solution 
of  problems,  then,  we  may,  from  what  is  seen  above,  establish  the  following 
general  principle  :  § 

When  we  find  a  negative  value  Jbr  the  unknown  quantity  in  problems  of  the 
first  degree,  it  points  out  an  absurdity  in  the  conditions  of  the  problem  pro- 
posed; provided  the  equation  be  a  faithful  representation  of  the  problem,  and 
of  the  true  meaning  of  all  the  conditions. 

The  value  so  obtained,  neglecting  its  sign,  may  be  considered  as  the  answer 
to  a  problem  which  differs  from  the  one  proposed  in  this  only,  that  certain  quan- 
tities which  were  auditive  in  the  first  have  become  subtractive  in  the  second,  and 
reciprocally. 

154.  The  equation  (2)  presents  still  two  varieties.     If  a=<;,  we  have 

d--b 

in  this  case  the  original  equation  becomes 

ax+6=ax+c?» 

whence  b=:d ;  if,  therefore,  b  bo  not  equal  to  d,  the  problem  would  seem  ab- 

aurd.* 

d^—b  m 

But  the  expression  ,  or,  in  general,-,  where m may  be  any  quantity, 

represents  a  number  infinitely  great.  For,  if  wo  take  a  fraction  — ,  the  small- 
er we  make  n,  the  greater  will  the  number  represented  by  -  become ;  thus, 
for  «=2'  Tqo'  Toon*  ^®  results  are  2,  100,  1000  times  m.  The  Umit  is  in- 
finity, wluch  corresponds  to  n=0.     Or,  we  may  sny,  to  prove  —  infinite,  that 

*  Tho  abfurdity  is  removed  by  considering  that  finite  qnantities  have  no  effect  wlicn 
added  to  infinite  onei ;  that,  in  comparison  with  infinitiea,  finite  qaantitiea  are  all  cqnal  to 
•notber,  and  aQ  eq:aal  to  xero. 
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a  finite  qiinntity  cvideiilly  contains  an  infinite  number  of  zeros.     The  symbol 
for  the  value  of  .r  in  this  case  is 


j=aD.* 


By  clearing  the  expression  77='^  of  fractions,  we  have  m=:OXaD»  from 


m 


which  it  nppcnrs  tliat  the  product  of  zero  by  infinity  is  finite.     So,  also,  — ^0, 

or  the  quotient  of  u  finite  quantity  by  infinity,  is  zero. 
155.  If,  in  equahon  (-2),  a=c,  and  h=zd,  we  have 

■r— ^; 
in  tliis  case  the  original  equation  becomes 

Here  the  two  members  of  the  equation  are  equal,  whatever  may  bo  the  value 
of  ar,  which  is  altogether  arbitrary,  and  nuiy  have  any  value  at  pleasure.  We 
perceive,  then,  that  a  iiroUcm  is  inJrkrniinate,  and  is  susceptible  of  an  in- 
finite number  of  solutions^  when  the  value  of  the  unknown  quantity  appears 

under  the  form  -. 

»  0 

It  is,  however,  highly  important  to  observe,  that  the  expression  -  does  not 

always  indicate  that  the  problem  is  indeterminate,  but  merely  the  existence  of 
a  factor  common  to  both  terms  of  the  fraction,  which  factor  becomes  0  under 
a  particular  hypothesis. 

Suppose,  for  example,  that  the  solution  of  a  problem  is  exhibited  under  the 

form  x^—i — r;« 
a^ — 6^ 

If,  in  this  formula,  we  make  a=&,  then  ar=-. 


*  This  infinito  valae  of  exprcsaioius  liko  —  may  be  sometimes  positive,  sometimes  negt- 
tive,  and  sometimes  iudifiercutly  positive  or  neq-ative. 

1".  Let  there  be  the  formula  x=- — ,  in  which  m  and  n  are  two  invariable  namberk 

which  we  suppose  positive,  and  different  from  zero,  while  s  can  havo  all  possible  valnes. 
Making  z=n,  we  have  ^=  ;:•  But  as  the  denominator,  (n — z)-,  is  always  positive,  wha^ 
ever  z  may  bo,  the  infinity  here  shoold  bo  reganled  as  designating  the  positive  infinity. 


2°.  By  analoq:ous  reasoning,  wo  see  that  if  we  have  the  formula  x=z- and  s:=«,  wo 

(n—z)i 

■hould  have  the  negative  infinity  z^= — oc . 

3^.  Let  there  bo  the  formula  x= .     The  hyi>othesLs  z=n  erives  still  a=— ,  but  hat 

n — z  ^  0 

the  infinity  will  havo  an  ambiguous  sign.  Suj>pose,  at  first,  z<n,  and  cause  z  to  increase, 
tho  formula  will  give  increasing  values,  which  will  be  all  positive.  Ou  the  contrary*,  taking 
z'^n,  then  diminishing  z  till  it  becomes  equal  to  n,  tho  formula  gives  increasing  valnet, 
which  are  negative.  Therefore,  the  hypothesis  z=n  ought  to  be  considered  aa  caasing  the 
formula  to  take  two  infinito  values,  the  one  positive  and  the  other  negative.  This  is  indi* 
cated  by  writing  x:=-J[-ao.  Tho  qo  is  horc  the  transition  value  between -{- Btud—.  Zero 
ig  also  a  transition  vsilue  between  -{-  niid  — .  For,  let  x=» — z :  if  z<n,  and  z  increase  till 
;r>n,  the  value  of  x  in  changing  from  -{-to  —  passes  through  0.  Quantities  in  changing 
sign  most  alv.-.:/s  pass  through  0  or  ao.    They  may,  however,  put  tfaroogfa  0  or  «  witb- 

oat  changing  sign,  u  in  «=(ji — z)*,  and : r- 
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Bat  we  must  remark,  tlmt  a' — h^  may  be  put  under  the  form  (a — h) 

(a^-^ah-^-h*),  Rud  that  a^ — h^  is  equivalent  to  (a — 6)  (a-{-b);  hence  the 

above  vulue  of  x  will  be 

^  (a— h)(a\+ah+b') 

Now  if,  bcforo  making  the  hypothesis  a=zb^  we  suppress  the  common  fur- 
tor  a^-bj  the  value  of  x  becomes 

(r-+ab+b' 
^^      ~a+b      ' 
an  expression  which,  under  the  hypothesis  that  a=&,  is  reduced  to 

Take,  as  a  second  example,  the  expression 

^  a'-'—b^  ^(a+b){a—b) 

0 
making  e/=:&,  the  value  of  x  becomes  •'^=»i  in  consequence  of  the  existence 

of  the  common  factor  a — b ;  but  if,  in  the  first  instance,  we  suppress  the  com- 
mon factor  a — &,  the  value  of  .r  becomes 

a+b 

mn  expression  which,  under  the  hypothesis  that  a=b,  is  reduced  to 

2a 
U 

From  this  it  appears  that  the  symbol  -  in  algebra  sometimes  indicates  the 

existence  of  a  factor  common  to  Oic  ttro  trrms  of  tJic  fraction  which  is  reduced  to 
that  form.  Hence,  before  we  can  i)ronounce  with  certainty  upon  the  true 
value  of  such  a  fraction,  we  must  ascertain  whether  its  terms  involve  a  com- 
mon factor.  Tf  none  such  be  fouud  to  exist,  then  wo  conclude  that  the  equa- 
tion in  question  is  really  indetrrminatc.  If  a  common  factor  be  found  to  exist, 
we  must  suppress  it,  and  then  make  anew  the  particular  hypothesis.  This 
will  now  give  us  the  true  value  of  the  fmction,  wliich  may  present  itself  under 

A  A  0 
one  of  the  three  forms  ti.  "jr*  q- 

In  the  first  case,  the  equation  is  determinate ;  in  the  second,  it  is  impossible 

in  finite  numbers  ;  in  the  third,  it  is  indeterminate, 

0 
There  are  other  forms  of  indetcrmination  besides  -  ;  for,  whatever  be  tho 

ndues  of  P  and  Q,  we  have 

p 
p 

The  first  of  these  equivalents  of  tt,  where  P  and  Q  both  equal  zero,  be- 

00 

eomes  0  X  Qd,  and  the  second  becomes  — ,  which  symbols  must,  therefore,  be 

^  0 
eoDsidered  as  having  the  same  meaning  with  -, 

M 
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DISCUSSIOJ^   OF  FORMULAS  FURNISHF.D  BT  THE  GENERAL  EqUATIOllS    OF  TBE 
FIRST    DEUREE,   WITH    TWO    OR   MORE    UNK:fOWW    QUANTITIES. 

When  the  common  denominator  of  the  general  values  of  the  unknown  quan 
titles  reduces  to  zero,  it  is  not  readily  seen  how  the  given  equations  are  to  be 
verified.     We  shall  examine  liero  the  particular  cases  of  this  kind  which  maj 
occur. 

Resume  the  two  equations, 

ax-^-hyz^k  [1] 

a'x-\-h'y=ik'  [2] 

from  which  we  derive  the  formulas 

kh'—hk'         aJc'—ka' 

First  particular  Case, — Suppose  the  denominators  to  be  zero  and  the  nu- 
merators not ;  then  wo  have 

,       ,                   kb'—bk'         ak'—ka' 
a6'— 6a'=0,  xzd ,  y= . 

The  values  of  x  and  y  are  then  infinite ;  that  is  to  say,  in  order  to  satisfy  the 

two  given  equations,  they  must  surpass  eveiy  assignable  magnitude. 

ab' 
From  tlie  equality  ah' — ha'=zO,  we  derivo  rt'=-^,  and,  consequently,  the 

equation  [2],  by  putting  in  it  this  value,  becomes 

ah' 

'YX+h'y=k\  .-.  h'{ax+by)=hk'. 

The  Hrst  member  is  the  first  member  of  [1]  multiplied  by  6' ;  the  same  re- 
lation must  subsist  between  the  second  members,  in  order  that  the  value  of  x 
and  y  may  verify  at  the  same  time  equations  [1]  and  [2].     Hence  bk'=zkh\ 
or,  kb' -rhk' =0  ;  i.  f.,  the  numerator  of  x  would  be  equal  to  zero,  which  ii  / 
contrary  to  hypothesis.* 

In  this  wiiy  the  impossibility  of  finding  values  of  x  and  y,  which  satisfy  at 
the  same  time  tlie  two  given  equations,  is  made  apparent ;  but  this  im]x>s6i' 
bility  is  still  better  characterized  by  the  infinite  values,  which,  at  the  same  time 
that  they  indicate  the  impossibility,  show  besides  that  it  arises  from  the  fact 
that  thi*  values  of  the  unknown  quntitities  ai'o  too  great  to  be  assigned. 

If  we  suppose  ah' — ha'  to  be  at  first  a  veiy  smiill  quantity,  the  values  of  r 
and  y  wUl  be  very  groat,  but  th(»y  will  always  satisfy  the  equations  until  tbe 
instant  ah'  —  ha'  reduces  to  zero,  when,  if  we  can  not  efTcct  in  a  direct  manner 
the  verification  of  tht^  equations,  it  is  solely  because  x  and  y  then  suqiass  all 
assignable  magnitude. f 

Sfcond  particular  Case. — Suppose  the  denominator  to  bo  zero  at  the  same 
time  as  uno  of  the  numerators;  for  example,  that  we  have 

ab'—ba'^O,  kh'^bk'=zO. 

I  maintain  that  the  other  numerator  will  be  also  equal  to  zero;  for  the 
two  equalities  above  give 

*  The  not<;  to  ait.  ir>4  i;x[)l:aiia  this  nimiimly.  The  fi.iito  quantities  ki/  and  bkf  arc  cqaal 
Tsiicii  c(im|iarc'l  with  iiifi.iity. 

t  r-<i:isiilered  ii  rchition  to  tho  ijii(-sti(iii,  tJie  conditlonD  uf  which  arc  csprevscd  by  the 
pnihloni.  iiiliuite  viihios  nmy  h<^  Konu-tiincM  a  truu  aohitinu  of  tho  question.  Tlio  applicft 
tidu  (>r  uL'chra  U)  iiconu.'try  turuislies  iiuMK'r<<us  exuinpU'S  of  thin  kind  ;  ouioiijj^  others  may 
bj  ('iti.*(l  that  where  an  auf^lt*  is  unknown,  nntl  we  fuul  for  its  tangent  an  inliuite  valac.  It 
is  clean  then,  that  tlie  angle  must  be  light. 
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ab'    .       kh 


f>' 


^-'  b'  b  ' 

and,  consequently,  the  other  numerator  becunies 

akb'     akb' 

ak'^ka'=—r- 7— =0. 

0  0 

If  at  first  we  had  supposed  this  numerator  equal  to  zero,  \vc  couIJ  have 

proved  in  a  similar  manner  that  of  x  to  bo  so  also. 

The  present  hypothesis  then  gives 

0  0 

Of  themselves  those  symbols  indicate  indetennination ;  I  slinll  prove,  hy  going 

bock  to  the  equations,  that  they  ought,  in  fact,  to  be  indeterminate. 

For  this  purpose,  substitute  in  equation  ['2]  the  values  of  a'  and  k\  found 

above,  and  it  becomes 

a//        ,         kb'        h'  b' 

-yx+b'y^i-j-,  .',j{ax+bt/)=z-j^k. 

Thus  we  see  that  it  can  l)t)  formed  by  multiplying  the  two  monibcis  of  oqua- 
tion  [1]  by  j-;  then  all  values  of  x  and  y  which  satisfy  one  of  the  two  equations 

will  also  satisfy  the  other.  But  if  we  give  to  x  values  at  pleasure  in  equation  [1], 
we  can,  by  resolving  it  afterward,  find  corresponding  values  of  y  ;  and  as  these 
same  values  satisfy  the  second  equation,  we  conclude  that  the  proposed  ecjua- 
tions  admit  an  infinite  number  of  solutions. 

Let  it,  however,  be  observed,  that  the  indetennination  in  this  case  does  not 
permit  as  to  take  whatever  value  of  ^,  and,  at  the  same  time,  of  r,  we  please, 
because  the  above  explication  shows  that,  when  one  of  these  unknown  quan- 
titien  is  assumed,  the  value  of  the  other  is  determined. 

The  case  before  us  comprehends  that  in  which  A'=0,  ^'=0,  ab' — 6a'=0, 

0 
becauso  then  x  and  y  become  - .     If  we  return  to  the  equations  proposed,  they 

reduce  to  these, 

They  give  respectively 

a  a! 

a     a' 
But  upon  the  hypothesis  of  ab' — 6a'=(),  we  derive  -r=rT^;  then  tho  two 

▼alues  of  y  are  equal,  whatever  be  that  of  r,  and  there  is  veritable  indottir- 
mination. 

Yet  it  is  to  bo  observed,  that,  if  we  take  the  relation  of  y  to  r,  this  relation 
is  determinate,  because  wo  have 

a' 


y         a         a 


a     a 


If  the  condition  T=r:  had  not  existed,  the  two  values  of  y  above  cr>ii!d  vnr. 

b     b 

have  been  equal,  except  we  suppose  j-=0 ;  y  would  have  been  then  z<;ro,  aul 

the  relation  of  x  and  y  no  longer  detenninate,  but  indeterniitiate. 

A  similar  discussion  to  the  above  mi;;ht  be  irivpn  to  a  system  of  three  w  more 

equations,  with  as  many  unknown  quantities.     It  would,  however,  be  more 

difficult  to  investigate  the  cases  of  impossibility  and  indetermination,  and  it  is 
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not  worth  while  to  delay  upon  them.  We  shall  content  ourselves  with  setting 
down  here  some  observations  intended  to  caution  the  student  against  certain 
hasty  conclusions  to  which  he  might  natHraUy  be  led. 

We  have  seen,  in  the  case  of  two  equations  with  two  unknown  quantities, 
that  X  and  y  become  infinite  and  indeterminate  simultaneously. 

The  first  error  which  might  be  committed  would  be  that  of  supposing  from 
analogy  tliat,  in  the  case  of  several  equations,  the  unknown  quantities  would 
all  become  infinite  or  indeterminate  together.  Suppose,  for  ezamplev  therA 
are  under  consideration  the  three  equations 

ax  -\-hij  -\-cz  =zk, 
'       a'x\-b'jf+c'zr=k\ 
a"x+b''y+c"z=zk". 
The  common  denominator  of  the  values  of  r,  y,  r,  is 

R=ah'c"'-ac'h"+ca'b"'-.ba'c"'+bc'a"-~ch'a", 
and  it  may  be  written  in  throe  ways : 

R=a(6'c"— r7>")  +a'(cb"  —bc")  +  a"(bc'^cb% 
R  =  bia'a^'-a'c")  +  b'(ac"—ca")  +  6"(ra' — flr'), 
,  R=c(a'b"-'b'a")+c'(ba"^ab")+c"(ab'—ba'). 
Place 

fcV"=c'6",  cb"=bc". 
From  these  equations  we  deduce  bc'=cb\  and,  consequently,  R  becomes 
zero.  Then  the  numerator  of  .r,  which  is  formed  from  R  by  changing  a,  a', 
a"  into  A",  k\  k'\  becomes  zero  also.  But  as  the  numerator  of  y  b  formed  by 
placing  A:,  k'j  k"  in  R  instead  of  6,  b\  b'\  there  is  no  reason  why  this  numerator 
should  become  zero,  unless  we  make  some  new  hypothesis.     The  same  may 

be  said  of  that  of  2.     Thus  the  value  of  x  can  take  the  indetennioate  form  -. 

0 

where  the  values  of  y  and  z  are  infinite. 

But  with  regard  to  this  indeterminate  fonn,  another  error  still  is  to  be 
avoided,  because  it  may  be  that  the  indetermination  is  only  apparent  (see 
Art*  155).  In  order  to  judge  better  of  it,  we  shall  have  regard  only  to  the 
single  relation 

c'h" 

Substituting  this  value  of  c"  in  the  general  value  of  ar,  it  will  be  seen  that 
Be' — cb'  becomes  a  common  factor  of  l)oth  numerator  and  denoniinntor.  But 
by  hypothesis  this  factor  is  zero ;  it  is  its  presence,  then,  which  produces  the 
appearance  of  indetermination.  Suppressing  it,  we  have  the  true  value  of  x, 
which  appears  no  longer  indeterminate,  unless  some  new  hypothesis  be  joined 
to  those  already  made.* 


*  An  important  obscrvration  ahonld  be  made  before  quittinj^  tho  sabject  of  indetenai* 
nation. 

When  the  two  terms  of  a  fraction  decrease  so  as  to  become  less  than  any  aaaignable 
quantity,  if  the  suppositions  which  cause  one  of  tliem  to  decrease  indefinitely  ar«  eath^ 
independent  of  tliose  wliioh  cause  tho  other  to  do  so,  the  values  of  these  terms  may  b« 
taken  as  near  zero  as  we  [ilease,  and  such  that  their  relation,  which  is  the  valae  of  tiia 

fraction,  may  be  equal  to  any  quantity  whatever ;  consequently,  tho  8}nnbol  -,  at  wUdi  we 

arrive  when  tlio  two  terms  sliall  have  attained  tlie  limit  of  their  decrease,  wUl  t  inmei 
complete  indetermination.  But  it  may  happen  that  the  two  terms  c^  the  fractwn  are  oon 
nected  together  in  inch  a  way,  that  to  a  very  nnall  valae  of  one  there  gflHM|M»>4i  ahrays 
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156.  We  shall  concludo  this  discussion  with  the  foDowing  problem,  which 
will  serve  as  an  illustration  of  the  various  singularities  which  may  present 
themselves  in  the  solution  of  a  simple  equation. 

PROBLEM. 

Two  couriers  set  off  at  the  same  time 


*/ 


from  two  points,  A  and  B,  in  tho  same  — ^>v 
straight  line,  and  travel  in  the  same  di- 
rection, A  C.  The  courier  who  sets  out  from  A  travels  in  miles  an  hour,  the 
courier  who  sets  out  from  B  travels  n  miles  an  hour ;  the  distance  from  A  to 
B  is  a  miles.  At  what  distaace  from  tho  points  A  and  B  will  the  couriers  be 
together  ? 

Let  C  be  the  point  where  thoy  are  together,  and  let  x  and  y  denote  the  dis- 
tances A  C  and  B  C,  expressed  in  miles. 

We  have  manifestly  for  the  first  equation 

^-y=« (1) 

iSince  m  and  n  denote  the  number  of  miles  traveled  by  each  in  an  hour,  that 

is,  the  respective  velocities  of  the  two  couriers,  it  follows  that  the  time  re- 

X  y 
quired  to  traverse  the  two  spaces,  x  and  ^,  must  be  designated  by  — ,  - ;  these 

two  periods,  moreover,  are  equal ;  hence  we  have  for  our  second  equation 

x      y 

-=•- (2) 

The  values  of  x  and  y,  derived  from  equations  (1)  and  (2),  ore 

am  an 


x= ,  y= . 

m  —  n  ^      in  —  n 

1".  So  long  as  we  suppose  m>ii,  or  m  —  n  positive,  the  problem  will  be 
solved  without  embarrassment.  For,  in  that  case,  we  suppose  the  courier  who 
starts  from  A  to  travel  faster  than  the  courier  who  starts  from  B ;  he  must, 
therefore,  overtake  him  eventually,  and  a  point  C  can  always  bo  found  where 
they  will  be  together. 

2*.  Let  us  now  suppose  m<?i,  or  m — n  negative,  the  values  of  x  and  y  are 
both  negative,  and  wo  have 

am  an 

n — m'  "^         n — m' 

The  solution,  therefore,  in  this  case,  points  out  that  some  absurdity  must  exist 
hi  the  conditions  of  the  problem.  In  fact,  if  we  suppose  m<^ra,  we  suppose 
diat  the  courier  who  sets  out  from  A  travels  slower  than  the  courier  who  sets 
oat  from  B ;  hence  the  distance  between  them  augments  every  instant,  and  it 
IS  impossible  that  the  couriers  can  ever  be  together  if  they  travel  in  the  di- 
rection A  C.  Let  us  now  substitute  — x  for  +x,  and  — y  for  +y,  in  equa- 
tioDS  (1)  and  (2) ;  when  modified  in  thia  manner,  they  become 

a  vei^'  unall  valae  of  the  otlier ;  aud  that,  when  they  couvergc  toward  zero,  their  relation 
flonverges  toward  a  determinate  limit,  whicli  it  does  not  attain  till  the  moment  that  the 

0 
two  terms  vanish,  and  tho  fraction  presents  itself  under  the  form  -.*    A  pardcolar  exam- 
ple of  tiiis  last  case  is  tlie  vanishing  of  a  common  factor  of  tho  nomerator  and  dcnoimnator. 
Ibe  tame  remark  is  applicable  to  the  symbol 


00 


00 

*  TiMi  prtBciph  i*  taUj  •mapUAcd  m  th«  dMbrtotial  cakolas 
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m     n 
equations  which,  wheu  resolved,  give 

am.  an 

n — m  ''     n — m, 
in  which  the  values  of  x  and  y  are  positive. 

These  values  of  x  and  y  give  the  solution,  not  of  the  proposed  problem, 
which  is  absurd  under  the  supposition  that  m<^;z,  but  of  tlie  following,  which 
is  the  translation  of  the  changed  equations. 

Two  couriers  set  out  at  the  same  time  from  the  points  A  and  B,  and  irawX 
in  the  direction  B  C\  &cc,  (the  rest  as  before) ;  the  values  of  x  and  y  mark  the 
distances  A  C,  B  C,  of  the  point  C\  where  tlie  couriers  are  together,  from 
the  points  of  departure  A  and  B. 

From  this  problem,  as  well  as  that  of  the  father  and  son  above,  may  be  de- 
duced the  following  rule,  when  the  value  of  the  unknown  quantity  is  found  to 
bo  negative  : 

Chan/rc  the  sifrn  of  the  unknown  quantity  in  the  first  cqua/ion,  or  the  one 
derived  immediately  from  the  problem  ;  this  changed  equation,  translated  into 
common  language,  will  furnish  the  problem  which  will  give  a  positive  solution. 

If  the  problem  be  at  first  enunciated  in  a  general  manner,  then  negative 
values  of  the  unknown  quantity  may  be  regarded  as  furnishing  a  true  solution, 
but  are  to  be  interpreted  in  a  contrary  sense.  Thus,  if  jwsilive  values  repre- 
sent distance  to  the  right,  negative  will  represent  distance  to  the  left;  if  post- 
live  express  distance  upward,  negative  distance  downward  ;  if  the  former  in- 
dirafr  time  future,  the  latter  rnust  indicate  time  ])ast :  if  Oie  one  gain,  the  other 
loss  :  if  the  one  a  rate  of  increase,  the  other  a  rate  of  decrease,  Sfc,* 

3".  Let  us  n(;xt  suppose  m  =  n  ;  the  values  of  r  and  y  in  this  case  become 

am  .      an 

or 

r^oD ,  y  =  co ; 

that  is  to  say,  x  and  y  each  represent  infinity.  In  fact,  if  we  suppose  mz=n, 
we  suppose  the  courier  who  sets  out  from  A  to  travel  exactly  at  the  same  rate 
as  the  courier  who  sets  out  from  B  ;  consequently,  the  original  distance,  a,  by 
which  they  are  separated  will  always  remain  the  same,  and  if  the  coarien 
travel  ybr^j;fr,  they  can  never  be  together. f 

*  Applicntious  of  this  oae  of  positive  and  negative  (luantitics  constantly  occnr  m  tri^ 
nometry  and  analytical  geomotrj-. 

t  Since  m=n,  equation  (2)  gives  T=:y,  and  equation  (1),  in  consequence,  0=0.  To  nn- 
dcnitand  this,  we  must  recur  to  the  principle  sta^ctd  in  (Art.  l.'S4).  Wo  may  here  extend  a 
little  the  statement  there  made.  All  zeros  nre  eqtml  when  compared  with  finite  qaantitie!, 
but  not  when  compared  with  one  another.  Thus,  2x  is  twice  as  great  as  x,  though  x  be  0; 
but  Z€-{-n=x-\-a=zfi,  if  j:=0.  In  the  first  of  tlieac  cases  one  zero,  2x,  is  compared  wifli 
another,  and  then  they  are  not  e'lual ;  in  the  second,  both  zeros,  2x  and  x,  are  compared 
with  the  finite  quantity,  o.  and  then  aro  equal. 

Again.  j--|-tf=j:-|-10^=j:-|-0=.r,  if  x=x ;  hut  10'/  is  ten  times  as  great  as  a,  when  an 
oonnectctl  with  infinity.    Finite  quantities  are,  therofure,  all  equal  to  one  another,  and  aD 
equal  to  zero  when  compared  with  infinite  ones,  but  not  when  simply  compared  with  one 
another.    It  is  rare  that  algebra  can  be  employed  to  demonstrate  moral  or  religioai  troth: 
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4**.  Let  us  suppose  mr=n,  and  also  ar=:0 ;  the  values  of  x  aad  y  in  this  case 
become 

0         0 

that  is  to  say,  the  problem  is  indeterminate ^  and  admits  of  an  infinite  number 
of  solutions.  In  fact,  if  we  suppose  fl=0,  we  suppose  that  the  couriers  start 
from  the  same  point*  and  if  we  at  the  same  time  suppose  m=7i,  or  thnt  they 
travel  equally  fast,  it  is  manifest  that  the  if  7nust  always  be  together ^  and  conse- 
quently every  point  in  the  line  A  C  satisfies  the  conditions  of  the  problem. 

5".  Finally,  if  we  suppose  fl=0,  and  m  not  =n,  the  values  of  x  and  y  in 
this  case  become 

a:=0,  y=zO, 

lo  fact,  if  we  suppose  the  couriers  to  set  out  from  the  same  point,  and 
to  travel  with  different  velocities,  it  is  manifest  that  the  point  of  departure  is 
the  only  point  in  which  they  can  bo  together. 

ADDITIONAL    PROBLEMS. 

(1)  The  rent  of  an  estate  is  greater  than  it  was  Inst  year  by  8  per  cent,  of 
the  rent  of  that  year  ;  this  year's  rent  is  1890.     What  was  last  year's  ? 

Ans.  1750. 

(2)  A  company  of  90  ])ersons  consists  of  men,  women,  and  children  ;  the 
men  are  4  in  number  moro  than  the  wotiieri,  and  the  children  10  more  than 
the  men  and  women  together.     How  mnny  of  tmch  ? 

Ans.  22  men,  18  women,  and  50  children. 

(.3)  From  the  first  of  two  mortars  in  a  battery  30  shells  are  thrown  before 
the  second  is  ready  for  firing.  Shells  are  then  thrown  from  both  in  the  pro- 
portion of  8  from  the  first  to  7  of  tlie  second,  the  second  mortar  requiring  a9 
much  powder  for  3  charges  ns  the  first  does  for  4.  It  is  required  to  deter- 
mine after  how  mnny  dischnrges  of  the  second  niortnr  the  quantity  of  powder 
consumed  by  it  is  equal  to  the  qunntity  consumed  by  the  first. 

Ans.  189  dischnrges  of  the  second  mortar. 

(4)  The  fore  wheels  of  a  can'iago  are  5|  foot  and  the  hind  wheels  7  J  feet 
in  circumference  ;  the  dilference  of  the  number  of  revolutions  of  the  wheels 
is  2000.     What  is  the  length  of  the  journey  ? 

Ans.  39900  feet,  or  7JJ  miles. 

(5)  Three  brothers.  A,  B,  and  C,  buy  n  house  for  <.£2000  ;  C  can  pay  the 
whole  price  if  B  give  him  half  his  money ;  B  can  pny  the  whole  price  if  A 
give  him  one  tliird  of  his  money  ;  A  can  pay  the  whole  price  if  C  give  him 
one  fourth  of  liis  money.     How  nmch  has  each  ? 

Ans.  A  <£1680,  B  c£l440,  C  c£1280. 

(6)  The  passengers  of  a  ship  were  |  Germans,  i  French,  i  English,  { 

bat  the  objection  to  the  doctrine  of  tlie  special  and  innncdiate  superintendence  of  Provi- 
deiico  in  the  affairs  of  men,  that  it  implies  an  incredible  doqree  of  condescension  in  on  in- 
finite bcincr,  finds  in  the  principle  above  stated  a  satisfactory  refutation.  As  compared 
with  infinity,  the  smallest  jwrtion  of  matter  is  equal  to  the  ureatest,  and  it  is  therefore  no 
more  an  act  of  condescension  on  the  part  of  God  to  charcre  himself  with  the  care  of  an  in- 
dividual than  of  a  nation — witii  the  revolationB  of  a  satellite  tliun  with  the  movement!  of 
a  system. 
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Dutch,  nnd  the  residue,  amounting  to  31,  Americans.    How  many  were 

there  in  the  whole  ? 

Ana.  120. 

(7)  Suppose  the  sound  of  a  bell  to  be  heard  at  the  distance  of  1143  feet  in 
a  second  in  a  still  atmosphere,  nnd  tlint  a  wind  is  blowing  sufficient  to  occa- 
sion a  delay  of  |  in  time.  In  how  many  seconds  will  the  sound  reach  a  dis- 
tance of  6000  feet  ? 

Ans.  6.304. 

(6)  Quicksilver  expands,  for  each  degree  of  the  centigrade  thermometer, 
g^gjf  of  its  volume.  Accoixling  to  this,  how  high  would  the  barometer  stand 
when  the  temperature  is  0°,  if,  when  the  temperature  is  21^,  it  stands  at  a 
height  of  27  inches  8^  lines  ? 

Ans.  27  in.  7jYsV  ttne«« 

(9)  What  degree  of  heat  in  a  centigrade  thermometer  would  be  required 
to  cause  the  barometer  to  rise  to  26  inches  8  lines,  if  0^  raised  it  to  26  inches 
4  lines  ? 

Ans.  703J. 

(10)  A  piece  of  silver,  the  specific  gravity  of  which  is  lOJ,  weighs  84  oz. 

How  much  weight  will  it  lose  in  water  ? 

Ans.  8  oz. 

(11)  In  a  moss  of  zinc  and  copper,  weighing  100  pounds,  8  parts  are  of  the 
former  and  3  of  the  latter.  IIow  much  zinc  must  be  added,  that  the  propor- 
tions may  be  as  14 :5  ? 

Ans.  3|{. 

(12)  At  the  extremities  of  two  arms  of  a  balanced  lever,  whose  lengths  are 
16  and  21  feet,  two  weights  are  suspended,  which  together  amount  to  65} 
pounds.     IIow  much  is  suspended  at  each  arm  ? 

Ans.  37y¥j  and  28^/5. 

(13)  The  range  of  temperature  of  a  thermometer  during  the  year  was 
44^0^°.  The  ratio  of  the  degrees  at  which  it  stood  at  tlie  extreme  points 
above  and  below  zero  was  7:4.     What  were  the  points  ? 

Ans.  281^5  above,  165*,  below. 

(14)  In  4000  pounds  of  gunpowder  there  are  3240  less  of  sulphur  than  of 
charcoal  and  saltpetre,  27G0  less  of  charcoal  than  of  sulphur  and  saltpetre. 
How  much  of  each  of  tht»so  ? 

Ans.  Sulphur  380,  charcoal  620,  saltpetre  3000. 

(15)  It  is  required  to  divide  the  number  99  into  five  such  parts  that  tlie  first 
may  exceed  the  second  by  3,  be  less  thim  the  third  by  10,  greater  thau  the 
fourth  by  9,  and  less  than  the  fifth  by  16. 

Ans.  The  parts  are  17,  14,  27,  8,  and  33. 

(16)  A  and  B  began  trade  with  equal  stocks.     In  the  first  year  A  tripled 

his  stock,  and  had  c£27  to  spare ;  B  doubled  his,  and  had  dCl53  to  spare. 

Now  the  atnount  of  both  their  gains  was  five  times  the  stock  of  either.     What 

was  that  stock  ? 

Ans.  c£90. 

(17)  What  two  numbers  are  as  2  to  3  ;  to  each  of  which,  if  4  be  added,  the 

sums  will  be  as  5  to  7  ? 

Ans.  16  and  24. 

(18)  Four  places  are  situated  in  the  order  of  the  letters  A  B,  C,  D.    The 
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distance  from  A  to  D  is  34  miJes.  The  distance  from  A  to  B  is  to  the  dis- 
tance from  C  to  D  as  2  is  to  3  ;  and  ono  fourth  of  the  distance  from  A  to  B, 
added  to  half  the  distance  from  C  to  D,  is  three  times  the  distance  from  B  to 
C.     What  are  the  respective  distances  ? 

Ans.  AB  =  12,  BC=4,  CD  =  18. 

(19)  A  field  of  whent  and  oats,  which  contained  20  acres,  was  put  out  to  a 
laborer  to  reap  for  6  guineas  (of  2\s.  each),  the  wheat  at  7  shillings  an  acre 
and  the  oats  at  5  shillings.  The  laborer,  falling  ill,  resped  only  the  wheat. 
How  much  money  ought  he  to  receive,  according  to  the  bargain  ? 

Ans.  j£4  lis, 

(20)  A  general  having  lost  a  battle,  found  that  he  had  only  half  his  army 
-1-3600  men  left,  fit  for  action,  one  eighth  of  his  men  -|-600  being  wounded, 
and  the  rest,  which  were  one  fifth  of  the  whole  army,  eitlier  slain,  taken  pris- 
oners, or  missing.     Of  how  many  men  did  his  army  consist  ? 

Ans.  24000. 

(21)  A  shepherd  in  time  of  war  was  plundered  by  a  party  of  soldiers,  who 
took  I  of  his  flock  and  |  of  a  sheep ;  another  party  took  from  him  J  of  what 
he  had  left,  and  J  of  a  sheep  more  ;  then  a  third  pai*ty  took  ^  of  what  now  re- 
mained, and  ^  a  sheep.  After  which  he  had  but  25  sheep  left.  How  many 
had  he  at  first  ? 

Ads.  103. 

(22)  A  trader  maintained  himself  for  tliree  years  at  tho  expense  of  <i^50  a 
year,  and  in  each  of  those  years  augmented  his  stock  by  |  of  whet  remained 
unexpended.  At  the  end  of  3  years  his  original  stock  was  doubled.  What 
was  that  stock  ? 

Ans.  740. 

(23)  There  is  a  certain  number  consisting  of  two  digits,  the  sum  of  those 
digits  is  5,  and  if  0  be  added  to  the  number,  tho  digits  are  trans])0!^-ed.  What 
is  the  number  ? 

Ans.  23. 

(24)  A  coach  has  4  more  outside  than  inside  passengers.  Seven  outsides 
could  travel  at  2^.  less  expense  than  4  insides.  The  fare  of  the  whole 
amowited  to  ^€9  ;  but  at  the  end  of  half  tho  journey  the  coach  took  up  3  more 
outside  and  one  more  inside  passengt^r,  in  consequence  of  which  the  fare  of 
the  whole  became  increased  in  the  proportion  of  19  to  15.  Required  tlie 
number  of  passengers,  and  the  fare  of  each  kin<l. 

Ans.  5  inside,  0  outside  ;  farces.  Id  and  10  shillings. 

(25)  The  hands  of  a  clock  arc  together  at  12  :  at  what  times  will  they  be 
together  during  the  next  12  hours  ? 

Ans.  dy'j-  minutes  past  1,  10}^  minutes  past  2,  and  so  on,  in  each  successive 
hoar  5/f  later. 

(26)  A  person  sets  out  from  a  certain  place,  and  goes  at  the  rate  of  11  miles 
in  5  hoars ;  and  8  hours  after  another  person  sots  out  from  the  same  place, 
and  goes  after  him  at  the  rate  of  13  miles  in  3  hours.  IIow  far  must  tlie  lat- 
ter travel  to  overtake  the  former  ? 

Ans.  35J  miles. 

(27)  A  reservoir  which  is  full  of  water  may  be  emptied  at  two  cocks.  Ono 
IS  opened,  and  \  of  tlie  water  runs  out ;  another  is  opened,  and  the  two  run- 
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ning  together,  empty  the  vessel  in  f  of  no  hour  more  than  was  required  for 
the  first  cock  alone  to  empty  the  fourth  part.  If  the  two  cocks  had  been 
opened  at  the  commencement,  the  reservoir  would  have  been  emptied  in  |  of 
an  hour  sooner.  How  long  would  it  have  taken  the  first  cock,  running  alone, 
to  empty  the  reservoir  ? 

Ans.  4  hours. 

IXDETERMINATE  ANALYSIS  OF  THE  FIllST  DEGREE. 

157.  If  there  be  pmposed  for  solution  one  equation  of  the  first  degree,  con 
taining  two  unknown  quantities,  any  value  at  pleasure  may  be  given  to  one  of 
the  unknown  quantities,  and  the  equation  will  make  known  a  corresponding 
value  for  the  other ;  from  which  it  appears  that  the  equation  admits  of  an 
infinite  number  of  solutions.  The  number  of  solutions  will,  however,  not  be 
80  unlimited,  if  it  be  required  that  the  values  of  x  and  y  shall  be  whole  num- 
bers ;  and  still  less  so,  if  they  must  bo  both  entire  and  positive. 

Lot  there  be  tlie  equation 

a,  6,  c  being  any  whole  mimbors  whatever,  either  positive  or  negative ;  and  as 
all  the  factors  common  to  those  three  numbers  could  be  suppressed,  suppose 
this  to  have  been  done. 

And  first,  let  it  be  observed,  that  if  there  should  remain  now  a  common  fac- 
tor in  a  and  6,  the  equation  could  not  admit  of  a  solution  in  whole  numbers ; 
for  whatever  values  might  be  substituted  fur  x  and  y,  the  first  member  woukl 
be  divisible  by  this  common  factor  of  a  and  6,  while  the  second  member  would 
not,  and  tlie  equality  would  therefore  be  impossible :  a  and  h  must  therefore 
be  supposed  prime  to  each  other. 

158.  Take,  for  example,  the  equation 

24J4-G5^=i>43 (1) 

in  which  the  coefficients  24  and  (55  are  prime  to  each  other. 
Resolving  it,  with  respect  to  x, 

o43_G.')v/  .3  —  17?/ 

In  order  that  x  and  y  may  both  be  whole  numbei-s,  and,  at  the  same  time, 
satisfy  the  given  equation,  it  is  necossar>'  that  — — —  should  be  a  whole 

number. 

Representing  tliis  by  ^  wo  have 

3  —  17?/ 

and 

:r=10— 27/+^ (3) 

The  solution  of  the  given  equation  in  whole  numbers  then  reduces  itself  to 
the  solution  of  the  e(|uation  (2). 

We  resolved  the  given  equation  with  respect  to  the  unknown  quantity  which 
had  the  least  coefficient :  doing  the  same  with  (2), 

3—24^  3  —  7^ 


y—     17    —     '+17 
and  proceeding  as  before, 
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3—7t 


17 


=^' W 


y^-t+c (5) 

The  solution  of  (2)  in  whole  numbers  depends  on  thut  of  (!).  >\ir:(*'.i,  ic- 
soUod  with  respect  to  /,  gives 

3  — 17^  3— 3r 

7  '       7 

3—3/' 

--7-=^" (6) 

/=— 2r+r (7) 

Cuiiiiiiiiiiig  in  the  snme  way, 

3— 7«"  r 

r= =1— 2r 

3  3 

-jf=^'" (B) 

r=i— 2/"— r' (9) 

£quatioD  (8)  gives 

r=3r' (10) 

The  solutions  of  the  given  cqunlion  in  whole  numbers  nre  therefore  obtained 
by  giving  to  the  indeterminate  quantity  V"  all  possible  values  in  whole  num- 
bers, positive  or  negative ;  nnd  for  ench  of  these  values  of  t'*\  tlie  equations 
(10),  (9),  (7),  (5),  and  (3),  dctonnino  succi'ssively  the  values  of  the  indeter- 
minate quantities  l'\  t\  t,  and  of  the  unknown  quantities  y  and  x.  The  equa- 
tion is  tlierefore  resolved  in  the  manner  required. 

Formulas  may  be  obtained  which  give  inunediatoly  the  values  of  x  and  y  m 
terras  of  t".  For,  substituting  the  value  3i"'  of  t"  in  (9),  we  find  r=l  — 7r' ; 
substituting  this  value  of  t'  and  that  of  t"  in  (7),  wo  find  /r=— 2-|-17r";  sub- 
stituting this  last  Viilue  and  that  of  t'  in  equation  (5),  we  find  y=3  —  24/'",  and 
from  (3),  T=2+G5r". 

These  lust  two  expressions  give  all  the  entire  solutions  of  the  proposed 
equations  by  attributing  successively  to  I'"  all  possible  values  in  entire  num- 
bers, positive  or  negative. 

159.  The  same  process  with  the  general  form 

ax-{-by=c 
would  run  thus, 

c — ax 

y=-r (') 

Dividing  a  by  6,  and  calling  //  the  quotient,  r  the  renuiinder, 

c — (hq-\-r)x  c — rx 

y= — a — =-9^+-ir' 

make 

c — rx  c — l)t 

—j;-=t,  .:  .r=—^ (2) 

Calling  q'  the  quotient  of  b  by  r,  and  r'  the  remainder, 

c—r'f. 

make 

c— r7  c— r/' 

— ^=r, ... /=~-^ (3) 
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And  calling  q"  the  quotient  of  r  by  r\  and  r"  the  remainder, 


make 


=r (4) 


r 

and  so  on.     The  process  is  now  evident,  and  it  will  be  perceived  that  the  co- 
efficients r,  r'y  r",  which  enter  into  the  equations  (2),  (3),  (4),  are  th«  suc- 
cessive remainders  which  would  be  obtained  in  operating  as  if  to  find  the  com 
mon  divisor  of  a  and  h,     \Vc  must  at  length  arrive  at  a  remainder  1,  because 
a  and  h  are  supposed  prime  to  each  other. 

For  the  sake  of  being  more  definite,  let  r"  be  supposed  to  be  this  remaijider 
then  equation  (4)  gives 

r=— r'r+c (5) 

By  means  of  equations  (3),  (3),  (4),  and  (5),  the  values  of  y,  x,  ^  and  V  may 
be  written  as  follows : 

1/= — qx  +^ 
x=— ^7  +^ 
i-=,-^q"v\-t" 

r=— r'r+c. 
This  series  of  equations  shows  that  any  entire  value  being  assumed  for  i'\ 
the  resulting  value  of  i'  substituted  in  that  of  U  the  values  of  ^  V  in  that  of  r,  and 
the  values  of  x,  i  in  tliat  of  y,  the  proposed  equation  is  resolved  in  whole  numbers. 

IGO.  The  success  of  the  method  is  founded  on  the  progressive  diminution 
which  division  effects  upon  the  coefficients  of  the  indoterminates ;  there  is  no 
reason,  however,  why  the  constant  term,  found  in  the  successive  equations, 
should  not  also  bo  divided.  In  this  way  the  calculation  will  involve  smaller 
numbers,  an  advantage  which  is  not  to  be  neglected. 

For  example,  take  the  equation 

3x— 8y=43. 

As  the  multiplier  of  r  is  less  than  that  of  2/)  resolve  the  equation  with  refer- 
ence to  X, 

8»/+43 
x=— ^— . 

Dividing  8  by  3,  the  quotient  is  2,  and  the  remainder  2 ;  and  dividing  43  by 

3,  the  quotient  is  14,  remainder  1 ;  then 

2y+l 
x=2i/  +  14+-=^=2»^+14  +  i 

22/+ 1=3/ 

3/  — 1  <  — 1 

i— 1=2^' 
<=2r  +  l, 

in  which  last  equality  //  may  receive  all  possible  entire  values.     By  moans  of 
this  value  may  be  found 

2/=<+r=2r+l+/'=3/'+l 

x=2j/+14  +  <=2(3r+l)  +  14 +2^+1=8/'+ 17. 

Giving  to  V  the  values  0,  1,  2,  3, . . .  we  find 
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y=   1,    4,    7,  10,.. 

x=17,  25,  33,  41,.. 

V  maj  also  receive  the  negative  values 

1    o    *\ 


161.  In  the  above  example,  the  values  of  y  and  x  form  two  arithmetical  pro- 
gressions, the  first  of  which  has  the  common  difTerence  3,  the  coefficient  of  x 
in  the  proposed  equation ;  and  the  second  the  common  difTerence  8,  the  co- 
efficient  of  y  taken  with  tlio  contrary  sign.  This  proposition  may  be  seen  to 
be  general  by  effecting  the  successive  substitutions  in  tlie  general  solution, 
but  the  following  demonstration  is  preferable. 

It  appears,  from  the  general  investigation  already  made,  that  the  equation 

ax-\'h'ij'=.c (1) 

admits  of  an  infinite  number  of  solutions  in  whole  numbers,  whatever  may  be 
the  signs  of  a  and  6,  provided  they  are  prime  to  each  other.  Suppose  one  of 
those  solutions  to  be 

x=A,  y=B. 
These  values  must  satisfy  the  given  equation  (1),  thus, 

aA+6B=c. 

Subtracting  this  equality  from  (1),  we  have 

a(x-A)  +  %-.B)=0 

.-.  y=B  + J . 

The  values  of  x  are  to  be  whole  numbers,  and  such  that  t/  shall  also  be  a 
whole  number.  Then  the  product  a(A — r)  must  be  divisible  by  h ;  but  a  is 
prime  with  6,  (A — x)  is,  therefore,  a  multiplier  of  6  (see  Art.  84,  Note),  hence 
wo  may  write 

A — x=ht; 
t  being  some  whole  number.    From  whence 

x=A— 6^  y=B+a/. 

These  formulas  exhibit  the  law  of  tlie  values  to  be  obtained  for  x  and  y, 
when  there  are  given  to  t  all  entire  values  successively.  If  t  be  taken  equal 
to  0,  1,  2,  3,  ... .  there  results 

x=A,  A— 5,  A— 26,  A— 36,  &c. 

3/=B,  B  +  a,  B+2a,  B  +  3rt,  &c. 

In  general,  when  t  increases  by  unity,  y  increases  by  cr,  and  x  by  — 6. 
ne  solutions  in  whole  numbers^  tJien,  of  the  equation  ax+by=c,  are  the  cor 
responding  terms  of  two  progressions  by  differences.  In  the  progression  6«- 
longing  to  each  of  the  indeterminates^  x  and  y,  the  common  difference  is  equal  to 
the  coefficient  of  the  oOier  indeterminate.  But  it  is  necessary  to  be  careful  to 
lake  one  of  the  coefficients  wiUi  Oie  same  sign  tJiat  it  has  in  the  equation^  and 
the  other  with  the  contrary  sign. 

It  is  immaterial  which  of  the  coeflicients  is  taken  with  the  contrary  sign, 
because  in  the  formulas  which  express  x  and  y  the  signs  of  bt  and  — at  may 
be  changed,  since  t  can  receive  all  possible  vnlues,  positive  and  negative. 

162.  In  the  general  equation,  if  c=0,  so  that 

ax+by=0, 

as  one  solutiou  is  evidently  x=0,  y=0,  the  general  formulas  become 

x^bt,  y=z — at. 


IDO  ALGEBRA. 

163.  Again,  suppose  c  to  be  a  multiple  of  a  or  h.    Let  c=zhdt  then 

ax-{'by=.bd. 
One  solution  is  evidently  r=0,  ^=c^  ;  hence  the  general  values  are 

x=ht,  .y=f/ — at. 
Example,  5.r — 7^=21. 

The  evident  solution  is  x=0,  y= — 3,  and  the  general  values 

a•=7^  y=—3+5t. 

164.  We  shall  point  out  two  simplificatiotis  which  may  sometimes  be  made 
in  the  calculations.     An  example  will  explain  them. 

80x— 17y=39. 
Resolving  it  with  respect  to  y, 

80j— 39 

If  80  be  divided  by  17,  80r=17x4-|-12;  but  as  the  remainder,  12,  exceeds 

half  the  divisor,  17,  we  observe  that  wo  may  write 

80=17X(4  +  1)+12— 17  =  17X5— 5; 

that  is,  augmenting  the  quotient  by  unity,  wo  have  a  negative  remainder  less 

than  half  the  divixor,  which  causes  a  n)ore  mpid  reduction  in  the  numbers. 

The  39,  divided  by  17,  leaves  a  remainder  -|-5,  which  it  is  unnecessary  to 

change.     W  e  have  then 

(17X5— 5)r— 17X2— 5  5r+5 

t/^ =5x — 2 — • 

y  17  17 

But  another  simplification  now  presents  itself,  from  the  fact  that  5  is  a  iactoi 
of  5j-+5,  and  this  numerator  may  be  written  3(.r+l).  In  order  to  rendei 
5(x-|-l)  divisible  by  17,  it  is  only  necessary  to  take  t-|-1,  any  multiple  what- 
ever of  17.     Whence  the  auxiliary  equotiou 

T+l  =  17^• 
.-.  T=17^  — 1,  y  =  80/— 7. 

RESOLUTION    OF  THK  KQUATIOM   (IX-^by^i^C  I.N  NUMBERS    BOTH    ENTIRE  AND 

POSITIVE. 

165.  Wo  begin  as  if  the  values  of  .r  and  y  were  required  to  be  entire  only, 
and  thus  derive,  as  before,  expressions  of  the  form 

r=A  — 6r,  y=B  +  at. 

But  now,  instead  of  uttributiog  to  I  all  possii)lo  values  in  whole  numbers,  we 
choose  only  those  which  will  retider  j:  and  y  positive.  Hence  there  result  for 
t  certain  liuiilations  which  arc  always  easy  to  determine. 

First,  let  us  consider  the  case  where  a  and  6  have  the  same  sign  in  the 
equation 

a.T+hyz=c (1) 

Suppose  a  and  h  positive ;  for  if  they  were  Imth  ne;;ative,  they  might  be 
rendered  ])ositive  by  chatiging  all  the  signs  of  the  equation.  We  must  also 
suppose  c  to  be  positive,  othei-wise  the  equation  would  be  impossible  in  posi- 
tive whole  numbers. 

Write  the  general  values  of  x  ond  y  under  the  following  form: 

x=l(^-<),2/=«(/-=5). 

Then  we  perceive  that,  to  render  x  positive,  it  is  necessaiy,  and  is  sufficient, 

A  — B 

to  take  t<C-it  and  likewise,  in  order  that  y  may  be  positive,  to  take  t^ . 
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The  signs  >  and  <  do  not  exclude  equality  ;  that  is  to  say,  if  tlio  first  limit 
were  a  number  n,  we  might  make  t=:n.  The  corresponding  value  of  r  would 
be  r=:0. 

166.  Since  /  must  be  an  entire  number  between  two  limits,  it  follows  that 
the  number  of  solutions  of  the  equation  is  also  limited. 

And  this  is  evident  from  the  equation  itself;  for  a  nnd  h  being  i)ositive,  if 
we  substitute  for  x  and  y  positive  numbers,  the  two  terms  ax-{'hy  will  be  al- 
ways positive ;  and  as  their  sum  has  to  remain  constantly  equal  to  c,  it  is  im- 
possible that  either  of  these  terms  should  increase  indefinitely. 

It  may  happen  that  there  is  no  whole  number  between  the  limits  assigned 
above  for  t ;  then  we  conclude  that  the  equation  is  impossible.  Such  a  case 
would  happen  if  the  limits  should  be  embraced  between  two  consecutive  whole 
numbers  like  these,  />4J  and  <<45;  or,  again,  if  they  were  contradictory, 
as,  for  example,  ^>4J  and  t<^3^, 

167.  In  the  second  place,  consider  the  case  in  which  a  and  h  are  of  contrary 
signs.     Suppose  the  equation  in  question  to  be 

ax — hy=zc (2) 

in  which  a  and  h  represent  two  positive  numbers.  Then  the  general  values 
of  X  and  y  are  of  the  form 

But  we  can  write  them 

^=K'-^)'2'=''('~^)- 

And  we  perceive  at  once  that  to  have  x  and  y  positive,  we  must  have,  at  tlio 
same  time, 

i>-^and^>-^; 

that  is  to  say,  we  may  attribute  to  t  all  entire  values  above  the  greatest  of 
tliesc  limits  without  excluding  equality,  if  this  limit  is  an  entire  number. 

By  this  we  perceive  that  the  equation  ax — by=zc  admits  always  of  an  infinite 
number  of  solutions,  while  the  e<]uation  ax-\-by=:c  admits  of  but  a  limited 
number,  and  even  may  not  have  any. 

Let  us  apply  what  precedes  to  some  problems. 

168.  Problem  I. — A  company  of  men  and  women  expend  at  a  feast  1000 
francs.  The  mm  jiay  each  lOfrancs^  and  the  women  11  francs.  How  many 
men  and  how  many  women  are  (here  ? 

Let  X  represent  the  number  of  men  and  y  the  niunl)or  of  women.  We 
have  to  resolve  in  entire'  numbers  the  equation 

19r+lly  =  1000  .........  (3) 

In  making  the  calculation,  as  in  (IdO),  and  profiting  by  the  simplifications  in- 
dicated by  (Art.  164),  we  have  successively, 

1000  — 19j-  3.r— 1 

y= =91-2r+^p-=91-.2x+f 

3.r— lr=lU 

IW+l  1— i 

x=-^=4/+-j-=4f+r 

1  — /  =3(' 
f=l— 3r. 
Arrived  at  this  point,  we  return  to  x  and  y^  and  they  become 
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y=91— 2r+i=91— i»(4  — llf')+(l— 3r)=84  +  19<'. 
Thus,  tiio  general  formulas  which  express  x  and  y  in  terms  of  t^  are 

T=4  — lir,  3^=84+19^. 

In  order  thnt  x  may  be  positive,  it  is  necessary  and  sufficient  that  we  have 
11^<4,  or  t'  <^^\ ;  and  in  order  that  y  should  be  also  positive,  it  is  necessary 
and  sufficient  that  we  have  19i'>  — 84,  or  ^'>  — 4/5.  Then  we  must  take  t\ 
one  of  the  series  of  values, 

r=0,  —1,  —2,  —3,  —4. 

To  these  values  correspond 

a:=4,   35,26.  37,48 
3/ =84,  65,  46,  27,     8. 

The  number  of  solutions  is  limited,  as  we  ought  to  expect,  Rince,  in  tiie 
equation  (3),  the  terms  containing  x  and  y  are  of  the  same  sign. 
There  are  five  solutions  in  all,  to  wit ; 

1st  solution,    4  men  and  84  women. 

2d    solution,  15  men  and  65  women. 

3d    solution,  26  men  and  46  women. 

4th  solution,  37  men  and  27  women. 

5th  solution,  48  mon  and    8  women. 

Remark. — From  what  has  been  said  at  (161),  it  is  sufficient  to  procure  a 
single  solution  of  the  equation  (3)  to  form  immediately  the  general  ^lUues  of  x 
and  y.  Thus,  after  having  found  above  ^r=l  — 3^',  we  make  I'^O ;  and  if  we 
calculate  tlie  coiresponding  values  ^=1,  7=4,  y=84,  it  is  evident  that  the 
values  x=4,  y=Si<,  ought  to  form  one  solution  of  the  equation  ;  then  we  can 
place  immediately  x=i  — 11^',  y=84  +  19i'. 

169.  Problem  II. —  With  two  measuring  rods  of  different  lengths,  the  <mt  6 
fcet^  and  Oie  other  7,  it  is  required  to  make,,  by  placing  tfiem  the  one  after  the 
other ^  a  length  of  2"^  feet. 

This  problem  requires  the  solution  in  whole  numbers  of  the  equation 

5x+72^=23. 

We  derive  from  it  successively 

23— 7y  2+2y 

x=— ^=5-2/-- ^=5-y-2i 

1+2/  =5f 
y^bt—l 
xz=.Q  —7^ 

In  order  that  y  may  be  positive,  we  must  make  <]>} ;  and  that  x  may  be 
positive,  t<i^.  As  no  whole  number  falls  between  \  and  1},  we  cooclude  that 
the  problem  is  impossible. 

Remark. — The  equation  would  have  had  an  infmite  number  of  solutions  if 
negative  values  had  been  admitted.  For  example,  if  /=0,  we  have  0:^6, 
yr=  — 1.  This  solution  indicates  thsit  by  placing  one  of  the  rods,  that  of  5  feet, 
6  times  in  succession,  and  placing  afterward  the  rod  of  7  feet,  so  as  to  cut  off 
its  length  from  the  end  of  the  distance  thus  obtained,  the  remainder  would  be 
the  required  length,  23  feet. 

170.  Problkm  III. — A  person  purchased  some  hares  and  sheep.  Each 
hare  cost  him  8  shillings^  and  each  sheep  27.    He  found  that  he  had  paid  for 
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Uie  hares  97  shillings  more  than  for  the  sheep.    How  many  hares  did  he  pur- 
chase, and  hoio  many  sheep  7 

ar— 27^=97 

27y+97  3y+l 

a:=       e       =3y+12+-^=3y+12+< 

3^+1=8^ 
8f— 1  ^+1 

^+1=3^' 
^=3^  —  1. 
By  making  t'=0,  we  have  /=  —  1, 2/=  — 3,  r=2.    And  the  general  values 
are 

a:=27/'+2,  y=8^'— 3. 
The  values  of  x  and  y  having  to  bo  positive,  these  formulas  show  that  H 
ought  also  to  be  positive,  and  large  enough  to  cause  8t'>3,  or  i'^\»    We  may 
then  give  to  V  all  the  values  ^'=1,  2,  3,  <S:c.,  to  infinity  ;  and  we  form,  conse- 
quently, the  table, 

r=  1,    2,    3,      4,  &c. 

1=29,  66,  83,  110,  &c. 

y=  5,  13,  21,    29,  &c. 

The  problem  admits  of  an  infinite  number  of  solutions ;  and  the  answer  is, 

that  there  are  29  hares  and  5  sheep,  or  56  hares  and  13  sheep,  or  83  hares 

and  21  sheep,  ^. 

171.  Problem  IV. —  To  find  a  number  such  that,  in  dividing  it  by  11,  Oiere 
remains  3,  and  dividing  it  by  17,  there  remains  10. 
Let  the  number  be  represented  by  N,  then 

N=lli-+3  and  N=17y+10 

.-.  llx+3=17^+10 (6) 

Proceeding  as  before, 

17y+7  6w+7 

6i/+7  =  llf 

in— V  ^+1 

y=— ^— =2^-1— ^=2i-l-<' 

t-\-\=Gt' 
t=6t'  —  l. 
The  hypothesis  i'=0  gives  tz=z  — l,y=  — 3,  t=  — 4;  and  then  we  conclude 
immediately  that 

x=17r— 4, 7/=lir— 3. 

We  can  not  take  t'  negative,  nor  even  ^'=0,  because  x  and  y  would  becomo 
negative;  but  we  may  take  /'=:I,  2,  3,  6cc„  to  Infmity. 

If  we  wish  formulas  in  which  we  can  give  to  the  indeterminate  all  entire 
positive  values  setting  out  from  zero,  all  that  is  necessary  is  to  change  t*  into 
14*^«  ^  being  the  new  indeterminate.     Then  we  have 

a'=13+170,  y=8+ll^. 
By  means  of  these  values,  wo  fmd 

N=llT+  3=11(13+17^)+  3=146+187^ 
N=17y+10  =  17(  8+ll(?)  +  10  =  146+187^. 

These  two  expressions  are  equal,  and  they  should  be,  since  equation  (6)  has 

N 
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been  formed  by  equating  the  values  of  N.  We  perceiire  that  there  is  tn  in- 
finity of  numbers  which  fulfill  the  two  conditions  enunciated,  and  that  they  are 
all  represented  by  the  formula 

N= 146+ 187^, 
in  which  0  is  an  indeterminate,  which  may  receive  all  positive  values  beginning 
with  zero. 

It  is  easy  to  show  that  this  number  N  satisfies  the  enunciation ;  that  is  to 
say,  tliat  if  we  divide  it  by  11,  the  remainder  will  be  3,  and  if  by  17,  the  re- 
mainder will  be  10 ;  for  we  have 

N  ^  3  N  10 

-=17^+13+-,  and  -=11^+8+-. 

172.  Problem  V. — To  find  a  number  such  (hat,  dividing  it  by  11,  there 
remains  3 ;  dividing  by  17,  tJiere  remains  10  ;  and  dividing  it  by  37,  there  re- 
mains  13. 

In  the  preceding  problem  we  have  found  the  numbers  which  fulfiD  the 
first  two  conditions.  Putting  x  for  ^,  which  we  may  do,  since  0  can  be  any 
positive  whole  number,  this  formula  becomes 

N  =  146+187^ (8) 

But  in  order  that  the  number  N  may  fulfill  the  third  condition,  we  must 

bATe  N=37^-|-13.     Then  we  have  the  equation 

37y+13=:14C+187z. 

Then 

187a:+133  2x+22 

y== ^— =5r+3+-^^=5r+3+2^ 

x+ll=37^ 
j-=37/— 11. 
In  order  that  x  mny  l)o  positive,  we  must  give  to  /  only  positive  values  above 
zero.     But  in  making  ^=1+^,  we  can  attribute  to  6  all  the  entire  positive 
values  beginning  by  zero.     By  this  change  x  becomes 

x=26+37^. 
^^  by  substituting  this  value  in  formula  (8),  we  obtain 

N=5008+6919<?. 

Such  is  the  general  formula  of  the  numbers  which  satisfy  the  three  condi 
tions  enunciated. 

173.  The  determination  of  the  limits  led  to  the  necessity  of  finding  (165) 
the  values  of  the  final  indetonninate  t,  which  render  positive  expressions  of 
the  form  \  +  b(,  or,  in  other  terms,  which  are  such  as  to  make 

A+bt>0. 

Transposing  the  tenn  A, 

6/>— A. 

If  b  is  positive,  dividing  by  6, 

^      A 

But  if  6  is  negntivo,  tlic  division  by  6  changes  the  signs  of  the  ineqoalityi 
and  the  two  memhcrs  nre  unequal  in  the  contriiry  sense ;  t.  e.. 

Suppose,  more  generally,  tliat  we  nnvo  the  inequality 

at+b^el+d. 
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By  the  transpositioD  of  the  terras, 

Theo,  accordiDg  as  a — c  is  a  positive  or  negative  quantity,  we  derive 

d^b  d^b 

t> ,or«< . 

a — c  a— c 

This  process  is  called  resolution  of  inequalities.     The  whole  subject  of  in 

equalities  will  be  found  treated  in  a  subsequent  article. 

174.  Resolution  in  whole  numbers  or  several  EquATioNs  of  the 

FIRST   DEGREE,  WHEN  THE  NUMBER  OF  EQUATIONS  IS  LESS   THAN  THAT 
OF  THE  UNKNOWN  QUANTITIES. 

Let  there  be  for  resolution  the  equations 

2x+14^— 72=341 (1) 

10j:+  4y+92=:473 (2) 

If  we  multiply  the  first  equation  by  5,  and  afterward  subtract  the  second, 
we  shall  have 

66y— 442=1232. 
Or,  dividing  by  22, 

3y— 22=56 (3) 

But  the  entire  values  of  y  and  2,  which  suit  the  proposed  equations,  ought 
also  to  satisfy  this ;  consequently,  applying  to  it  the  method  already  known, 
we  have 

y=2/,  2=3^—28. 
If  we  had  but  equation  (3),  we  should  liave  its  solutions  in  whole  numbers, 
by  giving  to  ^  all  tlie  whole-number  values  possible.  But  this  equation  takes 
the  place  of  only  one  of  the  proposed,  so  that  it  is  necessary  that  the  values 
of  y  and  2  should  be  such  that,  in  adding  to  them  certain  values  of  7,  which 
must  also  be  entire,  one  of  these  proposed  equations  shall  be  verified.  For 
this  reason  we  substitute  the  preceding  values  of  ^  and  z  in  equation  (1),  and 
seek  for  the  entire  values  of  x  and  ^  which  belong  to  the  resulting  equation. 
The  substitution  gives 

2r+ 7^=145; 
and  from  this  we  obtain,  designating  by  t'  any  whole  number  whatever, 

x=69+7t\  /=1— 2r. 
Then  pUice  the  value  t=l — 2^'  in  those  of  y  and  2,  and  you  find  tlie  un- 
known quantities  x,  y,  z  expressed  in  terms  of  T,  to  wit : 

z=C9+7/',  y=2— 4^  2=— 25—0/'. 
These  formulas  make  known  all  the  entire  values  which  satisfy  the  equa- 
tions proposed. 

If  it  be  desired  besides  that  these  values  should  be  positive,  I  must  be  so 
chosen  that 

69+7r>0,  whence  ^'>— 9?  ; 
2— 4/'>0,  whence  r<       ^  ; 
— 25— 6r>0,  whence  «'<— 4^. 
From  this  wo  find  the  only  values  which  can  be  attributed  to  t'  are  t'z= — o, 
— 6,  — 7,  — 8,  — 9.     By  substituting  tliose  numbers,  wo  shall  have  five  solu- 
tions in  positive  whole  numbers  : 

r=34,  27,  20,  13,  6 
y=22,  26.  30,  34,  38 
2=  6,  11,  17,  23,  29. 
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175.  The  preceding  example  shows  sufficiently  the  method  to  be  pursued 
HI  resolving  equations  of  the  first  degree  in  positive  whole  numbers,  when  the 
number  of  equations  exceeds  that  of  the  unknown  quantities.  But,  to  leave 
nothing  to  be  desired,  I  shuU  indicate  the  method  to  bo  pursued  in  the  case 
of  three  equations. 

Let  there  be,  then,  between  the  unknowns  t,  y,  z,  u  three  equations  of  the 
Ist  degree,  which  I  will  name  collectively  the  equations  [A]. 

By  tlie  elimination  of  x  we  shall  Hnd  between  ^,  z,  and  u  two  equations  of 
the  1st  degree  :  I  shall  name  them  [B]. 

By  the  elimination  of  y  we  shall  deduce  from  these  last  an  equation  of  the 
ist  degree  between  :  and  u:  1  shall  name  it  [C]. 

From  the  equation  [C]  we  derive  z  and  u  expressed  in  function  of  an  aux- 
iliary indeterminate  U 

These  values  being  substituted  in  one  of  the  equations  [B],  we  derive  from 
It  an  equation  between  y  and  U  And  from  this  the  values  of  y  and  t  in  fonctioa 
of  a  new  indeterminate  V  ;  consequently,  we  can  also  express  z  and  u  in  terms 
ofr. 

Finally,  these  values  of  y,  z,  u  being  carried  into  one  of  the  equations  [A], 
there  will  result  an  equation  between  x  and  t\  which  will  enable  us  to  find  r 
and  /',  and,  consequently,  y,  z,  and  u,  in  function  of  a  new  indeterminate  t". 

When  the  equation  is  to  be  resolved  in  whole  numbers  of  any  sign  what- 
ever, we  may  attribute  to  the  final  indeterminate  t'^  all  possible  values  in 
whole  numbers.  But  when  the  solutions  are  to  be  restricted  to  such  as  are 
at  the  same  time  entire  and  positive,  there  will  exist  for  t"  limitations  which  it 
will  be  always  easy  to  assign. 

176.  When  we  have  two  more  unknowns  than  equations,  or  several  more, 
the  indetennination  is  st'dl  greater ;  but  the  condition  of  having  values  which 
shall  be  at  the  same  time  entire  and  positive,  may  limit  considerably  the  num- 
ber of  solutions.  We  shall  confine  oursebes  to  two  examples,  which  will  suf- 
fice to  show  how  the  method  explained  above  should  be  modified  in  such  cases. 

Given  to  resolve  in  positive  whole  numbers  the  equation 

l0x+9y+7z=z5B (4) 

As  the  unknown  z  has  the  smallest  coefficient,  I  derive 

58—9?/— IQj 

""-  7  ' 

and,  effecting  the  division  as  far  as  possible, 

2— 2?/— 3r 
r=8-y-r+ ^ . 

The  numerator  2—22/— 32-  must  be  a  whole  number,  divisible  by  7  ;  there- 
fore I  place 

2— 2?/— 3x=7^- 

2— Sr— 7i                         x4~i 
.-.  2/= =l-r-3/ ^  ; 

and,  x+t  being  obliged  to  be  a  whole  number  divisible  by  2,  I  place,  also, 

x+t=2t'  .',  j-=— f+2r  ; 

and,  going  back  to  y  and  z,  we  express  these  unknowns  in  function  of  I  and  T. 
We  have  thus  the  three  formulas 

x=r— f+2/',  3/=l— 2/— 3r,  z=7+4<+r  ....  (6) 
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To  order  to  have  the  entire  and  positive  eolations  of  the  proposed  equation 
(4),  we  must  give  to  t  and  t*  all  tlie  entire  values,  which  satisfy  simultaneously 
the  three  conditions 

— /+2f'>0,  1— 2<— 3r>0,  7  +  4^+r>0  ....  (6) 
From  hence  result  limitations  for  I  and  l\  which  will  be  discovered  by  em- 
ploying for  these  inequalities  operations  altogether  analogous  to  those  of  elimi- 
nation.    For  greater  neatness,  suppose  the  signs  ^  exclude  equality' ;  that  is 
to  say,  that  none  of  the  three  imknowns,  x,  y,  and  z,  can  be  zero. 
First,  if  we  multiply  the  1st  by  3  and  the  2d  by  2,  they  become 

—3i+6r>0,  2— 4^— Gr>0; 
adding,  f  disappears,  and  we  have 

2— 7^>0  .-.  K?. 
A  similar  elimination  between  the  second  inequality  and  the  third  gives 

22+10^>0.-.f>— 2J. 
We  see  that  the  indeterminate  t  is  embraced  between  the  limits  — 2 J  and 
f  ;  then  we  should  take  only 

/=— 2,  —1,0. 
Let  us  consider  each  of  these  values  successively. 
P.  If  we  make  t= — 2  in  the  Uiree  inequalities  (6),  they  become 

2+2r>0,  5— 3r>0,  — l  +  r>0; 

.•.r>-i,  r<i§.  r>i. 

As  there  is  no  whole  number  between  1  and  IJ,  it  follows  that  the  value 
ls= — 2,  which  furnishes  these  limits  for  t\  ought  to  bo  rejected. 
2**.  If  we  make  t=z — 1,  the  throe  inequalities  (6)  become 

l+2f'>0,  3— 3r>0,  3+r>0  ; 

Between  —  J  and  -|- 1  there  is  no  other  entire  number  except  0  ;  then  we 
can  take  ^=—1  and  t'=0. 

3^  If  we  make  ^=0,  the  inequalities  become 

2r>0,  1— 3r>0,  7+r>0  ; 

.-.  r>o,  r<;»  r>— 7. 

Between  0  and  }  there  is  no  whole  number ;  consequently,  the  value  t=0 
ought  also  to  be  rejected. 

The  only  values  of  t  and  t^  to  which  positive  values  in  whole  numbers  of  x, 
y,  and  z  correspond  arc,  then,  <= — 1  and  i'=0.  By  substituting  them  in 
the  formulas  (5),  we  obtain 

T=l,  y=3,  z=3, 
and  this  solution  is  the  only  ono  admissible. 

177.  For  a  second  example,  I  propose  the  two  equations 

f3j.+  7i/+32+2m=I00 
242-+12?/+7r  +  3i*=200. 
Eliminating  u,  we  have 

30i-+3y+62=100. 
As  in  this  equation  the  terms  30x  and  100  are  divisible  by  5,  it  will  be  best 
to  take  the  value  of  z :  tliis  is 

3y 
o 
From  which  we  see  that  y  ought  to  be  a  multiple  of  5 ;  consequently,  we  have 

y=:5t 
2=20— 6r— 3^; 
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then,  by  sabstitutiiig  these  values  in  the  first  of  the  two  proposed  equationn 
it  becomes 

6j:-|-35/+60— lar— 9f+2u=100; 
or,  rather, 

— 12x+26f+2t«=40; 
.-.  t«=20  -f-61:— 13^ 
The  three  unknowns,  y^  z,  u,  are  thus  found  expressed  in  functions  oi  2, 
and  of  the  indeterminate  auxiliary  /. 

In  order  to  resolve  the  two  proposed  equations  in  positive  numbers,  it  is  evi- 
dently necessary  to  take  x  and  t  positive,  since  x  is  one  of  the  primitive  un- 
knowns, and  since  y=:5t.     But  it  is  necessary  to  satisfy  also  the  inequalities 

•20— Car— 3<>0,  20+6r— 13f>0. 
In  adding  them,  x  disappears,  and  there  remains 

then  the  values  which  we  ought  to  givo  to  t  are  f  :=0,  1,  2. 
With  the  value  t=zO  we  should  have 

y=0,  z=20— 6r,  tt=20  +  6x; 
and  we  see  that  we  can  make  x=0,  1,  2,  3.    From  whence  result  for  the 
proposed  equations 

^x=z  0  fx=:l 

z=14 

With  tlie  value  /=!  we  should  have 

y=5,  2=17— .6r,  u=7-f6r; 
and  tlie  only  admissible  values  of  x  are  a:=0,  1,  2.     Thence  result  the  three 
solutions 

fx=:    0  (X=:    1 

.v=  5  J  .y=  5 


^  z=20 
u=20 


2=17 

uz=  7 


2=11 

«  =  13 


(x=  2 
y=  6 
2=  5 
tt=19. 


Finally,  with  the  value  t=2  we  should  have 

y=10,  2  =  14— 6a:,  w=— 6+6j. 
The  only  admissible  values  of  x  are  t=1,  2;  and  from  thence  result  the 
two  further  solutions 

rr=  I  fr=  2 


y=io 

2=  8 
t/=  0 


y=10 
2=  2 
K=  G. 


In  nil,  nine  solutions.     There  would  be  but  three  if  those  were  excluded  in 
which  one  of  the  unknowns  is  zero. 


EXAMPLES. 

!*•.  Two  countrymen  have  together  100  eggs.  The  one  says  to  the  other. 
If  I  count  my  eggs  by  eights,  there  is  a  surplus  of  7.  The  second  answers. 
If  I  count  mine  by  tens,  I  find  the  same  surplus  of  7.  How  many  eggs  had 
each  ? 

A'ns.  Number  of  eggs  of  the  first,  =63  or  23 ;  of  the  second,  =37  or  77. 

2".  To  find  three  whole  numbers  such  that,  if  we  multiply  the  first  by  3, 
the  second  by  5,  and  the  thii-d  by  7,  the  sum  of  the  products  shall  be  560: 
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and  rach,  moreoTer,  that  if  the  first  be  multiplied  by  9,  the  second  by  25,  and 
the  third  by  49,  the  sum  of  the  products  shall  be  2920. 

Ads.  First  number,      s=  15  or  50. 

Second  number,  =82  or  40. 

Third  number,    =15  or  30. 

3^  A  person  purchased  100  animals  at  100  dollars;  sheep  at  3^  dollars  a 
piece ;  cahres  at  1^  dollars ;  and  pigs  at  |  a  dollar.  How  many  animals  had  he 
of  each  kind  ? 

Ans.  Sheep,  5,  10,  15. 
Calves,  42,  24,  6. 
Pigs,      53,  66,  79. 

4°.  In  a  foundry  two  kinds  of  cannon  are  cast ;  each  cannon  of  the  first  sort 
weighs  1600  lbs.,  and  each  of  tlio  second  2500  lbs. ;  and  yet  for  the  second 
tliere  are  used  100  lbs.  of  metal  less  than  for  the  first  How  many  cannons 
are  there  of  each  kind  ? 

Ans.  Of  the  first,       11,  36 ... ;  of  the  second,  7,  23 ... . 
Or,  of  the  fii-st,  11+25^ ;   of  the  second,  7+16/. 

5*^.  A  farmer  purchased  100  head  of  cattle  for  4000  francs,  to  wit:  oxen  at 
400  francs  apiece,  cows  at  200,  calves  at  80,  and  sheep  at  20.  How  many  had 
he  of  each  ? 

Ans.  In  excluding  the  solutions  Which  contain  a  zero  the  problem  admits  of 
the  ten  following : 

Oxen,      1,    1,    1,.  1,    1,    1,    1,    1,    4,    4. 

.  Cows,      1,    2,    3,    4,    5,    0,    7,    8,    1,    2. 

Calves,  24,  21,  18,  15,  12,    9,    6,    3,    5,    2. 

Sheep,  74,  76,  78,  80,  82,  84,  86,  88,  90,  92. 


QUADRATIC  EQUATIONS. 

178.  Quadratic  equations,  or  equations  of  Oie  second  degree,  are  divided 
into  two  classes. 

I.  Equations  which  involve  the  square  only  of  the  unknown  quantity. 
These  are  termed  incomplete  or  pure  quadratics.  Of  diis  description  are  the 
equations 

J*      5  7  259 

at«=6;  3x«+12=150-i»;  3- Y2+3-^=34  +  2^''+ W' 

they  are  sometimes  called  quadratic  equations  of  two  terms,  because,  by  trans- 
position and  reduction,  they  can  always  bo  exliibited  imder  the  general  form 

ajfi=zh. 
Thus  the  third  of  the  equations  given  above, 

a?      5  7  259 

3      12^  24^       ^24' 

when  cleared  of  fractions,  becomes 

8j:«— 10+72i:«=7+482«+259, 
or,  transposing  and  reducing, 

32^=276, 
which  is  of  the  form 

ax«=ft. 
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II.  Equations  which  involve  both  the  square  and  the  simple  power  of  the 

unknown  quantity.     These  are  termed  adjected  or  complete  quadratics.    Of 

this  descriptiou  are  tlie  equations 

5j:«     x     3  2x  273 

ax^+hx=c;  a:«-10i-=7;  — --+-=8-y-2«+— ; 

they  are  sometimes  called  quadratic  equations  of  Oiree  terms^  because,  by 
transposition  and  reduction,  they  can  always  be  exhibited  under  the  genenl 
form 

Thus,  the  third  of  the  equations  given  above, 

5.r"     ^     3_        2jr  273 

"6       2+4"-® ""3  "^+"12"' 
when  cleared  of  fractions,  becomes 

lOa^— 6x+9=96— 8x— 12j:«+273, 
or,  transposing  and  reducing, 

22a«+2r=360, 
which  is  of  the  form 

SOLUTION  OF  PURE  QUADRATICS  CONTAINING  ONE  UNKNOWN  ^UANTITF. 

179.  The  solution  of  the  equation 

presents  no  difficulty.    Dividing  each  member  by  a,  it  becomes 

h 

a 
whence 


-/. 


5 
If  -  be  a  particular  number,  either  integral  or  fractional,  we  can  extract  its 

square  root,  either  exactly  or  approximately,  by  the  rules  of  arithmetic.     If 

h 

-  be  an  algebraic  expression,  wo  must  apply  to  it  the  rules  established  for  the 

extraction  of  the  squure  root  of  algebniic  quantities. 
It  is  to  be  remarked,  that  since  the  square  both  of  -^-m  and  — m  is  -|-m^ 

so,  in  like  manner,  both  (+*/~)    **nd  ( —    /-)    is  +-.     Hence  the  above 

equation  is  susceptible  of  two  solutions,  or  has  tico  roots ;  that  is,  there  are 
two  quantities  which,  when  substituted  for  x  in  the  original  equation,  will  ren- 
der the  two  members  identical ;  these  ai*e 

x=-4-, /-and  3r= —    /- ; 
for,  substitute  each  of  these  values  in  the  original  equation  02^=5,  it  becomes 


and 


ax  \+J-)  =^  or  aX-=6»  i.  e.,  6=6, 

/        Ihy     ,  6 

ax  \—J~)  =^  or  rtX-=6,  i.  e.,  6=6. 
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Hence  it  appears  that  in  pure  quadratics  the  two  values  of  the  unknown 
quantity  are  equal  with  contrary  signs.* 

EXAMPLE  I. 

Find  the  values  of  x  which  satisfy  the  equation 

Transposing  and  reducing,  z^ = 1 G 

.-.  r=±  -v/16 
=  ±4; 
hence  the  two  values  of  r  are  4-^  ^^^^  —4,  and  either  of  these,  if  substituted 
for  X  in  the  original  equation,  will  render  the  two  members  identical. 

EXAMPLE  II. 

af^  5t»_  7  299 

Clearing  effractions,  Sx^— 72+10.r«=     7— 24j:a+299 
Transposing  and  reducing,  42x^=378 

378 

x== 

42 

=     9 

.*»    X    •—  "T~  *Jf 

and  the  two  values  of  x  are  -)-3  and  — 3. 

EXAMPLE    III. 

3r«=5 
5 

=t  Vis 


3 
Since  15  is  not  a  perfect  square,  wo  con  only  approximate  to  the  two  values 
of  X.     We  find  the  approximate  values  to  bo 

a:=  1.290994,  or  —1.290994. 


EXAMPLE  IV. 


^r^j^3^—x 


^m. 


Clearing  of  fractions,  r  =  m  V  '"* + ^ — *wr. 

Squaring,  (m'+2m  +  l)r-=;«-(r^+j'-'), 

mr 

V2w-f  r 


*  One  might  sappose  that  in  extracting  tho  square  rodtof  both  members  of  such  an  oqna- 
tioD  as  sfi^=b,  the  double  sign  phould  be  prefixed  to  x,  tiie  root  of  jT^  also.  But  it  is  to 
be  observed,  that  it  is  the  value  of  -|-jr  that  is  re<iiiireri.  Besides,  suppose  wc  were  to  write 
4-JC=^  ll/^ ;  combining  these  signs  in  all  fK>8Hiblc  ways,  there  result  the  four  equationSp 

ttie  last  two  of  which  may  be  deduced  from  the  first  two  by  chan^^ng  the  signB  of  the  two 
nembera ;  the  equation  -|-x=-|--\/&  expresses  nothing  more,  therefore,  than  the  eqaatkai 
x=^l/6.    We  might  always  omit  -^i  since  it  is  implied  before  i/  . 
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EXAMTLE  V. 


::=n. 


Render  the  deDominator  rational  by  multiplTing  both  terms  of  the  frictioo 
by  the  numerator,  the  equation  then  becomes 


_ _-;|, 


Extracting  the  root, 

Transposing,  \/2ffij+?=ii:»i\/n— (m+x). 

Squaring,  2tnx+J!^=zmrn^2m  \/n(TO4-r)4-(m+x)*. 

Transposing  and  reducing, 

±2m  Vii(m+a-)=m«(l+n), 

m(l+i») 

±2V'» 
m(l+w) 

=  =^"*-      2^,*     • 
(6)  11(2:«— 4)=5(a:«+2).  Ans.  x=±a. 

x^-7        X— 7  7 

(7)  F37i-:^H^-jcr7-3=o-  ^»-  '=±9. 


(8)  -— =-.  Ans.  T=±  V'i'nn^rt-. 


^  Vm^^x^-V^^+x^^y  Ans.x=±    ///>-(/>- 7)' ~h^(/^+^' 

(10)  .^^^±f+_^^£^  Ans.  x=±2 V>?=?. 

180.  In  the  same  manner  we  may  solve  all  equations  whatsoever,  of  any 
degree,  which  involve  only  ouo  power  of  the  unknown  quantity ;  that  is,  all     - 
equations  which  are  included  under  the  general  form 

or '=6, 
or  equations  of  two  terms. 

For,  dividing  each  member  of  the  equation  by  a,  it  becomes 

b 

a:°=-. 
a 

Extracting  the  n^  root  on  both  sides, 

If  n  be  an  even  number,  then  the  radical  must  be  affected  with  the  double* 
sign  ±»  for,  in  that  case,  both   (+!l/~)     and  (—»/-)     will  equally  pro-^-* 

duce  -. 
a 
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example  xi. 

6j:«— 57=2j:«+135 
3j:«=192 
3^=64  

x=  VC4=V\/C4=  V±8=±2. 
Here  -)-2  and  — 2  are  two  of  the  roots  of  the  above  equation 

EXAMPLE  XII. 


{p+x)y/p+J^= 


])!')/  X 


Or, 

Squaring, 

Extracting  the  cube  root, 


3 
o 


V 


.:  x^- 


Wi^'l. 


V 


^i- 


EXAMI'LK  XIII. 


9  « 


Ans.  X 


=0 


p»-T. 


EXAMPLK   XIV. 


Kitracting  the  cube  root,  we  have 

4y^-l=4..../=^j=-^. 

EXAMPLE  XV. 
J*— y  =  ii7 

x—y=    3 

C^nbing  the  latter  equation, 

r»-3j^3/+3j-y^-y'=  27, 

but  x» ^ipz=zU7. 

••.  by  subtraction,  3ar*y — 3ri/-        r=  90, 

nnd  fy(-r— y)  =  '30; 


(1) 
(2) 


dividing  by  (2),  we  have 

Now  from  (2) 

and 

•*.  by  addition, 

and 

but (2) 

By  additioUf 

and  by  subtraction 


.'.  xy         =   10. 

^— 2j-»/+2/==     9, 

4x1/         =40. 

'F+2xf+fi^40: 

x4-.y  =i7, 
•r-.V  =     3. 


'J^  =  10,  or  —  4, 

.'.  X  =  .5.  or  —  2, 

2//  =  4,  «)r  —10, 

.*.  y  =  2,  or  —  5. 
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^       (16)  4i'^-2=2.r=+26.  An8.x=±\/T4. 

(17)  x2:(18— .r)2:;25:16.  Ads.  x=10. 

X        14— X 

(^®)  n — ;  •  — 7-  : :  16 : 9.  Am.  xs=a 

14 — X  X 

/,Ax  75(x— 7)      48(x— 4) 

(20)  a:^— x»/=40,  xy— 3/«:S=15.  Ans.  x=±8,  y=±3. 

(21)  (x— y)x=91,  (x— y)'=49.  Ans.  x=il3/y=±6. 

/ft-^v  /         x^     «.    /  V     ^  Ans.  x= 24,  or —8, 

(22)  (r-y)-=04,  (,_y)|=6.  y=lo.or4. 

(23)  x2y=48,  xi/2=36.  Ans.  x=4,  y=3. 

(24)  iTy=  V^'+y*+x+y,  j:«+2^=(x+y)«-ixy». 

Ans.  x=6,  y:=8. 

(26)  x'^+Zzzirt,  2^—3^=6. 

(27)  x5-.5x<+10x»— lOxi'+Sx— 1=32.  Ans.  x=3. 

(28)  (»— 2^— 1=25.  Ans.  ^=±  V6- 

(29)  Vx—  V3/=3,  V^+  Vy=7.  Ans.  x=625,  y=16. 

(30)  X*— y=369,  x^— y2=9.  Ans.  x=±5,  y=±4. 

(31)  x'--y=56,  X— 3/= — .  Ans.  x=4  or  — 2,  y=2  or  — 4. 

(32)  2^y-f  3^=116,  xi/i+y =14.  Ans.  x=5  or  2  VJ,  y=4  or  10. 

(33)  Vx+  Vy=6,  x+2/=72.  Ans.  x=64  or  8,  y=8  or  64. 

(34)  X3+2/3=20,  xff+yT=6.      Ans.  x=i8  or  i  -/B,  t/=32  or  1024. 
^35)  x»+2xy+y^=1296— 4xy(x2+xy+i/2),  x— y=4. 

Ans.  x=5  or  — 1,  y:=l  or  — 5. 

181.  Wo  linve  seen  that  an  oquntion  of  the  form  flrx-=6  has  hco  rootSs  or 
that  there  are  two  quantities  which,  when  substituted  for  x  in  the  original 
equation,  will  render  the  two  members  identical.  In  like  manner,  we  shall 
find  that  every  equation  which  involves  x  in  tlie  third  power  has  three  roots ; 
an  equation  which  contains  x*  has^»r  roots  ;  and  it  is  a  general  proposition 
in  the  tlieory  of  equations  that  an  equation  has  as  many  roots  as  it  has  di- 
mensions» 

182.  The  above  method  of  solving  tho  equation  ox" =6  will  give  us  only 
one  of  the  n  roots  of  the  equation  if  n  be  an  odd  number,  and  two  roots  if  n  be 
an  even  number.  Such  a  solution  must,  therefore,  bo  considered  imperfect, 
and  we  must  have  recourse  to  different  processes  to  obtain  the  remaining 
roots.     This,  however,  is  a  subject  which  we  must  postpone  for  the  presents 

SOLUTION  OF  COMPLETE  QUADRATICS.  COPfTAINIWO  ONE  UNKNOWN  iJUANTlTT. 

183.  In  order  to  solve  the  general  equation 

ox'^-l-ftxrsc, 
let  us  begin  by  dividing  both  members  by  cr,  the  coefficient  of  x* ;  the  equa- 
tion then  becomes 

h       c 

x24.-x=-, 

'  a       a 
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or, 

puttiDg,  for  the  sako  of  simplicity, 

h         c 
a    ^   a     ^ 
This  form  of  the  quadratic  equation  may  be  produced  by  multaplymg  to- 
gether two  simple  equations.     Suppose 

X — a=0,  X — h  =0; 
.*.  (x — a)(x — 6)=0, 
which  is  satisfied  by  making  x=ia^  or  x=&. 

Multiplying  the  two  factors  (x—a)  and  (x — 6),  the  equation  becomes 

3^^(aJ(-h)x+ah=zO (1) 

Substituting  first  a,  and  then  6,  for  x,  this  may  be  written  either 

flS— .(a-(-fe)a-|-afe=0, 

or 

5Ji_(a4.6)6+a6=0, 

which  are  identical. 

Putting  in  equation  (1)  above  jp^  in  place  of  — (a-\-h),  and  — q  in  place  of 
a&,  it  assumes  the  form 


But 


— 4^=         iah 


By  subtraction,  p*-\.Aqz=ia^^'2ab-\-y^=i\a—bf\ 

.*.  a — hz=  ^/p^-^-Aq* 


By  addition  and  subtraction,    a =  —  ^ + ^  -^p- + 4 y 

i=— Jj^— jvy+4^. 

As  a  and  h  are  the  values  of  x,  and  differ  only  in  the  sign  of  the  radical  part, 
both  may  be  written  together  thus : 

Hence  the  following  rule  for  resolving  a  complete  or  adfected  quadratic 
equation. 

Reduce  the  given  equation  to  the  form  x^4-P'^~n=0  ^If  cl^CLting  of  frac- 
tionsj  transposing  all  the  terms  to  the  first  member^  and  dividing  tJiroughout  by 
the  coefficient  of  the  square  of  the  unknown  quantity,  J'he  equation  being  thus 
jirepared,  the  value  of  the  unknmcn  quantity  will  be  equal  to  ^  the  coefficient  of 
its  first  power  with  the  sign  changed,  i^  tfie  square  root  of  the  square  of  this 
coefficient  — 4  limes  the  known  terms  of  the  equation. 

The  expression  t=— ^^'i^  V/^+**7  ^^7^  by  passing  the  \  under  the 
mdical,  be  written  x= — jj7±  V(Jp)'*+9»  which,  translated  into  a  rule,  ia 
often  the  more  convenient  form. 

EXAMPLES. 

(1)  x«-yx+2=0. 
By  the  rule, 

11  .  ,    //11\»  11  .  ,    /l^n  11  .  .    /49     11  .  7 

2 
.•,  x=3  or  r, 

■coordiDg  as  we  use  the  upper  or  lower  sign. 
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(i)  3x — X'  =2;  changing  all  the  signs, 

x2— 3x=  —2,  or  a-^— 3j-+2=0. 

By  tho  rule, 

3  ,  ,    ^ 

a:=-±^-/9— i>X4=2  or  1. 

Either  of  these  values  of  x  will  satisfy  tlie  given  equation.     First  8ob0li« 
tuting  2,  we  have 

3X2—4=2; 
and  substituting  1,  we  have 

3x1  —  1=2. 

(3)  a*+6x=16. 
By  the  form, 

x=^i_p±V{\pf+q 

j:=— 3±  V9+16=2  or  —8.  . 

(4)  ar^— 10j:=— 21 

a:=5±  ViiS— 21 
x=z7  or  3. 

(5)  acx^-^-bcx — adx — bdz=zO. 

Dividing  by  ac, 

/h     (l\        hd 

a:«+(  — -)x=  — . 
'  \a     c/       ac 

.'.  by  the  rule. 


d  b 

.*.  x=-,  or  — -. 
c  a 

$         (6)  x'^+6xz=27.  Ans.  xs=3,  or  —9. 

(7)  x'—Jx+Sl  =0  Ans.  i=:6i,  or  J, 

IOj: 

(8)  :z^'+-3-=19.                                   ^  Ana.  x=3,  or  — GJ. 

5       2« 

(9)  ^^o+To*  ^'"*  ^=1^1  or  2. 

(10)  jr2_cj:+8=80.  Ans.  j:=12,  or  —6. 

(11)  x«-.10j:+17=1  Ans.  j-=8,  or  2. 

(12)  ar^—x— 40  =  170.  Ans.  x=15,  or  —14. 

(13)  3j^— 9x— 4=80  Ans.  x=7,  or  —4. 
t        (14)  7x-— 21x4.13=293.  Ans.  x=d,  or  -5. 

4        (15)  -+—-19=15^.  Ans.  x=9,  or  — — . 

2x'             X  9 

(16)  -:r  +  3i=-+8.  Ans.  x=3,  or  —7. 

7x— 8 

(17)  X+4H —=13.  mi8.  x=4,  or  —2. 

30- w 

(18)  4u— =46.  An8.ti=12,  or  —J. 

5— •     9— 3p 

'(19)  16 :^=— — +3p.  Ans.  p=6,  or  J. 

V4-3      16— 2V'  GO 


/ 
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nJ-7  9+4  □ 

(21)  14+4D— — -^=3D+— 4 — •  Ans.  D  =9,  or  28. 

7A»     2A      llA  +  18  4         .      « 

(22)  Tr-y=-l3      •      .  Ans.A=2,or-3. 

<4.22       4       9<— 6  .         ^      «        .« 

(23)  -^^y ^=— ^.  Ans.  <=2,  oriJ. 

*        ^-4-1     13 

(24)  ri-r+^=7r-  ^^'  ^=2»  *m^  —3. 

89  20 

(26)  — r-rr— 6=-r-.  Am.  17=10,  OF  —J. 
^       '   17+2                3l7 

.     .     48  165       ^  A  ca        c 

(27)  — r^=— TTH— 5.  Ans.  vnpb^,  or  5. 


«+3     t?+10  'w-* 


ii:" 


* 


(28)  x«-j=r8j=14.  Affi.  rr=9.4772+,  or  — 1.4772+. 

(29)  3x«+x=7.  Ans.  t=1.3699+,  or  — 1.7032+.    ^ 

(30)  6j:— 30=3j«.  Ans.  x=li3  \/-^. 

(31)  (x—  Vl42.334)(x+  Vl42.334)=27.22j. 

Ans.  a-=13.Cl±  V3ii7.566. 

(32)  23  :  (140+x)=(240+x) :  1041.  Ans.  x=— 27.4  or  —352.6. 

.    V54 

(33)  (x+6) :  (3x+12)  =  (3x— 12) :  (x— 6).  Ans.  x=  i-^— • 

(34)  21z«— 1617z+20748=0.  Ans.  2=60.72.  or  16.27. 

(35)  3.6^«— 11.75^— 41.25=0.            ^  Ans.  g=5.4,or  —2.11. 

•  1±\/1008 

(36)  (3x+l)(4r— 2)=(13x+7)(5x— 3).  Ans.  x= ^ . 

<3^)^-3i5=^-                 •  Ans.x=14,  or -10. 

M7+4      7—w     4iz;+7     ,  *                «,         .. 

(38)  -^ o=—^ 1-  Ans.  w=21,  or  5. 

15  — o      12  — 3«  23«+60 

(39)  -T^-l^zi=7i' ^7^-  Ans.i>=3,  or  fJJ. 

x+11      9+4x 

(40)  —^ — +—^=7.  Ans.  x=3,  or  —J. 

2(7+9     47—3  37— 16 

(41)  -^+41+3='  +  "^--  ^''^-  ^=''  ""-  "  -  • 

2x— 1      8— x3     X  A              «             ft 

f42^  = ^-.  Ans.  x=2,  or  — y* 

^  ^    3— X      2x— 2^2  * 

3               6          11  4              o        9« 

/43\ 1 -_ — .  Ans.  x=3,  or  ff. 

^^'^f  61— x^^x^+2x     5x  '^ 

4x«+7x     5x— x«     4x»                   .  A               o             at 

(AA\  — -!- — 4- =-r-.  Ans.  x=3,  or  — 14. 

(45N  '^j"2'^'^^=x"+x+8.  Ans.  x=4,'  or  —  V- 
^     '    x-^+x — 6 

^c        ,        ,,  .  .              f+Vf'^- 4ac 

(46)  CX-— ^  =  (a+6)x«.  Ans.  x=— ^-^y- 


(47)  (l+ax):(l-a-&x)  =  (l  +  6x):(l— ax).  Ans.  x=± -/a^— ^ 
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(48)  2(h^c)y  ^/li+a^=:z(h—cY+ay\ 


^'-^(ft-c)^  Va'+(2— a)(6— r)« 

Alls.  v= 

184.  If  h=za  in  tho  general  form  {x — a)(x — 2))=0,  it  assumes  the  partic- 
ular form  (.r— a)2=2'2_o^j._j.a2-_o. 

If  tho  two  values  of  2*  be  -\-a  and  — a,  the  form  {x — a)(x-^a)=j^ — a*=0. 

185.  Recollecting  that  the  value  of  the  unknown  quantity  is  called  the  root  of 
the  equation,  it  is  seen  that  every  equation  of  the  second  degree  has  two  roots, 
and,  by  the  general  form  (1),  x- — (a+6)x4-rtft=0,  that  their  sum  is  equal  to 
the  coefficient  of  tlie  second  term  with  the  contrary  sign,  and  that  their  prod- 
uct is  equal  to  the  absolute  term  or  known  quantity,  when  transposed  to  the 
first  member.  Thus,  in  Example  4,  above,  the  sum  of  the  two  roots  3  and 
— 9  is  — G,  and  the  product  — 27.  The  same  may  be  seen  io  other  exam- 
ples. 

The  general  form  u2''-\'bxz=c  is  capable  of  producing  all  the  particular 
forms  by  tire  supposition  of  particular  values  for  the  coefficients.  Thus,  if 
6=0,  it  assumes  the  form  of  pure  equations.     If  c^O,  it  may  be  written 

x(ax+h)=0, 

b 
which  we  perceive  may  be  verified  by  making  ar=0,  or  ar+6=0  r.xzs . 

h 
The  roots  are,  therefore,  in  this  case,  0  and .     Whenever  an  equation  is 

divisible  throughout  by  tho  unknown  quantity,  one  of  its  roots  b  zero. 

When  we  know  that  tho  two  roots  of  tlie  equation  of  tho  second  degree  are 
real,  tho  above  relations  make  known  at  once  the  nature  of  these  roots ;  for 
example,  admitting  that  those  of  the  equation  j:- — 2x — 7:=0  are  real,  we 
conclude  immediately  that  they  are  of  diflerent  signs,  because  their  product 
is  equal  to  the  absolute  term  — 7,  and,  moreover,  that  the  greater  is  positive, 
because  tlieir  sum  is  -^-2,  the  coefficient  of  x  taken  with  the  contrary  sign. 

z'    186.  Another  mode  of  solution  may  bo  derived  as  follows  : 

If  we  can,  by  any  transformation,  render  the  first  member  of  the  equation 
2^-^-2)Xz=zq  tho  perfect  square  of  a  binomial,  a  simple  extraction  of  the  square 
root  will  reduce  tho  equation  in  question  to  a  simple  equation. 
But  (x+^j?)-  is  x'+px+ljr-. 

In  order,  therefore,  that  tho  first  member  may  be  transformed  to  a  perfect '- 

square,  we  must  add  to  it  the  square  of  Ip  ;  that  is,  the  square  of  half  the  co-    - 
efficient  of  the  second  ternij  or  simple  power  o/*x  ;  it  thus  becomes 

x'i+px+-y 

p  p3 

which  is  tho  square  oi  x-\--.     But  since  wo  have  added  ^  to  the  Icft-han^^ 

member  of  the  equation,  in  order  that  the  equality  between  tho  two  member^S 

may  not  bo  destroyed  we  must  add  the  same  quantity  to  the  right-hand  mem 

ber  also  ;  the  equation  thus  transformed  will  be 
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or 


(•+?)•=?+'• 


P  f? 

Extracting  the  root,  x+  -  =  ±  y  — +  q. 


Transposing,  a:=— -dbVT+^ 


=-f±v/? 


—  o  ' 

the  same  form  for  the  value  of  x  as  we  obtained  by  the  first  method. 

We  affix  the  sign  i  to  -v/ 4~+^»  because  the  square  both  of  +w-t-  +  ^, 

and  also  of  — v7^+?»  ^^  "^  (ift"^)*  ^^^  every  quadratic  equation  must, 

therefore,  have  two  roots. 

From  what  has  just  been  said,  we  dednco  the  following  general 

RULE  FOR  THE  SOLUTION  OF  A  COMPLETE  i^UADRATIC  EqUATIOII. 

1.  Transpose  all  the  known  quantities^  when  necessary^  to  one  side  of  the 
equation,  arrange  all  the  terms  involving  the  unknown  quantify  on  the  other 
nde^  and  reduce  the  equation  to  the  form  ax^+bx=c. 

2.  Divide  each  side  of  the  equation  by  the  coefficient  ofx-, 

3.  Add  to  each  side  of  tlie  equation  Oie  square  of  half  the  coefficient  of  the 
nmple  power  ofx. 

That  member  of  the  equation  which  involves  the  unkno>vn  quantity  will 
^  thus  be  rendered  a  perfect  square,  and,  extracting  the  root  on  both  sides,  the 
equation  will  be  reduced  to  one  of  the  first  degree,  which  may  be  solved  in 
tile  usual  manner. 

EXAMPLE  I. 

12x— 210=205— 32:»+5. 
Pransposing  and  reducing, 

3a:^4.12r=420. 
Dividing  by  the  coefficient  of  x'^, 

x--+4x=]40. 
C7  completing  the  square  by  adding  to  each  side  the  square  of  half  the  coefficient 
the  second  term, 

a:a^4ar+4=140+4, 


(r+2)'=:144. 

:3Ktractu]g  the  root,  x+  2  =  i  V 144 

=  il2 
.•.j:=— 2J:12. 
Hence 

Cx=— 2+12=10 
Jr=— 2— 12=— 14. 
« Either  of  these  two  numbers,  when  substituted  for  x  in  the  original  equation, 
^^3  render  the  two  membera  identical. 

o 
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EXAMPLE  II. 

2a:«+34=20j+2. 
Transposing  and  reducingf 

22:=— 20j=— 32. 
Dividing  by  2,  a:«— 10x=— 16. 

Completing  the  square, 

a:2_x0x+25=25— 16, 
or  (x-5)^=9. 

Extracting  tho  root,  r — 6^  =t  V9* 

r=5±3. 


Hence 


T=6+3=8 
T=5— 3=2. 


EXAMPLE    III. 

3j=— 2i=65. 

2       65 
Dividing  by  3,  x^— -.r=— . 

Completing  the  square, 


or 


2       ny     65      /1\« 
^-3^+ (3)  =3+13)' 

/       1\«     196 

v—^)  =-9-- 


=  zt 


196 
~9~ 
14 


1      14 
^=3±T 
Henco 

1  +  14 

1—14  1 

EXAMPLE  IV. 

PrRnsposing,  xl^-{-x       =2. 

The  coefficient  of  x  in  this  cnse  is  1 ;  .*.  in  order  to  complete  the  square, 

ny      1 

must  add  to  each  side  ( - 1  »  or  j. 


/       1\«     9 
V+2)  =4 


xA —  =  4-- 
••.  x=l,  and  a:= — 2. 
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EXAMPLE  V. 

.6j— 30=3r3. 
Tnins|)osiug,  — 3x--^-6x=z30, 

Changing  the  sign  on  both  sides, 

3.i«— rix=— 30. 
Dividing  by  3,  a:^— 20-==  — 10. 

Completing  the  square,    2° — 2j:+1  =  1 — 10, 
or 

(t— 1)"-=— 9. 


.-.  a:— l  =  it  V— 9. 


Hence 


x=l+  V— 9 


lx=l~-  v/— 9* 

In  the  above  example,  the  vnlups  of  r  contain  imaginary  quantities,  and  the 
roots  of  the  equation  are,  therefore,  said  to  be  impossible. 


EXAMPLE    VI. 

5         13  2  273 

Clearing  of  fractions, 

lOr^— 6j+9r=96— 8r— 12j:«+273. 

Transposing  and  reducing, 

22a:«+2z=360. 
Dividing  both  members  by  22, 

2        3t)0 

^+22^=^- 
Adding  ( — )   to  both  members, 

^^2-2  ^  \22/        22  ^  \22/ 


Extracting  the  root, 


Hence 


x+ 


()0 — -^  V  o.>     '    \')o/ 


-+   ^- 

~     \  {-i-i}' 


1       89 

1       89_      45 
^~""22""22"~""ri' 


EXAMPLE  VII. 


an 


tf  +  0 

ar 


Transposing,  («+ &)J^— cj-=^3;^. 
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c  ac 

Dividing  by  a+5,        ^^^-Jljlfc  •  ""^l^+i)^- 

r^omploting  the  square, 

c  (^  ae  c^ 

^"a+6  •  ^+4(a+6)«"(a+6)«"'"4(a+6V' 
or 

c  c        )■      c«+4flc 

^  """2(5+6)  S  =4(a+6)«' 

Extracting  the  root,  

c  Vc'4-4ac 

''-2(?+6J-=*=    2(a+6)  • 
cjz  \/c-+4ac 
•'•  ^=      2(a+6)      • 
Tho  two  yalues  of  x  here  are 


^""      2(a+6)      '^""      2(a+fe)      " 

EXAMPLE  VIII. 

Tiunsposing,       (n«— m«)a*— 26n«x=  — n«(a«+6«). 
Dividing  by  the  coefficient  of  r*, 

2bn^x  a»4-6« 

(.completing  the  square, 

2bn^x       /    hn^    y      /    brT-    y     n^(a«+fc«) 


or 


Kxtracting  the  root, 

bn*  n 


'rije  two  values  of  x  are 


(9)  jr«+4a:=21.  Ads.  z=3,  xar  — 7. 

(10)  a»— 9x+4J=0.  Ana.  x=8J,  x=i 

(11)  622x— 15z*=6384.  Ans.  z=22},  x=18}. 

(12)  8x.-7x+34=0.  a™.  .J+  ^'^,  rJ'  <7^. 
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(13)   32«+X=ll.  AD8.  X= ^ ,  Xzzz —--^ 

(14)  -— 4— a*+2ar — =-=45— 32«+4x. 
o  u 

Ad8.  x=7. 12.  .  .     .fX^ — 5.73 

.^^  o       62«— 40     3X-10     ^  ^  23 

(15)  3j-  ^_j^  -7^37^=2.  Am.  x=— ,  1=4. 

90       90         27  ,  5 

3a«a:     6a«+a/;— 2&»    '¥x       .  2a— 6  3<z+25 

(17)  a&x«+— = ^ -— .      Ans.  1:=-^,  x= ^;^. 

(18)  m3^—2mx 'J  nsznx^^mn.         Ans.  a:==— j — ; — 7-,  x=— 7 7-. 

'  V  wi+  V »  V"*—  V  ** 

(19)  4a«a:«+4aVx+4aW«x— 9a/^j«+(ac«+6rf*)«=0. 

Ans.  j:= — - — ,  .  .    ,  ,  x= 


2rt+3r^V'c'              )ia—3dy/c 
/^.^x  5a+10a6»         /5y/a  +  b     {\+2h-)cdVc\       cd   , 

187.  The  above  rule  will  enable  us  to  solve,  not  only  quadratic  equations, 
but  all  equations  which  can  be  reduced  to  the  form 

that  is,  all  equations  which  contain  only  two  powei*s  of  the  unknown  quantity, 
and  in  which  one  of  these  powers  is  double  of  the  other. 

For  if,  in  the  above  equation,  we  assume  y=x",  then  y*=x*",  and  it  be- 
comes 

Solving  this  according  to  the  rule. 


*0 


Putting  for  y  its  value, 


^  = 7y • 


Extracting  the  nth  root  on  botli  sides, 


2 


EXA&IPLE  I. 


ar*— 252:«=  — 144. 
Assume  3^i=y,  the  above  becomes 

y«— 25y=— 144. 
Whence  ^=16,  y=9. 

But  since  *'=y  •*•  3^=  ±  s/y ; 

Tlnu  the  four  yahiet  of  x  are  +4,  —4,  4-3,  —3. 
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EXAMPLE   II. 

A *sume /.-=/,  y — 7^,=~. 

WJic* nco  .V  =  ^«    ^=  —  ^ 

^fjd  biijce  ■2^'=^  •••  ■r=  in  V  y* 

Whence  the  four  roots  of  the  equation  are  i  \/8,  ±  V — h  ^^  1««t  two 
'S  which  are  impossible  roots. 

EXAMPLE  III. 

Let  j<— •2jr»=4:!. 

Asjsurae  r'=:^,  the  above  becomes 

y=— -2^=4^. 
Whence  y=-»  ®r  — 6. 

Ktir  since  ^=y  •*•  ■r=  Vi/* 

Hence  two  of  the  roots  of  the  above  equation  are  4"  V^  uid  —  V^:  tb^ 
remaining  four  roots  can  not  be  determined  by  this  process. 

EXAMPLE  IV. 

Let  •2r— 7  Vj*=99, 

or  -Jx— 7j-^  =  90. 

This  equation  manifestly  belongs  to  this  class,  for  the  exponent  of  x  in  the 

first  term  is  1,  and  in  the  second  term  half  as  gi'eat,  or  ^. 

In  this  case  assume  ^/xzzzy,  the  equation  becomes 

2y3_7y__99. 

Whence  y=9»     y= — -^' 

15ut  since  ^/xrszy  .•.  xs=zy^ 

121 
.'.  x=81.   x=— p. 

4 

To  account  for  the  two  values  of  x  in  this  equation,  it  must  be  observed  that 
one  belongs  to  -|-  '^x^  the  other  to  —  V-c- 

This  will  appear  clearly  in  the  following  example. 

EXAMPLE  V. 

ax=b-^  y/cx (1) 

Solving  this  equation  in  the  same  manner  as  the  precedmg,  we  shall  find 

^ah^c.-^-  '>J\abc-\'C-         Oflfc^c—  V4a6c+c« 
2a-  2a' 

If  we  substitute  these  two  values  of  x  in  the  original  equation,  we  shall  find 
that  the  first  only  will  verify  it ;  the  second  belongs  to  the  equation 

ax'=.h —  -yj  ex (2) 

These  two  equations,  multiplied  together,  produce  the  complete  quadratic 
equation 

fl2j^_(2rt/>+c).r+6==0, 
whose  roots  are  the  two  values  of  t  given  above. 

The  explication  of  this  matter  is,  that  -yjx  is  always  supposed  to  have  the 

iQpku  -;<,„|  .|,^  un,j  therefore  the  general  form  expressed  by  equation  (1)  in- 

y  that  expressed  by  equation  (2).     It  is  necessary,  therefore,  in 
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examples  of  this  kind,  to  try  the  answ(*r.s  obtuinod,  by  substituting  thorn,  in 
order  to  see  which  belongs  to  the  given  form. 

IdB.  Many  other  equations  of  dcigreos  highor  than  the  second  may  be  solved 
by  completing  the  square ;  ultliough,  it  must  bu  remarked,  we  can  seldom  ob- 
tain all  tlie  roots  in  this  manner.  The  trnnsfonuations  to  which  wo  subject 
equations  of  this  nature,  in  order  that  the  rule  may  become  applicable,  depend 
U])on  various  algebraic  artifices,  for  which  no  gcuoral  rule  can  be  given.  The 
following  examples  will  serve  to  give  the  student  some  idea  of  the  course  he 
must  pursue ;  a  little  practice  will  soon  render  him  dextrous  in  the  employ 
ment  of  such  devices. 

KXAMPLK  VI. 


Let  ^x^i2+  {/x+lt»  =  G 

Assume  a:4-12=y,  the  equation  then  becomes 

which  evidently  belongs  to  tlie  same  class  as  the  previous  examples ;  completing 
tbe  square,  we  shall  have 

7/^^=2,  or  —3. 
Rabing  both  sides  of  the  equation  to  the  power  of  4, 

2/=:16,  or  81 
.•.  X,  or  y — 12=  4,  or  69. 

KXAMPLK  VII. 


Let  2j«+  V2^-+1=11. 

Add  I  to  each  member  of  the  equation,  it  becomes 

oj3^1^  -/2x-2+l  =  12. 
Assume  2jfi-{-l=y,  then 

y+y^=l2. 
Completing  the  square,  and  solving,  we  fmd 

y-,  or  'v/-ij^+l=3,  and  —4 
l>2r--|-l=0,  and  10 

r-=l,  and  — . 

Hence  a:=+2,  —2,  +  J-^f,  -\l^* 

It  may  be  remarked,  that  it  is  in  general  unnecessaiy  to  substitute  ^,  wlilch 
has  been  done  in  the  above  examples  for  the  sake  of  perspicuity  alone. 

KXAMPLK  VIII. 

/       8\3  8 

Let  [x+-)  +x=42--. 

Transposing  V+i)  +  V +i/  ='^^' 

8 
Considering  x-^--  as  one  qunntity,  and  completing  the  square, 


216 


JiLGEBRA. 


8  1  .  13 

=6,  and  — 7. 
Hence  we  have  the  two  equations 

x«— 6x=— 8 
a:«+7j:=— 8. 
Solving  the  first  in  the  nsual  manner,  wo  find 

a*=4,  and  2, 
and  by  the  second,  we  have 

—7+  VT7       ,  — 7— -/n 
x= .  and , 

which  are  the  four  roots  of  the  proposed  equation.  If  we  had  reduced  this 
equation  by  performing  the  operations  indicated,  instead  of  employing  the 
above  artifice,  it  would  have  become 

a:«+j3— 26j:«+8x+64=0, 
a  complete  equation  of  the  fourth  degree. 
The  roots  of  equations  of  the  fourth  degree,  reducible  to  the  second  as  aboref 

present  themselves  ordinarily  under  the  form  V^=t  V^t  uid  frequently  af 
ford  an  application  of  the  process  exhibited  at  (Art.  104). 

(9)  a:«4.4j:3=12.  Ads.  x=db  -/S,  or  ±  V~6. 

<     (10)  a*— 8x3— 513=0.  Ans.  x=3,  or  —  VTo. 

11)  r*— 13x2+36=0.  Ans.  x=±2,  x=i3. 


12)  (x2— 2)2=-(x2+12). 


Ans.  a*=  ±  2,  r=  i  -. 


13)  (a^— l)(a:<^— 2)+(i«— 3)(x3— 4)=r<+5.       Ans.  x=±h  r=±3. 


14)  a^—mx^=2), 

V4J-+2     4—-/^ 


j^,,  ,^(^'^'±^ 


15) 


16) 


4+  -y/x  -y/x 


2      r 

Ans.  T=4.* 


a-\-  y/x  '^ X 

17)  -vAr^— 2Vx— x=0. 

18)  Vj^+V^^=6V7. 

X  -x/x 

19)  2=2-^J+i-. 

5  1 

21)  x^4-x^  =  756. 

22)  r^— T^=56. 


Ans.x=fzMyiff±i?M:iT 

\  2(a4-n  /  • 


2(a+l) 

Ans.  x=4. 
Ans.  x=2. 

Ans.  x^49. 


Ans.  x=25. 


Ans.  x=243,  or  (—28)*. 
Ans.  x=4,  or  (—7)*. 


64  . 


*  In  tliis  and  some  of  the  foUowiiifj^  examples  niiutlicr  valu<%  '=7r>  i>  >lso  foand*  but  it 
will  not  satisfy  the  epilation,  and  us,  tliercfure,  tu  be  n^jectod.     [See  Ex.  5,  p.  214.] 
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(23)  3z*+ar^=3104. 

(24)  ax^+bx^=c. 


4         tlj.S 

(25)  3a:J— —  =— 592. 


(26)  x^—2ax^z=zh. 

(27)  '-'^+<V^_4(V"i-h') 


Ads 


\  2a  / 

3 

(74\* 
— j  . 


s 


23fl 


5^x — X  3— "v/x        (5"\/« — x)(3 — \/x) 


Ans.  x=(a±  V«'+^)* 

Aim.  x=3. 


(»)  — 


j: 


:=:+-^ 


An..  ,=»±vL*t=?:^. 


■y/x-f-v'*' — "^     l/^ — "^o — X     -j/x 


X— ^^— 9 


Anf.  x=5,  or  3,  or 


8i^-ll 


5 


(30)  x+5=^x4-54-6. 


(31)  x+16— 7^x4-16=10— 4-v/x+lti. 

(32)  -/x-f  134-^x4-12=6. 

(33)  x2-.2x4-6'v/x»— 2x4-5=11. 


(34)  2x24-3x— 5y2xi4-3x4-94-3=0. 

(35)  [(x— 2)3— x]9— (x— 2)«=88— (x— 2). 

(36)  (x4-6)i4-2x*(x4-6)=1384-x*. 

(37)  x-l=24-^. 

(38)  x<— 2x34-*=132. 


Aim.  x=4. 

Aiis.  x=9. 

Aus.  x=4. 

Adb.  x=1,  or  l-J[-2-v/l5. 

9 
Ans.  x=:3,  or  — -. 


Aim.  x=6,  or  — 1,  or 


Aim.  x=4,  or  — 3,  or 


54V--3 

Aus.  x=4. 
AliS.  x:=4. 


(39)  9x4-^16xi4-3Cx*=15xi— 4. 
I24-8X* 


(40)  x=- 


X— 5 


,     ,  49.r4  ,48  .6 

(«)  (-g)*+{-^)»=f. 

(44)  x<— (2Ae-f4a«)xH-*»c«=0. 

(45)  x2—x4-5v'2x-»— 5x4-6=-^— . 


4  1  94-1/481 

Ans.  x=-,  or ,  or  x=-=^-^ . 

3  3  00 

Aus.  x=9,  or ==*-!- . 

2 

A               «            8        — :J-f|/93 
Ans.  x=2,  or ,  or — . 

7  7 

Ana,  x= J-2,  or  — 8,  or  — -. 


Am 


.,=  ,«,/iLy5. 


i*^, 


Ans.  x=  J-\'  i!»f 4-2a*4:2<iv/Z»c4-««. 

54--l/iaii9        ,  ,      1 

Ans.  x=i-^i^-^ ,  and  .t=3,  and . 

4         '  '2 

Ans.  x=-(-J-"\/ — 7 — 3). 
o 


(46)  f±V?±^=* 

Note. — In  some  of  the  above  examples  we  have  givcu  answers  which  will  uot  satisfy 
die  equation  unless  the  lUmhlc  siLrn  he  ondcrstood  hefure  the  radical  In  nouic  cases  this 
ngn  is  anderstnod,  in  others  not ;  bat  whether  it  is  or  iKit  will  always  be  known  from  the 
problem  from  which  the  eqaation  is  derived. 


[2)$ 


218  ALGEBRA. 

ON  THE  SOLUTION  OF  aUADUATIC  EaUATIONSI  CONTAINING  TWO 

UNKNOWN  aUANTITIES. 

189.  Au  equatiou  containing  two  unknown  quantities  is  said  to  be  of  the 
second  degree  when  it  involves  terms  in  which  Uie  sum  of  the  exponents  of  the 
unknown  quantities  is  equal  to  2,  hut  never  exceeds  2.     Thus, 

33:2_4j._|_y3_^y— 5?/+6=0,  7xy— 4j:4-y=0, 
are  equations  of  the  second  degree. 

It  follows  from  this  that  every  equation  of  tlie  second  degree  coDtaining 
two  unknown  quantities  is  of  the  form 

axf+hxy+cji^+dy+ex+f=z{i, 
where  a,  &,  c, represent  known  quantities,  eitlier  numerical  or  alge- 
braical; z.  c,  the  equation  contains  the  second  power  of  each  of  the  unknown 
quantities,  the  first  power  of  each,  and  the  product  of  the  two.  Not  that 
every  equation  of  the  second  degree  contains  all  these,  but  when  any  one  of 
them  is  wanting  the  coefficient  of  that  term,  in  the  general  form,  is  said  to  be 
zero. 

Let  it  be  required  to  determine  the  values  of  x  and  y,  which  satisfy  the 
oquut:o:..s. 

ay^+hxyJfCx"-+dy+ex+f—0 (1) 

ay+h'xy+c'x'^+d'yJ^e'x+f'=.0 (2) 

Anan«;ing  these  two  equations  according  to  the  powers  of  y,  they  become 

ay'-\-{hx+d)y+(c2^+ex+f)=0 ) 

aY+(h'x+d')y+(c'^-+t'x+f')^() S 

Put  hx-\-d^h;    cx'^-\-ex-\-f  ^k 

h'x\-d'=:h' ;  c'x'+c'x+f'z=zk\ 

.'.ay'+hy+k=0 (3) 

ay+h'y+k'=0 (4) 

Multiply  (3)  and  (4)  by  a'  and  a  respectively,  and  also  by  ^•'  and  k;  then 

aa'y'+a'hy  +  a'k=zO (5) 

aa'y^+ah'y+ak'  =  0 (G) 

akY-+hk'y+kk'=:0 (7) 

a'ky^+h'ky+kk'=0 (8) 

Subtracting  (0)  from  (5),  and  also  (7)  from  (8),  wo  have 

(a'h—ahyj  +  a'k—ak'=0 (9) 

(a'k—ak')y+h'k—hk'=zO (10) 

Multiplying  (9)  by  h'k—hk\  and  (10)  by  a'k—ak',  we  have 
{a'h—ah')(h'k—hk')y+(a'k—ak')(h'k^hk')=0  .  .  (11) 
(a'k—akjy+{a'k—ak')(h'k^hk'):=^0  .  .  (12) 

,*,{a'h—ah')(h'k-^hk')  =  (a'k—ak'Y (13) 

Substituting  the  values  of /i,  h\  A-,  k'  in  equation  (13),  we  have 

=  {  (afc~-(ur)r^-(afe—aer)i-\-o'f—t^'  j  2 
lionet?,  by  multiplying  and  expanding,  the  final  equation  in  x  is  of  the  fourth 
dcgn^o,  which  will,  in  general,  bo  the  degree  of  tho  equation  obtained  by 
oliniinnrMi^  berwoeu  tho  two  equations  of  the  second  degiee ;  but  the  general 
form  iijchnles  a  variety  of  etjuations,  accoixhng  to  the  values  of  the  cocfficieDts 
a,  h,  c.  \c.;  when  d,  c^f  d\  e\f'  are  each  =0,  tho  solution  may  be  obtaio- 
ed  by  quadratics,  the  resulting  equation  in  x  being 

\[a'h—ah')x^a'd--ad'\  .  {(6'c— 2»c')j— (rV^— cef')}=(a'c— ac')«a:«. 
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Although  the  principles  already  established  will  not  enable  us  to  solve  equa- 
tions of  this  doscnption  generally ^  yet  there  are  many  particular  cases  in 
which  they  may  be  reduced  either  to  pure  or  adfected  quadratics,  and  the 
roots  determined  in  the  ordinary  manner. 


EXAMPLE  I. 

Required  the  values  of  x  and  y^  which  satisfy  the  equations, 


xyz=q 

Squaring  (1),  ai^-\-2xy-\-y^i=zj)^ 

Multiply  (2)  by  4,  'ixy=Aq"- 

Subtract  (4)  from  (3),  af^-^2.ry-\-y-=p-—Aq'^, 

or  (x-yy=p---Af^ 

Extract  the  root,  x—y=  i  Vj^^—'^Q^ 

But  by  (1),  x+y=p. 
Add  (1)  to  (5), 
Subtract  (5)  from  (1), 


2x=p:L  s/j/'-^Aq^. 


2y=p^Vj>'-'^q' 
Hence  the  corresponding  values  uf  x  and  y  will  be 


z= 


P+Vl^'-^') 


y= 


jp—  ')/p^ — 4  7^ 


x= 


J) ^pi  —  4^3 


»  and 


o 


y= 


p+  Vy-— 4?» 


(1) 

(2) 
(3) 

(<) 


(6) 


EXAMPLE  II. 


Square  (I), 
But  by  (2), 
Subtracting, 


\ 


X  +y  =fl  • 

x^+2xy+\f=za\ 
3f*  +y-  =  fr. 


2.fy         =«-— &3  .  .  .  . 
Subtract  (3)  from  (2),    T^^-^xy+y-ziz^b'—a-, 
or                                              (x—yy:=2b'—a"; 
E xtracting  the  root,                   x — y=A:  y/^h- — a-. 
But  by  (1),  r-fy=rz, 

*.  adding  and  subtracting 


Hence  the  corresponding  values  of  x  nnd  y  will  bo 

a-^-  V2/r— fi'*! 

X= r I  X=z 


a^-y-Jir—a^ 


y— 


a-.y/2b'—a^ 


J 


urid 


y= 


tt+  y/2b'^a^ 


(1)? 

(2)  J 


(3) 


EXAMPLE  III. 


Cube  (1), 
But  by  (2), 
Subtracting, 
or 


<.r  +y  =m. 
\  x^-\-y^'=.n^ 
r»4-3x«1/+3^»/-+y^=m^ 

7?  4- .V '=''"• 


3x^y+         3.n/-=;«'— ?i', 


(2)S 
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Sabstitute  for  (i+y)  its  valne  aerived  from  (1), 

m' — n' 


.-.  4ry=: 


4(m»— n') 


3m 


Squaring  ( 1 ), 
But  by  (3) 

Subtracting, 

or 


4(m»— n») 


x3— ory+y==w«- 


4(w'— n») 


3m 


(x-y)'=- 


4/i' — m' 


3m 


But  by  (1), 


/4n3— m» 

x+y    =:m 


i4ii3— w» 

^^='^^v-3;r-' 

Hence  the  two  corresponding  values  of  r  and  y  are 

__m        i4n=»— m»1  ^m         /Jn^I 

^— 2"^V  lam  1    ,  ^~2'"vnn> 

m        /4n' — m 
^~2~V     lt>m~ 


and 


— m^ 
2m 


771         /47i'  —  m^ 
^~2"^V     12771     . 


EXAMPLE  IV. 


P        a   3        1 


r''+xy+y»=6 

r^S  333  33  333 

Square  (1),  r^+x-^i/+f+2x^  .  x^y^+2x^y^+2y'^  .  x^  =:a«. 
But  by  (2),  r^+xh^+f =5. 


Subtracting, 
or 


Jl  T     3  'J      'J  3     3      3 

2x^  .  xV  +2J-^3/-  +  2y>xV=a«— 6, 


3     3       3 


3     3 


^^y^(x''+x^y*+y^)=:a"-^b 


3      3 

,*.  2x*y* .  a 

3     3 

•.    x^y^ 


But  by  (1), 
And  by  (3), 

Adding, 

or 


3  3     3  3 


3     '« 

x^y^        = 


a-' 


J2a 

3  "3"    ?""■        3  /73__7i 


-'+.'= ±/-; 


—6 


3a 


(3) 


(1) 
(2) 


(3) 


W 
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3  n    3  3 

pT,,4_l_-,2 , 


Again,  from  (1),         x^ -{-x^y*  -{-y'^  =a. 
And  from  (3),  3x*y^         _3((i^-fc) 


2a 


Subtracting,  x^'-2x^y*+y^  =« — 'liffLA), 


3\3     36_a3 


(3             3\3        35 
I* — v*j  =^ 


l3a^—b 


3  3  hh a^ 

-^-y  =±v^ ^=> 

3  3  P 

But  by  (4),  i*+y*  =^V- 

.«.  adding  and  subtracting,        x^  =  JU    /'JLZl- j_    /_!!_ 


2 


3  \3a^—b_^    /36— a- 


Hence  the  corresponding  vulucs  of  x  and  y  are 
_  f  JL  V3a^—6+ V3fe— <f«  i  J  _  r  db  V3a''-I^—  V36— fl^  i  4 

-  and  . 

_  c  ±^3a^^h—^3h^a^  >  3  ^r  j,  ^ 3^8—^4,  ^ 36— g'  i  I 

The  following  require  the  completion  of  the  square : 

EXAMPLE  T. 

C  x+y+2f^+y~a (I)} 

\x-y+2f^-y''=h (2)  i 

Add  (1)  and  (2),  2x''+2x=za+h (3) 

Subtract  (2)  from  (1),  Qif+Qy=a—b     (4) 

Equations  (3)  and  (4)  are  common  adfccted  quadratics;  solving  those  in  the 
usual  manner,  we  find 

Xzzz 


— l=t  Vl  +  -*a— '-^^ 

y= o 


EXAMPLE    VI. 


p+y=   6 (i)> 

I  x*+y =272 (2)  S 

Raise  (1)  to  the  4th  pqwer. 

x*+4j?y+62^f+ATy^+y*=l^9e. 

But  from  (2),  £» +y<=  272. 

Subtracting  4x*y+63^f+4xf        =1024, 

or  2xy(2:t«+3r^+22/«)=1024 (3) 

But  by  (1),  2xy(iij^+4xy+2y')=UAxy (4) 

Subtracting  (3)  from  (4),  22^^3=1442:^—1024. 
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Trausposmg  and  dividing  by  2, 

jr^y-—72xy  =—512. 

Completing  the  square,  x^*f-'7'2Ty+ 1296=1296—512, 

or  (r?/— 36)^=  JSi. 

.-.  .ry— 36    =±  V^si 
xy  =36  ±28 

=64,  and  8. 


First,  let  us  suppose  xy 

=8. 

By  (1), 

^=+2J^i/+y=36, 

And 

Axy         =32. 

Subtracting, 

'.x—y  =±2, 

But 

x+y  =6. 

.'.  adding  and 

subtracting, 

T=1  I 

y=2j 

-^  \  ;=4  \ 

Secondly,  ] 

et  us  take  the  other  v 

aluo  of  .r^,  or  64. 

By  (1). 

^^-+2^Z/+y^=        36, 
Axy        =     256. 

Subtracting, 
But 

.-.  x—y  =±  V— 220, 
r+.y  =6. 

.'.  adding  and 

subtracting. 

^6rf  V  —220  \  __6—  V  —220  ] 

and  T 


6— V— 220 


6+  V— 220 
'»/= — ' :: 


2 

Honcc,  in  the  above  equations,  two  of  the  roots  of  x  and  y  ore  possible,  and 
two  impossible. 

(7)*  2x  +3.y  =118 (1)  ) 

5.r2— 7y2=4333 (2)  S 

Ans.        -^>and  ri-.V  J 

y=16  $         y=     192y\  S 


(8)     8.r+23y  =  2.r»+2y» (1) 

—  181'i 


34J/+   6^-5i/«=13irf/+24 (2)  J 


j-=3^    '—    133 
Ans.         ^  > 

34 


j-=3  > 

'•  y=2  \ 


133    J 


65  ip 
a:= 


26  I 


—  9±3V1114 
2^= 26 


(9)  (r-y){j--y^-)=a (1)  > 

(^+2/)(r^+i^^)=^ (2)S 

iVns.  JTs^ — — ,  y^^ — ■  ■■. 

2V2/>— rt  2V26— a 

^  The  fiillowmg^  exnmpIpK,  tlioai^li  a  valaahio  exorrisc,  ore  likely  to  detain  the  itudcB^ 
Jong,  aiid  may,  if  uercstoiy,  be  mnittcd. 
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(10)    ryz 

ryz 


:=a 


ryz 


z=b 


(1) 


(2)y 


X+2 


=C 


Ans.  X 


y- 


==^V(^ 


(3) 

2ahc(ah + /><^ — ac) 


(12)  4x^=96— j:Y, 

r+y  =6. 

(13)  x»+y=2a", 

xy=:c^. 

(14)  i«+r+y=18-y«, 

(15)  a^+2xy4-y-+2a:=120— 2y 
(W)  aa+y»— X— y=78, 

(17)  a:«y*— 7a:y2— 9ir)=7C;), 

ary— y=l2. 

(18)  a^-2-v/^+y— 1/^+\/7=«' 


Ans.  2*= 


o 


x—y=''i 


(21)  jH— 2^j^4-y-=40 


64-t'c — fcc)(6c4-«*c — ahy 
j        2ahc(hc-{-ac — ab) 

'\J(ah+ac—bc)(ab+bC'^acY 
I        2abc(ab-{'ac — be) 

y]  (ab  +  bc^ac)(bc+ac—aby 

S'^V     12a   •  2^=2''' V     12a   ' 

Ans.  T=4,  or  2,  or  3dL  V-li 
7/=2,  or  4,  or  3=f  y/lil. 

Ans.  T=la"i  \/a-"— c'-")», 

y=-= zizzii 

^     (a-i  V^'"'— c'")"' 

Ans.  3*= 3,  or  2,  or  — 3±  V3, 

2/ =2,  or  3,  or  —  3=p  V3. 

Ans.  a;=— 9^-\/5,  y=z—3J^\/5, 
also,  x=:6,  or  9,        y=*t  or  1. 

'  — 134-V''-l39 
Ana.  x=9,  or  3,  or =^ , 


Aiis.  x=- 


y=3,  or  9,  or 
—19 


— 13=P^— 39 


17=f6/— -2 


;  also,  x.-^5,  or  -, 


Aiis. 


jr4-_ai<ij^-+y<— rJH-y2=20. 


?/=— fi-!--/— 2;  also,  y=3,  or  —15. 

25 

Aiis.  ar=9,  or     , 

25 
V=4,  or  —. 

17 
A  lis.  x='t,  or  —a 

y=3.  or  =^. 

Alls.  f=6, 

5^=12. 

,     ^            ,      /— IM-L-i/^^^ 
:;^  J.3,  or  JV«*  or  iy ~- » 

/lS-|.3V"J5  ,       /— 134.^  — 11 

14-^—47        14-3-V/5 


y='J,  or  —1,  or  - 


,or  — 


or 


\±V-n 
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(89)  *y+x// ••=]?. 

(33)  x—x^=3—J/, 
4— or  =y— y*. 

(24)  (*«+i)5^=*  y  4-i2tf» 

(*«4-l)y=4:Cy!— 744. 
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(25)  *  +y  +v'x4-y=12, 

(26)  x«+y«-f-*— y=132, 
(^-|_y:)(;^y)=12t»0. 

(27)  *iyi=2jr3, 
8x*— y*=l4. 

(28)  *l-|-y5=3x  (see  note,  page  217), 

(29)  ,+,4=.v!±d:?+4. 

x' 
y-l-xjf  =:yi+4y . 

(30)  2x+y=2C— 7-1/2*4-^+4, 
2x—\/y     15    2x+\/y 


(31) e^a--— yxy:=9y— 16*y, 

y 

5x=4+25y3. 

(32)  164^-.y4=fiy^x*, 

X*      1-J_  X 

(33)  V5v^i-+5^H-l/^10— /7-. 

■v/x^+\/yft=275. 


Ails.  r=:3,  or  16, 
y=2,or2k' 


Ant.  «=4,  or  -, 


=i.orj. 


Aiu. 


1        —974:1/6045 

x^5,  or  -'  or =J- ^, 

5  5S  ' 


y:=6,  or  150,  or 


ir,82 


Ans.  x=: 


Ans.  x=5,  or  4, 
y=4,  orSi 

11,  or  —1,  or  6IJ--/— 3716, 

1,  or  —11,  OT  61  ^i/— 3716. 

Ans.  «=I4]^  or  8, 

y=96i^.  &r  4. 

Ans.  x=4,  or  1. 


Ans.  jr=:4,  or  1, 

y=l»  or  — JL 
Ans.  x=2,  or  — 10, 

=1,  or  9ft. 


Ans.r=l, 
Ans.  x=:4,  or  16, 

13 


^=256,  or  256| 

Ans.  4r=9,  or  4. 
jjr=4,  or  9. 


PROBLEMS  PRODUCING  PURE  EaUATIONS. 

(1)  What  two  numbers  are  those  whoso  sum  is  to  the  greater  as  10  to  7, 
and  whoso  sum,  multiplied  by  the  less,  produces  270  ? 

Ans.  J:21  and  ^=9 

(2)  There  are  two  numbers  in  the  proportion  of  4  to  5,  and  the  dUTerence 
of  whose  squares  is  81.    What  are  the  numbers? 

Ans.  ztl2and  ±15. 

(3)  A  dctnchment  from  an  army  was  inarching  in  regular  colamn,  with  5 
men  more  in  depth  tlian  in  front ;  but  upon  the  enemy  coming  in  sight,  the 
front  was  increased  by  845  men,  and  by  this  movement  the  detachment  was 
drawn  up  in  five  lines.     Required  the  number  of  men  ? 

Ana.  4550. 

(4)  Two  wnrkmen,  A  and  B,  were  engaged  lo  work  for  a  certain  number 
of  doys  at  dh.'orent  rates.    At  the  end  of  tlie  time,  A,  who  had  been  idle  4  of 


aUADHATlC  EUUATIONS.  225 

thoso  days,  had  75  shillings  to  rccoivo ;  but  H,  wlio  had  boon  idle  7  of  thoso 
days,  received  only  48  shillings.  Now,  had  13  been  idle  only  4  diiys  and  A  7, 
they  would  have  received  exactly  alike.  For  liow  many  days  were  they  en- 
gaged, how  many  did  each  Avork,  and  what  lind  each  per  day  ? 

Aus.  A  worked  13  and  B  12  days. 

A  received  5  and  B  4  sliillings  per  day. 

(5)  A  vintner  draws  n  certain  quantity  of  wine  out  of  a  full  vessel  that  holds 
256  gallons,  and  then  tilling  tlie  vessel  with  water,  draws  off  the  same  quantity 
of  liquid  as  before,  and  so  on  for  four  draughts,  Avhen  there  were  only  81 
galloDs  of  pure  wine  left.     How  much  wine  did  he  draw  each  time? 

Ans.  64,  4tj,  3G,  and  27  gallons. 

PROBLEMS  WHICH  mODUCE  ADFKCTKD  OR  COMPLETE  aUADRATIC 

EUUATlOiNd. 

PROBLKM  1. 

190.  To  find  a  number  such  that  twice  its  square,  augmented  by  three 

times  the  number,  is  equal  to  bo. 

Let  X  be  the  number  required,  wo  have  for  the  equation  of  tlie  problem, 

22^+3^=05. 

3        /G5      JT"  3     23 

Solving  the  equation,  x=— -±-y/— +Y;j;=— ji-j-. 

Hence  x=5;  x=z — ~. 

The  first  of  tliesc  two  values  satisfies  the  conditions  of  tlie  problem,  as  stated 
in  the  enunciation ;  for,  in  fact, 

2(5)2+  3  X  5=2  X  25+15 
=65. 

In  order  to  interpret  the  meaning  of  the  second  value,  let  us  observe,  that 
if  we  substitute  — x  for  +.r  in  the  equation  2i^+3j=65,  the  coefficient  of  3r 
alone  will  change  its  sign,  for  ( — j-)-=r(+.r)-=2:'-.  Hence  the  value  of  x  will 
no  longer  be 

3  ,  23 

^•=-4=^T' 

3  23 
but  will  become                        t:=  +  7  ±  -t"* 

4  4 

Hence  ^="17  »  '=  — ^i 

Iky 

where  the  vdlues  of  x  differ  from  those  already  found  in  sign  alone. 

13 
Hence  we  may  conclude  that  the  negative  solution  — — ,  considered  with- 

aat  reference  to  its  sign,  is  the  solution  of  the  following  problem : 

To  find  a  number  such  that  twice  its  square,  diminished  by  three  times  the 
unmber,  b  equal  to  65. 
In  fact,  we  have 


/13\«  1£— 1??     ?? 

^\2/  "^^y-"2        2 


=65. 
P 
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PROBLEM  2. 

A  tailor  bought  a  certain  number  of  yards  of  cloth  for  13  pounds.  If  he  had 
paid  tho  same  sum  for  3  yarda  less  of  the  same  cloth,  then  the  doth  would 
have  cost  4  shillings  a  yard  more.     Required  the  number  of  yards  purchase^. 

Lot  X  be  the  number  of  yards  purchased. 

340 
Then  —  is  the  price  of  one  yard,  expressed  in  shillings. 

If  ho  had  paid  the  same  sum  for  3  yards  less,  in  that  case  the  price  of  each 

240 
would  be  represented  by -* 

But  by  tho  conditions  of  the  problem,  this  last  price  is  greater  than  the 
former  by  4  shillings ;  hence  the  equation  of  the  problem  will  be 

240      240 
or  i-2— 3.r=:180. 


3        /9  3     *>7 

Whence  r=.-±yJ-+lSO=-±- 

.'.  a:=15;  a:= — 12. 

The  value  of  r=:15  satisfies  the  conditions  of  the  problem,  for 

240  240 

-j3;=16;-=20, 

the  price  of  each  yard  in  the  first  case  being  16  shillings,  arid  in  tho  last  ciise 
20,  which  exceeds  tho  former  by  4  shillings. 

With  regard  to  the  second  solution,  we  can  form  a  new  enunciation  to  wliicb 
it  will  correspond.  Resuming  the  original  equation,  and  changing  x  into  — r, 
it  becomes 

240         240 

or 

240       240 

7+3~  """"** 
an  eqiiHtioii  whicth  inny  bo  considered  as  tho  algebraic  representation  of  the 
following  problem  : 

A  tailor  bought  a  certain  number  of  yards  of  cloth  for  12  pounds.  If  he  had 
paid  tho  same  sum  for  3  yanls  more,  then  the  cloth  would  have  cost  4  shilliogi 
a  yonl  Iras,     Required  tho  number  of  yards  purchased. 

The  above  equation  when  reduced  becomes 

instead  of  x^ — 3j:=180,  as  in  the  former  case ;  solving  the  above,  we  find 

a:=l2;  x=z  — 15. 
The  two  preceding  problems  illustrate  the  principle  explained  with  regM 
to  problems  of  the  first  degree. 

PROBLKM   3. 

A  morchont  purchased  two  bills ;  one  for  ^8776,  pnyable  in  9  months,  the 
other  for  S7488,  payable  in  8  months.  For  tho  first  ho  paid  $1200  more 
than  for  the  second.    Required  tho  rate  of  interest  allowed. 
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Let  X  represent  the  interest  of  $100  for  1  month. 

Then  122*,  9x,  8x  severally  represent  the  interest  of  8100  for  1  year,  9 
months,  8  months. 

And  100-f-9x,  lOO-f-Sx  represent  what  a  capita]  of  $100  will  become  at 
the  end  of  9  and  of  8  months  respectively. 

Hence,  in  order  to  determine  the  actual  value  of  the  two  bills,  we  have  the 
following  proportions : 

8776X100 

100+9z:  100 ::  8776 : -—T-n^T— 

100+9^ 

7488X100 
100+8r:100::7488:^fjjjjqp^. 

The  fourth  terms  of  the  above  proportions  express  the  sum  paid  by  ttie 
merchant  for  each  of  the  bills. 

Hence,  by  the  conditions  of  the  problem, 

877600        748800 

100+9x""l00+dc~  ^^^^' 
or,  dividing  each  member  by  400, 

2194  1872 

1004-9z'"l00+ar~*^* 
Clearing  of  fractions  and  reducing, 

216x«4-4396a:=2200. 
Whence 

2198  .     /2200      /2198\« 


x= 


216 


1        /2200      /2198Y 
^ V  216  ■'■\216/ 


— 2198±  V5306404 
216 


— 2198i  V  53064  04 

.    1 0  r  • — .  ■      . 

io 
—2I98i  2303.6 


18 
.'.  12jr=:5.86 ;  and  12a:=— 250.08 

The  positive  solution,  12x^5.86 ,  represents  the  required  rate  of  in- 
terest per  cent,  per  annum. 

With  regard  to  the  negRtive  solution,  it  can  only  bo  considered  hs  connected 
with  the  other  by  the  same  equation  of  the  second  degree.  If  we  resume 
the  original  equation,  and  substitute  — x  for  +^»  we  shall  find  great  difficulty 
in  reconciling  this  new  equation  with  an  enunciation  analogous  to  that  of  the 
proposed  problem. 

PROBLEM   4. 

A  man  purchased  a  horse,  which  he  afterward  sold  to  disadvantage  for  24 
pomids.  His  loss  per  cent,  by  this  bargain,  upon  the  original  price  of  the 
horse,  is  expressed  by  the  number  of  pounds  which  he  paid  for  the  hurso. 
£equired  the  original  price. 

Let  X  he  the  number  of  ponnds  which  he  paid  for  the  horse. 

Then  x— 24  will  represent  his  loss ; 
fiat,  by  the  conditions  of  the  problem,  his  loss  per  cent,  is  represented  by  the 
Qornber  of  units  in  x ; 
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X 

His  loss  per  cent,  on  one  pound  is  r-rr. 

.'.  his  loss  per  cent,  on  x  pounds  must  be  ttt^,  or  x  times  as  great. 
This  gives  the  equation. 


a:=50zt  -v/100=50±10. 
Henee  x=60 ;  x=40. 

Both  these  solutions  equally  fulfill  the  conditions  of  the  problem. 

Let  us  suppose,  in  the  first  ))lace,  that  he  paid  60  poimds  for  the  horse;  since 

he  sold  it  for  24,  his  loss  was  36.     On  the  other  hand,  by  the  enunciation,  his 

GO  60  X  60 

loss  was  60  per  cent,  on  the  original  price ;  i.  c,  j^  of  60,  or  —  ^36 ; 

thus  60  satisfies  the  conditions. 

In  the  second  place,  lot  us  suppose  that  he  paid  40  pounds ;  his  loss  in  this 

case  was  16.     On  the  other  hand,  his  loss  ought  to  be  40  per  cent,  on  the 

40     ^  40X40 

original  price  ;  i.  c,  — rr  of  40,  or  — --tt— =  16  ;  tlius  40  also  satisfies  the  con 

ditions. 

GENERAL  DISCUSSION  OF  THE  EQUATION  OF  THE  SECOND  DEO&EE. 

191.  The  general  form  of  the  equation,  the  coefficients  being  considered  in 
dependently  of  tlieir  signs,  is 

I.,  II.  Let  q  be  positive  and  <  — , 

4 

I.  lip  be  positive,  i-rr  — ^-dL-J-T — 7,  and  both  values  are  negative.* 

II.  If  I?  benegative,  j=4-^iw-^— z^,  and  both  values  are  positive. 
III.,  IV.  Let  q  bo  positive  and  ]>  y, 

III.  If  J?  bo  positive,  r=-^i  J^-^,  j  i^.i,      ,  •       • 

^      V  4  I   and  both  values  are  miagi- 

IV.  If;;  be  negative,  a:=+|±  7-7-7  J  °"^*^ 

*  In  this  and  all  tlic  following  values  of  x,  calling  tho  tenn  -  before  the  radical  the  ra- 
tional part,  and  ^^^^  the  radical  part,  wc  percuivo  that,  when  q  is  pooidre,  the  radical 

part  is  greater  than  the  rational,  since  ^/—  alone  ctiuals  ^,  the  rational  part ;  and  the  sign 

of  tho  whole  expression  is  that  of  the  radical  part ;  but  when  q  is  negative,  the  mdica] 
part  is  less  than  tho  rational,  and  tlie  sign  of  Uio  whole  expression  is  that  of  the  rational 
part. 

t  In  tills  case,  if  wo  examine  the  general  cqaation,  wc  shall  find  that  tiie  *******tiffns  an 
ahsurd ;  tor,  transposing  q,  and  completing  tho  square,  we  have 
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v.,  y I.  Let  q  be  negative  and  <^  — , 


P       ll^ 

V.  Up  he  positive,  x=  —  jj dt yj-j  +  q. 

* 

P        ft^ 

VI.  lip  be  negative,  ^=  +  -2±V  4  "l"^' 

Vn.,  VIII.  Let  q  be  negative  and  >^,  i  "^V"*^  ^"^"^  "  PJ^'^^^^^ 

^  ^  4  I       the  otlier  negative. 

J  VII.    Up  be  positive,  x=-|i^/-J-V(7» 
VIII.  Ifp  be  negative,  .r=  +  |±  J^+V* 


IX«,  X.  Let  9=~T~f  find  be  positive. 
IX.  If  p  be  positive,  x=  —  -. 


X.    Up  be  negative,  2:=-{-— . 


*  and  the  two  values  are  equal. 


XL,  XII.  Let  9=0, 

P     P 

XI.  If  ^  be  positive,  a:=— -  ±-,  one  value  =— p,  the  other  =0. 

XII.  Up  be  negative,  x=+^±fi  one  value  =+i?,  the  other  =0. 

XIII.  Let  q  be  negative. 

{XIII.  ^=0,  a:=±  V^t  the  two  values  are  equal  with  opposite  signs. 

XIV.  Let  q  be  positive, 

JXIV.  p=0,  T=  ±  v/ — 9,  both  values  are  imaginary. 

XV.  Let  9=0, 

{XV.  7'=:0,  then  7=0,  or  both  values  are  equal  to  0. 


bat  rincc  y — 9  \b,  by  hypotboais,  a  negative  quantity,  wo  may  represent  it  by  — m,  wbeM 
«  ii  aomo  positive  quantity  ;  then 


('ztf)+»»=0; 


that  ia,  the  lom  of  two  qaantitioa,  each  of  wbicb  ia  eaaentially  positive,  ia  equal  to  0,  a 
nanifeat  abaordity.    Solving  the  equation, 


and  the  lyinbol  \/ — m^  which  denotca  abaurdity,  aerrca  to  diatinguiah  tfaia  caae.    Henoe, 
when  the  roois  are  imaginary,  the  problem  to  tckich  the  equation  corresponds  it  abturd. 

We  atill  amy,  however,  that  the  equation  baa  two  roota  ;  for,  aubjecting  thcae  values  of 
m  to  the  auna  calcnlationa  aa  if  they  were  real,  that  ia,  lubatituting  them  for  «  in  the  pn>- 
poiod  equatioiiii  we  ahall  find  that  they  render  the  two  members  identkaL 
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XVI.  One  case,  attended  with  remarkable  circumstances,  still  remains  to  be 
examined.     Let  us  take  the  equation 

a2«+6x— c=0. 

-fezfcV6'+4ac 

Whence  1= :r . 

2a 

Let  us  suppose  that,  in  accordance  with  a  particular  hypothesis  made  on  the 
given  quantities  in  the  equation,  wo  have  a=0;  the  expression  for  x  then 
becomes 


x:=  — r-  — ;  whence 


hi 


—26 
x=- 


0 

The  second  of  the  above  values  is  under  the  form  of  infinity,  and  may  be  con- 
sidered as  an  answer,  if  the  problem  proposed  be  such  as  to  admit  of  infinite 
solutions. 

0 
We  must  endeavor  to  interpret  the  meaning  of  the  first,  -. 

In  the  first  place,  if  we  return  to  the  equation  euf^-^bx — c=0,  we  perceive 

c 
that  the  hypothesis  a^O  reduces  it  to  fcx=c,  whence  we  derive  a:=r,  s, finite 

and  determinate  expression,  which  must  be  considered  as  representing  the  true 

value  of  -  in  the  case  before  us. 

That  no  doubt  may  remain  on  this  subject,  let  us  assume  the  equation 

ax'^-^'bx — c^O, 

and  put  x=-,  the  expression  will  then  become 

a       h 
1+-— c=0. 

Whence  ci/'*  —  by — a^O. 

Let  a=0,  this  last  equation  will  become 

h 
from  which  wo  have  the  two  values  y=0,  y=- ;  substituting  these  values  in 

x=-,  we  deduce 

y 

1  c 

10     7*— —  •    00     r— —  * 


*  To  sliow  more  dintinctly  bow  the  indeterminato  form  ariaes,  let  us  resume  the  genertl 
value  of  ouc  of  tlie  roota. 


'>/ 


If  a  were  a  factor  of  lx)th  the  numerator  and  denominator,  it  might  be  rapproMed,  ^"^ 
then  a,  bcuig  put  equal  to  zero,  would  give  the  true  value  of  x.  We  can  not,  indeed, 
Aow  tlie  existence  of  this  factor  in  the  two  terras  of  the  fraction  aa  it  atands  ;  but  if 

multiply  both  numerator  and  denominator  by  — b — \/t*'-\-Aac,  it  becomes 
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—26 
With  respect  to  the  value  x=— -  -,  it  i^  only  to  be  observed  that  the 

divisor  zero^  having  to  be  regarded  as  the  limit  of  decreasing  magnitudes,  either 
positive  or  negative,  it  follows  that  the  infinite  value  ought  to  have  the  am- 
biguous sign  :i:. 
Thus  the  values  of  x,  to  recapitulate,  become 

Tt  is  remarkable  that,  for  this  particular  case,  we  have  three  values  of  x, 
while  in  the  general  case  there  are  but  two. 

To  comprehend  how  these  values  truly  belong  to  the  equation  aj^-\'hx 
— c=0,  pat  it  under  the  form 

— 6i-+r 


X' 


— tar-f-c 
When  a=zO,  the  question  is  to  find  values  which  will  render — —  zero. 

We  see  that  x=j  will  do  it ;  and  as  the  same  expression  can  be  written  under 

b      c 
the  form "1~I5«  ^^  perceive  that  it  becomes  zero  also,  from  the  values 

x^±a>* 

XVII.  Let  us  consider  the  still  more  particular  case  still,  where  we  have, 

0 

at  the  same  time,  a^O,  6=0.     Then  the  two  general  values  of  x  become  -. 

We  have  seen  above  tliat  the  first  may  be  changed  into 

x= — 

6-1-  V6-+4ac 

Transforming  the  second  in  a  similar  manner,  it  becomes 


^(—6—  v'6'+.t<ir)(  — 6+  V6*+4tfc)  ~2c 


2rt(— 6+  -y/b'+iac).  —6+  ^/b^-+4ac 

In  which,  making  a:=0,  6=0,  the  values  of  t,  thus  transformed,  both  give 
x=oc ;  and  here,  also,  the  infinity  ought  to  be  taken  with  the  sign  db- 

If  we  suppose  a=:0,  6=0,  r=0,  the  proposed  equation  will  become  alto- 
gether indeterminate. 


The  itnmorator,  being  tbe  pru:!u('i  of  I  lie  saiu  and  difference  of  two  quantities,  ii  equal 
to  the  difference  of  their  iquarcs,  to  wit :  6^ — {lA-\'4ac)= — 4ac.  We  aee,  therefore,  tliat 
Sa  ii  a  common  factor  to  the  imraerutor  and  denominator  of  tlie  laat  expressioiL  Sappresa- 
ing  it,  we  have 

2c 


6-f-\/63-f-la<: 

c 
in  which,  if  we  moke  a=0,  it  gives  '=i. 

*  In  the  analytic  tlicory  of  curves  these  values  answer  to  the  intersections  of  the 
of  abscissas  with  the  curve  of  tlio  3-^  onlcr,  the  e(]uation  of  which  is  yx-^bx-\-e=:.0.  If  tliis 
curve  be  constructed,  it  will  be  foun<l  to  cut  the  axis  of  abscissas  first  at  a  fhiite  distance 
frtnn  tlic  origin,  and  bolides  luis  tliis  axis  for  an  nsyinptoto  both  on  tlie  side  of  tlic  positive 
and  negative  abscissas,  whicli  amounts  to  saying  that  it  cuts  it  at  infinity  in  cither  di- 
roctioiL 
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102.  Lot  us  now  proceed  to  iilustmto  the  principies  established  in  this  /gen- 
eral discussion,  by  applying  thcin  tu  diiforent  problems. 

PROBLKM    5. 

To  find  in  a  line,  A  B,  whidi  joins  two  lights  of  difTerent  inteDsities,  a  poiDt 
which  is  illuminated  equally  by  each. 


P3  A  Pi         B  Pa- 

(It  is  a  principle  in  Optics  that  the  intensities  of  the  same  light  at  diflfereut 
distances  are  inversely  as  the  squares  of  the  distances.) 

Let  a  be  tlio  distance  A  B  between  the  two  lights. 

Let  b  be  the  intensity  of  the  light  A  at  the  distance  of  one  foot  from  A. 

Let  c  be  the  intensity  of  the  light  B  at  the  distance  of  one  foot  from  B. 

Let  P ,  be  the  point  required. 

Let  A  P,^x;  .•.  BP,=a — .r. 

By  the  optical  principle  above  enunciated,  since  the  intensity  of  A  at  the 

distance  of  1  foot  is  h,  its  intensity  at  the  distance  of  2,  3,  4, feet  must  be 

b    h    b  b 

T,  -,  rr; ;  honco  the  intensity  of  A  at  the  distance  of  x  feet  must  bo  ~.     lu  the 

c 
same  Ynaimer,  the  intensity  of  B  at  the  distance  a  — x  must  be  z ;  but 

according  to  the  conditions  of  the  question,  these  two  intensities  are  equal; 
hence  we  have  for  the  equation  of  the  problem 

b  c 

x''^(a-~xy 
Solving  this  equation,  and  reducing  the  result  to  its  most  simple  form, 

We  shaJl  now  proceed  to  discuss  these  two  values : 

a  y/c 


ayfb 

,.       y  whence  ■< 
ay/b 


00 


a — x=z 


a — x^ 


y/b+y/c 

— ay/c 


^fb'-y/c 


Vb^V<-) 

L  Let  6>r. 

a-^b  ^b 

The  first  value  of  j-,  ~j  rv^~r'^  J^  positive,  and  loss  tlwn  a,  for     . .         . 

is  a  proper  fraction ;  hence  this  vulue  gives  for  the  point  equally  illuminated  a 
point  P|,  situated  between  the  point.s  A  and  B.  We  perceive,  moreover,  that 
tho  point  P,  is  nearer  to  B  than  to  A ;  for,  since  fc>c,  we  have 

V6+  y/by  vt+  V^  or  2  y/by  y/b+  yfc,  and .-.  ■7^r77>i 

and,  consequently,  -^%         .  >-.     This  is  manifestly  the  result  at  which  we 

ought  to  arrive,  for  we  hero  suppose  the  intensity  of  A  to  be  greater  than  that 

ofB. 

aVc  a 

The  corresponding  value  of  a — j,  -yrj_    /  »  is  positive,  and  less  than  -. 

ay/b 
The  second  value  of  x,  —., ,  ,  is  positive,  and  greater  than  a,  for 
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•y/h  ay/h 

This  second  value  gives  n  point  Po,  situated  in  the  production  of  A  B,  and  to 

the  right  of  the  two  lights.     In  fact,  wo  suppose  that  the  two  lights  give  forth 

rays  iA  all  directions ;  there  may,  therefore,  be  a  point  in  the  production  of  A  B 

equally  iUuminated  by  each,  but  this  point  must  be  situated  in  the  production 

of  A  B  to  the  right,  in  order  that  it  mny  be  nearer  to  the  less  powerful  of  the 

two  lights. 

It  is  easy  to  perceive  why  the  two  values  thus  obtained  are  connected  by 

the  saine  equation.     If,  instead  of  assuming  A  P,  for  the  unknown  quantity  r, 

h           c 
"we  take  A  Pg,  then  B  P2=r — a,  thus  we  have  the  equation  3=j r^ ;  hut 

since  (x — a)*  is  identical  with  (a — r)',  the  new  equation  is  the  same  as  that 

already  established,  and  which,  consequently,  ought  to  give  A  P,  as  well  as 

A  Pi. 

—a  \^c 
The  second  value  of  a — x,  —ri t"*  is  negative,  as  it  ought  to  be,  being 

estimated  in  a  contrary  direction  from  the  first,  on  the  general  principle  already 

established,  that  quantities  estimated  in  a  contrary  sense  should  be  represented 

— a  \^c 
with  contrary  signs ;  but  changing  the  signs  of  the  equation  a  — ar=  -tt j-f 

a  -J  c 
we  find  x — a^=.—jT ^,  and  this  value  of  x — a  represents  the  absolute 

length  of  B  P^. 

II.  Let  6<c. 

ayfh  a 

The  first  value  of  a*,     //  t     /    '*  positive,  and  less  than  -,  for  y  6-f-  ^c 

>  Vb+  y/h,  .:  y/b+  Vc>'2Vb,  .:  ^t,+  Vc^^'  ''■  V6+ Vc<J 

a  y/  c  a 

The  corresponding  value  of  a — x,     f\  \^    i  ^  '^  positive,  and  greater  than  -. 

Hence  the  point  Pi  is  situated  between  the  points  A  and  B,  and  is  nearer 
to  A  than  to  B.  This  is  manifestly  the  true  result,  for  the  present  hypothesis 
supposes  that  the  intensity  of  B  is  gi'eater  than  the  intensity  of  A. 

The  srcond  value  of  x,      ..__.,  or  —/-r_   /l^  '**  essentially  negative.     In 

order  to  interpret  tlie  signification  of  this  result,  let  us  resume  the  original 

b  c 

equation,  and  substitute  — x  for  +x,  it  thys  becomes  ~=7~~i_'"~w'     ^^^^  since 

(a— X)  expresses  in  the  first  instance  the  distance  of  B  from  the  point  required, 
a'\-x  ought  still  to  express  the  same  distance,  and,  therefore,  the  point  re- 
quired must  be  situated  to  the  left  of  A,  in  P3,  for  example.  In  fact,  since 
the  intensity  of  the  light  B  is,  under  the  present  hypothesis,  greater  than  the 
intensity  of  A,  the  point  required  must  be  nearer  to  A  thnn  to  B. 

— rt  s/r              a  \/c 
The  corresponding  value  of  rt— x,  "/rjJT/"'  "^     /  /# *  is  positive,  and 

die  reason  of  this  is,  that  x  being  negative,  a — x  expresses,  in  reality,  an 
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III.  Let  &=e. 

a 
The  first  Iwo  values   of  x  and  of  a — x  are  reduced  to  — ,  which  gives  the 

bisection  of  A  B  for  the  point  equally  illuminated  by  each  light,  a  result  which 
is  manifestly  time,  upon  the  supposition  that  the  intensity  of  the  two  Ughti  is 
the  same. 

Tho  other  two  values  are  reduced  to  ,  that  is,  they  become  infinite, 

that  is  to  say,  the  second  point  equally  illuminated  is  situated  at  a  distance 
from  the  points  A  and  B  greater  than  any  which  can  be  assigned.  This  re- 
sult perfectly  con-esponds  with  the  present  hypotliesis;  for  if  we  suppose 
the  difference  h — c,  without  vanishing  altogether,  to  be  exceedingly  small,  the 
second  point  equally  illuminated,  exists,  but  at  a  great  distance  from  the  two 

Ughts  i  this  is  indicated  by  the  expression  —rj t-*  The  denominator  of  which 

is  exceedingly  small  in  comparison  with  the  numerator  if  we  suppose  h  very 
nearly  equal  to  c.  In  the  extreme  case,  when  h^c,  or  ^h —  \/<^=0,  the 
point  required  no  longer  exists,  or  is  situated  at  an  infinite  distance. 

IV.  Let  &=c  and  a^O. 
The  first  system  of  values  of  x  and  a — x  in  this  case  become  0,  and  the 

second  system  -.     This  last  result  is  here  the  symbol  of  indetermination ;  for 

if  we  recm*  to  the  equation  of  the  problem 

6  c 


or 

(6— c)j:«— 2a6x=— a«6, 

it  becomes,  under  the  present  hypothesis, 

0.j2— 0.2=0, 
an  equation  which  can  be  satisfied  by  tho  substitution  of  any  number  whatever 
for  X,     In  fact,  since  the  two  lights  are  supposed  to  be  equal  in  intensity,  and 
to  be  placed  at  tlie  same  pointy  they  must  illuminate  every  point  in  the  line 
A  B  equally, 

Tlie  solution  0,  given  by  the  first  system,  is  one  of  those  solutions,  infinite 
in  number,  of  which  the  problem  in  this  case  is  susceptible. 

V.  Let  rt=0,  b  not  being  =c. 

Each  of  the  two  systems  in  this  case  is  reduced  to  0,  which  proves  that  in 
this  case  there  is  only  one  point  equally  illuminated,  viz.,  the  point  in  witich 
the  two  Ughts  are  placed,  ' 

Tho  al)ove  discussion  aflTords  an  example  of  the  precision  with  which  algebim 
answers  to  all  the  circumstances  included  in  the  enunciation  of  a  problem. 

We  shall  conclude  this  subject  by  solving  one  or  two  problems  which  re 
quire  the  introduction  of  more  than  one  unknown  quantity. 

PROBLEM  6. 

To  find  two  numbers  such  that,  when  multiplied  by  the  numbers  a  and  h 
respectively,  the  sum  of  the  products  may  be  equal  to  28,  and  the  prodactof 
the  two  numbers  equal  to  p. 
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Let  X  and  y  be  the  two  numbers  sought,  the  equations  of  the  problem  will 
be 

ax+6y=2« (1) 

^=  P (2) 

From  (1) 

2s — ax 

y- — —• 

Substituting  this  value  in  (2)  and  reducing,  we  have 
Whence 

And  .*. 

The  problem  is,  we  perceive,  susceptible  of  two  direct  solutions,  for  5  is 
manifestly  >  yi^d^bp :  but  in  order  that  tlieso  solutions  may  be  real  we 
must  have  5*>,  or  =:a^bp. 

Let  a=6=:l ;  in  this  case  the  values  of  x  and  y  are  reduced  to 

a-=«±  V^^— i^  2/=«T  V*' — P' 

Here  we  perceive  that  the  two  values  of  y  are  equal  to  those  of  x  taken  in 
an  inverse  oruer ;  that  is  to  say,  if  s-^-  y/ »• — p  represent  the  value  of  .r,  then 
$ —  Va- — p  will  represent  the  corresponding  value  of  ^,  and  reciprocally. 

We  explain  this  circumstance  by  observing  that,  in  this  particular  case,  the 
equations  of  the  problem  are  reduced  to  z-|-^=25,  xy=p,  and  the  question 
then  becomes,  Hequired  two  numbers  whose  sum  is  2^,  and  whoso  pix>duct  is 
p,  or,  in  other  words,  To  divide  a  number  2s  into  two  partsy  such  that  their 
product  may  be  equal  to  p. 

PROBLEM  7. 

To  kind  four  numbers  in  proportion,  the  sum  of  the  extremes  being  2^,  the 
•am  of  the  means  2j;',  and  the  sum  of  the  squares  of  the  four  terms  4c'^. 

Let  a,  X,  y^  z  represent  the  four  terms  of  the  proportion ;  by  tlie  conditions 
of  the  question,  and  the  fundamental  property  of  propoitions,  we  shall  have  as 
the  equations  of  the  problem 

a+2=25 (1) 

:r+y=25' (2) 

xy^az (3) 

d^+iT'+y^+z^^zic^ (4) 

Sqaaring  (1)  and  (2)  and  adding  the  results, 

a^+:if^+y^+z'^+2az+2Ty=A(s'^+s''), 

But  by  (4),  ag-j-j'+y-i--^ _r='^^^ 

Subtracting,  2az  +  2xy~=.  4  (T^+s'^*— r*) . 

.-.  by  (3),  4rtz=4(52+5'2— c«)=4xy  .  .  (5) 

Squaring  (1),  a^+2az+z'=4s^. 

But  by  (5),  4az z=4{s-+s'^^c^y 

Subtracting,  fl«^2fl2+;-=4(c-— g"-). 

Extracting  the  root,  a — 2=  ±2  \/<^^— «'^- 

But  by  (1),  a+z=2s. 
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.•.  adding  and  subtracting,  <2=«it  '^c* — «'* 

2=5  =p  -/(*«—«'*. 

Precisely  in  tho  same  manner  we  shall  find 

a-=5'±  ^/£^?_ 

The  four  numbers  will  therefore  be 


2=5 —  '^c^ — «'-,  y=«' —  \/c"^ — *'• 

These  four  numbers  constitute  a  pro{)ortionf  for  we  have 

(8)  What  two  numbers  are  those  whose  sum  is  20,  and  tlieir  product  36  ? 

Ans.  2  and  18. 

(9)  To  divide  the  number  GO  into  two  such  parts  that  their  product  may 
be  to  the  sum  of  their  squares  in  the  ratio  of  2  to  5. 

Ans.  20  and  40. 

(10)  The  difference  of  two  numbers  is  3,  and  the  difference  of  their  cubes 
is  117.     What  are  those  numbers  ? 

A|^  2  and  5. 

(11)  A  company  at  a  tavern  had  <.€8  lbs.  to  pay  for  their  reckoning;  bot* 
before  the  bill  was  settled,  two  of  them  left  the  room,  and  then  those  who  re- 
mained had  105.  apiece  more  to  pay  than  before.     How  many  were  there  ia 

company  ? 

Ans.  7. 

(12)  A  grazier  bought  as  many  sheep  as  cost  him  dC60,  and  after  reserving 
15  out  of  the  number,  he  sold  the  remainder  for  c£54,  and  gained  25.  a  head  by 
tliem.     How  many  sheep  did  he  buy  ? 

Ans.  75. 

(13)  There  are  two  numbers  whose  difference  is  15,  and  half  their  product 
is  equal  to  tho  cube  of  tho  lesser  number.     What  are  those  numbers  ? 

Ans.  3  and  18. 

(14)  A  person  bought  cloth  for  ^£33  155.,  which  he  sold  again  at  c£2  85.  per 
piece,  and  gained  by  the  bargain  as  much  as  one  piece  cost  him.  Required  the 
number  of  pieces. 

Ana.  15. 

(15)  What  number  is  that,  which  when  divided  by  the  product  of  its  two 
digits,  the  quotient  is  3;  and  if  18  more  be  added  to  it,  the  digits  will  be 
transposed  ? 

Ans.  24. 

(16)  What  two  numbers  are  those  whose  sum,  multiplied  by  the  greater, 
is  equal  to  77,  and  whose  difference,  multiplied  by  the  lesser,  is  equal  to  12? 

Ans.  4  and  7. 

(17)  To  find  a  number  such  that,  if  you  subtract  it  from  10,  and  multi[dy  the 
remainder  by  the  number  itself,  the  product  shall  be  21. 

Ans.  7,  or  3. 
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(18)  To  divide  100  into  two  such  parts  that  the  sum  of  their  square  roots 
may  be  14. 

Ads.  64  aod  36. 

(19)  It  is  required  to  divide  the  number  24  into  two  such  parts  that  their 
product  may  be  equal  to  35  times  their  difTorence. 

Ans.  10  and  14. 

(20)  The  sum  of  two  numbers  is  8^  and  the  sum  of  their  cubes  is  152. 
What  are  the  numbers  ? 

Ans.  3  and  5. 

(21)  The  sum  of  two  numbers  is  7,  and  the  sum  of  their  4th  powers  is 
64] .     What  are  the  numbers  ? 

<  Ans.  2  and  5. 

(22)  The  sum  of  two  numbers  is  6,  and  the  sum  of  their  5th  powers  is 
1056.    What  are  the  numbers  ? 

Ans.  2  and  4. 

(23)  Two  partners,  A  and  B,  gained  oCl40  by  trade ;  A*s  money  was  3 
months  in  trade,  and  his  gain  was  c€GO  less  than  his  stuck;  and  B's  money, 
which  was  c£50  more  than  A*s,  was  in  trade  5  mouths.    Wliat  was  A*s  stock  ? 

Ans.  oClOO. 

(24)  To  find'  two  numbers  such  that  the  difference  of  their  squares  may 
be  equal  to  a  given  number,  9^ ;  and  when  the  two  numbers  are  multiplied  by 
the  numbers  a  and  h  respectively,  the  difference  of  tlie  products  may  be  equal 
to  a  given  number,  5*. 

Ans. :; — j: i- 

a* — b^ 


I 

(25)  There  are  two  square  buildings  that  are  paved  with  stones  a  foot 

square  each.  The  side  of  one  building  exceeds  that  of  the  other  by  12  feet, 
and  both  their  pavements  taken  together  contain  2120  stones.  What  are  the 
lengths  of  them  separately  ? 

Ans.  2G  and  38  feet. 

(26)  A  and  B  set  out  from  two  towns,  which  were  at  the  distance  of  247 
miles,  and  traveled  the  direct  road  till  they  met.  A  went  9  miles  a  day,  and 
the  number  of  days  at  the  end  of  which  they  met  was  greater  by  3  than  the 
number  of  miles  which  B  went  in  a  day.     How  many  miles  did  each  go  ? 

Ans.  A  went  117  and  B  130  miles. 

(27)  The  joint  stock  of  two  partners  was  §2080 ;  A's  money  was  in  traie  9 
months,  and  B*s  6  months ;  when  they  shared  stock  and  gain,  A  received 
$1140  and  B  $1200.     What  was  each  man's  stock  ? 

Ans.  $9G0  and  $1120. 

(28)  A  square  court-yard  has  a  rectangular  gravel  walk  round  it.  The  side 
of  the  court  wants  2  yards  of  being  G  times  the  breadth  of  the  gravel  walk, 
and  the  number  of  square  yards  in  the  walk  exceeds  the  number  of  yards  in 
the  periphery  of  the  court  by  1G4.     Required  the  area  of  the  court. 

Ans.  256. 

(29)  During  the  time  that  the  shadow  on  a  sun-dial,  which  shows  true 
time,  moves  £rom  1  o'clock  to  5,  a  clock,  which  is  too  fast  a  certain  number  of 


\ 
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hours  and  minutes,  strikes  a  number  uf  strokes  equal  to  that  number  of  honn 
and  minutes ;  and  it  is  observed  that  the  number  of  minutes  is  less  by  41  than 
the  square  of  the  number  which  the  clock  strikes  at  the  last  time  of  striking. 
The  clock  does  not  strike  twelve  during  the  time.     How  much  is  it  too  fiuit? 

Ans.  3  hours  aud  23  miuutes. 

(30)  A  and  B  engage  to  reap  a  field  for  ^£4  lOs, ;  and  as  A  alone  could  reap 
it  in  9  days,  tliey  pi-omised  to  complete  it  in  5  days.  They  found,  however, 
tiiat  they  were  obliged  to  call  in  C,  an  inferior  workman,  to  assist  them  for  the 
last  two  days,  in  consequence  of  which  B  received  35.  9d,  less  than  he  other- 
wise would  have  done.     In  what  time  could  B  or  C  alone  reap  the  field  ? 

Ans.  B  could  reap  it  in  15  days,  C  in  18. 

(31)  The  fore  wheel  of  a  carriage  makes  G  revolutions  more  than  the  hind 
wheel  in  going  120  yards;  but  if  the  periphery  of  each  wheel  be  increased  1 
yard,  it  will  make  only  4  revolutions  more  than  the  hind  wheel  in  the  same 
space.     Requii'ed  the  circumference  of  each. 

Ans.  4  and  5. 

(32)  The  uitcnsity  of  two  lights,  A  and  B,  is  as  7:17,  and  their  distance 
apart  132  feet.     Whereabouts  between  is  the  point  of  equal  illumination? 

(33)  The  loudness  of  a  church  bell  is  tliree  times  that  of  another.  Now, 
supposing  the  strength  of  sound  to  bo  inversely  as  the  square  of  tlie  distance, 
at  what  place  between  the  two  will  the  beUs  be  equally  well  heard. 

(34)  Supposing  the  mass  of  the  earth  to  be  1  and  that  of  the  moon  0.017, 
their  distance  240  thousand  miles,  and  the  force  of  attraction  equal  to  the  mass 
divided  by  the  square  of  the  distance ;  at  what  point  between  will  a  body  be 
held  in  suspense,  attracted  toward  neither  ? 

(35)  The  hold  of  a  vessel  partly  full  of  water  (which  is  uniformly  increased 
by  a  liak)  is  furnished  witli  two  pumps,  worked  by  A  and  B,  of  whom  A  takes 
three  strokes  to  t^'o  of  BN ;  but  four  of  B's  throw  out  as  much  water  as  five 
of  As.  Now  B  works  for  the  time  in  which  A  alone  would  have  emptied 
the  hold ;  A  then  pumps  out  the  remainder,  and  the  hold  is  cleared  in  13  houn 
and  20  minutes.  Had  they  worked  together,  the  hold  would  have  been  emp- 
tied in  3  hours  and  45  minutes,  and  A  would  have  pumped  out  100  gaDous 
more  than  he  did.  Kequired  the  quantity  of  water  in  the  hold  at  first,  and 
the  hourly  influx  of  the  leak. 

(30)  To  divide  two  numbers,  a  and  5,  each  into  two  paits,  such  that  the 
product  of  one  pait  of  a  by  one  part  of  b  may  be  equal  to  a  given  number,/?, 
and  the  protluct  of  the  remaining  parts  of  a  and  6  equal  to  another  given  num- 
ber, j/, 

\n8    ^_«fe-(i>'-?)i:  V{afe-(p  ~;>)}'-4a6/> 

2b 

+ , 

2(1 


ah  +  (p'^p)^  V  \ab-^(p'-^p)\^^4abp 

2a 
(37)  To  find  a  number  such  that  its  square  may  be  to  the  product  of  tlie 


•         aUADRATIC  EaUATIONS.  239 

differences  of  that  number,  and  two  other  given  numbers,  a  and  2i,  in  the 
given  ratio,  1^:9. 

(38)  There  b  a  number  consisting  of  two  digits,  which,  when  divided  by 
the  sum  of  its  digits,  gives  a  quotient  greater  by  2  than  the  tirst  digit ;  but  if 
the  digits  be  inverted,  and  the  resulting  number  be  divided  by  a  number  greater 
by  unity  than  the  sum  of  the  digits,  the  quotient  shall  be  greater  by  2  than  the 
former  quotient.     What  is  the  number  ? 

Ans.  24. 

(39)  A  regiment  of  foot  receives  orders  to  send  216  men  on  garrison  dut^, 
each  com{)any  sending  the  same  number  of  men  ;  but  before  the  detachment 
marched,  three  of  the  companies  were  sent  on  another  service,  and  it  was  tlien 
found  that  each  company  that  remained  would  have  to  send  12  men  additional 
in  order  to  mako  up  the  complement,  216.  How  many  companies  were  in  the 
regiment,  and  what  number  of  men  did  each  of  the  remaining  companies  send 
on  garrison  duty  ? 

Ans.  There  were  9  companies,  and  each  of  the  remaining  6  sent  36  men. 

DECOMPOSITIOn  OF  THE   TRINOMIAL  x'+px  —  q  INTO  TWO    FACTORS  OF  THE 

FIRST   DEGREE. 

193.  If  WO  add  to  this  trinomial,  in  order  to  complete  the  square  of  the  first 
two  terms,  the  term  \p\  and  afterward  subtract  tlie  same,  so  as  not  to  change 
the  quantity,  it  becomes 

which  may  be  written  thus : 

(^+iP)'''{\P'+q) (2) 

But  the  difference  of  the  squares  of  two  quantities  being  equal  to  the  prod- 
uct of  their  sum  and  difference,  the  expression  (2)  is  equal  to  tlie  following  : 

(^+^P+V77+V)(^+^JP--Vi?+V)-  •  •  (3) 
We  perceive  from  this  expression  that  the  two  factors  of  the  first  degree, 
which  compose  the  trinomial  of  the  second  degree,  are  x  minus  each  of  the 
roots  of  the  equation  of  the  second  degree,  formed  by  putting  this  trinomial 
equal  to  zero. 

Moreover,  by  equating  (3)  to  zero,  wo  perceive  that  the  only  way  of  satis- 
fying the  resulting  equation  is  by  making  one  or  other  of  the  factors  of  tho 
first  degree,  of  which  it  is  composed,  equal  to  zero. 
The  first, 

x+hP+  VT?M^=0»  gives  x=— ip—  ViP'+qJ 
and  the  second, 

x+lP''Vip'+fJ=0.  gives  j:=  —  »;>+  Vlp'+q- 
Hence  there  are  but  two  values  of  j*  which  will  satisfy  tho  geaeral  equation 

x'^-\-px — 7=0. 

EXAMPLES. 

1°.  Decompose  the  trinomial  3^ — 7j:+10  into  two  factors  of  the  first  de- 
gree. 
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From  the  equation  x" — 7j*-f-10=:0  we  find  the  roots  x^5  and  x=:2. 
Hence 

ar2_7^_j.l0=(z— 5)(x— 2). 
2°.  3:r2— 5j— 2. 

Equating  this  trinomial  to  zero,  after  dividing  by  3,  wo  obtain  the  equatioD 
3^ — |a* — 1=0,  the  roots  of  which  being  t=2  and  x=  — ',  wo  have 

3j:3— 5x— 2=3(x— 2)(x+J)=(x— 2)(3x+l). 

3'=».  j-3+5j-f3.  Ans.  (j+l— J \/l3)(x+^+ J y/Tz), 

40.  4.c2_4j:+i.  Ana.  (2a:— !)«.• 

50.  ^.'__5j:_|_7.  Ans.  (r— |)2+J. 

194.  To  complete  the  analysis  of  the  2°  degree,  it  would  be  necessaiy  to 
consider  the  case  where  the  unknown  quantities  exceed  the  equations  in  num- 
ber. The  more  simple  is  that  when  there  is  but  one  equation  and  two  un- 
known quantities.  If  it  be  resolved  with  respect  to  one  of  the  unknown  quau- 
tities,  ^,  for  example,  an  expression  is  found  generally  containing  x  under  a 
radical ;  so  that,  by  giving  to  x  any  rational  values  whatever,  irrational  values 
would  be  found  for  y.  It  might  be  proposed  to  find  rational  values  for  x,  for 
which  the  corresponding  one  of  y  should  be  rational  also.  But  the  difficulty 
of  this  problem,  unless  it  be  restricted  to  some  very  simple  cases,  is  beyond 
mere  elements.  We  add  one  or  two  here.  For  further  information  upon 
the  subject,  the  student  is  referred  to  the  Theory  of  Numbers,  by  Legendre, 
a  separate  and  very  elegant  trentiso,  in  one  quarto  volume. 

INDETERMINATE    ANALYSIS    OF    THE   SECOND    DEGREE. 

Resolution  in  whole  numbers  of  an  equation  of  the  second  degree,  with  Uco 
unknown  quantities^  which  contains  but  the  first  power  of  one  of  the  unknowns, 

195.  The  questions  of  indeterminate  analysis,  which  depend  upon  equations 
of  a  degree  superior  to  the  first,  go  beyond  the  limits  which  we  have  imposed 
on  ourselves  in  the  present  work  ;  but  when  an  equation  of  the  second  degree 
contains  the  second  power  of  but  one  of  the  unknown  quantities,  the  solutions 
of  this  equation  in  whole  numbers  may  be  regarded  as  a  question  of  indeter- 
minate analysis  of  the  first  degree. 

Equations  of  the  second  degree  in  two  unknown  quantities,  which  do  not 
contain  the  second  power  of  one  of  these,  are  represented  by  the  equation 

mxy+nx^'-^-px+qy^r (1) 

Resolving  this  equation  with  respect  to  y^  we  find 

— nx' — px-\-r 

7= -jr-^ (2) 

We  deduce  from  it,  by  performing  the  division, 

n       nq — mj)     m^-^-mpq — n^ 
^^'"m^"'"      nT'      "^      m"(mx+q)     ' 

which  gives 

N 
m'y=-7nwr+n9— m;7+j^^-^ (3) 

putting  to  abridge  m^r-^-mpq — n^'^^N. 

In  order  that  x  and  y  should  be  whole  numbers,  it  is  necessary  that 


should  be  a  wliule  number ;  we  must,  therefore,  calculate  all  the  divisors  of 

*  This  presents  a  case  of  what  aro  called  equal  roots. 
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the  nuinhcr  N,  and  put  mx-^q  cqunl  to  each  of  these  divisors  successively, 
taken  with  the  si^jjn  -|-  and  with  the  sij;M  — .  If  tlio  equations  thus  obtained 
furnish  for  x  a  certain  number  of  entire  values,  these  values  are  to  be  substi- 
tuted in  equation  (3) ;  and  it  is  necessary,  moreover,  in  order  that  y  may  be  a 
whole  number,  that  the  second  number  which  becomes  a  known  quantity 
should  be  divisible  by  in-. 

It  is  evident  that  the  member  of  entire  solutions  will  bo  very  limited,  and 
that  there  may  not  be  even  one. 

If  tliis  method  be  applied  to  each  of  the  following  equations, 

ory— ,V+  .7=1 
5j*2/=2j-  +3y+18 
Ty+  x«=2T+ny+o9, 
considering  only  the  positive  solutions,  wo  find 

For  the  first  equation <  ' 

^  (  .r^3,  2/ =4. 

For  the  second  equation  .  .  .  .<j:=3,  y='J 

(i-=7, '?/=!. 

For  the  third  equation <  ^     r  *       -v 

^  x^_v>,  y^s  /  • 

If  the  remainder,  after  the  division  of  — r?j-— ^>.r4-r  by  mj-f-^,  should  be 
zero,  equation  (1)  would  be  of  the  form  (fnx-\-(])(a.r^hij^c)=0;  ahd  we 
should  have  all  the  solutions  of  tliis  equation  by  resolving  separately  the  two 
equations  mx+^=0,  rtJ+6y+c=0. 

The  metliod  which  has  just  been  explained  is  applicable  only  m  case  m  is 
not  zero. 

Let  m=0  ;  equation  (1)  gives 

v=— ^^ (4) 

Suppose  that  one  value  of  xz=a  {a  being  a  whole  number)  gives  an  entire 
value  for  y.  If  we  place  x=za-^-qt^  t  being  any  entire  number  whatever,  we 
find 

2/=-— i^ -(2nat+nqt'+pty, 

by  hypothesis,  na^-^-jm — r  is  divisible  by  q;  the  value  of  y,  corresponding  to 
a•=a-|-</^  will  be  then  a  whole  number.  As  this  conclusion  is  true,  what- 
ever be  the  sign  of  U  it  follows  that,  if  the  equation  admits  of  entire  solutions, 
they  wiU  be  found  to  be  such  as  answer  to  a  value  of  x  between  0  and  q. 
Consequently,  to  obtain  all  the  solutions  in  whole  numbers,  it  will  be  sufifi- 
cient  to  substitute  for  x  in  the  equation  the  numbers  0,  1,  2,  3, . . .  -q — 1, 
and  each  solution  in  whole  numbers  corresponding  to  one  of  these  numbers 
win  furnish  an  inQnito  number  of  others. 

Equation  (4),  in  which  the  object  is  to  find  values  of  x  which  render  the 
polynomial  ns^^-^-px — r  a  multiple  of  the  given  number  7,  M.  Gauss  calls  con- 
gruence of  the  second  degree  ;  so,  also,  the  equation  ax-\-hy^=:c^  in  which  we 
seek  to  render  ax— c  a  multiple  of  6,  is  a  congruence  of  tlio  first  degree. 

Farther  matter  on  the  subject  of  indetonninate  analysis  will  be  given  in  con- 
nection with  the  theoiy  of  numbers,  for  which  see  a  subsequent  part  of  the 
work* 

Q 
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MAXIMA  AND  MINIMA. 

196.  Whon  a  quantity  which  is  capablo  of  chnuging  its  value  attains  such  a 
value  that,  after  having  been  increiising,  it  begins  to  decrease,  or,  having  been 
decreasing,  it  begins  to  increase,  in  the  first  case  it  is  called  a  tnaximunit  and  in 
the  second  n  minimum.  The  same  quantity  may  have  several  maximum  or 
miuiiuum  values. 

EXAMPLE. 

To  find  what  vuluo  of  x  will  render  the  fraction  — —  a  maximum  or 

2x — 2 

minimum. 

£quating  the  given  function  of  x  to  z,  we  have 


x^— QJ--1-2  

2^ — 2 


We  porcoivo  nt  oiico  that  by  making  2  =  -(-lwe  have  a:=2,  and  that  the 
values  of  2,  u  litlln  Itvss  than  1,  rendtM*  .r  imaginary ;  hence  the  given  expression 
has  a  minimum  value  1  corresponding  to  a*=2. 

In  a  similar  manner,  makinii:  2  =  — I,  we  have  r=:0;  and  a  negative  value 
of  2,  a  little  smaller  than  I,  would  render  x  imaginary.  But  in  algebra,  nega- 
tive quantities,  which,  without  rei^.ird  to  the  sij^n,  go  on  increasing,  ought  to  be 
regarded,  when  the  sign  is  i)rerixod.  as  decreasing ;  we  may,  therefore,  suy 
tliat  a  value  of  2,  a  little  j;rp:itt'r  than  — 1,  renders  j-  imaginary,  then  r  =  — 1  is 
a  maximum  correspond  in':]:  1^  J'=0. 

As  the  subject  of  maxima  and  minima  is  generally  treated  by  the  aid  of  the 
differential  calculus,  we  shall  not  dvv<'ll  further  upon  it  here,  though  it  furnishes 
one  of  the  applications  of  ecpiations  of  the  second  degree. 

THE  MODULUS  OF  IMAOINAllY  aUANTlTIES. 

197.  We  have  seen  (191)  in  the  equation  of  the  second  degree 

x-+ju+ff=zO, 

P* 
that  when  q  is  positive,  and  greater  than  — ,  the  roots  are  imaginary.     Replace 

^p  by  — tf,  to  avoid  fractions  ;  and  to  express  that  7!>  "Ti  put  9=0*  4*^' «  ^® 
equation  will  become 

and,  by  the  formula  for  the  solution  ofcMjuations  of  the  second  degree, 

r=-r/it  V  — '''1 
or 

Xz=ll±h^/'^ (1) 

The  absolute  vaiue  of  the  square  root  of  the  positive  quantity  «'+&-  is  call- 
ed the  modulus  of  the  imairinsiry  (•xpr»'j>*ion  (1).  For  example,  the  modulus 
of  3— 4  V— 1  would  be  ^/ii+lG,  or  />. 

Two  quantities,  sucli  as  a-\-h  '\/  —  I  Mi:d  u — h  y/  — 1,  which  differ  from  or.n 
another  only  in  the  sign  of  the  iina.:iii:irv  pnrl,  :iro  rallfd  rovjv^aUt  of  rncli 
otli(»r.     Two  coniugatt*  quantities  havt*  tlicn  \!i(»  same  modulus. 

If  we  make  />=0,  the  exprt'ssion  n-\-hy/—\  rrciuces  to  a.  Thus,"  th«< 
forninla  x=.n-\-h  y/  —  1  nviy  rcpros'Mit  nil  quantities  roa^  or  imaginary,  a  rep- 
resenting the  algebniic  sum  of  the  real  quantities,  and  h  that  of  the  coefficients 
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of  y/ — 1  ID  the  imaginary  terms.  When  tho  quantity  is  rcal«  it  has  for  coq- 
jugHte  an  equal  quantity,  and  the  modulus  is  nothing  else  than  the  quantity 
itself,  abstraction  being  made  of  the  sign. 

Now  I  shall  proceed  to  ostflblish  two  propositions  relating  to  i|ioduli,  which 
may  be  often  useful. 

Proposition  I. — The  sum  and  difference  of  any  two  quantities  whatever 
hare  a  modulus  comprehended  between  the  sum  and  the  difference  of  their 
moduli. 

Let  there  be  two  expressions  a-\-by/  —  1,  a'+ft'-/ — 1.  Calling  r  and  r' 
their  moduli,  we  have  7^=a--|-ft',  r'-^a^'-^-h'-.  Naming  R  the  modulus  of 
their  sum,  we  have  evidently 

R^^{a  +  ay+{h+hy 

=za'+a'^+h'+rr'+2(aa'+bb') 
z=r''+r'^+'2(aa'  +  y/). 
But  multiplying  r^  by  r'^  it  is  easy  to  soo  thnt 

:=(aa'+bb'y+{ah'^bay; 

then  the  numerical  value  of  aa'-\-hb'  is  loss  tlinn,  or  at  most  equal  to,  rr\  Con- 
sequently, it  is  cloar  that  R-  is  coni|)reliondpd  between  the  two  quantities 
r^'\-r'--\''2rr'  nnd  r^-|-r'- — ^rr^  or,  what  is  tho  same  thing,  between  {r-^-r')* 
and  (r — r')^  Then  tho  modulus  R  is  comprehended  between  the  sum  and 
the  difference  of  tho  moduli  r  and  r'. 

The  demonstration  is  ])recisely  the  same  whore,  instead  of  the  sum  of  the 
iinnginary  expressions,  wo  consider  their  difference. 

Proposition  II. — The  product  of  two  quantities  has  for  modulus  HiejiToduct 
ffthe  moduli  of  these  quantities. 
In  fact,  multiplication  gives 

(a  +  b  V'~^l){a'+h'  '/^^)=aa'-^bb'+{ab'+ba')y/~^l ; 

and  if  we  take  the  modulus  of  this  product,  we  find,  cgnforniably  to  the  cnun- 
ciatioD, 

^/iaa'-^bby+iafT+bay^  V a'a'^+b'h'^+a^b'^+b^a'* 

=  x/(./2+P)("rz'H-"S^). 

Corollary, — Then  the  product  of  any  number  of  factore  whatever  must 
have  for  modulus  the  product  7,  tho  moduli  of  all  the  factors.  Then  the  n'*' 
power  of  an  imaginary  expression  has  for  mgdulus  the  w"'  power  of  the  modulus 
of  that  expression. 

The  above  nomenclature  and  propositions  are  from  Cauchy,  who  exhibits  in 
R  remarkable  manner  the  oflicienry  of  imaginary  expressions  as  instruments  in 
the  investigation  of  the  properties  of  real  quantities.  Tho  following  is  a 
Hpecimen : 

If  two  numbers,  of  which  each  is  the  sum  of  two  squares,  be  multiplied  to- 
gether, the  product  must  also  be  the  sum  of  two  squares. 

Ijet  the  two  numbers  bo 

a^+7r  and  «''--(- 6'^. 
Tho  first  of  diese  may  bo  coiisidorod  as  tho  product  of  tho  factors 

rt-f-^  \/  —  1  ^^^  ^' — ^  V  — 1» 
and  the  second  as  tho  product  of  tho  factors, 

a'+6'  y/~^  and  a'— 6'  y/~^  ; 
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80  that  the  product  of  the  proposed  numbers  will  be  the  product  of  the  font 
foctors  

Actually  multiplying  the  fn-st  and  third,  and  then  the  second  and  fourth,  we 
have  the  following  pair  of  conjugate  expressions,  viz., 

(aa'^bb')  +  (ab'+ha')  V"^,  (aa'— 66')— (ai'+fta')  /^t 
of  which  the  product  is 

(aa'-^bby+(ah'+bay, 
which  is,  therefore,  the  product  of  the  original  numbers,  and  proves  that  that 
product  must,  like  each  of  the  proposed  factors,  bo  the  sum  of  two  squares. 

If  we  intorchatigo  the  numbers  a  and  6,  or  the  numbei-s  a',  6',  tlio  terms  of 
the  product  just  deduced  will  be  diflcrcnt;  thus,  putting  a'  for  b\  and  6'  for 
a\  which  produces  no  essential  change  in  the  proposed  numbers,  we  have 
(a^+b-'){a''+b'')  =  (aa'-^bhy+(ah'+ba')'=(ab'''bay'+(aa'  +  bby. 
Consequently  there  are  two  ways  of  expressing  by  the  sum  of  two  squares 
rile  products  of  two  numbers,  each  of  which  is  itself  tlie  sum  of  two  squares; 
thus, 

(5-+22)(3-+22)=z=112-f  16==4=+192 
(22+r-)(3»+22)=  42+   72=12+   8- 
&c.,  &c. 

MKTnOD  PROPOSED  BY   MOURET   FOH  AVOIDING  IMAGINARY   QUANTITIES.' 

198.  Objections  have  been  made  to  results  obtained  by  the  ca^pnlus  of  imag- 
inary expressions.  The  rules  observed  in  the  calculus,  it  is  said,  have  only 
been  demonstrated  for  real  magnitudes;  it  is  by  mere  analogy  that  they  are  ex* 
tended  to  the  case  of  imaginary  quantities ;  w^e  may,  therefore,  raise  reasonable 
doubts  as  to  the  exactitude  of  the  results  thus  deduced. 

M.  Mourey,  who  has  been  much  occupied  with  these  difficulties,  has  sought 
tu  free  analysis  from  them  entirely,  in  a  work  published  in  182B,  entitled  the 
True  Theory  of  Negative  Quantities  and  of  the  so-called  Lnaginarif  Quanti' 
tie^.  Without  entering  into  long  details,  wo  shall  endeavor  here  to  give  an 
idea  of  the  methods  proposed  by  this  author. 

Let  us  resume  the  expression  a -{-by/  —  1,  and  give  it,  at  first,  the  form 

If  we  take  the  sum  of  the  squares  of  the  fractions,  which  are  between  the 
brackets,  we  find  that  this  sum  is  equal  to  1 :  and  from  thence  we  conclude  that 
tliese  two  fractions  can  be  regarded  as  being  the  sine  and  cosini  of  a  same 
angle  a.  Designate  also  the  modulus  y/a'-^-b-  by  A  ;  the  imagmary  expres- 
sion can  be  put  under  the  form  A  (cos  a-|-  -y/  —  1  sin  a).  Considering  that 
this  expression  contains  really  but  two  quantities,  the  modulus  A  and  the 
angle  a,  M.  Mourey  proposes  to  regard  the  modulus  A  as  expressing  the 

length  of  a  right  line  O  A,  and  a  as  being 
the  angle  A  O  X,  which  tliis  line  makes 
with  a  fixed  axis  OX.  In  other  words, 
the  modulus  A  represents  a  line  of  a  cer- 
tain length,  which  at  first  lay  upon  the 
axis  O  X,  and  which,  by  maluDg  a  move- 

*  To  undentand  this,  a  knowled^^  of  the  fint  principlof  of  TrigoDometiy  is  neeasssiy. 
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ment  round  tho  origin  O  upward,  has  departed  from  this  nxis  by  an  Hnglo  a. 
M.  Mourey  gives  the  name  verser  to  tills  angle,  or,  rather,  to  tlio  arc  which 
measures  it;  and  then,  instead  of  tho  imaginary  expression,  he  writes  simply 
Aa,  a  notation  very  suitable  to  recall  at  the  same  time  the  moduhis  A  and  tho 
verser  a.  He  proposes  even  to  give  the  nnmo  route,  orwaij,  to  the  longtli  O  A, 
placed  in  its  true  position  with  regard  to  O  X,  so  that  A  verser  o,  or  Aa,is  the 
route  from  O  toward  A. 

As  a  line  can  make  around  tho  origin  O  as  many  revolutions  ns  we  pleose, 
ftod  that,  also,  as  well  by  commencing  its  rotation  bolow  ns  well  as  above  O  X, 
it  follows  that  the  verser  may  pass  through  all  states  of  magnitude,  and  be  aa 
well  negative  as  positive.  Jt  will  be  positive  whon  the  movement  of  the  line 
•hnll  have  commenced  above ;  it  will  be  negative  when  tho  movement  com- 
menced below.  From  this  it  follows  that  tho  sumo  route  can  be  represented 
with  a  verser  which  is  positive,  or  one  which  is  negative,  provided  that  the 
sum  of  the  versers,  abstraction  being  nmde  of  the  signs,  is  360^ 

From  the  preceding  conventions  it  results  that  n  way  can  be  represented  by 
giving  to  tho  length  A  an  infmity  of  different  versers.  Suppose,  to  fix  tho 
ideas,  that  O  A  should  be  a  dctoi minute  way,  and  that  then  the  verser  A  OX 
should  be  an  acute  angle  a  ;  it  is  evident  that  tho  position  of  O  A  will  undergo 
DO  change  if  wo  add  or  subtract  from  a  any  number  whatever  of  entire  cir- 
cumferences. Thus  is  established  this  important  remark,  that  if  we  desig- 
nate by  2ft  an  entire  circumference,  or  360°,  and  by  n  any  whole  number 
whatever,  positive  or  negative,  the  expression  A'2T/i+«  will  represent  the 
same  route  as  Aa ;  this  is  expressed  by  the  equality 

k.2T:n-\-Q=zKa, 

When  we  give  to  A  a  verser  equal  to  zero,  the  length  A  lies  upon  the  line 
OX.  When  the  verser  is  equal  to  n  or  180°,  this  length  is  found  in  the  op- 
posite direction,  O  X' ;  then  it  is  nothing  else  than  the  negative  quantity  — A. 
Thus  we  ought  to  regard  as  altogether  equivalent  the  two  expressions  — A 
and  Att. 

After  these  preliminaries,  M.  Mourey  establishes  tho  rules  of  algebraic 
calculus  ;  then  ho  passes  to  equations,  and  reconstructs  algebra  thus  entirely. 
I  shall  not  follow  this  author  in  all  his  details ;  I  shall  confine  myself  to  the 
developments  necessary  to  explain  here  what  sense  the  new  algebra  attaches 
to  the  old  imaginary  expression  ^/ — A^.  I  shall  seek,  first,  tho  rule  to  be 
followed  in  the  multiplication  of  any  two  quantitirs  whatever,  Aa  and  B/9. 
Here  the  two  factors  are  the  mai^nitudes  A  and  B,  measured  upon  two  lines 

O  A  and  O  B,  which  make,  with  n  fixed  axis 
O  X,  angles  A  O  X,  B  O  X,  represented  by  tho 
'A'  vei-sers  a  and  /?.  It  is  necessaiy,  then,  first 
of  oil,  to  give  to  the  definition  of  multiplica- 
tion the  extension  suitable  to  render  it  appli- 
cable to  the  case  in  question.  But,  consider- 
ing that  tho  multiplier  B/?  indicates  a  line  B, 
which  fieparts  from  the  fixed  line  O  X  by  an 
angle  equal  to  /3,  M.  Mourey  i-egards  umlti- 
plication  as  having  for  its  object  to  take  at 
first  the  length  A  in  its  actual  direction  ns  many  times  as  there  ore  units  in  B, 
and  to  turn  the  new  line  O  A'  around  the  point  O,  to  depart  from  this  direc- 
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tion  by  an  angle  equal  to  /?«  and  to  give  it  the  position  O  C.     From  this  it  fol- 
lows that,  in  designating  by  A  B  the  product  of  the  two  miiguitudes,  obstrac- 
tion  being  made  of  all  idea  of  position,  the  product  sought  will  be  (AB)a4-- 
Thus  we  have 

AaxB/3=(AB)a+/3; 

that  is  to  say,  we  multiply  the  moduli  according  to  the  ordinary  rules  ofariA- 
m,etic^  and  take  the  sum  of  the  vcrscrs. 

If  the  two  versors  arc  equal  to  ^  or  180°,  we  shall  have  An'xB7r=s=(AB)2ff. 
But  At  and  Bt  are  nothing  else  than  — A  and  — B,  and  (AB)2t  is  the  same 
thing  as  +  AB  ;  then  —A  X  — B  =  + AB.  This  is  the  known  rule,  —  by  — 
gives  -f-. 

According  to  this  rule,  the  square  of  Aa  will  be  (A^)2a ;  that  is  to  say,  IM 
take  Oie  square  of  the  modulus  and  double  the  verser.  Then,  reciprocally,  the 
square  root  is  obtained  by  extracting  the  square  root  of  the  modulus  without  re- 
garding the  verser  ;  then  take  half  the  verser. 

Let  us  come  now  to  the  interpretation  of  tlie  imaginary  expression  V — A*. 
For  this  purpose,  let  us  observe,  first,  that  it  is  equivalent  to  \/(^')^^+^: 
then  extracting  the  square  root, 

V— A3=An7r+rlT. 
If  n  is  even,  the  verser  mr-^-lTz  places  the  length  A  in  the  same  position  as 
>  \ir;  that  is  to  say,  in  the  position  O P,  perpendicular  to  OX. 

If  n  is  uneven,  the  verser  «T-|-.Jrr  will  place  the  length  A  in 
a  position  O  P',  perpendicular  to  O  X,  but  below.     Thus,  in 


O      X  the  system  of  M.  Mourey,  the  expression  -v/ — A*  offers  no 
longer  to  the  mind  any  idea  of  impossibility.     It  represents 
P'  two  routes,  O  P  and  O  P',  equal  and  opposite,  both  perpen- 

dicular to  the  fixed  axis  O  X. 


PERMUTATIONS  AND  COMBINATIONS. 

199.  The  Permutations  of  any  number  of  quantities  ore  the  changes  which 
these  quantities  may  undergo  with  respect  to  their  order. 

Thus,  if  we  take  the  quantities  a,  6,  c ;  then  aftr,  <7c6,  6tfc,  hca^  cab^  cha 
are  the  permutations  of  these  three  quantities  taken  all  together ;  ab^  ac^  ba<, 
hcn  ca,  cb  are  tlie  permutations  of  these  quantities  taken  tus)  and  tico ;  a,  6,  c 
are  die  permutations  of  these  quantities  taken  singly,  or  one  and  one^  &c. 

The  problem  which  we  propose  to  resolve  is, 

200.  To  find  the  number  of  Ulc  permutations  of  n  quantities^  taken  p  and  p 
together. 

Let  a,  bt  c^  d, ^^  be  the  n  quantities. 

The  number  of  the  permutations  of  these  n  quantities  taken  singly,  or  one 
and  one,  is  manifestly  n. 

The  number  of  the  permutations  of  these  n  quantities,  taken  two  and  two 
together,  will  be  n(n — 1).     For,  since  there  are  n  quantities, 

a,  b^  Ct  d^ k. 

Tf  we  remove  a  there  will  remain  (n  —  1)  quantities, 

b,  c,  d, k. 
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AVrUiug  a  before  each  of  these  (n — 1)  qunutities,  wo  shall  have 

ah^  ac^  ad, ak ; 

that  is,  (n — 1)  permutations  of  the  n  quantities  taken  two  and  two,  in  which  a 
stands  first.  Reasoning  in  the  same  manner  for  6,  we  shall  have  (n — 1)  per- 
mutations of  the  n  quantities  taken  two  and  two,  in  which  6  stands  firsc,  and 
so  on  for  each  of  the  n  quantities  in  succession ;  hence  the  whole  number  of 
permutations  will  bo 

n(n— 1). 

The  number  of  the  permutations  of  n  quantities,  taken  three  and  three  to- 
gether, is  n{n — l)(n — 2).  For  since  there  are  n  quantities,  if  we  remove  a 
there  will  remain  (n — 1)  quantities;  but,  by  the  Inst  case,  writing  (n — 1)  for 
n,  the  number  of  the  pcruiutations  of  (n  —  1)  qunutities,  taken  two  and  two,  is 
(n — l)(/i — 2);  writing  a  before  each  of  these  (w  —  l)(n — 2)  permutations, 
we  shall  have  {n — l)(7t — 2)  permutations  of  the  n  quantities,  taken  tliree  and 
three,  in  which  a  stands  first.  Reasoning  in  the  same  manner  for  b,  we  shall 
have  (n — l)(n — 2)  permutations  of  the  n  quantities,  taken  three  and  tlu-ce,  in 
which  b  stands  firsts  aud  so  on  for  each  of  tlie  n  quantities  in  succession ;  hence 
the  whole  number  of  permutations  will  bo 

7i(n  — l)(/t— 2). 

In  like  manner,  we  can  prove  that  the  number  of  permutatious  of  n  quan- 
tities, taken  four  and  four,  will  bo 

n(7i  — l)(w— 2)(/i— 3). 

Upon  examining  the  above  results,  wo  roadily  perceive  that  a  certain  rela- 
tion exists  between  the  numerical  part  of  the  expressions  and  the  class  of  per- 
mutations to  which  they  correspond. 

Thus  the  number  of  permutations  of  n  quantities,  taken  two  and  two,  is 

n(n — 1),  which  may  be  written  under  the  form  n(n — 2+l)» 
Token  tliree  and  three,  it  is 

w(7i  —  i)(n — 2),  which  may  be  written  under  the  form  n(n  —  l)(n — 3+l)» 
Takeu/owr  and  four,  it  is 
n(n  —  !)(» — 2)(/i — 3),  which  may  be  >\Titteii  under  the  form  n(n — l)(n — 2\ 

(w-4  +  1). 

Hence,  from  analogy,  we  may  conclude  tliut  the  number  of  permutations 
of  n  things,  taken  p  and  ^;  togetlu^r,  will  be 

n(n-l)(n-2)(«-:j) (n-p+l). 

In  order  to  demonstrate  tJiis,  wo  shall  employ  tlie  same  species  of  proof 
already  exemplitlcd  in  (Arts.  23  and  78),  and  show  that,  if  the  above  law  be 
assumed  to  hold  good  for  any  oni^  cluss  of  permutations,  it  must  necessarily 
hold  good  for  the  class  next  superior. 

Let  us  suppose,  then,  that  the  expression  for  the  number  of  the  permuta- 
tions of  n  quantities,  taken  (;; — 1)  and  (p— 1)  together,  is 

n(n  — I)(7i— 2)(n— 3)  .  .  .  \n^(p  —  \)-\-\\  ...  (A) 

It  is  required  to  prove  that  the  expression  for  the  number  of  the  permuta- 
tions of  n  quantities,  taken  p  and  p  together,  will  be 

n(n— !)(»— 2)(n— 3) (n— ;>+!). 

Remove  a,  one  of  the  n  quantities  a,  h,  c,  d k,  then,  by  the  ex- 
pression (A)  writing  (n— 1)  for  n,  the  number  of  the  permutations  of  the 
(«— 1)  quantities  b,  c,  d k,  taken  (p— 1)  and  (p  — 1),  will  be 
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(n-l)(n-2)(n-3) {{»_i)-(j,-i)+i|, 

or 

(n-l)(»i-Q){n-3) (n-p+1). 

Writing  a  before  each  of  those  (n — l)(n — 2)(» — 3) (n — p+1) 

permutations,  we  shall  have  (/i__i)(w— !>)(«— 3) ('*— i'+l)  P^f" 

mutations  of  the  n  quantities,  in  which  a  stands  first.     Reasoniug  iu  the  same 

,  manner  for  6,  wo  shall  have  (n — \)(n — '2)(/i — 3) (« — /^+1)  P®"^' 

mutations  of  the  n  quantities,  in  which  h  stands  first;  and  so  on  for  each  of  *he 
n  quivititios  in  succession  ;  henco  the  whole  number  of  permutations  will  bo 

n(n— l)(n— 2)(«—3) («_;,+  !) (l) 

Hence  it  appears  that,  if  the  above  law  of  formation  hold  good  for  any  one 
class  of  permutations,  it  must  hold  good  for  the  class  next  superior ;  but  it  has 
been  proved  to  hold  good  when  p:=2,  or  for  the  permutations  of  n  quantities 
taken  two  and  two  ;  hence  it  must  hold  good  when  j; =3,  or  for  the  permuta- 
tion of  n  quantities  taken  three  and  three  ;  .'.it  must  hold  good  when  ^=4, 
and  so  on.     The  law  is,  therefore,  general, 

KXAMPLK. 

Required  the  number  of  the  permutations  of  the  eight  letters  a,  6,  c,  d,  e, 
ft  g,  ht  taken  5  and  5  together. 

Here  rir=8,  ^=5,  n — p-^-l=:i  ;  henco  the  above  formula 

n(n-l)(«— i>)  ....  (n— ^;+l)=8x7XCx5x4=6720, 
the  number  required. 

201.  In  formula  (1)  letp=:7i,  it  will  then  become 

n(7i— l)(w— 2) 2.1, 

or 

l.i?.3 (/I  — l)/i (2) 

which  expresses  the  number  of  the  permutations  of  n  quantities  taken  all 
together.* 

KXAMPLK. 

Required  the  number  of  the  permutations  of  the  eight  letters  <i,  6,  f,  c/,  t, 

fi  g^  ''• 

Here  n=8 ;  lience  the  above  formula  (2)  in  this  case  becomes 

1.2.3.4.5.0.7.8=40320, 

the  number  required. 

202.  The  number  of  the  permutations  of  n  quantities,  supposing  them  all 
diflerent  from  each  other,  we  have  found  to  bo 

1.2.3. {«— l)/i. 

But  if  the  same  quantity  bo  repeated  a  certain  number  of  times,  tlien  it  is 

manifest  that  a  certain  number  of  the  above  permutations  will  become  identical 

Thus,  if  one  of  the  quantities  be  repeated  a  times,  the  number  of  identical 

permutations  will  be  represented  by  1.2.3 n;  and  hence,  in  order  to 


*  Many  writers  ou  aliJ:ol»ra  confine  the  term  pc.rmufniitn.i  to  this  clnsa  when*  the  quitn* 
titles  are  taken  all  toi^fJhcr,  and  i;i\*o  tlu*  title  oi  iirrnm^cment*  or  ra  rial  tout  to  the  JTTOups 
of  the  n  quantities  when  taken  tivo  and  tun,  three  and  three,  four  andfiwr,  &r.  Tlie  in- 
trcKluction  of  those  additional  desi'^rnations  n))p'*nrs  unuecessnry :  bnt,  in  using  the  wor<l 
permHtation'<  absolutely,  we  must  always  be  understood  to  mean  tlioso  represented  by  for 
mala  (2),  imlcss  the  contrary  be  specified. 
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obtaJD  the  number  of  permutations  (Jitferent  from  each  other,  we  must  divide 
(2)  by  1.2.3 a,  and  it  will  tlion  become 

~"  1.2.3 a       ' 

If  one  ot  the  quantities  bo  ropeutnrl  a  times,  and  another  of  the  quantities 

be  repeated  /i  timcSf  then  we  must  divide  by  1.2 aXl-2 /?; 

and,  in  gonoral,  if  among  tlio  n  quantities  there  be  a  of  one  kind,  /?  of  another 
kind,  y  of  another  kind,  and  so  on,  the  expression  for  the  number  of  the  per- 
mutations different  from  each  other  of  these  n  quantities  will  bo 

1.2.3 n 

1.2 ttXl.2 f^Xl.2 ),  Ace. ^'' 

KXAMPLK  I. 

Required  the  numbers  of  the  permutations  of  the  letters  in  the  word  algebra. 
liere  n=7,  and  the  letter  a  is  repeated  twice ;  hence  formula  (3)  becomes 

1.2.3.4.5.6.7  .  .     , 
— -J =2520,  the  number  required. 

KXAMPLK  II. 

Required  the  number  of  tho  pernmtations  of  the  letters  in  the  word 
caifacarataddarada. 

Here  «2=18,  a  is  repeated  eight  times,  c  twice,  d  thrice,  r  twice ;  hence  the 
number  sought  will  bo 

1. 2. 3. 4. 5.  G. 7. 8. 9. 10. 11. 12. 13. 14. 15. 16. 17. 18      ^^,^„^^^^^ 

,       .     «      .       r      ..     «     «  no  n      o     n  ,       .»  =6616209600. 

1.2.3.4.5.6.7.8X1.2X1.2.3X1.2 

EXAMPLE  III. 

Required  the  number  of  tlie  permutations  of  tho  product  a"  h"  c*,  written  at 
full  length. 

Hero  n=r-j-y+2,  tho  letter  a  is  repeated  x  times,  the  letter  &,  y  times, 
and  the  letter  c,  z  times ;  the  expression  sought  will,  therefore,  be 

1.2.3 (r+y  +  z) 


^••••••^ 


203.  The  Combinalious*  of  any  number  of  quantities  signify  the  different 
collections  which  may  bi»  formed  of  these  quantities,  without  regard  to  the 
order  in  which  they  are  arranged  in  each  collection.  Each  conibinuti'oii  nmst, 
therefore,  havo  one  letter  different  from  any  other  of  the  combinations. 

Thus  tho  quantities  a,  b,  c,  when  taken  all  togcUicr,  will  form  only  one 
combination,  abc  ;  but  will  form  six  different  permutations,  q&c,  acb^  bac,  bca^ 
eab,  cba  ;  taken  two  and  Uco,  they  will  form  tho  three  combinations  ab,  ac,  be, 
and  the  six  permutations  ab,  ba^  ac^  ca,  be,  eb. 

The  problem  which  we  propose  to  resolve  is. 

To  find  the  number  of  the  combinations  of  n  quantities,  taken  p  and  p  to- 
gether. 

Each  of  these  combinations  of/?  quantities  boing  separately  permutated,  will 
famish  1.2.3...y^  permutations,  which,  multiplied  by  the  whole  number  of 
combinations,  will  give  the  whole  luimber  of  peiiniitations  of  7^  quantities,  taken 

•  Where  namericnl  or  litcnd  factors  nrc  coinbinc*!,  tbe  term  combinntiou  mny  be  con- 
sidered s*  signifying  the  same  as  product. 
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jp  and  p.  Therefore  the  latter,  namely,  the  whole  numher  of  permulalKms^ 
or  u(n  —  l)(n — 2)....(n — p+l)»  divided  by  the  number  of  permutations  of 
each  combination,  or  1.2.3...p,  ivilL  give  Oie  number  of  combinations  of  n 
quantities,  taken  p  and  p.     Denoting  it  by  C,  we  have 

n(/i-l)(7>->2) (>>"y+l)  ., 

^""     1.-2.3 (P—^)P    •  •  •  •  ^^^ 

204.  There  is  a  species  of  notation  employed  to  denote  permutatioos  tod 
combinations,  which  is  sometimes  used  with  advantage  from  its  conciscDess. 

The  number  of  the  permutations  of  n  quantities,  taken  p  and  p^ 

are  represented  by (^^p) 

The  number  of  the  permutations  of  n  quantities,  taken  all  together, 

are  represented  by (>*Pn) 

The  number  of  the  combinations  of  n  quantities,  taken  p  and  p, 

are  represented  by {nCf) 

and  so  on.  It  is  manifest  that  the  above  proposition  may  be  expressed  accord- 
ing to  this  notation  by 

M.  Cauchy  employs  the  notation  (in)^  to  express  the  number  of  cumbina- 
tions  of  m  letters,  taken  n  at  a  time.     The  German  notation  for  the  same  is 

n 

c. 

m 

When  the  series  of  natural  numbers,  or  the  letters  of  the  alphabet  up  to 
any  required  number,  are  to  be  permuted  or  combined,  an  abbreviated  nota- 
tion  has  been  employed  as  follows : 

P(l,  2,  3)  stands  for  123,  132,  213,  231,  312,  321. 

P(1..4)  stands  for  12,  13,  14,  21,  23,  24,  31,  32,  34,  41,  42,  43. 

C(a.».e)  stands  for  abc,  aid,  abc,  and,  accyjidc,  bed,  bee,  bde,  cde. 

If  one  or  more  of  the  numbers  or  letters  nTay  be  repeated,  this  can  also  be 
expressed  in  the  notation.     Thus, 
P(l,  1,  2)  =  112,  121,  211. 

n 

P(l,  1,  2,  3)  =  11,  12,  13,  21,  25,  31,  32. 

C(l,  1,  2,  2,  3)  =  112,  113,  122,  123,  223. 

If  all  the  letters,  numbers,  or  single  thinj^s  may  be  repeated  an  equal  num- 
ber of  times,  this  can  bo  expressed  with  the  aid  of  an  exponent;  thus, 

C(l,  2,  .3)\  P(0,  1,  2)--,  C(1..7)". 

205.  If  71  single  things  be  arranged  in  combinations  of  A:,  or  of  n — X::=r,  the 
number  of  combinations  in  cither  case  will  l>e  the  same,  i.  e,, 

k      w(«-_l)...(„__A'4-l)      /,     w(w_-l)...(n— r+1) 

I  /  =r ^  \j  = ^ '  , 

n  1.2.o.«.nr  n  1.2.3...r 

for  every  new  combination  of  A:  letters  must  leave  a  new  one  of  r  letters. 

IJy  a  similar  reasoning,  if  n  be  divided  into  three  parts,  the  firet  k^  the  second 
r,  and  the  third  5,  it  may  he  shown  that 

CxC    =CxC    r=CxC    ,&c. 

n  »-k  n  n  -k  ii  n  — r 

206.  Cases  may  occur  in  which  not  tdl  possible  combinations,  but  only  such 
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fulfill  certain  conditions,  arc  required.  Mnny  such  may  be  imagined.  For 
instimce,  where  the  numhoi's  to  be  combined  increase  by  a  common  diflerence, 
or  by  a  common  ratio,  as  1357,  *J168.  or  134,  or  2-18.  The  most  useful  case 
IB  wheru  the  numl>er  in  each  combination  must  amount  to  the  same  sum.  The 
method  of  proceeding  in  this  case  is  to  fill  up  all  the  places  except  the  last  with 
the  lowest  numbers,  the  last  place  being  occupied  by  the  supplementary'  num- 
ber necessary  to  produce  the  given  sum ;  then  diminishing  the  last  number 
and  incriMising  one  of  the  preceding  by  the  same  amount,  taking  care  not  to 
allow  a  lower  ever  to  follow  u  higher  number.     We  givcx  examples  of  such 

L 

combinations,  the  general  formula  for  which  is  rC(l . . . .  n). 

(1)  >''C(1...7)r=127,  13(J,  145,  235. 

(2)  mC(1...8)=1238,  1247,  125G,  1.316,  2345. 

(.3)    aC(0..5)w=0005,  0014,  0023,  0113,  0122,  1112. 

(4)  .'oC(3....)w =33338,  ,33347,  33350,  33446,  ,33455,  31445,  44444. 

It  is  easy  to  be  perceived  that  in  two  ciisos  this  kind  of  combination  is  im- 
possible. 1".  When  the  highest  form  does  not  amount  to  the  required  sum ; 
and,  2"'.  When  the  lowest  form  exceeds  it,  as  in 

><>C(123)rt,  or  >"C(4...)«. 

207.  Similar  conditions  may  be  imposed  upon  permutations.  In  order  that 
the  permutntions  of  a  given  series  of  numbers,  tak<?n  a  certain  number  at  a 
time,  should  amount  always  to  a  givi^n  sum,  the  same  rule  will  apply,  with  this 
difference,  that  lower  numbers  nuiy  follow  higher;  in  other  words,  the  com- 
binations formed  by  the  previous  rule  may  each  bo  permuted. 

The  following  examples  will  render  this  more  intelligible : 

(1)  •P(l..ft)  =  18,  27,  36,  45,  54,  63,  72,  81. 

(2)  •P(l...)  =  124,  142,  214:241,  412,  421. 

(3)  'P{l..J«r=1113,  1122,  1131,  1212,1221,  1311,  2112,2121,2211,3111. 

(4)  4P(0..)w  — 01.3,  022,  031,  103,  112,  121,  1.30,  202,  211,  220,  301,  310. 

Under  this  head,  also,  two  coutnidictory  cases  occur:  1".  When  the  high- 
est form  amounts  to  too  little  ;  and,  2".  When  the  lowest  form  amounts  to  too 
much.     As,  for  instance,  in 

n  n 

■•P(1..4)w,  or'P(5...)n. 

208.  The  applications  of  the  theory  of  permutntions  and  combinations  are 
numerous.     One  of  the  most  useful  is  the  deterniinntion  of  the  coeflicients  of 

a  seVies  of  the  form 

rt  +  ^T-j-cr^-f  ^/r'4-f.r*  + . . .  + /.-.r" . .  .,♦ 

especially  the  coefficients  of  the  bifiomiul  formula,  tlie  method  of  determining 
which,  by  the  theory  of  permutations  and  combinations,  will  be  given  here- 
after. 

Another  extensive  application  of  the  theory  of  pjMinutations  and  combina- 


*  Tlu»<«o  coofli<ncnts  arv.  5iii»|m)s»m1  to  ilcix'ixl  ii|»oii  sonu*  trivtii  law.  A  eoinmon  cnsc  if 
whtn  tlie  luunbor  of  fart(»rfl  roinbiiictl  in  cnrh  cooffiticnt  Ia  indicated  by  the  cxponeut  of 
tiie  letter  of  arrongcmont,  x. 
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tions  is  to  be  found  in  goomolnc  rcliitluns,  sucli  as  where  the  combinations  of  a 
certain  number  of  points,  lines,  angles,  &c.,  from  among  a  given  number  of 
these,  are  required. 

Not  less  useful  is  this  theory  in  natural  science :  as  in  crystalography,  when 
the  manifold  forms  of  crystals  are  required;  in  chemistry,  wheD  the  variooi 
combinations  of  chomicnl  elements;  and  in  music,  of  consonant  tones,  &c. 

But  perhaps  its  most  important  use  is  in  the  doctrine  of  chances,  or,  as  it  it 
mathematically  named,  tlio 

CALCULUS   OF  PROBABILITIES. 

The  outlines  of  this  extensive  subject  wo  shall  here  briefly  indicate,  referring 
the  student  for  further  iufoniiutiuii  to  the  admirable  treatises  of  La  Place 
and  Lacroix,  and  to  the  practical  work  of  Do  Morgan. 

I.  Lot  there  be  among  m  possible  cases  g^  which,  as  fulfilling  certam  requi- 
sitions, are  considered  us  favomblc,  (vi — /f)=«  unfavorable.  Then  the  ratio 
of  the  favorable  to  a))  possible  cases  is  called  the  maOicinatical  probability  for 
the  occuri'ence  of  a  favorabb^  case.  The  ratio  of  the  unfavorable  to  all  possi- 
ble cases  is  the  mathematical  improbability  of  the  occurrence.  If  the  first  be 
expressed  by  u*,  the  second  by  r,  then 

g               u 
u'=:—  and  v^— (L) 

The  probability  is,  therefore,  the  less,  the  smaller  the  number  of  the  &- 
vorable  in  comparison  with  that  of  all  possible  cases,  and  vice  versa.  Should 
all  possible  cases  be  favorable,  then  ?£?=!,  which  is,  therefore,  the  expression 
for  certainty.  Thus  the  mathematical  probability  and  improbability  of  a  pic- 
tured card,  of  which  there  are  1*2,  being  drawn  from  5'2,  are  expressed  by 

^-52-13' ^'-"Sii-- 13' 

that  of  drawing  one  card  from  52, 

52 
t.  =  -  =  l. 

II.  Let  there  be  among  m  possible  cases  g  favorable,  of  different  (first,  sec- 
ond, third,  <S:c.)  kinds,  expressed  by  g^^  g.^^  g^y  6cc.,  tlie  partial  probabilities 
by  Wii  w_^j  «'3,  &c. ;  then 

ffi+ffo  +  .g:«  +  ^<^^c. 
w,'=7^;,+U'o  +  ?r3  +  ,(XC.,  = (II.) 

that  is,  the  probability  wf  one  of  several  dilfercnt  kinds  is  equal  to  the  sum  of 
their  partial  pntbabilitios.  Tiius,  for  the  probability  ofono  of  the  six  faces  of 
a  die,  marked  1,  2,  or  3,  being  thrown,  we  have 

1  1  1 

__1      1      1_'5_1 

III.  Let  the  occuirence  be  favorable  only  on  the  supposition  that  two  or 
more  of  the  single  favorable  cas(!s  concur,  then  the  formula  for  the  compound 
probability  is 

t.=u>.Xu;,Xtr,..=  ~— -^-^^^;^ (III.) 

in  which  mp  m^,  mg,  dec,  express  the  poss-ble  cases  of  the  partial  occurren- 
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ces  ;  thnt  is,  the  probability  of  the  compound  occurrence  is  equal  to  the  prod- 
uctA  of  the  partial  probabilities.  For  as  each  of  the  m,  may  concur  with  each 
of  the  m^  cases,  there  will  be  m ,  X  ^^la  possible  cases,  which,  by  the  supor- 
Tsniug  of  m^  new  cases,  increase  to  7/1,  X^jX^n.^^  and  so  on.  The  same 
reasoning  applies  to  the  favorable  cases  ^1,  g2,  ^31  &c.,  from  whence,  by  the 
principles  abeady  established,  results  formula  (HI*)*  Let  it  be  required,  for 
example,  to  draw  out  of  a  vase  which  contains  the  numbers  1,  2,  3,  4,  5,  and  6, 
first  1,  then  either  2  or  3,  and,  finally,  4,  5,  or  6,  in  three  drawings  ;  the  prob- 
ability is  expressed  by 

__1     2     3_1 
^^6^5^4— 20* 
If  the  partial  occurrences  are  equal  (that  is,  repetitions  of  the  same),  then 

io=f — j  .    Thus,  if  with  each  of  three  dice,  6  shall  be  thrown. 


w 


-i-Y-— 

""W  ^216* 


IV.  Should  there  bo  m  possible  cases,  of  which  g  are  favorable  and  u  un- 
favorable, and  of  these  k-\-r  tiro  to  occur,  so  that  k  of  the  favorable,  with  r  of  the 
unfavorable,  must  come  in  juxtaposition,  then  the  expression  for  the  probabili- 
ty of  the  occurrence  of  every  such  order  is 

'=0  (S)-tel$l) "  (.4z.)  i^hhi^Ji^)  <.v.) 

This  depends  on  (111.),  each  of  the  factors  in  the  above  value  of  w  ex- 
pressing the  partial  probability  of  the  single  occurrence  of  a  1st,  2d,  ....Aah 
favorable  case,  also  of  a  1st,  2d,  ....rth  unfavorable  case,  and  the  product 
expressing  the  probability  of  these  occurring  in  a  certain  order. 

EXAMPLE. 

If  from  20  tickets,  8  of  which  ore  prizes  and  12  blanks,  6  are  to  be  drawn ; 
then,  in  favor  of  the  requisition  that  exactly  two  prizes  shall  be  first  drawn,  or 
ahall  occupy  any  given  place  in  the  order. 


tr 


-  (1)  (1)    (}z\  (U)  (]!!)  (2.) TL 

^  \20/  \19/  ^  \18/  \17/  \16/  \15/  ""3230* 


V.  Should  there  be  required  in  the  supposition  of  the  last  cose  no  particu- 
lar order  for  the  single  cases  which  occur,  the  expression  becomes 

..=6  .(^)..,(£r^).(   "  )...(^l:=I±l^). .  .  .  (V.) 

k+r  \m/     \m — k — 1/    \m — k/     \m — k — r-|-l^ 

Thus  it  will  be  found  that,  if  from  30  appointed  numbers  out  of  90,  5  of  the 
whole  90  are  to  be  drawn,  so  that  just  3  of  the  30  shall  be  among  those  drawn, 
it  being  immaterial  at  which  three  of  the  five  drawings,  the  expression  for  the 
probability  in  this  case  is 


to 


—  \1.2.3/  "  VJO/  \5y/  \b8/  *  W/  \86/  "'12(>291* 


VI.  Should  the  number  of  possible  cases  continue  to  remain  the  same, 
while  the  other  circumstances  are  as  in  (V.),  the  formula  would  be 

i©"©' <"•) 
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EXAMPLE. 

The  probability  of  tlirowing  the  same  face  three  times  in  7  casts  of  a  die, 
or  one  cast  of  7  dice,  would  bo  expressed  by 

21875 


7.6.5/iy  /i>y__' 

1.2.3X6/  *\6/  ""-^ 


279936 

VII.  Lot  the  probability  bo  required  that  of  two  diflerent  occurrences  the 
first,  or,  if  this  does  not,  the  second,  shall  happen  ;  if  the  single  probabiliry  of 
the  first  happening  be  expressed  by  w,  the  probability  of  its  failing  will  be  ex- 
pressed by  1 — w ;  this  must  be  combined  with  the  probability  of  the  second 
happening,  according  to  (III>)t  giv>"g 

(1— i^>,)u>3 

for  the  probability  of  the  second  happening,  if  the  first  faik :  then  the  com- 
pound probability  required  is  expressed  (II.)  by 

EXAMPLE. 

Required  the  probability  of  throwing  with  two  dice,  at  the  first  cast  8,  and, 
if  this  does  not  happen,  9  at  the  second  cast. 

_5^       4/       ^\5       4    3I_19 
^'~3(i*^"i3Gr~'nJ/~36"'"3G'36^8r' 

VIII.  Above  wo  have  considered  the  absolute  probability'  of  the  happening 
of  an  event ;  the  relative  probability  of  the  happening  of  two  events  is  ex- 
pressed by  the  formula 


•,  or 


EXAMPLE. 

The  relative  probabUity  of  throwing  with  two  dice  i-ather  7  than  10,  is  ex- 

1  u         ^»  6        2 

pressed  by ; — =— — —  =r-:. 

*  ^  Wi  +  iL\i     64-3     3 

IX.  When  money  depends  on  tho  happening  of  an  event,  the  product  of 
the  sum  risked,  multiplied  by  tho  expression  for  the  probability  of  the  event 
on  which  it  depends,  is  called  the  mathematical  expectation.  If  there  be 
among  mi-\-mi  cases,  m\  favorable  for  one  party,  and  ^/l^  for  the  other,  the 
sum  risked  by  the  first  ^i,  and  by  the  second  a.,  then  for  the  mathematical 
expectation  jf  each  we  have 

'''=,';7~T~:r-^^=^^''^'^  •••(!)         g:=^    ,  ^  .ai=u>jai   ...  (2) 

Therefore,  when  6i=c.:,  it  is  necessary  that  ax :  aj=u?i  iw^.  This  principle 
is  important  in  the  subject  of  anrmities  and  life  insurance.  For  its  applicAtioD, 
and  that  of  all  tho  foregoing  theory  to  which,  see  De  Morgan  on  Probabilities. 

EXAMPLES. 

(1)  How  mnny  binary  combinations  of  oxygen,  hydrogen,  nitrogen,  carboo, 
sulphur,  and  phosphorus?     How  many  ternary  combinations  of  the  same? 

(2)  ilow  many  combinations  of  5  colors  among  those  of  the  prism,  viz.,  red, 
orange,  yellow,  ;i;roen,  blue,  indigo,  and  violet? 

*  li*  ami  2  can  earh  be  thrown  wilh  two  dice  but  in  one  way,  11  and  3  encli  in  two 
ways,  10  and  4  in  three  ways,  5  and  9  in  four  ways,  6  and  8  in  five  ways,  7  in  six  wayg. 
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(3)  What  is  the  probability  of  throwing  with  throe  dice  two  equal  num- 
bers ?  with  five  dice,  throe  e(iual  ? 

(4)  What  of  throwing  with  two  dice  the  faces  2,  4,  and  G  ? 

(5)  What  the  probability  that  a  dollar  toss(*d  twice  will  fall  head  up  once  ? 

(6)  Of  which  is  the  probability  greater,  the  drawing  at  three  trials  from 
52  cards  three  cards  of  dilfereut  colors,  of  which  there  are  four,  or  three  face 
cards,  of  which  there  are  12  ? 

(7)  What  of  drawing  out  of  a  vaso  containing  5  white,  G  red,  and  7  black 
balls,  in  two  drawings,  2  red,  or  else  a  white  and  a  black  btill  ? 

(8)  What  of  drawing  out  of  the  samo  vase,  in  throe  drawings,  3  of  diftbr- 
ent  colors,  or  else  2  black  and  1  white  ? 

(9)  What  of  tlirowiug  witli  four  dice  15,  or  with  three  dice  12  ? 

METHOD  OF  UNDETERMINED  COEFFICIENTS. 
209.  The  method  of  undetermined  coeflicieuts  is  a  method  for  tlie  expan- 
sion or  development  of  algebraic  functions  into  infinite  series,  arranged  accord- 
ing to  the  ascending  powers  of  one  of  the  quantities  considered  as  a  variable.* 
The  principle  employed  in  this  method  may  be  stated  in  the  following 

TUKORKM. 

If  Ajra+Br0+CxY+,  Sec.,  =A'j:«'+BV/5'+C'x>"+,  &:c.  (1),  for  all  ^-alues 
of  j:,  then  must  the  exponents  of  r  in  the  two  members  be  the  same,  fuid  the  co- 
efficients of  the  same  |K)wer4  of  j'  tlio  samo.    Fur,  dividing  (1)  by  xo,  we  have 
A+Bj/^-^-f-Cj-'-«+,  <tc.,  =A'.r'*'--'-f-BV;^~«>+C'2:>'-^+,  &c.  (2) 

Since  t  may  hnve  any  value,  make  it  zero ;  the  fn*st  member  thus  reduces 
to  A,  while  the  second  becomes  zero,  unloss  we  suppose  a  equai  to  some  one 
of  the  exj/onentH  a\  ^\  /,  ....  Suppose  it  to  be  a'.  Then  w*»  have  a=o', 
and  .•.  A  =  A'.  Suppressing  the  equal  tonus  A  and  A'jV— «  from  the  two 
members  of  (2),  and  dividing  it  by  t/^— ",  it  becomes 

B  +  Cx>-sJ+,  &:c.,  =B'2-/i'-/J+Cj:>'-i34.,  &c. 

Making,  again,  i*=0,  the  fust  member  reduces  to  B,  and  the  second  to  zero, 
which  is  qljsurd,  unless  we  make  ji  equal  tu  some  one  of  the  exponents  of  x, 
say  /?',  in  tne  second  member,  and  then  B  =  B'.  Proceeding  in  this  wn^-,  the 
exponents  of  r,  and  the  coellicicnts  of  the  same  powers  of  j*  in  the  one  mem- 
ber, mny  be  proved  equnl  to  those  in  tho  other. 

The  aliove  theorem  mny  be  expressed  in  a  modiiiod  form ;  thus,  if  all  tho 
terms  of  (1)  be  tran:«posod  to  the  first  member,  it  becomes,  collecting  tho  equfd 
powera  of  T,  a  and  a',  ft  and  ft\  Ace, 

(A-A>«  +  (B— B')r/J+(C— C70+,  &c.,  =0; 
from  which,  since  A=A',  B  =  B',  &c.,  we  perceive  that  when  a  function  of 
X  is  equal  to  zero  for  all  values  of  t,  tho  coe/Ticients  of  the  dill'erent  powers  of 
X  are  equal  to  zero  separately. 

KXAMPLKS. 

(1)  Expand  the  fraction  :; ; — ■ — -  into  nn  infinite  series. 

^  '        '^  1 — 2r-^2.* 

Assume  :; — ^— 7— 3=A  +  B.r-f-CV+l)j'»+Er<H , 


*  A.  vfirlnblo  qusiiitity  in  one  \vhii:!i  is  uitlior  ciitiroly  iiidotcniiinatu,  *o  that  it  may  Imvo 
any  value  at  pleasure,  or  ouo  which  voiics  in  cunfoniiity  with  Gcitnin  ciiuditiuiis  imposed. 
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in  which  somo  of  the  coefTicients  A,  B,  C.  &c.,  may  bo  zero,  and  thtia  certain 
powers  of  X  be  wanting;  then,  multiplying  by  1— ax+ar"-,  we  have 

1=A+  Bj:+   C2-+  Dr»+   Ex*-\ 

— 2Ai— 2Bx-— 2Cj^— 2Dr« 

+  Ai:^+  Bx^+    Cz*^ ^ 

Hence,  by  the  preceding  the  ore  m,  we  have 

A=il  .*.  Ar=    .  .  .    =1 

B— 2A=0      B=2A         =2 

C— 2B+A=0       C=2B— A=3 

D— 2C  +  B=0       D=2C— B=4 

E— 2D  +  C=0      E=2D— C=5 

&c.  &c. 

Therefore       :; — r--r--;=l  +  2x+3.i«+4r»+5r*+6.c«+ 

The  equality  of  a  function  to  a  series  is  hypothetical ;  and  after  A,  B,  C,... 
have  been  found,  the  result  must  be  carefully  examined.  If  we  put  the  func- 
tion   =A+Bar+»  &c.,  it  gives  the  absurdity  — 1=0.     We  must  put 

3x — X* 

=zAx~^-\'BxP+Cx-\-'Dx"-{'t6cc.    The  method  of  indeterminate  coeffi- 


3r— X* 

cients  is  to  bo  avoided  where  other  motliods  will  apply. 

(2)  Extract  the  square  root  of  14-^- 

Assume  \/ 1 + x=  A  +  Bx    +  ^^'    +  D-r'+  . . .,  and  square  both  sides ; 

.•.l+x=A«+ABr-fAC.T«+ADr*+AE;r<H 

+  ABx+B^x«  +BCr»  +  BD.r*H 

+  ACV+BCj-'-fC-x«  +.... 

+  ADr'»+BDr*H 

-|- AE.r*-^ .... 
Hence,  equating  the  coefficients  of  the  like  powers  of  x,  we  have 

A2=1.-.A=       1 

IP  1  1 

2AC+B-0      C=-^  =  --=-- 

2AD^2BC=0      D=-4J=     .f,=   ^ 

2BD4-C'  1  <  1       1  >  6 

2AE+2BD+C^=0      E  = ^—   =-d  Fg+SS  S  =-iF«- 

dec.                                                      &c. 
Therefore         Vl+x=  ±  (1  +  Ar—  Jx-+  ,Vr»— -:}gX*H ). 

3x— 5 

(3)  Decompose  -., .  i  40  *"^^  ^^^'^  fiactions  having  simple  binomial  de- 
nominators. 

By  quadmtics  we  find  x^ — 13x-j-40  =  (.r — .3)(x — B) ;  hence  wo  may  assume 
3r— 5 A_        B        A(.r— H)4.B(x— 5)     (A+B)x— 8A— 5B 


x«_13a:+40""x— 5^x— 8  (x— 5)(x— B)       ""       x»— 13x+40 

.-.  3x— 5=:(A  +  B)x— (8A+5B) ; 
and  by  the  principle  of  undetermined  coefficients  we  have 

A+B=3,  and  8A+5B=5. 


« 
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v/nence  A  =  —  —  and  B=:— ;  and  therefore  we  get 

3.r— 5  6}       _iL_l?_i__      1?       1 

2<— 13j:4.40^x— S^x— S^Tx— 8"""3  *  x— 5* 

Ab^«. — The  values  of  A  and  B  might  have  been  determined  in  the  following 
manner: 

^.                         3x— 5              A          B        A(r— 8)  +  B(x— 5) 
Since = J =— ^^ L±—l 1 . 

x«— 13X+40     X— 5^j:— B  x^— l3x+40 

.-.  3x— 5=A{x— 8)  +  B(x— 5). 

Now  tliis  equation  must  subsist  for  every  value  of  x  ;  and  therefore, 

15—5  10 

ifx=5,  we  have  15— 5=A(5— 8);  .•.  A=-^ — 3-  =  — -; 

04 5     19 

if  x=8,  we  have  24— 5=B(8— 6) ;  .-.  B=Tj — r="T- 

This  method  may  frequently  be  employed  with  advantage,  and  will  be  found 
useful  in  the  integration  of  rational  fractions,  in  the  Integral  Calculus. 

EXAMPLES  FOR  EXERCISE. 

1— ar 

(1)  Expand  into  an  infinite  series. 

Ans.  1— 2x+2x-— 2x3+2x*— i>:c«^ 

(2)  Expand  ^a'^ — x^  in  a  scries. 

a^      X*       7*         5x* 
^■"2a'"8rt5""i^""l28a^'" 

1— X 

(3)  Find  the  development  of  ^. 

Ans.  1— 2x+x2+r»— 2ir*+2:*+x«— 2rT+ 

2x+3 


(4)  Decompose  the  fraction  . 


3  1  6 

Ads.  —77- — : 


'2x     6(x+2)"^'3{j:— 1)" 


l  +  2x 
(5)  Expand  the  fraction  - — r-  in  a  series. 

1.  "^oX 


Ans.  l  +  5x+15a:2+45x»4.135r*+ 


<^)  ^^^'^^  (x+l)(x+2)(:t+3)  ^'^'^  P"*^^^  ^"^'*"^'^- 


1  4  9 

^°''  2(j:+1)"?+2+2{x+3)* 

13-4-21X+22:* 
(7)  Resolve    ^^^  ,  ^^  into  partial  fractions. 

1  6  2  16 

^*' T+i^i-j:+i+2x+r=::2i* 

•  When  the  denominator  is  composed  of  equal  factors,  such  as  (x-f-«)^»  {^ — *)^»  it  will  be 
oeceMBiy  to  assume  the  given  function  equal  to 

R 
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^  ,  a— ft.r 

(8)  Expand  — r- —  to  four  terms. 

Ans.  l-(6+c)^+c(6+c)^-c«(6+c)^+ 

x+2 

(9)  Resolve  -3 into  partial  fractions. 

1  3  2 

^°'-  2(x+l)+2(x-l)"- 

(10)  Resolve     .  ra\n  J,  \  ^'^^  partial  fractions. 

.        1   .   1,2,        1,7  1 

Ans.  -A 1 ; A ; 

a:«^z«^x^2(l— r)«^4(l— X)      4(l+i) 

2* 

(11)  Expand  ^^2aj+a«  ^^  ^"^"^  ^™*' 

2a     3a«     4a« 
Ans.l--+^-^+ 

(12)  Resolve  — — r  into  partial  fractions. 

Ans. 


4(x-l)     4(x+l)     2(x-+l)- 


LOGARITHMS. 

210.  Logarithms  uro  artiliciiLl  numbers  adapted  to  natural  numbers,  in 
order  to  facilitnto  iiuiiierical  cnlculations ;  and  we  shall  now  proceed  to  exphin 
the  theory  of  those  numbers,  and  illustrate  the  principles  upon  which  their 
properties  depend. 

Definition. — In  a  system  of  logarithms ^  all  numbers  are  considered  as  tke 
powers  of  som^  one  number^  arbitrarily  assumed.,  which  is  called  the  base  of 
the  system^  and  the  exponent  of  that  power  of  the  base  which  is  equal  to  any 
given  number  is  called  the  Logarithm  of  that  number. 

Thus,  if  a  bo  the  base  of  a  system  of  logarithms,  N  any  number,  and  x  such 
that 

N=a% 

then  X  is  called  the  logarithm  of  N,  in  the  system  whose  base  is  a. 

The  base  of  tho  conmion  system  of  logarithms  (called,  from  their  inventor, 
**Briggs*s  Logarithms")  is  the  number  10.     Hence,  since 

(10)<'=     1,      0  is  tho  logarithm  of     1      in  this  system, 

(10)'=    10,     1  is  the  logarithm  of    10     in  this  system, 

(10)'^=  100,    2  is  tho  logarithm  of   100    in  this  system, 

(10)3=  1000,  3  is  tho  logarithm  of  1000  in  this  system, 

(10)^=10000,  4  is  tho  logiuithm  of  10000  in  this  system, 
&c.  =     &c.     &c 

211.  In  order  to  have  the  numbers  coiTespoiiding  to  the  logarithms  1,  J  or 
0.5,  }  or  0.25,  Ale,  it  is  necessary  to  extract  the  square,  4th,  and  so  on,  root 
of  10,  or  to  extract  the  square  root  successively,  as  exhibited  in  the  fuOowiog 
table : 
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ITaaiber  of  tiioM  tint  th* 
•qaara  rmit  M  extracted 

Kumb^in. 

Kxponeoti 

Of 

LofuitliiiM. 

0 

1 

2 
3 
4 
5 

6 

10,000  0000 
3,162  2777 
1,778  2794 
1,333  5214 
1,154  7819 
1,074  6078 
1,036  6329 

1,000  0000 
0,500  0000 
0,250  0000 
0,125  0000 
0,062  5000 
0,031  2500 
0,015  6250 

7 

8 

9 

10 

11 

12 

1,018  1517 
1,009  0350 
1,004  5073 
1,002  2511 
1,001   1249 
1,000  5623 

0,007  8125 
0,003  9062 
0,001   9531 
0,000  9765 
0,000  4882 
0,000  2441 

13 
14 
15 
16 
17 
18 

1,000  2811 
1,000  1405 
1,000  0702 
1,000  0351 
1,000  0175 
1,000  0087 

0,000   1220 
0,000  0610 
0,000  0305 
0,000  0152 
0,000  0076 
0,000  0038 

19 
20 
21 
22 
23 
24 

1,000  0043 
1,000  0021 
1,000  0010 
1,000  0005 
1,000  0002 
1,000  0001 

0,000  0019 
0,000  0009 
0,000  0004 
0,000  0002 
0,000  0001 
0,000  0000 

By  means  of  the  above  table,  to  calculate  the  logarithm  of  any  number  (A) 

between  1  and  10  accurately  to  5  places  of  decimals,  take  out  from  the  second 

column  the  nearest  number  to  A,  but  less,  and  divide  A  by  this.     Take  out, 

again,  the  next  less  number  than  the  quotient  B,  as  a  divisor  for  B,  and  so  on 

until  the  last  quotient  contains  only  miUionths ;  the  logarithm  sought  is  ilia 

sum  of  ail  the  exponents  or  logarithms  in  the  third  column  corresponding  to 

the  divisors  used  from  the  second.     For,  calling  these  exponents  a,  /j,  y,  6 

we  have 

A„B       ^C       ^D^ 
— =B;  — 5=C;  — =:D;  — .=E; 
10"  lO'^  10>^  10** 

.•.A=10'B=10"X10''C  =  10''X10^X10^D=10M0^.10^.10^.. 

...A=io-+^^+^-. 
Any  expoDODt  beyond  d  being  added  to  the  others  would  not  affect  the 
millionth  place,  or  fifth  decimal.  Q.  E.  D. 

Now,  inasmuch  as  all  numbers  lying  between  the  1st,  2d,  3J,  &c.,  powers 
of  10  must  have  broken  numbers  for  logarithms,  these  numbers  will  be  of  the 

form  10  ("sslO  .lO"* ;  hence  the  calculation  of  tlioir  logarithms  will  in  every 
case  depend  on  the  calculation  of  a  fractional  logarithm  such  us  bus  been  just 
exhibited. 

A  table  of  logarithms  is  a  table  containing  all  numbers  from  1  up  to  10000 
or  100000,  or  some  high  number,  with  their  corresponding  logarithms. 

These  tables  are  made  with  certain  abbreviations  and  conveniences,  which 
we  shall  presently  explain. 

From  the  sciieme  of  numbers  in  (210)  it  appears,  that  in  the  common  sys- 
tem the  logarithm  of  every  number  between  1  and  10  is  some  number  between 
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0  and  1,  t.  e.,  is  a  fractioD.  The  logarithm  of  every  number  between  10  and 
1 00  is  some  number  between  1  and  2,  i.  e.,  is  1  plus  a  fraction.  The  logarithm 
of  every  number  between  100  and  1000  is  some  number  between  2  and  3,  i.  e., 
is  2  plus  a  fraction,  and  so  on.  The  whole  number,  or  integral  part  of  the 
logariliim,  is  called  the  index ^  or,  more  commonly,  the  characUrUlic* 

212.  In  the  common  tables  of  logarithms  the  fractional  part  alone  of  the 
l()garithm  is  registered,  and  from  what  has  been  said  above,  the  mlo  usually 
given  for  finding  the  cliaracteristic^  or  indexy  will  be  readily  understood,  viz. : 
The  index  of  the  logarithm  of  any  number  greater  tJian  unity  is  equal  to  one 
less  than  the  number  of  integral  figures  in  the  given  number ;  for  if  the  num- 
ber be  between  10  and  100,  it  will  contain  two  integral  figures ;  if  between  100 
and  1000,  it  will  contain  three,  and  so  on.  Thus,  in  searching  for  the  logarithm 
of  such  a  number  as  2970,  we  find  in  the  tables  opposite  to  2970  the  number 
4727564 ;  but  since  2970  is  a  number  between  1000  and  10000,  its  logarithm 
must  be  some  number  between  3  and  4,  i.  £.,  must  be  3  plus  a  fraction ;  the 
fractional  part  is  the  number  47275G4,  which  we  have  found  in  the  tables; 
prefixing  to  this  the  index  3,  and  interposing  a  decimal  point,  we  have  3.4727564, 
the  logarithm  of  2970. 

We  must  not,  however,  suppose  that  the  number  3.4727564  is  the  exact 
logarithm  of  2970,  or  that 

2970=(10)3*"7»* 

accurately.  The  above  is  only  an  approximate  value  of  the  logarithm  of  2970; 
we  can  obtain  the  exact  logarithms  of  very  few  numbers;  bat,  taking  a  sufficient 
number  of  decimals,  we  can  approach  as  nearly  as  we  please  to  the  true 
logarithms. 

213.  It  has  been  shown  that  in  Briggs*s  system  the  logarithm  of  1  is  0 ;  con- 
sequently, if  we  wish  to  extend  the  application  of  logarithms  to  fractions,  we 
must  establish  a  convention  by  which  the  logarithms  of  numbers  less  than  1 
may  be  represented  by  numbers  less  than  zero,  i.  «.,  by  negatitfc  numbers. 

Extending,  therefore,  the  above  principles  to  negative  exponenta,  since 

or  (10)-^ =0.1,         — 1  is  the  logarithm  of  .1        in  this  system. 


10 
1 


100 

1 
1000 

1 


or  (10)~-=0.01,       —2  is  the  logarithm  of  .01      in  this  system, 
or  (10)-^=0.001,     —3  is  the  logarithm  of  .001    in  this  system, 


10000  ^^  (10)-^=0.0001,  —4  is  the  logarithm  of  .0001  in  this  system, 

6cc.  &c. 

It  appears,  then,  from  this  convention,  that  the  logarithm  of  every  number 
l^etween  1  and  .1  is  some  number  between  0  and  — 1 ;  the  logarithm  of  eveiy 
Mimbor  betwf^en  .1  and  .01  is  some  number  between  — 1  and  — 2;  the 
l(.;;arithm  of  every  number  between  .01  and  .001  is  some  number  between 
— 2  and  — 3,  and  so  on. 

From  this  will  bo  understood  the  rule  given  in  books  of  tables  for  finding 
the  characteristic,  or  index,  of  the  logarithm  of  a  decimal  fraction,  via. :  The  in- 
dex of  any  decimal  fraction  is  a  ncfratire  number,  equal  to  unity,  added  to  the 
number  of  zeros  immediately  following  the  decimal  point.  Thus,  in  searching 
for  a  logarithm  of  the  number  such  as  .00462,  we  find  in  the  tables  opposite  to 
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462  the  number  6646420;  butaiDce  .0046*2  is  a  number  between  .001  and  .01, 
its  logarithm  must  be  some  number  between  — 3  and  —2,  t.  e.,  most  be  — 3 
plus  a  fraction ;  the  fractional  part  is  the  number  6646420,  which  we  have 
ibdnd  in  the  tables;  therefore  —  3 -f. 664 6420  is  the  logarithm  of  .00462.  It 
is  cbstomary  to  write  the  si^n  —  over  the  characteristic  to  show  that  it  affects 
that  alone,  and  not  the  decimal  part  of  the  logarithm,  whi<  h  is  positive ;  thus, 
3.6646420. 

OExNERAL  PROPERTIES  OF  LOUARITHMS. 

-     214.  Let  N  and  N'  be  any  two  numbers,  x  and  x'  their  respective  logarithms, 

a  the  base  of  the  system.     Then,  by  definition, 

N  =a' (1) 

N'=a" (2) 

I.  Multiply  equations  (1)  and  (2)  together, 

.'.  by  definition,  x-^-x*  is  the  loj^arithm  of  NN' ;  that  is  to  say, 
The  logarithm  of  the  product  oftxco  or  mare  factors  is  equal  to  the  sum  of  the 
logarithms  of  those  factors, 

II.  Divide  equation  (1)  by  (2). 

N 
.'.  by  definition,  x — xf  is  the  logarithm  of  j^  ;  that  is  to  say. 

The  logarithm  of  a  fraction^  or  of  the  quotient  of  two  numbers^  is  equal  to  th€ 
logarithm  of  the  numerator  minus  Oie  logarithm  of  the  denominator, 

III.  Raise  both  members  of  equation  (1)  to  the  nth  power. 

N"=a". 
.*.  by  definition,  nx  is  the  logarithm  of  N" ;  that  is  to  say, 
The  logarithm  of  any  power  of  a  given  number  is  equal  to  the  logarithm 
of  the  number  multiplied  by  the  exponent  of  the  jxnver, 

IV.  Extract  the  n^  root  of  both  members  of  equation  (1). 

I       I 

X  i 

.*.  by  definition,  -  is  the  logarithm  of  N" ;  that  is  to  say. 

The  logarithm  of  any  root  of  a  given  number  is  equal  to  the  logarithm  of  the 
number  divided  by  the  index  of  Oie  root. 
Combining  the  last  two  cases,  we  shall  find 


m  mx 


N"=a", 

mx  !? 

whence  —  is  the  logarithm  of  N". 

It  is  of  the  highest  importance  to  the  studont  to  make  himself  familiar  with 
the  application  of  the  abovo  principles  to  algebraic  calculations.  The  following 
examples  will  aflford  a  useful  exercise  : 

(1)  Log.  (d,  ?>,  c,  (£ )=  log.  a-\-  log.  b-\-  log.  c-\-  log.  d  ,,,* 

(ahc\ 
-^J  =  log.  a+  log.  6+  log.  c—  log.  </—  log.  e. 
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(3)  Log.  (a'"6"cP....)=m  log.  a-^n  log.  b-^-p  log.  c... 

(4)  Log.  I — — )  =wi  log.  a+H  log'  b — p,  log.  c. 

(5)  Log.  (a8— x«)=:log  (a+r)x(fl— x)=  log.  (a+x)+  log.  (a— x). 


1  1 


(6)  Log.  -/a'— ^=2  log-  («+^)+2  •'^g-  («— ^)- 

1  3  15, 

(7)  Log.  (a^ya^)=z  log.  a^+T  log.  a^^3  log.  a+T  log.  <»="T  log.  a. 


m  m 


(8)  Log.  V(a'-^r=T  log-  («-^)+ «  log-  (a'+ar+^) 

71  7» 


m 


=-|log.(a— r)4-  log.(a+x+2)+log.  (a+x-z)} 
where  2'=ar. 

(9)  Log.  -v/a^Ix^=-{log.  (a4-a:4-r)+  log.  (a+x— 2)|,  where  z«=2fli. 
<^°)  ^°g-  (a+7)'  =gi'''g-  («-*)-3  log.  («+x)}. 

TABLES  OF  LOGARITHMS. 

'^e  principal  French  tables  are  those  of  M.  Callet,  an  American  edition  of 
which  has  been  made  by  the  late  Mr.  Haslor.  The  first  of  these  tableSf 
marked  Chiliado  L, occupying  only  five  pages,  contains  the  series  of  numbers 
from  1  up  to  1200,  with  their  loi^arithms  expressed  to  eight  places  of  decimals, 
the  numbers  being  in  the  column  marked  N,  and  their  logarithms  in  the  cdlumn 
marked  Log.*  The  second  table,  which  is  of  far  greater  bulk,  exhibits  the 
logarithms  of  all  entire  numbers  from  1020  up  to  10800.  The  numbers  are  in 
the  column  entitled  N,  and  tlieir  logarithms  in  the  following  column,  markud  0. 
The  characteristics  of  the  logaritlims  are  not  written  in  the  tables,  since  they 
may  be  known  without,  being  always  one  less  than  the  number  of  digits  of 
which  the  number  to  which  the  logarithm  belongs  is  composed.  The  logarithms 
of  numbers  containing  one  figure  more  than  those  in  the  column  N,  are  found 
by  means  of  the  columns  marked  at  top  1,  2,  3,  ...  9.  Thus,  to  fin«l  the 
logarithm  of  2779G,  seek  in  tlie  column  N  the  number  2779;  run  along  the 
horizontal  line  which  contains  this  nmnbcr  to  the  column  marked  6 ;  you  find 
there  the  last  four  figures  of  the  logarithm  sought ;  the  first  three  figures  of  it 
are  found  in  tlie  column  marked  0,  to  the  left  of  the  period,  on  the  same 
horizontal  line,  or  a  little  above.  You  obtain  thus,  after  prefixing  tho  proper 
characteristic, 

log.  27796=4.4439823. 

It  will  be  seen,  by  inspecting  the  tables,  that  the  differences  of  the  consecu- 
tive logarithms  is  constantly  the  same  for  a  considerable  number  of  them,  and 
as  the  differences  of  the  consecutive  numbers  is  idso  constant,  it  follows  that 


*  This  tuble  also  cx)utaiu8  au  arrangement  for  reducing  miuntes  and  seooudB  to  secoodf 
without  the  trouble  of  multipl^-ing  by  GO.  Tims,  on  tho  fourth  page,  we  find  12^  in  tho  farat 
of  the  columns  marked  lug.,  nnd  against  20,  iu  the  first  column  marked  ",  wc  find  740; 
which  is  the  number  of  seconds  in  ry  20^'.  By  this  arrangement  we  find  readily  die 
logarithm  of  Uie  seoonds  in  any  given  number  of  minutes  and  seconds,  which  ic  often  ooa- 
venient  in  astronomical  calculations.  It  is  evident  tiiat  these  numbers  might  be  considered 
u  degrees  and  niinr.tcs,  or  hoorB  and  miuutcs,  as  well  aa  minutes  and  seaondf. 
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Cfae  differences  of  the  logarithms  are  proportional  to  the  differences  of  the 
amnbers.     Suppose,  then,  that  the  logarithm  of  14518469  were  required. 

From  the  tables  we  find,  as  before,  neglecting  for  the  present  the  charac- 
:eristic  (see  a  page  of  the  tables  of  Callet  at  the  end  of  this  volume), 

log.  14518=1619068. 

This  is  also  the  logarithm  of  14518000,  which  differs  from  the  logaritlim  of 
the  next  number  14519,  or  14519000,  viz.,  1619367  by  299,  while  the  num- 
bers themselves  differ  by  1000.     But  the  number  14518000  differs  from  the 
given  number  14518469  by  469,  the  last  tlu-ee  figures  not  yet  used ;  hence^ 
tlie  proportion 

Dir.  No*.  Dif.  I<nf^    DiC  N'Xl        Dif.  of  LagH. 

1000  :  299  : :  469  :  t=141, 

which  resnlt^  added  to  1619068,  gives  7.1619209  for  the  logarithm  required,  7 

being  the  proper  characteristic  for  the  logarithm  of  a  number  consisting  of 

eight  figures. 

299 
The  proportion  is  solved  by  multiplying  the  difference  469  by  ,  or  by 

2        9  9 

Tn'I'Tnin'^TTmn*  Now,  by  inspecting  the  last  column  of  the  page,  this  differ- 
ence, 299,  will  be  found  ready  calculated,  and  its  product  as  nearly  as  it  can  be 

12       3 
expressed  in  two  or  three  figures  by   — ,   — ♦   Tn»  ^c.,  or  .1,  .2,  .3,  &c.,  the 

multiplier  being  in  the  loft  hand  and  the  product  in  the  right  hand  of  the  two 
SDoall  columns  of  figures  under  the  difference,  299.  These  multipliers  may  be 
regarded  as  hundredths  or  thousandths,  only  giving  the  products  their  proper 
place.     With  this  explanation,  the  following  calculation  will  be  understood  : 

Log.  14518  1619068 

0.4       120 

0.06     18* 

0.009 3 

Log.  14518469 7.1619209 

215.  To  find  the  number  corresponding  to  a  given  logarithm,  say  1619209, 
look  in  the  column  marked  0  for  tho  noarest  less  logarithm,  and  take  the  cor- 
responding number,  which  is  1451.  Run  the  eye  along  the  horizontal  line  till 
the  number  most  nearly  approaching  9209,  forming  the  lost  four  figures  of  the 
given  logarithm,  is  found.  This  is  006t<,  which  is  found  in  column  8.  Sub- 
tract this  from  9209,  and  tho  differciicp  is  141.  Find  in  the  right  liand  of  the 
two  columns  of  small  figures  marked  dif.  et  p.,  or  simply  dif.,  at  the  top  of  the 
page,  the  nearest  less  number  than  141 ;  this  is  120,  which  answers  to  4  in 
the  left  hand.  The  difference  between  120  and  141  is  21.  Multiply  21  by 
10,  and  seek,  as  before,  in  the  small  column,  the  number  nearest  210 ;  this  is 
209,  which  answers  to  7.     The  calculation  is  below. 

Log.  x=1619209 

For  1619068. 14518 

First  remainder,  141 04 

Second  remainder,        21 007 

x=145184"7. 
The  numbers  4  and  7  thus  found  may  be  simply  annexed  to  14518. 

*  The  number  in  tho  table  is  ITJ ;  bur,  us  tlu^  0  iR  rejected,  the  7  ia  increued  by  1,  ainoe 
179  is  nearer  ISO  than  170. 
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If  the  cliRracteristic  of  the  logarithm  had  been 

6,  tlie  number  would  have  been  1451847; 
I  5,  the  number  would  hnve  been  145184.7 ; 

4,  the  number  would  have  been    14518.47 ; 
1,  the  number  would  have  been  14.51847  ; 

0,  the  number  would  have  been  1.451847  ; 

1,  the  number  would  have  been  .1451847 ; 

2,  the  number  would  have  been  .01451847. 

This  table  contains  in  the  first  tiiree  columns  an  arrangement  for  reducing 
any  number  of  degrees,  minutes,  and  seconds,  or  hours,  minutes,  und  seconds, 
to  seconds,  which  is  particularly  useful  in  astronomical  calculations,  where  the 
logarithm  of  the  number  of  seconds  in  a  given  number  of  degrees,  minutes,  and 
seconds  is  frequently  required. 

EXAMPLE  I. 

Reduce  0°  or  0^  24'  57''  to  seconds.  In  the  table  (see  last  page),  it  the 
head  of  the  first  column,  find  0°,  ,and  immediately  under  it  24';  descending 
this  column  to  55",  near  the  bottom,  and  opposite  57",  which  is  understood  to 
be  two  numbers  below,  is  found  1497,  the  number  of  seconds  required. 

If  the  degrees  or  hours  exceed  3,  the  proceeding  is  different. 

EXAMPLK  II. 

To  reduce  4°  or  4>*  2'  39"  to  seconds.  Find  4°  0'  at  the  head  of  the 
second  column,  and  below,  in  this  same  column,  2'  30",  to  which  corresponds, 
in  the  third  column,  1455.     Thus,  4°  2'  30"=  14550"  .-.  4°  2'  39"=14659". 

EXAMPLES  OF  THE  APPLICATION  OF  LOGARITHMS. 

(1)  To  find  the  value  to  within  0.01  of  the  expression 

_  7340  X  3549 
^~681.BX  593.1' 

By  the  properties  of  logarithms, 

log.  x=z  log.  7340+  log.  3549—  log.  681.8—  log.  593.1. 

The  following  is  the  calculation : 


log.  7340  =  3.8G56061 

log.  3549=3.5501000 

sum  =7.4158021 


log.  681.8=2.8336570 

log.  593.1=2.7731279 

sum  =5.6067849 


First  sum,  =7.4158021 
Second  sum,  =5.6067849 
Diff.  or  log.  3:=  1.8090172 

216.  The  ariOimedcal  complement  of  a  logarithm  is  what  remains  after  the 
logarithm  is  subtracted  from  10.  Thus,  the  arithmetical  complement  of  the 
logarithm  2.7190826  is  10—2.7190826=7.2809174,  which  is  obtained  by  be- 
;;inning  on  the  right  and  subtracting  each  figure  (cnnying  1  to  all  except  the 
tirst)  from  10,  or  beginning  on  the  left  and  subtracting  each  figure  of  the 
logarithm  from  9,  except  the  last,  which  is  subtracted  from  10. 

217.  The  operation  of  subtraction  of  logarithms  can  bo  replaced  by  addition, 
if  we  use  the  arithmetic  complement ;  for  if,  to  a  given  logarithm,  log.  a,  we 
add  the  arithmetical  complement  of  another  logarithm,  such  as  10 —  log.  h 
we  have 
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log.  a  4- 10 — log.  6, 
from  which,  rejectiDg  10,  the  result  is 

log.  a — log.  6, 

the  same  as  would  be  obtained  by  simply  subtracting  tlie  second  logarithm 
from  the  first. 

We  have  then  the  following  rule  for  operating  with  arithmetical  comple- 
ments :  Add  the  arithmetical  complenunts  of  the  Uigarithma  of  the  divisors  and 
the  logarithms  of  the  multipliers  of  a  formnla  together^  rejecting  10  from  the 
sum  for  every  aritJimetical  complement  e/Aployed. 

The  above  example  would  ho  wrought  by  this  rule  as  follows :  ' 

log.  7340=3.8G5(;9C1 

log.  3549=3.5501060 

ar.  comp.  log.  681.8=7.1063430 

ar.  comp.  log.  593.1  =7.t>i>G87'Jl 

sum  rejecting  20  =  1.809017'2=log.x,  .•.t=64.42. 

We  thus  obtain  the  same  result  ns  by  the  other  method.  The  number  cor- 
responding need  be  taken  from  the  tables  only  to  four  figures,  because,  the 
characteristic  being  1,  the  entire  part  of  the  number  ^vill  contain  but  two 
places,  which  will  leave  two  places  for  the  decimal  part,  as  required,  since  the 
value  of  X  was  to  be  obtained  to  within  0.01. 

(2)  To  find  the  value  within  0.00001  of  the  quotient 

x= —         . 


(V988789)'' 
By  the  rules, 

log.  x=  5  log.  146208— f  log.  988789, 
and  the  calculation  will  bu  as  follows  : 


5  log.  14629S. 

log.  14629       0.1652146 

for   0^ 238 

log.   146298 5.1652384 

product  by  4 20.6609536 

quotient  by  6 4.1321907 


I  log.  988789. 

log.  98878       0.9950997 

for    0^ 40 

log.  988789 5.9951037 

product  by  5 29.9755185 

quotient  by  6 4.9959197 


^  log.  146298=4.1321907 
ar.  comp.  I  log.  988789=5.0040803 

sum  —10,  or  log.  r=l. 1302710 
.•.2r=0.13686. 

/l3 
(3)  Required  ^-kI^  by  means  of  logarithms. 

13  log.  f. 1139434 
27  log.  1.4313638 

11)1.6825796 

=  .9357149  log.  1.9711436 
27  " 

The  division  by  1 1  is  performed  by  adding  —  1 0  to  the  negative  part  of  the 
logarithm  and  4- 10  to  the  positive. 

The  logarithm  to  be  divided  is  viewed  as  if  written  thus : 

—11  +  10.6825796. 
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EXERCISES  IN  LOGARITHMS. 

(4)  Calculate  the  logarithm  of  8  from  the  table  on  page  259. 

(5)  Also  of  7,  70,  700,  7000,  70000. 

(6)  Also  of  35C,  35600,  3560000. 

(7)  From  the  tables  find  the  logarithms  of  314,  3.721,  41.2. 

(8)  Also  of  7315,  8416,  91.75,  34760,  1708000. 

(9)  Find  the  numbers  the  logarithms  of  which  are  0.13130,  4.56502. 

(10)  Also  those  the  logarithms  of  which  are  3.6520528,  7.4891144. 

(11)  Those  the  logarithms  of  which  are  4.49010,  0.66200,  5.72403. 

^12)  Find  by  proportional  parts  the  logarithms  of  314761,  440736,  37u2o400, 
2111768. 

(13)  Also  of  22.3345,  137.2014,  46.27835. 

(14)  Of  .75,  .341,  .7391,  .0347,  .000536,  .0000083. 

5   3   ^   £  ^ 

(15)  Ot^,  Q,  iri3'40* 

(16)  Find  tho  logarithm  of  the  product  of  9.734  and  5.639. 

(17)  Also  of  35.98  X  7.433  X  6.543  X  29.78. 

(18)  Also  of  22.74X31.201X0.0067X0.9298. 

(19)  Divide  3756000  by  4986  by  means  of  logaritlims. 

(20)  Also  16.87:0.07658  and  1.687:7658. 

(21)  Also  14.307:30415,  761.23:0.01871,  3.16:0.942. 

7      l'^5     31       734        1 

(22)  Find  the  lognritlun  of-,-,  j^.  jj^,  ^.  --. 

(23)  Find  the  power  (5486)*  by  means  of  lognrithms. 

(24)  Also  the  powers  (37.49)^  (106.4)*,  (0.032)^  (7.0034)*. 

/ly-    /3\*    /1\*    /3\*    /127\'3 

(25)  Also  [^    ,  ^j  ,  y  ,  {-)  ,  [—)   . 

(26)  Also  (3+^)^  (4-J)^  (7+^^)\  (lOO-jl^)l 

(27)  Find  the  cubo  root  by  lognrithms  of  1728000. 

(28)  Also  V34-782,   723990,  V628.73. 

il337       i!)466       il20;m0     ., 

(29)  Also  r^— .  ';J^^,  !^/-^^,  V0.15C3,  ^0.0062. 

(30)  Also  =y736rt,  ^'V  45.390000,  VBOO.9. 

(31)  Also  V(1347)«,  V(70.44)'i,  •^(B.r>64)'9. 

J/1722\'^       J/0.006\-'^       i/72.93\7 
(3'-')  Abo  »^(|^)  ,  \l{^   .  \^l[j^J  . 

(33)  Find  by  monns  of  logarithms,  using  tho  nrithmoticul  complement,  the 

27630  X  2678  X  542R 
value  of  3^7j:^-^o  ^  7013-  , 

207.3  X  50.66  X  38.09  X  2713  X  0.098 

(34 )  Also  of     34^^  ^Yyf,^  X  0.4X6984X7034.2    * 

0.8576-2x0.00853 


(35)  Also  of  ^-^ 


8913X86.24 


GAUSS  LOGARITHMS. 


218.  The  common  lognrithms,  or  logarithms  of  Briggs,  are  applicable  only  to 
the  operations  of  multiplication,  division,  formation  of  powers,  or  extraction  of 
roots,  and  do  not  apply  when  the  required  operation  is  that  of  addition  or  sab- 


p+q=jp\- 
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traction,  iDdicated  in  formulas  by  the  quantities  to  be  operated  upon  being  con- 
nected by  the  signs  -|-  and  — . 

A  system  of  logarithms  has,  however,  been  invented  by  Gauss,*  designed 
exclusively  for  sums  and  differences.  The  arrangement  of  these  tables,  which 
contain  three  columns,  marked  A,  B,  C,  is  founded  upon  the  following  simple 
considerations. 

We  have  for  tlio  form  of  a  sum  jp+7,  and  of  a  difference  p — q,  the  follow- 
ing identities : 

-""-f') (■) 

...  log.  (p+q)=  log. p+  log.  (^)  (3) 

and  log.  {p—q)=  log.^p—  log.  (^£t) 

The  logarithms  of  the  sum  p-\-q  and  the  difference  p — q  appear,  therefore, 
in  these  formulas,  equal  to  the  sum  or  difference  of  two  logarithms,  the  first 
of  which  is  to  be  considered  as  directly  given,  but  the  second  of  which  must 
be  found  by  the  Gauss  tables.     They  contain, 

T.  In  the  column  A  logarithms  of  numbers  of  the  form  f-j,  increasing  from 
0.000  to  5.000. 

II.  In  column  B  logarithms  of  numbers  of  the  form  ( j,  decreasing 

from  0.30103  to  0.00000. 

p-^-q 

III.  In  column  C  logarithms  of  numbers  of  the  fonn ,  increasing  from 

0.30103  t«  5.00000. 

Now,  therefore,  inasmuch  as  log.  (-)=  log.  p —  log.  q,  by  the  tables  of 

comnum  logarithms,  the  first  thing  to  bo  done  is  to  take  the  difference  of  the 
common  logarithms  of  p  and  7,  enter  with  this  column  A  in  the  Gauss  loga- 
rithms, and  take  out  the  corresponding  number  from  column  B.  The  addition 
of  (his  number  to  logarithm  jf  will  give,  according  to  (3),  the  logarithm  sought 

ofp+q- 

In  order  to  find  the  logarithm  of  the  difference  p — q,  by  means  of  the  loga- 
rithms ofp  and  ^,  two  cases  must  be  considered : 

p 
1^.  Where  -<2  .-.  log.  ^—  log.  7<0.30103,  it  is  only  necessary  to  enter 

with  this  difference  column  B,  und  to  subtract  tlie  adjoining  logarithm  of 
column  C  from  logarithm  p.     For,  corresponding  to  the  logarithms  of  numbers 

ftf  the  fonn  (  —  J  in  B,  C  contains  the  logarithms  of  those  of  the  form  ( j. 

P 
2°.  If  —  >2  .'.  log.  j; —  log.  ^>0. 3010.3,  and,  therefore,   is  contained    in 

the  column  C ;  subtract  the  corresponding  logarithm  in  column  B  from  loga- 


Tbey  are  foond  in  the  latest  cditiou  of  the  tables  of  Vega,  and  those  edited  by  Kuhler. 
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rithin  p  :  because,  if  the  numbers  in  C  are  considered  =:— ,  the  correspoDding 

P 
numbers  in  B  are  = 


p--q 

The  existence  of  the  foregoing  relations  between  B  and  C  is  easily  per- 
ceived if  we  substitute  in  II.  and  III.  the  value  p — q  for  p,  and  afterward  q 
forp — q, 

EXAMPLES. 

(1)  Let  log.  ;7=3.24502  and  log.  ^=2.74194,  to  find  log.  {p+q)-  We 
enter  column  A  with  the  log.  ]> —  log.  ^=0.50308,  and  the  corresponding  log. 
in  column  B=0. 11861,  .•. 

log.  j>+B=:3.245024-0.11861=3.36363=  log.  2310. 

(2)  From  log.  ^7=3.32675  and  log.  7=2.09482,  to  determine  log.  {p—q). 
Find  by  means  of  proportional  parts  for  the  value  of  log.  p —  log.  q  in  colunm 
B  the  corresponding  log.  in  0=0.38325;  consequently, 

log.  j)— 0=3.32675— 0.38325=2.94350=  log.  878. 

(3)  From  log.  p=2.64207  and  log.  ^=1.87640  the  log.  of  {p—q)  ia  found 
by  subtracting  from  the  nearest  value  of  log.  p —  log.  7= 0.76567,  in  colamn 
C,  the  corresponding  log.  from  B =0.08171.     Thus, 

log.  ;i—B=2.64207— 0.08171=2.56036=  log.  363.4. 
The  Gauss  logarithms  would  bo  applicable  in  the  solution  of  the  exponentialff 
on  page  269. 

(4)  Find  by  the  Gauss  logarithms  the  log.  of  ^200+  VlOO. 

(5)  Also  the  log.  of  [(0.7345)"*+ (0.2349)']. 

(6)  Also  the  log.  of  the  diflcrence  ( V36—  V27). 

(7)  Also  of  |(1.237)»*— (0.9864)i»}. 

219.  Let  us  resume  the  equation 

N=a«. 

1°.  If  rt]>l,  making  r=0,  we  have  N=l  ;  the  hypothesis  jr=l  gives 
N=a.  As  X  increases  from  0  up  to  1,  and  from  1  up  to  infinity,  N  will  in- 
crease from  1  up  to  a,  and  from  a  up  to  infinity  ;  so  that  x  being  supposed  to 
pass  through  nil  intermediate  values,  according  to  the  law  of  continuity,  N  in- 
creases also,  but  witli  much  greater  rapidity.     If  we  attribute  negative  values 

to  X,  we  have  N=a~%  or  N=— .     Here,  as  .r  increases,  N  diminishes,  so 

a* 

that  X  being  supposed  to  increase  negatively,  N  will  decrease  from  1  toward 

0,  the  hypothesis  x=oc  gives  N=0  ;  i.  c,  the  logarithm  of  zero  is  an  infiniU 

negative  quantity, 

2°.  If  </<!»  put  «:=Ti  whore  6]>1,  and  we  shall  then  have  N=r7»  or 

N=6^,  according  as  we  attribute  positive  or  negative  values  to  x.  We  here 
arrive  at  the  same  conclusion  as  in  the  former  case,  with  this  difference,  that 
when  T  is  positive  N<1,  and  when  x  is  negative  N]>1. 

3°.  If  fl  =  l,  then  N=l,  whatever  may  be  the  value  of  a*. 

From  this  it  appears  that, 

I.  In  every  system  of  logarithms  the  logarithm  of  I  is  0,  and  the  logarithm 
of  the  hast  is  1. 
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II.  If  the  hose  be  ^l,  the  logarithms  of  numbers  >1  are  positive,  and  Oir. 
logaritJims  of  numbers  ^l  are  negative.  The  contrary  takes  place  if  the  base 
he  <1. 

III.  The  base  being  fired,  any  number  has  only  one  real  logarithm ;  but  the 
same  number  has  manifestly  a  different  logarithm  for  each  value  of  the  base,  so 
that  every  number  has  an  infinite  number  of  real  logariOims.  Thus,  since 
d'ssBl  and  3'*=81,  2  and  4  aro  the  logarithms  of  the  same  number  81,  accord- 
ing as  the  base  is  9  or  3. 

IV.  Negative  numbers  have  no  real  logarithms ;  for,  attributing  to  x  all 
values  from  — co  up  to  •\- fx) ,  we  find  that  the  corresponding  values  of  N  are 
positive  numbers  only,  from  0  ujy  to  -^-cd  , 

230.  In  order  to  solve  the  equation 

where  c  and  a  aro  given,  and  where  x  is  unknown,  we  equate  the  logarithms 
of  the  two  members,  which  gives  us 

log.  c=ix  log.  a. 
Whence 

log.  a 
To  determine  the  value  of  x  in  the  equation 

Aa*+Ba*-*+Ca«+ =P, 

we  have 

B        C 

«^(^+^  +5-C       + )=^' 

or 

Qa«  =P, 

substituting  Q  for  the  term  in  the  parenthesis. 

log.  P-  log.  Q 
log.  a 

If  we  have  an  equation  a*=&,  where  z  depends  upon  an  unknown  quantity, 
X,  and  we  have 

2=Aa:"4-Ba*-»+ 

log.  b 
Since  z=  r-" — =K  some  known  number,  the  problem  depends  upon  the  solu- 
tion of  the  equation  of  the  n^'  degree 

K=Aa-4.Br»-i+ 

For  example,  let 

Hence 

/2\  9 

(:r^«6r+4)log.  (-j=log.j 

.•.!«— 6x4-4  =r— 2;* 

an  equation  of  the  second  degree,  from  which  we  find  x=2,  a.'=3. 

-  —  — «. 

/3\3     9  3  9 

*  Thifl  remit  may  be  readily  leen  by  observing  that  yzl  =-  .*.  2  log.  -=  log.  -,  and  Icy^ 
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To  find  the  value  of  x  from  the  equation 


• 

n — 


1  aking  the  logarithms  of  each  member, 

V "i/  ^*^S-  &=wix  log.  c4-(x— p)  log./, 

or 

(m  log.  <r+  log./)^:^— (n  Jog.  64.;?  log./)r+a  log.  6=0, 

a  quadratic  equation,  from  which  the  value  of  7  may  be  determined. 
In  like  manner,  from  the  equation 

we  find 

Idg.  a —  log.  h 
m  log.  c — n  log.  6* 

Equations  of  this  nature  are  called  Exponential  Equations, 
To  resolve  the  exponential  equation 

/117y      8493 
\337/   ~  73  ' 
By  the  rule, 

r(log.  117—  log.  337)=  log.  8493—  log.  73 
log.  8493—  log.  73  _ 
•'*  ^~  ""log.  337—  log.  117 ~ 
Calcidation, 


8493  log.  3.9290611 
73  log.  1.86332-29 


337  log.  2.5276299 
117  log.  2.0681859 


diff.  2.0657382 log.  0.3150752 

difT.  .0.4594440  tog.  1.6622326 

x=—  4.49610  log.=difr.  0.6528426 

This  example  admits  the  use  of  the  Gnuss  logarithms. 

Let  10'  =  — 100  .-.  X  log.  10=  log.  (  —  100) ;  log.  (—100)  here  must  be  re- 
garded, like  an  imaginaiy  quantity,  as  a  symbol  of  absurdity.  It  is  evident  that 
there  is  no  power  of  10  equal  to  — 100. 

221.  Let  N  and  N4-I  l>e  two  consecutive  numbers,  the  difference  of  their 
logarithms,  taken  in  any  system,  will  be 

log.  (N+1)-  log.  N=  log.  (^)=  log.  (x+J). 

a  quantity  which  approaches  to  the  logarithm  of  1,  or  zero,  in  proportion  ts 

^  decreases,  that  is,  as  N  increases.     Hence  it  appears  that 

The  difference  of  the  logarithms  of  two  consecutive  numbers  is  less  in  propcf' 
tion  as  the  numbers  themselves  are  greater. 
Let  a"=N  and  6>=N  ;  then  we  have 

x=  log.  N  to  the  base  «,  or  x=  log.  «N* 
?/=  log.  N  to  the  base  K  or  y=  log.  bN. 
Hence  log.  .N=  log.  „fc''=.y  log.  J)  (Art.  214,  HI.) ; 

.-.  xz=y  log.  J), 


*  UnderstaiMling  by  tho  notatiou  loi;.  aN  the  logarithm  of  N  in  tlic  system  whose  bsse 
iso. 
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and 

3'=tor:6-^' <^) 

and  by  means  of  this  equation  we  can  pass  from  one  system  of  logs,  to  another, 
by  multiplying  t,  tlie  log.  of  any  number  in  the  system  whose  base  is  a,  by  the 
reciprocal  of  log.  b  in  the  same  system ;  and  thus  we  shall  obtain  the  log.  of 
the  same  number  in  the  system  whose  base  is  h. 

The  factor  ; 7  is  constant  for  alt  numbers,  and  is  called  the  Modulus , 

log..  6 

tliat  is  to  say,  if  we  divide  the  logs,  of  tlie  same  number  c,  taken  in  two  sys- 
tems, the  quotient  will  be  invariable  for  these  systems,  whatever  may  be  the 
value  of  r,  and  will  be  the  modulus,  the  constant  multiplier  which  reduces  the 
first  system  of  logs,  to  the  second.* 

If  we  And  it  inconvenient  to  make  use  of  a  log.  calculated  to  tlie  base  10,  we 
can  in  this  manner,  by  aid  of  a  set  of  tables  calculated  to  the  base  10,  discover 
the  logarithm  of  the  given  number  in  any  required  system. 

For  example,  let  it  be  required,  by  aid  of  Briggs*s  tables,  to  find  the  k)g.  of 


5 


~  in  a  system  whose  base  is  -. 


Let  X  be  the  log.  sought,  tlien  by  (A) 

X= r 


I0K.7 

log.  2—  log.  3 

log.  5 —  log.  7' 

Taking  these  logs,  in  Briggs^s  system,  and  reducing,  we  find 

-~0.17G09125 

^""--0.14(>12804 

2  5 

=  1.2050476=  log.  -z  to  base  -. 

2  3 

Similarly,  the  log.  of-,  in  the  system  whose  base  is  5,  is 

log.  2—  log.  3 
^=log,  3— log.  2^""^' 

which  is  manifestly  the  true  result;   for  in  this  cose  the  general  equation 

2      /3\«      /2\-* 
N=a*  becomes  -=(-1  =l«J     1  and  x  is  evidently  =  —  1. 

In  a  system  whose  base  is  a,  wo  have 

log.  n 

for,  by  the  definition  of  a  logarithm  in  the  equation  n=sa*^  x  is  the  log.  n. 
In  like  manner, 

,         log.  («'')       h  log.  n 


•  The  term  Mfdnlun,  of  a  flystcra  of  logarithms,  is  crt'iu'mlly  umlerstoojl  to  be  tlio  num- 
ber by  whii'h  it  in  nocossar)-  ti>  lunltiply  Napierian  lo^Brithins  of  numbers,  in  onlor  to  ob- 
tain the  loL'arithnis  of  the  system  in  «iue8tion.  The  peculiar  character  of  Napierian  loga- 
xidima  will  bo  presently  explained. 
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EXAMPLES   FOR  EXERCISE. 

(1)  Given  2"+2»=12  to  find  tho  value  of  x. 

(2)  Given  x-^-y^a^  and  /«^*-y^=r»  to  find  x  nnd  y. 

(3)  Given  w*n*=a,  and  hx=zky  to  find  x  and  y. 

ANSWERS. 

(1)  j-=l-584962,  or  i=:log.  (— 4)-i-log.  2. 

(2)  x=l\a-\-  log.  n-^  log.  m}  and  2/=ai^ —  log'W-r-  log.  m|. 

(3)  xzs  log.  a-r(log.  m4-  log.  n)  and  y=T  log.  a-r-{log.  m+  log.  n). 

THE  EXPONENTIAL  THEOREM. 

222.  It  is  required  to  expand  a*  zw  a  scries  ascending  by  Oie  povoerg  of  x. 

Since  a = 1  -}-  a — 1,  therefore  a*=|l  +  (a — 1)}*;  a^id  by  the  bioomial  theorem 
we  have 

=  l+{(a-l)-i(a-.l)«+J((Z-l)»-i(«-lV+---}*+Bx* 

+  Ca:»... 

where  B»  C . . . .  denote  the  coefficients  of  a:'^,  x^ ;  and  if  we  put 

A=(a-l)-l(a-l)^+J(a-l)^+l(«-ir+ 

Thena»  =  l  +  Ax+Bj-3+Cr»+Dx*+Ex*4- 

For  r  write  x-^-h;  then  we  have 

=1+Ar+  Ba:^+  Cr»  +  Dr»  + 

+  A;t  +2Ba:A  +  3Cj:=^+4Dr»/i  + 

+   B/i«+3Cr/ia+6Dj:«/i«  + 

+  C/i^  +4DT/i3  + 

+  1^^*        + 
Buta«+»>=a«Xa*=(l+Aj+Bx2+C.T3H )(l  +  AA+B/i-+C/t=»+.. 

=1  +Ax4.B2-^  +C2-3      +Di:*      ^ 

+A/t+A-a7i4-AB.r-/i  +  ACr»;i-i 

+  C/i3      4-ACT/t=»H 

Now  those  two  expansions  must  be  identical ;  and  wo  must,  therefore,  have 
the  coefficients  of  like  powers  of  x  and  h  equal ;  hence 

2B=A2        ••.  B=— 

AB      A» 
3C=:AB  C=-T-  = 


.  •  • .  • 


4D=AC  P 


3        2-3 
AC       A* 


4        2-3-4 
&c.     &c.  &c.  &c. 

h}x'     A?jc^       A*jr* 
rience  '''=^+^^+T2"+T¥3+r2¥4+ " 

which  is  the  exponential  theorem  ;  where 

A=(<i-l)-i(a-l)'+I(a-l)'-i(«-l)*+ 
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Let  e  be  the  Talne  of  a,  which  renders  A=:l,  then 

(e-.l)-l(e-.l)«+J(e-l)»-i(e-l)*+...=l 

Now,  since  this  equation  is  true  for  every  value  of  :r,  let  x=:l ;  then 

=l  +  l+i(l)+j(l!o)+i(l|3)+ 

=2*718281828459 

223.   We  add  anotiier  method  of  calcidating  the  logarithm  of  any  given 
number. 

Let  N  be  any  given  number  whose  logarithm  is  x,  in  a  system  whose  base 
is  a ;  then 

a»=N  and  a"=N«. 

Hence,  by  the  exponential  theorem,  we  have  from  the  last  equation 

3f^Z*  Z* 

1+Ax2+A«^+...=1+A»2+A»«— +....; 

and  equating  tiie  coefficients  of  z,  we  get  Ar=Ai ;  hence 

A,     (N-l)-j(N-l)'+^(N-l)»-.... 

''-A-(a-l)-i(a-l)«+J(a-l)» ' 

because  A  =(a  — 1) — l(a  — 1)^+}(«  —1)'—...  in  the  expansion  of  a" 
and         A,=(N— 1)— |(N-.1)»4-}(N— 1)' in  the  expansion  of  W • 

224.   To  find  the  logarithm  of  a  number  in  a  converging  series. 
We  have  seen  that  if  a'=N,  then 

(N-l)-i(N-l)'+}(N-l)'-j(N-l)«+... 
'-(a  -l)-i(a  -iy+i(a  -l)'-i{a  -1)«+... 

Now  the  reciprocal  of  the  denominator  is  the  modulus  of  the  system  ;*aadf 
representing  the  modulus  by  M,  we  have 

ar=  log.  N=MHN-l)-|(N-l)«+l(N_l)»_J(N-l)«+...j 
Put  N=14-'*  f  tben  N — l=n,  and  we  have 

log.  (l+n)=M(+n-in«+Jn»-}n*+Jn» )  .  .  .[A] 

Smiilarly,  log.  (1— n)=M(— n— i/i"^— in^— Jn*— Jn«4-...) 

.-.  log.  (l+'i)-  log.  (l-n)=2M(n+Jn»+in«+»n^+...) 


*  I(  in  the  expreuion  for  a'  dedaced  in  (Art.  222),  we  make  sc=j,  we  obtain 
which  if  the  valae  f>f  e,  given  at  the  end  of  the  lame  art : 


1 


.    l_log.  e_ 


.'.  aA=e .'.  a=t^  .'.  A  bg.  c=  log.  o  .*.  -  =  . — '—=  • , 

A      log.  a      log.  a 

if  e  be  the  baae  of  the  ■VBtem  of  logariUunB  cxpresaed  by  log.    Therefore  — =  , ia, 

A      Jog.  a 

qr  a  provioos  definiticm  (Art.  221)»  the  modolna  for  passing  finom  the  system  whose  base  is 
to  tiiat  whose  base  is  a.    If  log.  a  refers  to  the  baae  a,  -  becomes  equal  to  log.  e. 

S 
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1  2P  +  2  2P  ^  1  +  fi     P  +  i 

Put  n=^jp^;  Uien  l+n=^^p-p,  ^-^=^p:^rv  ^"^  m^i^^P"' 

consequently, 

tog.  (P  +  l)-  teg.  P=2M  \  2irp[+3(2F+l)-»+5(2P+l)»+  •••  S 

...teg.  (P  +  l)=  teg.  P+2M  j^+3(2p^l),+5(.,p'+l).+  -S 

Hence,  if  log.  P  be  known,  the  log.  of  the  next  greater  number  can  be  found 
by  this  rapidly  converging  series. 

By  substituting  the  series  of  natunil  numbers  for  N  in  this  formula,  the  cor- 
res|)onding  values  of  x  will  be  their  logarithms. 

224.  To  find  the  Napierian  logarithms  of  numbers. 
In  the  preceding  series,  which  we  have  deduced  for  log.  (P-j-l)*  we  find  a 
number  M,  called  the  modulus  of  the  system  ;  and  we  must  assign  some  value 
to  this  number  before  we  can  compute  the  value  of  the  series.  Now,  as  the 
value  of  M  is  arbitrary,  we  may  follow  the  steps  of  the  celebrated  Lord 
Napier,  the  inventor  of  logarithms,  and  assign  to  M  the  simplest  possible 
value.     This  value  will  therefore  be  unity,  and  we  have 

teg.  (P+i)=teg.  P+2  \  oiq:i+3C2pVi)'+5(2FqnT»+  -  S 

Expounding  P  successively  by  1,  2,  3,  4,  &c.,  we  find 

teg.  3=  tog.  2+2(g+5^.+T^,+^,+  ...)=l-0986123 

teg.  4=2  teg.  2 =1-3862944 

teg.  5=  teg.  4+2(i+^,+  3^,+^+  ...)  =1-6094379 

teg.  6=  teg.  2+  teg.  3 =1.7917595 

log.  7=  teg.  6+2(3^+.^+^,+ )=1-9459101 

log.    8=  log.  2+  log.  4,  or  3  log.  2 =2-0794415 

log.    9=2  log.  3 =:2-1972246 

log.  10=  log.  2+  log.  5 =2-302.5851 

In  this  manner  the  Napierian  loganthms  of  all  numbers  may  bo  computed. 

225.   To  find  the  common  logarithms  of  numhers. 
The  bose  of  the  Napierian  syst(MT)  is  *r=2*718281828...,  and  the  base  of  the 
connnon  system  is  6  =  10,  the  base  of  our  common  system  of  arithmetic ;  then 
we  have  6  =  10,  and  rt  =  t=  2-7 1826 1828 . . .,  and  consequently,  if  N  denote  any 
number,  we  shall  have 

log.  ioN=  j^— fQ  •  log-  cN  ;  that  is, 
com.  log.  N=— r;-r73TTX  Nap.  log.  N  =  -43429448X  Nap.  log.  N;* 

*  To  find  the  value  of  the  Napierian  base,  obsor>'e  tliat,  since  com.  loif.  N='43439448X 
Nap.  log.  N.,  if  we  make  in  this  expression  Nnrc,  tlie  Napierian  base,  wo  have 

coin-  log.  £=4342.9448. 
From  a  table  of  common  logs.,  therefore,  wc  find  the  nmnber  cotTesponding  to  die  logt* 


LOGARITHMS.  275 

and  thfl  modulus  of  the  common  systttm  is,  thereforef 

M=,,,^,  ,-^,,='43429448  .-.  2M=-8C858896 
Hence,  to  construct  a  table  of  common  logarithms,  we  have 
log.  (P+l)=  log.  P+-86858896  \  ^^+^-+^^^±-^^+  ...  \ 

Expounding  P  successively  by  1,  2,  3,  &c.,  we  get 

log.    2=-86858896Q+i+^,+  ...) 

=•86868896  X -6931472 =  -3010300 

log.    3=  log.  2+-86858896(g+— +-H J    .  .  =  -4771213 

log.    4=2  log.  2 =  -6020600 

log.    5=  log.  y=  log.  10—  log.  2=1—  log.  2    .  .  =   -6989700 
log.    6=  log.  2+  log  3 =  -7781513 

log.    7=log.  6+-86858896(-+3:i^+^,+  ...)=   -84509^0 

log.    8=  log.  2^=3  log.  2 =  -9030900 

log.    9=  log.  3«=2  log.  3 =   •96424'J6 

log.  10= =1-0000000 

dec.  dec. 

14-n 
226.  Since  log.  73^=2M(n+  Jn=»+  \n^+  ijn'H ) 

let  r-^ — =P  ;  tlien  14-n=P(l— w),  or  nz=j^-r-: 
1  —  n  '  ^  '  P  +  J^ 

..log.P=2M^p-pj  +  3.(p^J+g.^jrpJ+...^ 

and  thus  we  have  a  series  for  computing  the  logs,  of  all  numbers,  without 
knowing  the  log.  of  the  previous  number. 

KXAMPLKS. 

(1)  Given  the  log.  of  2=0-3010300,  to  find  llie  logs,  of  25  and  -0125. 

100     10« 
Here  25=—=—;  therefore  log.  25=2  log.  10—2  log.  2=1-3979406. 

125        1  1 

Again,  .0125=^^5^^=-=--^ 

.-.  log.  -0125=  log.  1—  log.  10  —  3  log.  2=  — 1  — 3  log.  2=2-0909100 

(2)  Calculate  the  common  logarithm  of  17. 

Ans.  1.2304489. 

(3)  Given  the  logs,  of  2  and  3  to  find  the  logarithm  of  22*5. 

Ans.  1  +  2  log.  3—2  lo^.  •:>. 

(4)  Having  given  the  logs,  of  3  and  -21,  to  find  the  logarithm  of  83349. 

Ans.  6+2  log.  3+3  log.  -Ol. 

rithm  -43409448,  which  in  S-718S81^,  tlic  Nopierian  haso.  This  alao  funiishcM  us  with  an- 
other (lefuiition  of  tlic  intMhiliifl  of  the  coiumou  (ur  any  other)  system  of  logahtlurm  ;  il  Ik  the 
common  (or,  &c.)  logarithm  of  the  Napierian  base.  See  furtlier  note  at  the  end  of  Procrcs- 
■ious. 
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PROGRESSIONS. 


ABITHMETICAL  PROGRESSION. 

227.  When  a  series  of  qunntities  coDtinually  increase  or  decrease  by  the 
addition  or  subtraction  of  the  same  quantity,  the  quantities  are  said  to  be  in 
Arithmetical  Progression.  A  more  appropriate  name  is  Progresnon  hy  Dif- 
ferences, 

Thus  the  numbers  1,  3,  5,  7, which  differ  from  each  other  by  the  ad- 
dition of  2  to  each  successive  term,  form  what  is  called  an  increasing  {trith- 
metical  progression,  or  progression  by  differ ences,  and  the  numbers  100,  97, 

94,  91, which  differ  from  each  other  by  the.  subtraction  of  3  fh>m  each 

successive  term,  form  what  is  called  a  decreasing  progression  by  differences. 

Generally,  if  a  be  the  first  term  of  an  arithmetical  progression,  and  6  the 
common  difference,  the  successive  terms  of  the  series  will  be 

a»  azt^^i  ai2(5,  ait3cJ, 

in  which  the  positive  or  negative  sign  will  be  employed,  according  as  die  series 
is  an  increasing  or  decreasing  progression. 

Since  the  coefliciout  of  6  in  tho  second  term  is  1,  in  the  third  term  2,  in  the 
fourth  term  3,  and  so  on,  in  the  n^  term  it  will  be  n — 1,  and  the  n*^  temi  of 
the  series  will  be  of  the  form 

a±(n-l)(5 (1) 

In  what  follows  we  shall  consider  the  progression  as  an  increasing  one,  since 
all  the  results  which  we  obtain  can  be  immediately  applied  to  a  decreasing 
series  by  changing  the  sign  of  d, 

228.  Th  find  the  sum  ofn  terms  of  a  series  in  arithmetical  progression. 

Let  a=  first  term. 
l=z  last  term. 
(5=  common  difference. 
n=  number  of  terms. 
S  =  sum  of  the  series. 
Then  S=a+(a+cJ)+(a+2d)+ +i. 

Write  the  same  series  in  a  reverse  order,  and  we  have 
S=         I  4.(Z—rf)  4.(^—0^5)^ ^a 

Adding,  2S=(a+Z)+(a4-Z)4.(a4-i)  + +  (a+0 

=n(a4-0>  »inco  the  series  consists  ofn  terms. 

.-.  S= — 2 — (2) 

Or,  since  Z=a+(n— l)d  (Art.  227), 

2na+>i(n--l)d 
^=  T,  W} 

Hence,  if  any  three  of  the  five  quantities  a,  U  ^1  ^i*  S  be  given,  the  remain- 
mg  two  may  he  found  by  eliminating  between  equations  (1)  and  (2). 

It  is  manifest  from  the  above  process  that 

The  sum  of  any  two  term^  which  are  equally  distant  from  the  extreme  terms 
IS  equal  to  the  sum  of  the  extreme  terms,  and  if  the  number  of  terms  in  the  series 
be  uneven,  the  middle  term  unll  be  equal  to  one  half  the  sum  of  the  extreme  terms^ 
or  of  any  two  terms  equally  distant  from  tfie  extreme  terms. 
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EXAMPLE  I. 

Required  the  snm  of  60  terms  of  an  arithmetical  seriea,  whose  first  term  is 
5  and  common  difference  10. 

Here  a=5,  <)3s=10,  n  =60 

.'.   2=:a+(n— l)()=:5+59xl0s595 
(5+595)  X  60 


.-.  S  = 


2 
£=600X30=18000=  sum  required. 

EXAMPLE  II. 

A  body  descends  in  vacuo  through  a  space  of  16^  feet  during  the  first 
second  of  its  fall,  but  in  each  succeeding  second  32^  feet  more  than  in  the  one 
immediately  preceding.  If  a  body  full  during  the  space  of  20  seconds,  how 
many  feet  will  it  fall  in  the  last  second,  and  how  many  in  the  whole  time  T 

193         386 
Here  ^^'W  ^^IjT*  ^^"^^ 

193  386 

•••  ^-1.^+19  X-J2- 

7527 
=^2"  =627}  feet 

(193+7527)  X  20 
■"  2X12 

77200 


12 
=6433}  feet. 

EXAMPLE    III. 

To  insert  m  arithmetical  means  between  a  and  h. 

Here  we  are  required  to  form  an  arithmetical  series  of  which  the  first  and 
Inst  terms,  a  and  6,  are  given,  and  the  number  of  terms  =m+2;  in  order, 
then,  to  determine  the  series,  wo  must  find  the  common  difference. 

Eliminating  S  by  equations  (1)  and  (2),  we  have 

2a+(n— l)iJ=/+a 

n  —  1 
But  here  Z=(,  a=a,  n=m+2 

*.  the  required  series  will  be 

-+KS)+K^V +(<'+=^)+(''+^=^SS=^) 

or 

Ih-^-ma  a&+(m— l)g  ,  mb^a 

\     "■*■  -a^  ■+•     m+1   + +  -^i+T      +*• 

(4)  Required  the  sum  of  the  odd  numbers  1,  3,  5,  7,  9,  &c.,  continued  to 
101  terms  ? 

Ans.  10201. 

(5)  How  many  strokes  do  the  clocks  of  Venice,  which  go  on  to  24  o^clock, 
Btrike  in  the  compass  of  a  day  ? 

Ans.  300. 
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(())  The  first  term  of  a  decreasiug  arithmetical  series  is  10,  the  common 
dilVereuce  ^,  and  the  nuuiber  of  terms  21 ;  required  the  sum  of  the  series. 

Ads.  140. 

(7)  One  hundred  stones  being  placed  on  the  ground  in  a  straight  line,  at 
the  distance  of  2  yards  from  each  other ;  how  far  will  a  person  travel  who 
shall  bring  them  one  by  one  to  a  basket  which  is  placed  2  yards  from  the  first 
stone  ? 

Ans.  11  miles  and  840  yards. 

The  relations  (1)  and  (2),  in  which  five  quantities,  a,  d,  n,  ^  S,  enter,  will 

serve  to  dotennine  any  two  of  these  when  the  other  tliree  are  given.     Thus 

they  furnish  the  solution  of  as  many  distinct  problems  as  there  are  ways  of 

taking  two  quantities  from  among  five ;   and,  consequently,  the  nmnber  of 

5-4 
problems  wiU  bo  -^or  10.     In  order  that  they  may  bo  possible,  it  is  necessary 

that  the  value  of  n  should  be  not  only  real,  but  entire  and  positive.  Without 
entering  into  the  details  of  the  calculation,  wo  place  below  the  solutions  of 
these  ten  problems. 

I.  Given         a,  <),  n. 
Required        /, 

II.  Given  I,  6,  n.  i         ,      ^  .   «      .    r  ,     , 

Required      a,  S.  i  «='-(»T^)'''  S=M^l-{n-m. 

III.  Given         a,  n,  L  i        I  —a  ,    /     .  ,v 

Required       d,  S.  J  '  =^731' ^=''*(«+^)' 


^'  g*  \  I  =a+(,2-l)cJ,  S=Jn[2a+(n-l)(J] 


',1= 


IV.  Given         (5,  w,  S.  J         2S— n(n— l)iJ  ^     2S4-7i(n— l)d 
Required        a,  L 

V.  Given        a,  n,  S. 
Required        d, 
VI.  Given         I,  ti,  S.  (     __^__,  2(n/— S) 

Required       a,  d.  (  n        '  n(n  —  1)  * 

VII.  Given  a,  d,  /.  S        ^—f*  ,  ,    o      (^  +  «)(^— «+^) 


Required        a,  L  i  2n  2n 

S.  J    _2S  2(S— an) 


71,  S.  (  d      ' 


Required      n,  S.  (  d      '  2d 

Given 

Required 


VIII.  Given        a,  /.  S.  J 2S_  {l+a)(l-a) 

n,  d. /"— «+r    -2S-(/4-a)* 


c        d— 2ri±  y/{i]^2a)'+&dS 
IX.  Given        a,  d,  S.  i  n= ^^^j 

Required       l^^-(  i  ^a+(n-l)i'' 


X.  Given         t,  o,  ^.  J  «= — 

Required       a,  n.  i        ,      ,        , .  , 
^  V.  a=t — {n  —  l)d. 

GEOMETRICAL  PROGRESSION. 

229.  A  series  of  quantities,  in  which  cHch  is  derived  from  that  which  im- 
mediately precedes  it,  by  nniltiplicntiun  by  a  constant  quantity,  is  called  a 
Ocometrical  Progression,  or  Progression  by  Quotients. 

Thus,  the  numbers  2,  4,  8,  IG,  32, in  which  each  is  derived  from  the 

preceding  by  multiplying  it  by  2,  form  what  is  called  an  increasing  geometrical 
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jfrogressioH ;  and  the  numbers  243,  81,  27,  9,  3, ...  in  which  each  is  derived 
from  the  preceding  by  multiplying  it  by  the  number  -,  form  whnt  is  called  a 

decrecuing  geometrical  progression. 

The  common  multiplier  in  a  geometrical  progression  is  called  the  common 
ratio. 

Generally,  if  a  be  the  first  term  and  p  the  common  ratio,  the  successive 
tenns  of  the  series  wiU  be  of  the  form 

a,  apy  uffi,  Gf^ 

The  exponent  of  p  in  the  second  tcnii  is  1,  in  the  Oiird  term  is  2,  in  tlie 
fourth  term  3,  and  so  on ;  hence  the  n'>'  term  of  a  series  will  be  of  the  form, 

230.  To  find  the  sum  ofn  terms  of  a  series  in  geometrical  progression. 

Let  a=  first  term, 
Z=  luat  term, 
p=  coniinon  nitio, 
n=  numbfir  of  terms, 
S=  sum  of  the  series. 
Then 

S  =za-\-ap-\-ap'^'\-a(P'\- -|-flrp»-«. 

Multiply  both  sides  of  the  equation  by  p, 

Sp=       ap4-«p'+«/''+ 4-^P"~*+^^* 

Subtract  the  first  from  tlie  second, 

S(p — l)=ap'' — a 

Or,  since 

^     pl — a 

S=—T- 2) 

P 1  ^     ' 

If  the  series  be  a  dt^croosing  one,  and  consequently  p  fractional,  it  will  be 
convenient  to  change  the  signs  of  both  imnierator  and  denominator  in  the  above 
cx))ressions,  which  then  become 

1— p 

231.  If  two  progressions  have  differunt  first  tenns,  but  the  same  ratio,  the 
ratio  of  the  sums  of  the  two  is  px]Uu1  to  the  ratio  of  tiieir  first  terms.     For 

{a+ap+ap'^+afP+,  (See) :   (b+bp+bp"-+biP+,  &c.) 
=za(l+p+  p2+  Z^"*-]-!  &c.):Ml+P+  P'^+  p-'»4-i  &c.)=a:6 

232.  It  appears  that  if  any  throe  of  the  five  quantities,  a,  /,  p,  n,  8,  be 
given,  the  remaining  two  may  bo  found  by  elimii)uting  between  equations  (1) 
and  (2).  It  must  be  remarked,  however,  that  when  it  is  required  to  find  p  from 
a,  n,  S  given,  or  from  n,  /,  S  given,  we  shall  obtain  p  in  on  equation  of  the  n^ 
degree,  a  general  solution  of  which  can  not  be  given.  If  n  be  required,  it  will  be 
convenient  to  apply  logarithms,  as  the  equation  to  be  resolved  will  be  an  expo- 
nentiaL 
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EXAMPLE  I. 

Required  the  sum  of  10  terms  of  the  series  1,  2,  4,  8|  •••• 
Here  a=l,  p=2, 71  =  10 

=2^0—1 
=  1023. 

EXAMPLE  II. 

2  4    8 
Required  the  sum  of  10  terms  of  the  series  If ;;«  q«  ^t  •••• 


3'  9'  27' 


Here  a=l,  p=^,  w=10 

«  «(1-P") 

1— p 
/2\io 
1 


-©' 


2 

174075 
■  69049  • 


EXAMPLE  III. 


To  insert  m  geometric  means  between  a  and  h. 

Here  we  are  required  to  form  a  geometric  series,  of  which  the  first  and  last 
terms,  a  and  b,  are  given,  and  the  number  of  terms  =m-|-2;  in  order,  then, 
to  determine  the  series,  we  must  find  the  common  ratio. 

Eliminating  S  by  equations  (1)  and  (2), 

ap" — a=pZ — a 


P 
But  here 


=-Vi 


i=i,  n=m-f-2 


Hence  the  series  required  will  be 
or 


or 

m  1  m— I       S  9       m— I  1  m 

233.  To  JJmZ  the  sum  of  an  infinite  series  decreasing  in  geometrical  prtH 
gression. 

We  have  ab*eady  found  that  the  sum  of  n  terms  of  a  decreasing  geometrical 
series  is 
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which  may  be  put  under  the  form 

„        a  a 

l—fj      1— p 

Since  p  is  a  fraction,  p"  is  less  than  unity,  and  the  greater  the  number  n,  the 
smaller  will  be  the  quantity  p" ;  if,  therefore,  we  take  a  very  great  number  of 

terms  of  a  decreasing  series,  the  quantity  p",  and,  consequently,  the  term  , 

will  be  very  small  in  comparison  with ;  and  if  we  take  n  greater  than  any 

assignable  number,  or  make  n=:ao,  then  p"  will  be  smaller  than  any  assignable 
number,  and  therefore  may  be  considered  r=0,  and  the  second  term  in  the 
above  expression  will  vanish. 

Hence  we  may  conclude  that  the  sum  of  an  infinite  series,  decreasing  in 
geometrical  progression,  is 

1— p 

Strictly  speaking,    is  the  limit  to  which  the  sum  of  any  number  of 

terms  approaches,  and  the  above  expression  will  approach  more  or  less  neariy 
to  perfect  accuracy,  according  as  the  number  of  terms  is  greater  or  smaller. 
Thus,  let  it  bo  required  to  find  the  sum  of  the  infinite  series 

111 

1 
Here  a=l,  p=««  n=ao 


■    9-- 

a 

..S_j 

1 

■P 

^"* 

I 

1 

3 

3 

-2' 

The  error  which  we  should  commit  in  taking  ~  for  the  sum  of  the  first  n 
terms  of  the  above  series  is  determined  by  the  quantity 


1^~2\3/  * 

^  3/l\»        1  1 

Thus,  if  n=5,  then  ^[-)  ^^^^=  —  ; 

,       3/l\«        1  1 

71=6,  then -\^-;  =2-3,=—. 


3 
Hence,  if  we  take  -  as  the  sum  of  5  terms  of  the  above  series,  the  amount 

would  be  too  great  by  r^. 
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3  1 

If  we  take  -  as  the  sum  of  6  terms,  the  amount  will  bo  too  great  by  j^, 

and  so  on.* 


*  I.  The  theory  of  progressions  involves  that  of  logaritlims.  Let  there  be  two  progres* 
sioDs,  the  one  geometric,  beginning  with  1,  the  other  arithmetical,  begiuning  with  0. 

-H-l:2:4:8:16:32:64:128,  Ac. 
-1-0.3.6.9.12.15.18.   21,  &c., 
which  exhibit  a  notation  sometimes  employed. 

If  we  compare  these  with  each  other,  we  perceive  that,  multiplying  together  any  two 
terms  of  the  first,  and  adding  the  corresponding  terms  of  the  second,  we  obtain  two  oorre- 
sponding  terms,  again,  of  these  same  progressions.  Thus,  4X16=64,  6-|-12=ld  ;  and  we 
perceive  that  18  corresponds  to  64.  Thus  a  multipUcatiou  is  effected  by  addition.  This 
simiilc  observation  is,  no  doubt,  ver}*  ancient ;  but  it  was  tlie  genius  of  Napier,  a  Scottish 
baronet,  which  derived  from  it  the  theory  of  logarithms,  one  of  tlie  most  useful  of  modem  dis- 
coveries.    It  was  published  in  1644,  under  the  title  oiMirifici  IjOgarUhmorum  De^criptio. 

Logarithms,  then,  according  to  Nupiur,  were  regonled  as  a  series  of  numbcni  in  aritli- 
meticol  progression,  while  the  numbers  themselves  corresponding,  formed  a  geometrical 
progression.     I  ])roceed  to  explain  his  method  of  constructing  them. 

In  order  that  the  geometrical  pru-jrressinn  ehonld  embrace  all  numbers  greater  than  1,  it 
is  necessary  to  conceive  it  formed  of  terms  which  increase  in  an  insensible  manner,  setting 
out  from  1  ;  and,  to  have  their  logarithms,  it  is  necessary  to  conceive  the  arithmetical  pro- 
gression as  composed  of  tcnns  which  vary  by  insensible  degrees,  setting  out  from  zero. 

At  their  origin,  the  simultaneous  increments  which  the  terms  1  and  0  receive  are  inap- 
preciably small ;  but,  however  small  they  may  be,  we  may  conceive  that  there  is  a  certain 
relation  established  between  them,  which  is  entirely  arbitrary.  Thus,  when  these  incre- 
ments beirin  to  arise,  we  can  suppose  that  that  of  the  logaritlim  0  is  double,  triple,  &c.,  of 
that  of  the  number  1.  This  relation  is  called  the  modulus  of  the  logaritlmis,  which  desig- 
nate by  M. 

Suppose,  now,  that  to  the  term  1  of  the  geometric  progression  an  increment  u,  very 
small,  but  yet  appreciable  in  numbers,  is  given.  The  corresponding  increment  of  tlie  term 
zero  of  the  arithmetical  progression  will  bo  very  nearly  equal  to  Mu ;  and  wo  can  take  fir 
the  two  progressions  these  : 

-^1 :  l-|-(j :  (1 -|-cj)2 :  (l-|-w)3 :  (l4-a,)4 :  &c. 
-i-O.    Mq.   2M(j    .    3Mu    .    4Ma>    .  &c. 

We  have  said  that  the  relation  or  modulus  M  can  be  taken  at  pleasure  ;  consequently, 
according  to  the  values  attributed  to  it,  will  be  obtained  different  systems  of  logarithms. 
The  logarithms  which  Napier  published  were  derived  fnuu  the  progressions 

-H-1 : 1-f  cj:  (1-f  (j)-:  (1-f  up:  &C. 
-i-O.        (J.       i2(j    .       3u    .Slc, 
which  supposes  M=l. 

This  avoids  the  mulri])licatlons  by  M.  The  logarithms  of  numbers  in  Napier's  table 
serve  to  find  those  of  any  other  system,  by  simply  multiplying  each  by  the  modulus  of  that 
system. 

The  terms  of  these  two  series  vary  slowly,  bo  that,  hi  prolonging  both  as  far  as  we  please, 
we  are  sure  of  finding  in  the  first,  terms  ec^ual  to  the  entire  numbers  2,  3,  &c.,  ch:  so  near 
them  that  the  ilifference  may  be  neglected.  The  corresi>onding  terms  of  the  second  may 
then  be  taken  for  the  logarithms  of  these  number.",  and  are  those  written  in  the  tables. 

By  this  we  perceive  that  these  logarithms  are  not  exactly  tliose  of  the  numbers  beside 
which  they  are  written.  But  there  is  another  cause  of  uiaccuracy,  viz.,  that  w  represents 
only  uitproximatcly  tlie  increment,  which  the  logarithm  0  takes  when  u  is  that  token  by  1. 
The  smuller  u  is,  however,  the  greater  the  exactness. 

II.  Let  it  be  projioscd  to  detennine  the  ern)r  produced  by  assuming  that  the  difference  of 
the  numbers  is  proportional  tt)  the  difference  of  their  logarithms,  when  the  number  of  placet 
u\  the  numbers  is  .'>,  and  tlieir  difterence  not  greater  than  1. 

If  hi  the  series  [A],  Art.  224,  we  make  «=-,  we  have 
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As  in  arithmetical  progressions,  all  the  questions  wliich  can  bo  proposed  for 
solution  in  geometric  progressions  reduce  to  10,  the  solutions  of  which  are  de- 
duced from 

/=ap'-»     (1) 

pi — a 
S=' (2) 


from  which  it  appears  generally  that  as  the  number  x  iDcrcaxcs,  the  difference  of  the  loga- 
ritfamfl  of  X  and  l-\-x  diminiahcs.  Also,  since  -  is  greater  than  the  whole  series,  -  being 
diminished  by  more  than  it  is  increased,  we  have 

l{i^x)—lx<-. 

X 

If  the  base  be  10,  we  have  seen  that  M=0.434i2 . .  .<-.    Hence,  in  tliis  case, 

7(l+x)-/^i. 

If  X  consist  of  five  places,  its  least  value  is  10000.    Therefore  the  greatest  value  of 

/(l+x)— /*  is  less  than  ——-=0.00005. 
^  ^  '  20000 

Hence  we  may  infer  that  the  logaritlims  of  every  two  consecutive  whole  numbers  con- 
sisting of  five  places  must  agree  iu  the  first  four  decimal  places  at  least. 
Now  let 

l+j: 
A  =  Z(lH-:r)— ^=Z-^^. 

A'=  /(2+x)-/(l4.ar)=r-±^. 


l+x 
But  by  [Al,  Art.  224, 


r(2-|-x)/  ( x{2-\-x)      '2.ri{i+x)i  '  3x^«(2-|-x)'i 


■(2H-X) 
If  X  consist  of  fiye  places,  its  least  value  is  10000,  and,  therefore,  the  greatest  value  of 

A — A'  is  less  than = ,  which.  whf"n  rodaced  to  a  decimal,  lias  no 

20000  X 1 0002     200U400UU 

significant  figure  withhi  the  first  cidit  places.     HiMice,  in  tables  which  extend  only  to 

seven  places,  we  may  assume  that  A — A'=0,  or  A=A'. 

Thus  we  infer  that,  under  the  circumstances  which  have  been  sujiposcd,  the  logarithms 

of  numbers  in  aritlnnetical  progression  will  themselves  be  in  aritlimutiral  proijrrcssion 

Let  now  n  and  nA-l  be  two  consecutive  whole  immbcrs,  and  n-\ —  a?i  intermediate  frac* 

y 

lion.    These  may  be  looked  upon  as  three  terms  of  an  arithniotical  proi-Tossion,  wliose  first 

term  is  «,  whose  common  difference  is  -,  whose  (;»+l)"'  term  is  «-f— ,  an<l  whose  ('/+!)* 

term  is  n-f-1.    By  what  has  been  ahready  shown,  the  I()f,'urithnis  of  the  several  terms  of 
this  series  will  also  he  in  arithmetical  proi^'ession. 

Let  6  be  their  common  difference.    The  (;>+!)'''  tenn  of  this  series  will  be 

/n-|-/^d, 
^hich  will  be  the  logarithm  of  the  (;?+l)*''  term  of  the  former  scries ; 


.•./«-|-p<J=/(/,H-^') [Bl 


9  f  ( 

P,  n.< l_    ^       /(p^-1) 
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These  solutions  are  contained  in  the  following  table : 

I.  Given         a,  p,  n.  i  «_    q     ^^ — ^     ^f^"  —  ^) 

Required       i,  S.  r  =''^'  *'         7^  ~    p-1 

II.  Given         i,  p,  n. 
Required      a, 

III.  Given         a,n,  Z.(    _^,/[  l>^Iv^ 
Required      p,  S.  K  -  V a'  ^- " V7—  °"Va  * 

IV.  Given       p,  n,  S.  <         S(p— 1)         Sp"-HP— 1) 
Required       a^  Li  p° — 1  '  p" — 1 

V.  Given        a,  n,  S.  (  S    . 

Required        p,  J  P"-*+^-'' ••+!=«' ^^^Z'-- 

VI.  Given        Z,  n,  S.  |  \p/      +  W       '"  +  ^"1 
Required       p,  a. 


\ 


„,(i)". 

VII.  Given         a,  P»  ^'  5  «     P^ — ^  '^^S*  ^ —  '*^'  ^ 

Required      n,  S.  c     ~p — 1*  '         log.  p 

VIII.  Given        a,  /,  S.  J        S— a  log.  Z—  log.  a 

Required       p,  n.  c         S— r  '  log.  p 

IX.  Given        a,  P»  S.  5  ,     a4-S(p— 1)  log.  Z—  log.  a 


,S.(       a+S(p-l)  ] 

<Z= ,n=l  + 


Required        /,  n.  (  p  *  "^        log.  p 

X.  Given         Z,  p,  S.  <  log.  Z—  log.  a 

Requu-ed      a,  n.  (  r        \r        /  i  j^g  ^^ 

HARMONICAL  PROGRESSION. 

234.  A  series  of  quantities  is  called  a  harmonical  progression  when,  if  any 
three  consecutive  terms  be  taken,  the  first  is  to  the  third  as  the  difference  of 
the  first  and  second  to  the  dififerenco  of  the  second  and  third. 

Thus,  if  a,  6,  c,  (^ ....  bo  a  series  of  quantities  in  harmonical  progreaaion, 
we  shall  have 

a:c::a  —  6:6 — c;  b:d::h — c:c — d^  &c* 

235.  The  reciprocals  of  a  series  of  terms  in  harmonical  progression  are  in 
arithmetical  progression. 

Let  a,  6,  c,  (^,  e,/....  be  a  series  in  harmonical  progression. 
Then,  by  definition, 

Alio,  the  laBt  term  of  the  latter  series,  which  will  be 

In-j-qd, 
wUl  bo  the  logarithm  of  tho  last  term  of  the  former  series  ; 

.•./(«-f-l)=/»-|-^(J,  .:  l{n+l)~ln=qd. 

l{n-\-^)-lr^pS..'-,]        '       ,=^. 
\     ^/  /  ( n+l )  — In     q 

Bat,  also, 

^     r        p 

Hence  tho  differences  of  the  logarithms  are  as  the  differences  of  the  nomben. 


or 
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a:e::a — h:h — e;  h:d::h^c:c — d;  cieiic — did — e,  &c. 

.•.  ab — aczsiac — 6c,  he — bd=zbd — dc,  cd — c«=c« — td^  &e. 
ah      ac      ac       he     he       hd      hd      de    cd       ce       ee       ed 
ahe     abc     abc     abc*  bed     bed     bed     bed*  edc     ede     cde     cde* 

111111111111 
c     6     6     a' rf     c     c     6'  e     rf     (/     c' 

from  which  it  appettn  that  the  quantities  -,  ^,  -,  ^,  -,  dec,  are  in  arithmetical 

progression. 

To  insert  m  harmonic  means  between  a  and  b. 

Since  the  reciprocals  of  quantities  in  harmonical  progression  are  in  arith- 
metical progression,  let  us  insert  m  arithmetic  means  between  -  and  t* 
(Jenerally,  in  arithmetical  progression, 

n  —  1 

In  this  case,  £r=  7,  a=-,  n=m+2,  and  .•.  o^-. — .  ,.    ,. 

b         a  '  (m-f-l)a& 

The  arithmetic  series  will  be 

1        a-{'mb       2a-\-{m — l)h  (m — l)a-\-2h       fna-\'h       1 

a'^(m+l)ah'^      (m+l)ab    "^ {m+l)ab    "^ {m+l)ab'^h' 

Therefore  the  harmonical  series  will  be 

{m-\-l)ab        {in-\-l)ah  (m4-l)<z(        {m-\-l)ah 

^■'"   a+mb   +2a+(i»— 1)6"'" ■^"(i»— l)a+26"^    ma+b  "^  ' 
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236.  The  solution  of  all  questions  connected  with  interest  and  annuities 
may  be  greatly  facilitated  by  the  employment  of  the  algebraical  formulae. 
In  treating  of  this  subject  we  mny  employ  the  following  notation : 
Let  J7  dollars  denote  the  principal, 
r  the  interest  of  $1  for  one  year, 
t  the  interest  of  ^  dollars  for  t  years. 
«  the  amount  of  ^  dollars  for  t  years  at  the  rate  of  interest  denoted 

by  r. 
( the  number  of  years  that|7  is  put  out  at  interest. 

SIMPLE  INTEREST. 

Problem  I. — To  find  the  interest  of  a  sum  p  fort  years  at  the  rate  r. 

Since  the  interest  of  one  dollar  for  one  year  is  r,  the  interest  of  ^  dollars  for 
one  year  must  be  p  times  as  much,  or  pr ;  and  for  t  years  t  times  as  much  as 
for  one  year ;  consequently, 

i=ptr (1) 
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Problem  II. —  To  find  the  amount  of  a  sum  p  laid  out  for  t  years  at  simple 
interest  at  the  rate  r. 

The  amount  must  evidently  be  equal  to  the  principalf  together  with  the  in- 
terest upon  that  principal  for  the  given  time. 

Hence  8=:p-\-ptr 

=P(l+tr) (2) 

EXAMPLE  I. 

Required  the  interest  of  $873.75  for  2^  years  at  A}  per  cent,  per  annum. 
It  will  be  convenient  to  reduce  broken  periods  of  time  to  decimals  of  a  year. 
By  the  formula  (1)  we  have 

is=ptr. 
In  the  example  before  us, 

p  =$873.76 

r  =$.0475* 

t  =2J  years =2.5  years. 

.-.  2=873.75  X  2.5  X  .0475  dollars. 
=$103.7578125. 
The  amount  of  the  above  sum  at  the  end  of  the  given  time  will  be 

8=d-{-dtr 
=$873.75+ $103,757. 

PRESENT  VALUE  AND  DISCOUNT  AT  SIMPLE  INTEREST. 

The  present  value  of  any  sum  s  due  t  years  hence  is  the  principcd  which  in 
the  time  t  will  amount  to  s. 

The  discount  upon  any  sum  due  t  years  hence  is  the  difference  between  that 
sum  and  its  present  value. 

Problem  III. — To  find  the  present  value  of  s  dollars  due  t  years  hence, 
simple  interest  being  calculated  at  the  rat^  r. 

By  formula  (2)  wo  find  the  amount  of  a  sum^  at  the  end  oft  years  to  be 

s=p-\-ptr. 

Consequently,  p  will  represent  the  present  value  of  the  sum  s  due  t  years 
hence,  and  wo  shall  have 

p=iirr <3) 

for  the  expression  required. 

•  r  is  the  interest  of  $1  for  one  year.  To  find  the  valae  of  r  when  interest  is  calculated 
at  tlie  rate  of  S4|  or  $4.75  per  cent,  per  annum,  we  have  tiie  following  proportion : 

6100  :$1::  $4.75  :r 

'^$—-=$0.0475. 
100 


•    • 


In  like  manner, 

When  the  rate  of  interest  per  cent,  is  $7,   then  r=$0.07. 

When  the  rate  of  interest  per  cent,  is  6,   then  »•=  0.06. 

When  tlie  rate  of  interest  ;>er  cent,  is  5,   then  r=  0.05. 

When  the  rate  of  interest  per  cent,  is  4},  then  r=  0.0475. 

Wlien  the  rate  of  interest  per  cent,  is  4i,  then  r=  0.045. 

Wlien  the  rate  of  interest  per  cent,  is  A\,  then  r=  0.0425 

\\Tien  the  rate  of  interest  per  cent,  is  4,   tlien  r=  0.04. 

When  the  rate  of  interest /wr  cent,  is  3i  then  r=  0.0375. 
&c                          &c.  &C. 
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Problem  IV. — To  find  the  discount  on  s  dollars  due  t  years  hence^  at  the 
rate  r,  simple  interest. 

Since  the  discount  on  j  is  the  difference  between  «  and  its  present  value,  we 
shanhave 

=ITJ "> 

EXAMPLE. 

Required  the  discount  on  Si 00,  due  3  months  hence,  interest  being  calcu- 
lated at  the  rate  of  5  per  cent,  per  annum. 
Here  s  =$100 

t  =  3  months  =    .25  years. 
r=:  =$  .05. 

Here  tho  present  value  of  ^  is 

100. 


14-.25X.05 
100 


1.0125 
zz:08.7G543  dollars. 
But  «=$100 

;;= $98.76543 
...  s — p  or  (/i«=$1.235. 

ANNUITIES   AT  SIMPLE  INTEREST. 

Problem  V. —  To  find  the  amount  which  must  be  paid  at  the  end  oft  years, 
for  the  enjoyment  of  an  annuity  a,  simple  interest  being  allowed  at  the  rate  r. 
At  the  end  of  the  first  year  the  annuity  a  will  be  due  ;  at  the  end  of  the 
second  year  a  second  payment  a  wiU  become  duo,  together  with  ar  the  in- 
terest for  one  year  upon  the  first  payment ;  at  the  end  of  die  thinl  year  a 
third  payment  a  becomes  due,  together  with  2ar  tho  interest  for  one  yrnr 
upon  the  former  two  payments,  and  so  on ;  tlie  sum  of  ull  these  will  be  tbo 
amount  required. 
Thus: 

At  the  end  of  the  first  yonr,  the  sum  due  is      a. 
At  the  end  of  the  Hccond  year,  the  sum  due  is  a-\-ar. 
At  the  end  of  tho  third  year,  tho  sum  due  is     a-|-2ar. 
At  the  end  of  tho  fourth  year,  the  sum  due  is  a4-3ar. 

dec.  &c.  &c. 

At  the  end  of  the  ^'  year,  tho  sum  duo  is  <z4-(^ — l)ar. 

Hence,  adding  these  all  together  for  tho  whole  amount, 

8=zta  +  ar(l+2+3+ ('—!)). 

Or,  taking  the  expression  for  tho  sum  of  the  arithmetical  series,  l-\-2+3 

+ (<-l) 

/(/—I) 
s=^la+ra.^-^ (6) 
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Problem  VI. — To  find  the  present  value  of  an  annuity  ^payable  for  t  years^ 
simple  interest  being  allowed  at  the  rate  r. 

It  18  maQifest  that  the  present  value  of  the  annuity  most  be  a  ram  anch  that, 
if  put  out  at  interest  for  t  years  at  the  rate  r,  its  amount  at  the  end  o[  that 
period  will  be  the  same  with  the  amount  of  the  annuity. 

Hence,  if  we  call  this  present  value  p,  we  shall  have,  by  Problems  I.  and  V., 

p-{-ptr=  amount  of  annuity. 

t{t—l) 

ta+ra.    ^    , 
.:p=:      •  1.2 


l  +  tr 
ta_  2+(/— l)r 
'2"*      l+/r 


(6)» 


COMPOUND  INTEREST. 

Problem  VII. —  To  find  the  amount  of  a  sum  p  laid  out  for  t  years^  com- 
pound interest  being  allowed  at  the  rate  r. 

At  the  ead  of  the  first  year  the  amount  will  be,  by  Problem  II., 

p+pr,  or p{l+r). 

Since  compound  interest  is  allowed,  this  sum  p(1'\-t)  now  becomes  the 
principal,  and  hence,  at  the  end  of  the  second  year,  the  amount  will  be 
p(l+r)^  together  with  the  interest  on  j;(l-f-r)  for  one  year;  that  is,  it  will  be 

P(^+r)+pr(l+r),  or  jp(l+r)«. 
The  sum  p(l'\-ry  must  now  be  considered  as  the  principal,  and  hence  the 
whole  amount,  at  the  end  of  the  third  year,  will  be 

i'(l+»-)'+F-(I+^)'»  orp(l+r)\ 
And,  in  like  manner,  at  the  end  of  the  (^  year,  we  ahall  have 

s=p{l+rY (7) 

Any  three  of  the  four  quantities,  5,  p,  r,  t,  bemg  given,  the  fourth  may  al- 
ways be  found  from  the  above  equation. 

EXAMPLE  I. 

Find  the  amount  of  $15.50  for  9  years,  compound  interest  being  allowed 
at  the  rate  of  3^  per  cent,  per  annum,  the  interest  payable  at  the  end  of 
each  year. 

By  equation  (7), 

s=p{l+rY 
,;  log.  5=  log,  p^t  log.  (1+r). 
Hence  j?=$15.50 

t=z9  years 
r=8.035 
.-.  log  j7=l. 1903317 
(log.  (l+r)=0.1344627 

.-.  log.  «= 1.3247944=  log.  of  21.12481 
.-.  5=$21. 12481. 

*  It  is  nnneccssaiy  to  givo  any  examples  under  this  rule,  as  the  purcluuie  of  amnuties 
at  aimple  iuturcat  can  never  be  of  practical  utility. 
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EXAMPLK  II. 

Find  the  amount  of  c£l82  128,  Gd,  for  18  years,  6  months,  and  10  days,  at 
the  rate  of  3^  per  cent,  per  annum,  compound  interest,  the  interest  being 
payable  at  the  end  of  each  year. 

In  this  case,  it  will  be  convenient,  first,  to  find  the  amount  at  compound  in- 
terest of  the  above  sum  for  18  yeai's,  and  then  calculate  the  interest  on  the 
result  for  the  remaining  period. 

By  formula  (7), 

log.  «=log.  p+t  log.  (1+r) 

Here         p=z^lS2,  I2s.  6</.=:c€  182.625 
r=  =.£.035 

t=  =18  years 

.-.  log.|?=2.2G15602 
Mog.  (l+r)=0.2689254 

.-.  log.  «=2..'i304856=  log.  of  339.224. 
Again,  to  find  the  interest  on  this  sum  for  the  short  period,  we  have 

i=:8t'r 
.«.  log.  i=  log.  5-f-  log.  i'+  log  r. 
Here    «=oe339.224 
r=de.035 

r=6  months,  10  days=     .527402  years 
.-.  log.  5=2.5304850 
log.  r=2.5440680 
log.  <^  =7.7221401 
.-.  log.  «rr=.07966937=  log.  of  6.2617200 
.-.  «rr=c£6.2G172. 
The  whole  amount  required  will,  therefore,  be 

5-1-5  rr=de339.224+c£6.26172 
=^345  ds.  8jrf. 

EXAMPLE  III. 

Kequired  the  compound  interest  upon  8410  for  2^  years  at  4^  per  cent  per 

annum,  the  interest  being  payable  half  yearly. 

In  this  case  the  time  t  must  be  calculated  in  half  years ;  and,  since  we  have 

r 
supposed  r  to  be  the  interest  of  $1  for  one  year,  we  must  substitute  -,  which 

Mr 

will  be  the  interest  of  $1  for  half  a  year ;  the  formula  (7)  will  thus  becoiuo 

.-.  log.  «=  \og.p+2l  log.  (l  +  ;^)  • 

Here  p=^10 

r=$  .045 
2£=:5  half  years 

.•.log.;j=2.6127839 
5  log.  1.0225=0.0483165 

.-.  log.5=2.6611004=log.  of  453.2 17 1 
.•.«=^58.2471. 
T 
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The  interest  most  be  the  difference  between  this  amount  and  the  original 
principal ; 

.".  t^* — p 

=$458,247—9410 
=$48,247. 

EXAMPLE  IV. 

$400  was  put  out  at  compound  interest,  and  at  the  end  of  9  years  amounted 
to  $569,333  ;  required  the  rate  of  interest  per  cent. 
Here  St  Pj  t  are  §iven,  and  r  is  sought. 
From  formula 

s^p{l+rY 

we  have  log.  (1  -f-  '*)  =j(^og.s — log.jp). 

Here  «=$569.3333 

|?=$400 

t=0  years 

.-.log.  5=2.7553666 

log. />= 2.6020600 

.*.  log.5 — log.jp=:  .1533066 

.1533066 
log.(l+r)= 

=  .0170340 
=log.  of  1.04. 
.*.  r=  .04=4  per  cent. 

EXAMPLE  V. 

In  what  time  will  a  sum  of  money  double  itself,  allowing  4  per  cent,  com- 
pound interest  ? 

Here  s^  p^  r  are  given,  and  t  is  sought. 
From  the  formula  (7)  we  have 

5=^(1 +r)t. 
But  here  5=2/> 

...2=(l  +  r)' 
log.  2 


t=z 


log.(l+r) 
.3010300 


.0170333 
=  17.673  years 
=  17  years,  8  months,  2  days. 

In  like  manner,  if  it  bo  required  to  find  in  what  time  a  sum  wiD  triple  itself 
at  the  same  rate,  we  have 

log.  3 


/= 


log.  1.04 
.4771213 


.0170;J33 
=28.011  years 
=28  ycai*8,  0  months,  3  da3r8. 
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PRESEITT  VALUE  AND  DISCOUNT  AT  COMPOUND   INTEREST. 

If  we  call  p  the  present  value  of  a  sum  s  due  t  yeara  hence,  and  d  its  dis- 
count, reasoning  precisely  in  the  same  manner  as  in  the  caae  of  simple  inter- 
eat,  we  shall  find 

■P=(TT^ («) 

Mi-(IT^)-.) («) 

ANNUITIES  AT  COMPOUND  INTEREST. 

Problem  VIII. — To  find  the  amount  of  an  annuity  a  continued  for  t  years, 
compound  interest  being  allowed  at  the  rate  r. 

At  the  end  of  the  fu'st  year  the  annuity  a  will  become  due ;  at  the  end  of 
the  second  year  a  second  payment  a  will  become  due,  together  witli  the  in 
terest  of  the  first  payment  a  for  one  year,  that  is,  ar ;  the  whole  sum  upon 
which  interest  must  now  be  computed  is  thus,  2a-\-ar, 

At  the  end  of  the  third  year  a  further  payment  a  becomes  duo,  together  with 
the  mterest  on  Sa-f-a^  i*  o.,  Har+ar'*;  the  whole  sum  upon  which  interest 
must  now  be  computed  is  Sa+Sar-f-ar".     The  result  will  ap|)ear  evident 
when  exliibited  under  the  following  form  : 
Whole  amount  at  the  end  of  first  year,       s=a. 
"Whole  amount  at  the  end  of  second  year,  =a-f-a+^'' 

=a+a(l+r). 
Whole  amount  at  the  end  of  third  year,    =a4-a-)-flr(l-)-r)4-flr+ar(14-^) 

=a+a(l  +  r)+a(l+r)». 

Whole  amount  at  the  end  of  fourth  year,  =a-f-a  -|-  a(l-f-r)  +  ''(l  +  O'  4*  ^'' 

+ar(l+r)+flr(l  +  r)*. 
=a+a(l+r)+a(l+r)^+a(l+r)3 
&c.  dec.  &c. 

Whole  amount  at  the  end  off**  year,         =a+a(l+r)+<i(14-'")*-|-«(l  +  '')' 

+ «(l+0'-*. 

Hence  the  whole  amount  is,  in  terms  of  the  sum  of  a  geometric  progression, 

.:=ajl-|-(l+r)  +  (l+r)«+ +(l+rr»{ 

=a  • ;: (10) 

Problem  IX. — To  find  the  present  value  of  an  annuity  a  payahh  for  t 
years,  compound  interest  being  allowed  at  the  rate  r. 

It  is  manifest  that  the  present  value  of  this  annuity  must  be  a  sum  siicli, 
that  if  put  out  at  interest  for  t  years  at  the  rate  r,  its  amount  at  the  end  of  tliut 
period  will  be  tlie  same  as  the  amount  of  the  annuity. 

Hence,  if  we  call  this  present  value  jp,  we  shall  have,  by  Probs.  VII.  and 

VIII., 

p(l^rY=:  amount  of  annuity 

(1+0^-1 
^a . 

r 

(l  +  r)'-l 

=^/ii3^ (u) 

r       (14-'') 


•  * 


21)2  ALQEBRA. 

EXAMPLE. 

What  is  the  present  value  of  an  annuity  of  $500,  to  last  for  40  yean,  oom- 
|iound  interest  being  allowed  at  the  rate  of  2|  per  cent,  per  annum. 
By  formula  (11), 

^a   (l+r)>-.l 

^-r*    (1+r)*    • 


Here 


Now 


Also, 


a=$500 
r=:S.026 
^  =40  years; 

...  (l+r)»=(1.026)«. 

log.  (1.025)«=40  log.  1.025 
=40  X  .0107239 
=.4289560 
=  log.  2.685072 
••.  (1.025)«=2.685072=(l+r)«. 

a      500 

-=-7rT7=20000 

r     .025 

1.685072 
•••^=2^^^^X2:685072 
=20000  X. 62757... 
=12551.40  doUars. 

REVERSION  OF  ANNUITIES. 

Problem  X. — To  find  the  present  value  (P)  of  an  annuity  d^wMth  is  to  com- 
intnce  after  T  years.,  and  to  continue  for  t  years. 

The  present  value  required  is  manifestly  the  present  value  of  a  for  T-|-2 
y  cars,  minus  the  present  value  of  a  for  T  years. 

a   (l+r)T-H— 1 
By  Problem  IX.,  the  present  value  of  a  for  T+<  years  :=- .    .  ^^^  . 

a   (i-i-r)T— 1 
By  Problem  IX.,  the  present  value  of  a  for  T  years       =-.     /,  /-ri — 

P  =  ;-  S  (l+'-)-^-(l+'-)-'''+"  J     (12) 

PURCHASE  OF  ESTATES. 

Problem  XI. — To  find  the  present  value  pofan  estate^  or  perpetuity,  tauae 
flvnual  rental  is  a,  compound  interest  being  calculated  at  the  rate  r. 

The  present  value  of  an  annuity  a,  to  continue  for  t  years,  by  Prob.  IX..  is 

but  if  the  annuity  last /orever,  as  in  the  case  of  an  estate,  then  <=:qo,  sod 

.'.  ,T-; — TT^i^O;  hence,  in  the  present  case, 
(1+r)'     QD 

P=i: (13) 
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EXAMPLE. 

What  is  the  valae  of  an  estate  whose  rental  is  $1000,  aDowing  the  par- 
chaser  5  per  cent,  for  his  money  ? 
Here 

a=$1000 
r=$.05 

1000 

•••  -p=-:o5- 

=20000,  or  20  years'  purchase. 

REVERSION  OF  PERPETUITIES. 

Problem  XII. — To  find  the  present  value  of  an  estate^  or  perpetuity^  whose 
annual  rental  is  a  dollars^  to  a  jycrson  to  \c1wm  it  loill  revert  after  T  years, 
compound  interest  being  allowed  at  Qie  rate  r. 

By  Problem  X.,  the  present  value  of  an  annuity,  to  commence  after  T  years, 
and  to  continue  for  t  years,  is 


i,="5(l+r)-''_(l+r)-(T+t)J 


In  the  present  case,  /sod  ,  and  .-.  (1+^)  '^^'''^^=0 ;  hence  we  shall  have 

a         \ 

EXAMPLES  FOR  PRACTICE. 

(1)  Find  the  interest  of  $555  for  2^  years  at  4J  per  cent,  simple  interest. 

Ans.  $65,906. 

(2)  In  what  time  will  the  interest  of  $1  amount  to  75  cents,  allowing  4|  per 
cent,  simplo  interest? 

Ans.  16  years,  8  months. 

(3)  What  is  the  amount  of  $120.50  for  2|  years  at  4 J  per  cent,  simple  in- 
terest ? 

Ans.  $134,809. 

(4)  The  interest  of  d625  for  3^  years,  at  simple  interest,  was  found  to  bo 
(£3  18«.  9c/. ;  required  the  rato  per  cent,  per  annum. 

Ans.  4Jt* 

(5)  Find  the  discount  on  dClOO  due  at  the  end  of  3  months,  interest  being 
calculated  at  the  rate  of  5  per  cent,  per  annum. 

Ans.  dCl  As.  Q\d 

(6)  What  is  the  present  value  of  the  compound  interest  of  <£100  to  be  re- 
ceived five  years  hence  at  5  per  cent,  per  annum  ? 

Ans.  ^78  7*.  OJc?. 

(7)  What  is  the  amount  of  <£721  for  21  years  at  4  per  cent,  per  annum 

compound  interest? 

Ans.  ^1642  19«.  ^\d 

(8)  The  rate  of  interest  being  5  per  cent.,  in  what  niunber  of  years,  at  com- 
pound interest,  will  $1  amount  to  $100  ? 

Ans.  94  years,  141.4  days. 

(9)  Find  the  present  value  of  c£430,  due  nine  months  hence,  discount  being 

allowed  at  44  per  cent,  per  annum. 

Ans.  <£415  19<.  2\i. 
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(10)  Find  the  amount  of  $1000  for  1  year  at  5  per  cent,  per  annum,  com- 
pound interest,  the  interest  being  payable  daily. 

Ans.  $1051.288  nearly. 

(11)  What  sum  ought  to  be  given  for  the  lease  of  an  estate  for  20  years,  of 

the  clear  annual  rental  of  cClOO,  in  order  that  the  purchaser  may  make  8  per 

cent,  of  his  money  ? 

Ans.  ^£981  16^.  3Ji. 

(12)  Find  the  present  value  of  ^£20,  to  be  paid  at  the  end  of  every  five  yean, 

forever,  interest  being  calculated  at  5  per  cent. 

Ans.  £72  Is.  9|J. 

(13)  What  is  the  present  value  of  an  annuity  of  .£20,  to  continue  forever, 
and  to  commence  after  two  years,  interest  being  calculated  at  5  per  cent.  ? 

Ans.  <£362  16«.  2}i. 

(14)  The  present  value  of  a  freehold  estate  of  c€100  per  annum,  subject  to 
the  payment  of  a  certain  sum  (A)  at  the  end  of  every  two  years,  is  <£1000, 
allowing  5  pet*  cent,  compound  interest.     Find  the  sum  (A). 

Ans.  A=:jei02  lOf. 

(15)  What  is  the  present  value  of  an  annuity  of  oG79  4^.,  to  commence  7 
years  hence  and  continue  forever,  interest  being  calculated  at  the  rate  of  4} 
per  cent.  ? 

Ans.  cei293  5«.  ll|if. 
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234.  This  name  is  applied  to  the  process  of  finding  intermediate  numbers 
between  those  given  in  tables. 

Tables  are  generally  calculated  from  an  algebraic  formula  in  which  there 
are  two  variable  quantities,  tlio  one  of  which  is  called  fi  function  of  the  other, 
the  latter  being  usually  called  the  argument  of  the  function. 

Thus,  logarithms  are  functions  of  the  numbers  to  which  tlioy  belong,  the 
numbers  being  the  arguments.  Several  formulas  expressing  the  relation  be- 
tween a  number  and  ita  logarithm  have  been  soon  by  the  student,  and  will 
sei*ve  to  exemplify  the  formulas  in  general  of  which  we  are  now  speaking. 

'  The  substitution  of  successive  numbers  for  the  argument,  the  calculating  of 
the  corresponding  values  of  the  function,  and  writing  the  results  in  a  table,  is 
called  tabulating  the  formula. 

If  the  formulas  which  have  been  derived  under  our  articles  upon  interest 
and  annuities  should  be  tabulated,  they  would  furnish  what  are  caUed  interest 
tables. 

The  function  frequently  depends  upon  two  arguments,  as  in  the  formnli 
for  simple  interest, 

i—ptr (1) 

Here  the  function  is  i,  the  interest,  and  the  arguments  are,  |7  the  principal,  and 
r  the  rate.  This  requires  a  table  of  double  entry,  the  usual  form  of  which  is 
a  table  in  several  columns  occupying  the  wholo  width  of  the  page,  the  argu- 
ments being  placed,  the  successive  values  of  the  one  in  a  horizontal  line  at  the 
heads  of  the  columns,  and  of  the  other  in  a  veitical  line  at  the  side  of  the  page, 
tlie  corresponding  values  of  the  function  being  placed  in  the  column  under  one 
of  lis  arguments,  and  on  the  horizontal  line  of  the  other.     The  formula  (1) 
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above  may  emptoy  a  table  of  triple  entry,  the  three  argumeuts  beiog^tho  priii' 
cipal,  the  rate,  and  the  time.  Such  a  table  is  formed  by  giving  a  whole  page 
to  the  argument  of  rate,  the  side  and  top  being  occupied  by  the  arguments 
of  principal  and  time. 

235.  Where  the  differences  of  the  functions  are  proportional  to  the  dif- 
ferences of  their  arguments,  then  the  interpolation  is  made  by  simply  solving  a 
proportion,  the  first  two  terms  of  which  are  the  difference  of  the  tabulated 
functions  and  the  difference  of  their  arguments ;  the  third  term  being  the  dif- 
ference between  one  of  the  tabulated  nrgumeiits  and  that  whose  function  is  to 
be  interpolated ;  the  fourth,  or  unknown,  term  of  this  proportion  will  be  the 
interpolated  function  required.  This  is  called  the  method  by  first  differences, 
and  has  been  exemplified  in  taking  out  logarithms  of  lai'ge  numbers  not  found 
exactly  in  the  tables. 

When  the  difi!*eronces  of  the  functions  are  not  nearly  proportional  to  the 
differences  of  the  arguments,  as  in  the  case  of  the  logarithms  of  small  numbers^ 
the  method  of  interpolation  above  described  would  not  be  sufficiently  accurate. 
The  nature  of  the  variation  of  tlie  function,  as  the  argument  varies  in  value,  is 
made  sensible  by  taking  the  difference  between  each  two  of  throe  consecutive 
fanctions  in  the  table,  and  comparing  the  difference  between  the  first  and  sec- 
ond with  the  difference  between  the  second  and  third.  If  these  differences 
are  the  same,  we  have  seen,  in  the  note  to  (Art.  333),  that  the  method  of  first 
differences  already  explained  applies ;  but  if  they  are  not,  their  difference, 
which  is  called  a  second  difference,  will,  by  its  magnitude,  indicate  the  degree 
of  inaccuracy  of  the  method  of  first  differences.  This  exposition  will  serve  to 
exhibit,  in  a  general  way,  the  nature  and  office  of  second  differences.  We 
proceed  to  give  a  more  analytic  development  of  tlie  use  of  second,  third,  ^., 
differences,  the  latter  holding  the  same  relation  to  the  second  differences  that 
these  do  to  the  first. 

23G.  Let/and /-f-di  represent  two  consecutive  functions  in  tlie  table,  dj 
being  their  first  difference.  The  next  consecutive  function,  if  the  first  differ- 
ences were  constant,  would  be  expressed  by /-)-2(J, ;  but  as  they  are  supposed 
not  to  be,  it  must  be  expressed  by  the  form/-|-2<Ji-|-(J2,  ^a  being  the  second 
difference,  or  difference  between  the  two  first  differences,  d,  and  ^i-^-Sn. 
The  scheme  below  will  show  the  form  of  the  successive  functions : 

/ 

and  so  on ;  from  which  we  perceive  that  the  coefficients  are  the  same  as  in  the 
expansion  of  a  binomial,  that  of  the  second  term  being  the  number  of  the  con- 
secutive function  after  the  first  function.  Denoting  this  number  by  n,  we 
have  for  the  general  form  of  the  nth  function  after  the  first, 


1st  Dillin«iic«aL 

S«I  DiflereocM. 

3d  DiflVr- 
•acos. 

4th  Dif 
ferrai'M 

•J, 

<J,+2<5,+d, 

(Jj  +  dj 
''3+2<Ja+«'4 

<l3  +  ''« 

•'4 

f+mi+ 


n(n-lh    ,  fi(w-l)(n-2) 


^:A h*^" 


[C] 


1.2      •*  '  1.2.3 

Suppose,  now,  that  a  value  of  the  function  intermediate  between  the  first  and 
fiecond  of  the  series  in  the  table  be  required,  n  here,  instead  of  being  un  entire 
number,  is  a  fraction.    If  the  value  of  the  function  be  requbred,  corresponding 


296 


ALGEBRA. 


to  a  valuQ  of  tho  argument  midway  between  its  consecative  values  in  the  table, 
n  becomes  equal  to  -.     If  the  arguments  of  the  tables  differ  by  24  hours,  and 

3       1 

the  function  be  required  for  3  hours,  n  becomes  equal  to  — ,  or  3.     If  the  tabu 

lar  arguments  differ  by  1  hour,  or  60  minutes,  and  the  function  be  required  for 

15     1 
an  argument  15  minutes  beyond  an  even  hour,  n=^=-. 


EXAMPLE. 

Given  the  logs,  of  15,  16,  17,  18,  19,  to  find  that  of  17.25. 


Arif.orNo. 

Func.  or  Log. 

IstDifs.  ^1. 

2d  Difs.  i2. 

8d  Dift.  is. 

ii. 

15 
16 
17 
18 
19 

1.17609126 
1.20411998 
1.23044892 
1.25527251 
1.27875360 

2802872 
2632894 
2482359 
2348109 

—  169978 

—  150535 

—  134250 

+  19443 
+  16285 

—  3158 

The  numbers  in  the  third  column  are  obtained  by  taking  the  differences  of 

the  consecutive  numbers  in  the  second.     The  numbers  in  the  fourth  column 

from  the  second  in  the  same  way. 

9  9 

As  2.25  is  -  the  interval  between  15  and  18,  we  make  n^-,  and  have  for 
4  4 

formula  (C),  taking  dj=2802872,  (J,=  — 69978,  6^=zl9i43,  <5^=— 3158. 

The  result  would  be  nearly  the  same  by  neglecting  i^  and  using  the  mean  of  the  two 
third  differences.* 

/=     1.176126 


nd-fd,= 


306462 


!ii!^Z±)d,=:l^rf.=    -2 


1.2 


32 


n(rt-.l)(n-2)^^45^,^ 
1.2.3  '     385' 

n(n— l)(n— 2)(7i— 3)^j 135^  _ 

1.2.3.4  '*"      6144  *~ 


239031 


2278 


69 


Value  of  func.  required,  viz.,  log.  17.25  =  1.23678904 

The  formula  for  interpolation  may  be  derived  very  elegantly  by  the  method 
of  indeterminate  coefficients.  Thus,  lot  y  represent  the  value  of  the  interpo- 
lated function  to  bo  found,  A  the  argument  in  the  table,  m  the  number  of  parts 
(4^*  in  the  example  above)  between  A  and  tho  consecutive  argument  of  tlie 
table,  and  n  the  whole  number  of  parts  (4  in  the  above  example)  between 
these  consecutive  arguments.  It  is  evident  that  y,  depending  on  A  and  m, 
may  be  expressed  in  terms  of  these.     Assume,  therefore, 

y=A+Bwi+Cm2+Dm3+,  &c., 

in  which  B,  C,  D,  &c.,  are  undetermined  coefficients,  whose  values  are  to  be 
found. 

Now  let  m  have  successive  values,  represented  by  0,  ft,  2n,  3n,  &c.,  then 
the  corresponding  values  of  y  will  be 

*  As  means  are  much  used  in  calculations  with  tables,  it  may  be  well  to  advertise  the 
■todent  that  a  mean  of  tlirce  numbers  is  obtained  by  adding  them  together  and  dividing  by 
3  ;  of  five  numbers,  by  adding  them  together  and  dividing  the  sum  by  5,  and  to  on. 
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A (1) 

A+Bn+Cn«+D;i»+,&:c (2)    , 

A+B.2n+C(2n)s+D(2n)>+,&c (3) 

A-|-B.3/i+<^-(3n)«+I>(3n)=»+»&c (4) 

&c. 
Subtracting  successively  (1)  from  (2),  (2)  form  (3),  &c.,  and  representing 
the  remainders  by  P^,  Q',  R',  ^c,  and  dividing  by  n,  we  have 

P' 

—  =B  +  C.n+D/i2+,&c (5) 

-^=:B+C.3»+D7n«+,&c (6) 

R' 

— =B  +  C.5n+Dl9;i3+,&c (7) 

&c.  &c. 

Again,  subtracting  successively  (5)  from  (G),  (G)  from  (7),  &c.,  and  repro- 
Bentiug  the  remainders  by  P'',  Q'^  &c.,  and  dividing  by  2n,  we  get 

—  =C  +  D.3n+,&c (8) 

^=C  +  D.6n+,&c (9)       ^ 

&c.  &c. 

Next,  subtracting  (8)  from  (9),  &c.,  and  representing  the  remainders  by  P'", 
^.,  and  dividing  by  Gn,  we  have 

T>/// 

—  =D+,&c (10) 

But  P'"=:^^; ;  also  0'= and  P"r=-^^ ; 

2/1  w  n 

.  p..    (R--Q-)-(Q--P-) 

Putting  tJj  for  the  numerator  of  this  fraction,  we  have  by  (10), 

3w       ()/i=»' 
Substituting  this  value  of  D  in  (8),  and  transposing,  thero  results 

r-— — !^ 

2n      2n^' 

Q'— P' 
But  P"=-^^ ,  and  putting  (Jg  for  Q' — P',  wo  obtain 


2/1"     yu* 


Again,  substituting  those  values  of  D  and  C  in  (5),  and  transposing,  we  have 

P'      d.      (I3      (Ja^ 
~n'"~2w^"27i'"G»' 
or,  putting  <J,  for  P',  and  simplifying, 

(!,       do      (5,1 
^=n"2i+3^' 
Finally,  substituting  these  values  of  the  cooificients  B,  C,  D  . . .  in  the  as 
Bumed  equation,  we  obtain 

m         Im/m       \.       Im/m^     3wi       \. 


% 
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as  the  formula  for  interpolation,  which  coincides  with  the  one  obtained  before, 
^i»  ^3f  ^3  •  •  being  the  first,  second,  and  thii-d  difTerences  of  the  functions,  as  is 
evident  from  the  manner  in  which  they  have  been  assumed  above. 

Let  us  apply  it  to  a  table  in  the  Nautical  Almanac,  which  gives  the  moon's 
latitude  at  noon  and  midnight  for  every  dny  in  the  year. 

•  EXAMPLE. 

Let  it  be  required  to  find  the  moon's  latitude  for  August  4,  1842,  at  16"  18" 
mean  time  at  Greenwich,  that  is,  at  4.3  hours  after  midnight. 


Moon'ii  Latitude. 

^1- 

^2* 

M««B  8«coQii  Diffnvors. 

o       '           It 

Aug.  4.  Noon,  +0  45  48.1 
Midnight,  +0    5  54.6 

Aug.  5.  Noon,*  —0  34  33.1 
Midnight,  —1  14  49.4 

—39  53.5 
—40  27.7 
—40  16.3 

+  34.2 
—11.4 

// 

+  11.4 

Now,  to  apply  the  formula,  we  have 

A=0°  5'  54".6,  d,=:— 40'  27''.7,  or  —40.463  minutes; 

m     4.3  m 

-=—=0.358,  -(Ji  =  — 14'  29".16; 

n      12  n   *  ' 

d3  =  +  ll".4, 1  =  — 0.642,  i  -(-— l)<J,  =  — 1".31. 

Therefore,  y=— 0°  8'  35".87,  which,  without  the  sign  — ,  is  the  moon's 
correct  latitude  south  at  the  time  for  which  it  was  required. 

Second  differences  will  ordinarily  insure  sufficient  accuracy.  Third  and 
fourth  differences  are  rarely  used. 


INEQUATIONS. 

237.  In  discussing  algebraical  problems,  it  is  frequently  necessary  to  intro- 
duce inequations^  that  is,  expressions  connected  by  the  sign  >.  Generally 
speaking,  the  principles  alretidy  detailed  for  the  tmnsformation  of  equations 
are  applicable  to  inequations  also.  There  are,  however,  some  important  ex- 
ceptions which  it  is  necessaiy  to  notice,  in  order  that  the  student  may  guard 
against  falling  into  error  in  employing  the  sign  of  inequality.  These  excep- 
tions will  be  readily  understood  by  considering  the  different  transformations  in 
succession. 

I.  Ifwc  add  the  same  quantity  to^  or  subtract  it  from^  the  two  members  of  any 
inequation^  the  resulting  inequation  will  always  hold  good^  in  the  same  sense 
as  the  original  inequation  ;  that  is,  if 

a>6,  then  a+ a' >&+«',  and  a — a'>6 — a*. 

Thus,  if 

8>3,  we  have  still       8+5>3+5,       and       8— 5>3— 5. 
So,  also,  if 

— 3<— 2,  we  have  still  — 3+6<— 2+6,  and  —3— 6<— 2— 6.f 


*  Tlie  moon's  latitude  is  marked  +  wlieii  nortli,  —  when  aonth. 

t  The  negative  (laaijtity  of  crentcr  imniericdl  value  is  always  considered  less  than  the 
negative  qnantifv  of  less  numerical  value. 
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The  tmth  of  tliis  proposition  is  evident  from  what  haa  been  said  with  refer- 
ence to  equations. 

This  principle  enables  us,  as  in  equations,  to  transpose  any  term  from  one 
member  of  an  inequation  to  the  other  by  changing  its  sign. 

Thus,  from  the  inequation 

we  deduce 
or 

II.  If  we  add  tofi^ether  thf  corrtspondinfr  members  of  two  or  mme  inequations 
tehich  hold  good  in  the  same  sense,  the  resulting  inequation  toill  always  hold 
good  in  the  same  sense  as  the  original  individual  inequations  ;  that  is,  if 

a>b,  c>d,  «>/, 
then 

III.  But  if  we  subtract  Oie  corresiwnding  members  of  two  or  more  inequations 
which  hold  good  in  the  same  sense,  the  resulting  inequation  will  not  alwats 
hold  good  in  the  same  sense  as  the  original  inequations. 

Take  the  inequations  4<7,  1><:J,  we  have  still  4— 2<7— 3,  or  2<4. 

But  take  9<10  and  6<f^.  the  result  is  9— 6>  (not  <)  10—8,  or  3>2. 

We  must,  tlierofore,  avoid  as  much  as  possible  making  use  of  a  transforma- 
tion of  this  nature,  unless  wo  can  assure  ourselves  of  the  soase  in  which  the 
resulting  inequality  will  subsist. 

IV.  Ifioe  multiply  or  divide  the  tu^  members  of  an  inequation  by  a  positive 
quantity,  the  resulting  inequation  will  hold  good  in  the  same  sense  as  the  original 
inequation.     Thus,  if 

a      b 

a<Cb,      then      ma-Cmb,         —<^— 

in      m 

— rt> — b,  tlien  — Tia> — nb,  — — > — -. 

n  n 

This  principlt!  will  onabh^  us  to  clciu*  an  inequation  of  fractions. 

Thus,  if  we  have 

multiplying  both  members  by  Oad,  it  becomes 

3rt(a«-./>2)>2</(c^— </•'). 
But^ 

V.  If  we  multiply  or  divide  the  two  members  of  an  inequation  by  a  negative 
quantity,  the  resulting  inequation  unll  hold  in  a  sense  opposite  to  that  of  the 
original  inequation. 

Thus,  if  we  take  the  inequation  8>7,  multiplying  both  membei*s  by  — 3, 
We  have  the  opposite  inequation,  — 24  < — 21. 

Sim'darly,  8>7,  but  -_^<— rT'O^  —-<—-. 

VI.  We  can  not  change  the  sians  of  both  incmhcrs  of  an  inequation  unless  we 
reverse  th^.  sense  of  the  inrquafinn,for  this  transformation  is  manifestly  the  same 
&ing  as  multiplying  both  members  by  — 1. 
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VII.  If  both  members  of  an  inequation  he  positive  numbers^  toe  can  raise  them 
to  any  power  wiOiout  altering  the  sense  of  the  inequation ;  that  is,  if 

a>6,  then  a''>5". 
Thus,  from  5>3  we  have  (5)«>(3)«,  or  25>9. 

So,  also,  from        (a+^)^^»  ^®  hsLve  (a+6)*]>c». 
But, 

VIII.  If  both  members  of  an  inequation  be  not  positive  numbers,  wt  can  not 
determine,  a  priori,  the  sense  in  which  the  resulting  inequation  unU  hold  good* 
unless  the  power  to  which  they  are  raised  be  of  an  uneven  degree. 

Thus,         — 2<3      gives  (—2)'»<     (3)«,  or        4<9; 
But,  — 3>  —5  gives  (-.3)K(— 5)«,  or        9<25 ; 

Again,         — 3>— 6  gives  (— 3)»>(— 6)»,  or  — 27>— 126. 
In  like  manner, 

IX.  We  can  extract  any  root  of  both  members  of  an  inequation  without  alter- 
ing the  sense  of  the  inequation  ;  that  is,  if 

a>6,  then  Va^yb, 

If  the  root  be  of  an  even  degree,  both  members  of  the  inequation  must 
necessarily  bo  positive,  otherwise  we  should  be  obliged  to  introduce  imaginary 
quantities,  which  can  not  be  compared  with  each  other. 

EXAMPLES  IN   INEqUATIONS. 

(1)  The  double  of  a  number,  diminished  by  6,  is  greater  than  24 ;  and  triple 
the  number,  diminished  by  6,  is  less  than  double  the  number  increased  by  10. 
Required  a  number  which  will  fulfill  the  conditions. 

Let  X  represent  a  number  fulfilling  the  conditions  of  the  question ;  then,  in 
the  language  of  inequations,  we  have 

2j:— 6>24,  and  Sx— 6<2j+10. 
From  the  former  of  these  inequations  we  have 

2x>30,  or  x>16; 
and  from  the  latter  we  get 

3j— 2x<10+6,  ora:<16; 
therefore  15  and  16  are  the  limits,  and  any  number  between  these  limits  will 
satisfy  the  conditions  of  the  question.     Thus,  if  we  take  the  number  15*9,  we 
nave 

15-9x2— 6>24  by  1-8, 
while  15-9x3— 6<15-9X2+10  by  0-1. 

5       4 
(2)  3i:-2>-j:-- 

...  30x— 20>25x— 8 
30x— 25j'>20— 8 
5a:>l"2 

xy 


5 

3)  43— 5ir<10— Sar. 


7     5^ 
(4)  g-4J:<8-2j:. 


Ans.  a:<  — 11. 


Ans.  a:<— . 
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12 
In  the  second  example,  -^,  or  2  J,  is  an  inferior  limit  of  the  values  of  i:. 

82 
In  the  second,  — 11,  and,  in  the  third,  ~,  or  9|,  are  superior  limits  of  the 

Talue  of  X.  If  the  second  and  fourth  of  the  above  inequalities  must  be  verified 
simultaneously  by  the  values  of  x,  these  values  must  be  comprised  between 
2|  and  9^.  If  the  third  and  fourth,  it  is  sufficient  that  it  be  less  than  — 11. 
Finally,  there  is  no  value  which  will  verify  at  the  same  time  the  2°  and  3°. 

(6)         3x-2y>5,  5x+3y>lC; 

^5+2y  .    16-3y 

.•.x> — Ti —  and  x> . 

o  o 

We  can  attribute  to  y  any  value  whatever,  and  for  each  arbitrary  value  of 
y  we  can  give  to  x  all  the  values  greater  than  the  greatest  of  the  two  quan- 
tities 

5+2y   16-3y 
3     '       5      • 
We  determine,  also,  from  the  proposed  inequalities, 

3J.— 5      ^  16— 6z 

In  order  that  these  last  two  may  be  fulfdled, 

3x— 5     16— 5r 
""2~">~r"' 

•'•^-^19* 

47 
Thus  X  can  receive  only  values  superior  to  t^,  or  2y'^^,  and  for  each  value 

of  X  there  should  be  admitted  for  y  but  values  comprised  between  the  two 
limits  above. 

(6)  x«-|-4r>12 
.-.  2a+4x+4>16 

x-|-2>db4 

r>2,  or  —2. 
The  inferior  limit  of  x  is  -{•2, 

(7)  x«+7x<30. 

Ana.  x<3  or  — 10. 

The  superior  limit  of  x  is  — 10. 
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GENERAL  THEORY  OF  EQUATIONS. 

THE  NATURE  AND  COMPOSITION  OP  EaUATIONB. 

238.  The  valuable  improvements  recently  made  in  the  process  for  the  de- 
termination of  the  roots  of  equations  of  all  degrees,  render  it  indispensably 
necessary  to  present  to  the  student  a  view  of  the  present  state  of  this  interest- 
ing department  of  analytical  investigation.  The  beautiful  theorem  of  M.  Sturm 
for  the  complete  separation  of  the  real  and  imaginary  roots,  and  for  discover- 
ing their  initial  figures,  combined  with  the  aduiirable  method  of  continuous 
approximation  as  improved  by  Homer,  has  given  afresh  impulse  to  this  branch 
of  scientific  research,  entirely  changed  the  state  of  the  subject,  and  completed 
the  theory  and  numerical  solution  of  equations  of  all  degrees. 

We  recapitulate  here  two  or  three 

DEFINITIONS. 

1.  An  equation  is  an  algebraical  expression  of  equality  between  two  quan- 
tities. 

2.  A  root  of  an  equation  is  that  number,  or  quantity,  which,  when  substi- 
tuted for  the  unknown  quantity  in  the  equation,  verifies  that  equation. 

3.  A,  function  of  a  quantity  is  any  expression  involving  that  quantity;  thus, 

,    aj^+h 
ox'-f-ft,  ar*-|-cz+a,  — j— r,  a*  are  all  functions  of  x;  and  also  ojfi — 6y*, 

2r-h3v 

^4z— 5y,  /,  y^+yx+x^+a^+h+2j  are  aU  functions  of  x  and  y. 

These  functions  are  usually  written /(x),  and/(r,  y), 

4.  To  express  that  two  members  of  an  equation  are  identical  or  true  for 
every  value  of  x,  the  sign  zn  is  sometimes  used. 

PROPOSITION  I. 

Any  function  ofx,  of  the  form 

x"4-;>a:»-»+9r»-»4.rx"-»+ 

iDhen  divided  by  x — a,  wilt  leave  a  remainder  ^  which  is  the  same  function  of  a 
that  the  given  polynomial  is  of\. 

Let/(z)=r"-f.;Ar"-*4-7^"~*'+ »  *°^»  dividing /(r)  by  r— a,  let  Q  de- 
note the  quotient  thus  obtained,  and  R  the  remainder  which  does  not  involve 
X ;  hence,  by  the  nature  of  division,  wo  have 

/(.r)nzQ(i--«)4.R. 
Now  this  equation  must  be  true  for  evorj'  value  of  r,  because  its  truth  de- 
pends upon  a  principle  of  division  which  is  independent  of  the  particular  values 
of  the  letters;  hence,  if  x^a,  we  huvo 

•/(«)=0+R; 

and,  therefore,  the  remainder  R  is  the  snino  function  of  a  that  the  proposed 
polynomial  is  of  x. 

EXAMPLES. 

(1)  Wliat  is  the  rernuinder  of  x^ — ^J'+7,  divided  by  x — 2,  without  actually 
performing  the  operation  ? 


•  Tlie  student  will  rerolle<-t  that  /it)  ntaiKla  for  a;"-|-;?x'*~*-|-,  &c,  and  that,  tberefiirc, 
f(a)  will  staud  for  a"-|-/w"~'-f^rt''"*-|-.  &c. 
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1(2)  What  18  the  remainder  of  r»— 6z«+8ar— 19,  divided  by  ar+3  ? 
I  (3)  What  10  the  remainder  of  x<+6r»4-7:c*+5x— 4»  divided  by  x— 5  ? 
(4)  What  IS  the  remainder  of  ar»+jpj*+5i:+r,  divided  by  x— a  ? 

ANSWERS. 

^  (1)  R=2»— 6x2+7=  — 1. 

(2)  R=(— 3)»— 6(— 3)«+8(— 3)— 19=— 124. 

(3)  1571. 

(4)  a'+jpa*+?^+^' 

PROPOSITION  II. 

If  Vk  is  the  root  of  the  equation^ 

a-+ AiX«-»4- Aar"-«+ A„_.2«+ A,»_iX+ Ab=0, 

the  first  member  of  the  equation  is  divisible  by  z — a. 

If  the  division  be  performad,  the  remainder,  according  to  the  preceding 
proposition,  must  be  of  the  form 

c»+Aia»-i+Aaa°-^ J-A,»_^«+ A^-ifl+An ; 

i.  e.,  the  same  function  of  a  that  the  first  meml>er  of  the  proposed  equation  ia 
of  X ;  and,  therefore,  since  a  is  a  root  of  the  equation,  the  remainder  vanishes, 
and  the  polynomial,  or  first  member  of  the  equation,  is  divisible  exactly  by 
X — a. 

Conversely,  if  the  first  member  of  an  equation  f(x)=:0  be  divisible  by  x — a, 
(hen  a  is  a  root  of  the  equation. 

For,  by  the  foregoing  demonstration,  the  final  remainder  isy^a) ;  but  since 
/(x),  or  the  first  member  of  the  equation,  is  divisible  by  x — a,  the  remainder 
must  vanish  ;  hence /(a) =0  ;  and  therefore,  a  being  substituted  for  x  in  the 
equation /(x)=:0,  verifies  the  equation,  and,  consequently,  a  is  a  root  of  the 
equation. 

PROPOSITION  III. 

239.  The  proposition  that  every  equation  has  a  root,  has  in  most  tireatises 
on  Algebra  been  taken  for  granted.  It  has,  however,  of  late  years  been 
thought  to  require  a  demonstrntion,  and  we  add  one  which  b  as  brief  and  clear 
as  any  of  the  best  modifications  of  that  by  Cauchy . 

As  it  will  prove  a  little  tedious,  the  student  may,  if  he  please  to  admit  the 
proposition,  pass  on  to  Prop.  IV. 

It  will  be  necessary  to  premise  a  few  lemmas  relating  to  the  properties  of 
moduli,  some  of  which  have  been  already  demonstrated  (Art.  197),  but  wo  re- 
peat them  here  for  convenience  of  reference. 

Lemma  I. —  The  sum  or  difference  of  any  two  quantities  whatever  has  a 
modulus  comprehended  between  the  sum  and  difference  of  the  moduli  of  the 
two  quantities. 

Lemma  II. — The  modulus  of  a  product  of  two  factors  is  equal  to  the  product 
of  their  moduli. 

Corollary. — Hence  the  product  of  the  moduli  of  any  number  of  factors  is 
the  modulus  of  their  pnnluct,  and  the  modulus  of  the  n^^  power  of  a  quantity 
18  the  n^^  power  of  its  modulus. 

Lemma  III. — In  order  Oiat  a  quantity  of  the  form  a+b  V — 1  w»fly  &«  zero, 
it  is  necessary,  and  it  is  sufficient^  Oiat  its  modulus  should  be  zero ;  for  a  and 
h  being  real  quantities,  let 
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a  +  6^  — 1=0. 


As  the  real  pait  a  cnn  not  destroy  the  imaginary  part  6  V — 1»  ^^  must 
have  separately  £7=0  and  i=0  .•.  -/a^+i^ssO. 

Lemma  IV. — Let  there  be  a  polynomial  of  the  form 

in  which  the  coefficients  of  all  the  terms  after  the  first  are  essentially  nega- 
tive.    A  value  of  j:  can  always  bo  found  sufficiently  great  to  render  the  first 
tenn  or"*  greater  than  all  the  others  together,  and,  consequently,  the  expression 
X  essentially  positive,  and  as  great  as  wo  please. 
For  we  can  write  X  tlius, 


x=^(.-f-J...-i). 


in  which,  if  x  be  supposed  to  increase  indefinitely,  the  negative  terms  m 
the  parenthesis  will  decrease  indefinitely.  As  soon  as  x  has  attained  a  value 
X  sufficiently  great  to  make  these  negative  terras  together  equal  to  1,  the 
value  of  the  expression  X  will  go  on  increasing  indefinitely,  and  be  always 
positive. 

If  A  be  taken  negatively  instead  of  positively,  X  ynH  still  be  positive,  proyided 
m  be  even ;  but  if  m  be  odd,  then,  when  — X  is  put  for  r,  the  leading  term  wiD 
be  negative,  and,  consequently,  X  negative. 

Corollary, — If  the  fii*st  term  p  of  a  series  j?+9^+''-*^+»  ^^'^  ^®  constant, 
x  may  be  taken  a  sufficiently  small  fraction  to  make  the  sign  of  the  whole  de- 
pond  on  that  of  the  first  term.* 

*  From  the  above  it  may  bo  ahowu,  that  in  every  equation  of  an  odd  degree  two  valuea 
con  always  be  found,  which,  when  separately  sabstitutcd  for  the  unknown  qaantity,  will 
furnish  two  results  w^ith  opposite  signs,  and  that  in  every  equation  of  an  even  de|B;ree 
two  such  values  cnn  also  he  assigned,  wlu:never  the  final  term  or  absolute  number  is 
negative ;  for,  in  this  case,  the  substitution  of  zero  for  x  will  g^ive  a  negative  result,  viz^ 
the  absolute  number  itself,  and  the  substitution  of  -f-^  or  — A  will  give  a  positive  result. 

From  these  inferences  it  may  be  proved,  without  difficulty,  that  eveiy  equation  of  an 
odd  degree,  without  exception,  has  a  real  root,  and  every  equation  of  an  even  degree,  pro- 
vided its  final  term  be  negative,  has  two  real  roots,  the  one  positive,  the  odmr  negative. 
This  conclusion  might  be  deduced  immediately  from  what  has  just  been  eatablifbed,  if  it 
bo  conceded  tliat  every  polynomial /(a;),  which  gives  results  of  opposite  signi  when  two 
values  a,  b  are  successively  given  to  .r,  passes  from/(a)  to  f{b)  continooiuly  through  all  in- 
termediate values,  as  x  passes  continuously  from  a  to  b.  But  tliis  is  a  principle  that  re- 
quires demonstration.    We  proceed  to  establish  it  with  the  noccssary  rigor. 

PROPOSITION. 

If  in  the  polynomial 

f(r)=x''+A^ix"-' ....  4.A,a^+Aia:4.N 

X  be  supposed  to  vary  continuously  from  x=a  to  x=b,  then  the  function  f{x)  will  vsiy 
continuously  from /(a)  to  f{b). 

DEMONSTRATIOK. 

Let  of  be  any  value  intermediate  between  a  and  b.  Substitate  t/-\-h  for  x  in  the  po^ 
nomial,  and  it  wiU  become 

/(a'H-;0=(a'4-A)"+A„_i(«'-|-*)'*"'  • .  • .  A,(a'-f.A)»+Ai(a'+A)+N; 

that  is,  actually  developing,  in  the  soconil  member,  by  Uie  binomial  theorem,  and  arrtnging 
the  rojtulti  according  to  the  ascending  powers  of  A, 
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FRELIHIIIART  DCMONSTRATION. 

240.  Each  of  the  equations 

R8  a  root  of  tho  form  a+6  >/  —  1.     This  is  true  of  the  equation  ar"=  +  l, 
hether  m  be  even  or  odd,  since  r=l  ahvays  satisfios  it.     It  is  also  true  of 
e  equation  x"= — 1  when  m  is  odd,  for  then  xs=  —  1  satisfies  it. 
When  m  is  even,  it  must  cither  bo  some  power  of  2,  or  else  some  power 
f  2  multiplied  by  an  odd  number ;  if  it  be  a  power  of  2,  then  the  value  of  x 
be  obtained  after  tlie  extraction  of  tho  square  root  repeated  as  many  times 
succession  as  there  are  units  in  the  said  i>ower.     Now  tlio  square  root  of 
e  form  a-^-by/  —  1  is  always  of  the  same  form  (Art.  118).     Hence,  when 
is  a  power  of  2,  each  of  the  equations  j:'"=  —  1,  x^=:^  yj — 1  has  a  root 
the  form  announced.     When  m  is  a  power  of  2  multiplied  by  an  odd  num- 
',  then,  if  we  extract  the  root  of  this  odd  degree  tirst^  there  will  remain  to 
extracted  only  a  succession  of  square  roots. 
We  have,  therefore,  merely  to  show  that,  when  m  is  odd,  a  root  of  ±  V  — 1 
of  the  predicted  form. 
Now  the  odd/x>u;«r5,  1,  3,  5,  dec,  of  -f-  >/  —  1,  are  (Art.  66) 

+  -/Z3,  — -/m,  +  ^"31.... 

the  same  powers  of  —  \/  —  1  are 


—  V"~l»  -f- V  — 1«  "~  >/  —  1.... 


consequently,  when  m   is   odd,   a  root   of  =t  V— I  is  either  •\- yf — 1  or 
—  V  — 1-     Hence  the  predicted  form  occurs,  whether  m  be  odd  or  even. 
It  follows  from  this  proposition  that,  whatever  positive  whole  number  m 


maybe,  ( — 1)"  and  (V  —  1)'"  will  always  bo  of  the  form  a+6\/ — 1;  or, 


more  generally,  ( — 1)"  and  (  y—l)'"  will  alwoys  be  of  this  form,  n  and  m  be- 
ing any  integers  positive  or  negative  (Cor.  to  Lemma  II.). 


THEOREM. 


241.  Every  algebraical  equation,  of  whatever  degree,  has  a  root  of  the  form 


wUofa  nay  be  written 


h  -fn(;i— 1)0' 

4.(„_l)(„_2)A„_^a"»-' 


«-B    A« 


-•••+* 


/< J  .  ..  ..  /i*» 


KofWf  bj  what  has  boon  above  shown,  a  value  so  flinall  may  Ih  given  to  A  that  tho  sam 
of  die  tenos  after /(a')  shall  be  less  than  any  assignable  quantity,  however  small  Hence, 
iHmtevar  intamiediate  value  a'  between  a  and  h  be  fixed  upon  for  s  in/(T),  in  proceeding 
to  a  neigfaboring  value,  by  tlie  addition  to  a^  of  a  quantity  h  ever  so  minute,  we  obtain  fior 
fif^-^^  a  like  muiuto  increase  of  the  preceding  value /(o^).  In  other  words,  in  proceed- 
ing: oootiiiiioiuly  from  a  to  &  in  our  substitutions  for  x,  the  results  of  those  substitutions 
most  be,  in  like  manner,  continuous,  or  all  connected  together  without  any  imoccapied  in- 

u 
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a-|-&\/ — 1,  whether  the  coefficients  of  the  equation  be  all  real,  or  any  of 
them  imaginary  and  of  the  same  form. 

Lot/(j)=j:"+A„_rar"-iH A3r»+Aaa:«+AiX+N=0 (1) 

represent  any  equation  the  coefficients  of  which  are  either  real  or  imaginary. 

If  in  this  equation  we  substitute  p+9  V  —  1  for  r,  i^  and  q  being  real,  the 
first  member  will  furnish  a  result  of  the  form  P-|-QV — h  P  ^^  Q  being 
real  (Lemma  II.).  Should  p+qV — 1  bo  a  i*oot  of  the  equation,  this  result 
must  be  zero ;  or,  which  is  the  same  thing,  the  modulus  of  P4-Q  / — !«  vis^ 
yp^^Qi,  must  be  zero  (Lemma  III.).  And  wo  have  now  to  prove  that 
values  of  p  and  q  always  exist  tliut  will  fulfill  this  latter  condition. 

In  order  to  this,  it  will  bo  sufficient  to  show  that  whatever  value  of 
yp^^Qs,  greater  than  zero,  arises  from  any  proposed  values  of  p  and  q^ 
other  values  of  ^  and  q  necessarily  exist,  for  which  '^F^'\-Q^  becomes  stiQ 
smallor,  so  that  the  smallest  value  of  which  -y/P^-I-Q''  is  capable  must  be  zero, 
and  the  particular  expression  j'+9  >/  —  1,  whence  this  value  has  arisen,  must 
be  a  root  of  the  equation. 

For  the  purpose  of  examining  the  effect  upon  any  function, /(x),  of  changes 
introduced  into  the  value  of  x,  the  development  exhibited  at  Art.  239,  Note,  is 
very  convenient.  By  changing  x  into  x-f-^i  the  altered  value  of  the  fuDctioH  is 
tlius  expressed  by 

/(x+ft)=/(r)+/,(j:)A+/,(T)^+/3(x)j-^...ft' (2) 

where /(t)  is  the  original  polynomial,  and/|(x),/3(i'),  &c.,  contain  dodo  bat 
integral  and  positive  powers  of  x  (Art.  239,  Note). 

The  first  of  these  functions, /(t),  becomes  P+Q  y/ — 1  when^+^\/ — 1 
is  substituted  for  .r ;  the  other  functions  may  some  of  them  vanish  for  the 
same  substitution,  for  aught  wo  know  to  the  contrary  ;  but  all  the  terms  after 
f(x)  can  not  vanish ;  tliu  last  /i",  which  does  not  contain  x,  must  necessarily 
remain. 

Without  assuming  any  hypothesis  as  to  what  terms  of /(r+Zi)  vanish  for 
the  vahie  T=j)-\-qy/  —  1,  which  causes  the  first  of  those  terms, /(x),  to  be- 
come P-j-Q  V  — 1»  lot  us  represent  by  /i™  the  Uast  power  of  /*  for  which  the 
coefficient  does  not  vanish  when  p+qV — I  >*  P"^  ^'^^  J**  This  coefficient 
will  bo  of  the  form  R-f-S  V  —  1'  i"  which  R  and  S  can  not  both  be  zero. 

When  2y-\-qy/  —  1  is  put  for  x,  wo  have  represented /(x)  by  P  +  Q  -^ — 1. 
In  liko  manner,  when  y>-|-/y-y/ — l-\-k  is  put  for  x,  we  may  represent  the 
function  by  P'+Q'  V— 1-     The  development  (2)  will  then  be 


P'-|_QV  — l=(P  +  Qv/-l)  +  (R+S>/  — l)/j'"+  terms 

/^m+i^  J^„,+:^  ....  h\ 

Now  h  is  quite  arbitrary ;  we  may  give  to  it  any  sign  and  any  value  we 
please,  provided  only  it  come  under  the  general  form  a-\-h'^ — 1.     Leaving 

the  absolute  value  still  arbitrary,  we  may  therefore  replace  it  by  either  +ifc 

1 

or  — A*,  or  it( — 1)"'/: ;  and  thus  render  /i"'  either  positive  or  negative,  which- 

1 
ever  we  please,  whatever  be  the  value  of  in;  and  we  have  seen  that  (— 1)" 
comes  within  the  stipulated  term  (Art.  210).  Hence  we  may  write  the  fore- 
going development  thus,  the  sign  of  k"^  being  under  our  own  control : 
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P'+QV— 1  =  (P+QV— 1)+(R+Sv/  — 1)A:"+  terms  in 

But  in  any  equation  of  this  kind  the  real  terms  in  one  member  are  together 
equal  to  those  in  the  other,  and  the  imaginary  terms  in  one  to  the  imaginary 
tarms  in  the  other.     Consequently, 

P'=P+R*"+  the  real  terms  in  A*+»,  A:»+«,  ....*•; 

Q'=Q4-SA:"+  real  terms  involving  powers  above  k^. 
Hence  the  square  of  the  modulus  of  P'-{-Q'  y/  —  1  is 
P'»+Q'«=P»+Q«+2(PR+QS)Af°+  real  terms  in  ifc«»+i,  A:"-H,  .  .  k^. 

Now  k  may  bo  taken  so  small  thnt  the  sum  of  all  the  terms  after  P*^.Q* 
may  take  the  same  sign  as  2(PR-f  QS)^"  by  (239),  which  sign  we  can  always 
render  negative  whatever  PR-j-QS  may  be,  because,  as  observed  above,  k^ 
may  be  made  either  positive  or  negative,  as  we  please. 

Hence  we  can  always  render 

P''+Q'«<P2+Q»,  or  VF'+Q^^ <  V 1**+  Q'. 


In  other  words,  whatever  values  of  p  and  7,  in  the  expression  p-^-q^^  — l, 
cause  the  modulus  VP^-j-.Q^  to  exceed  zero,  other  values  exist  for  which  the 
modulus  will  become  smaller;  and,  consequently,  one  case  at  least  must  exist 
for  which  the  modulus,  and,  consequently,  the  expression  P-j-Q-/ — 1,  must 
become  zero. 

This  conclusion  presumes,  however,  that  PR-j-QS  is  not  zero.  If  such 
should  be  the  case,  then  our  having  chosen  the  form  of  h^  so  as  to  secure  a  com- 
mand over  the  sign  of  2(PR+QS),  will  have  been  unnecessaiy.  The  form 
must  then  be  so  chosen  that  a  command  may  be  secured  over  tlie  sign  of  the 
first  term  after  2(PR+QS)A:",  in  the  above  series,  for  P'^+Q'^  which  does 
not  vanish,  when  the  preceding  conclusion  will  follow. 

242.  The  values  of  a  and  h  in  the  expression  a-\-h'^ — 1,  which,  when  put 
finr  X  'mf(x),  cause  that  polynomial  to  vanish,  can  never  be  infinite. 
We  may  write /(x)  as  follows,  viz., 

/(x)=x.(l+^+^+....^);       ^ 

or,  putting  P+Q-/ — 1  for  what/(x)  becomes,  when  ^7+7-/  — l  is  substi- 
tuted for  X,  we  have 

/  A„_i  A.„_,  N  \ 

Now  the  modulus  of  a  quotient  is  tlie  quotient  of  the  modulus  of  the  divi- 
dend by  the  modulus  of  the  divisor  (Lemma  II.).  In  each  of  the  dividends 
Aa-it  Ab~s,  &c.,  above,  the  modulus  is  finite  by  hypothesis.  Hence,  if  either 
p  or  9  be  infinite,  and,  consequently,  the  modulus  of  every  denominator  or 
divitor  also  infinite,  the  modulus  of  each  quotient  must  be  zero.  Hence,  in 
this  case,  each  of  the  above  fractions  must  itself  be  zero  (Lemma  III.),  and 
therefore  the  modulus  of  the  entire  quantity  within  the  parenthesis  simply  1 ; 
and  the  modulus  of  a  product  is  tlie  product  of  the  moduli  of  the  factors,  so 
that  the  modulus  of  the  preceding  product,  viz.,  \/P^+Q^  *^  ^^*®  modulus  of 
(p-{-qV — !)"•  But  the  n'**  power  of  ^j+vV — I  ^*^  ^^^  modulus  the  n"' 
power  of  the  modulus  ofp-^-q-^  — 1,  that  is,  the  n"*  power  of  Vp^-k-Q'  (Lemma 
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II.,  Cor.),  which  is  iufmito  ;  coiisequeutly,  •\/P'>-|-Qs  must  be  infinite.  But 
yvhen  p-{-q')/ — 1  is  a  root  of  the  equation  y((x)=0,  -v/P^+C^-iszoro.  Hence, 
in  this  case,  neither  p  nor  q  can  be  infinite. 

243.  An  objection  may  be  brought  against  the  preceding  reasoning  that 
ought  not  to  be  concealed.  It  may  be  denied  that  the  modulus  of  the  product 
above  referred  to  is  simply  the  modulus  of  (p+qV  — 1)"  in  the  case  ofp  or  q 
infinite ;  for  it  may  be  maintained  that  altliough  in  this  case  all  the  quantities 
within  the  parenthesis  after  the  1  become  zero,  yet  the  combination  of  Uiese 
with  {p-^-q  V  — !)"»  which  involves  infinite  quantities,  may  produce  quantities 
:iiso  infinite  ;  and  thus  the  modulus  of  the  product  may  differ  from  the  modu- 
lus of  (p-j-g  v  —  1)"  by  a  quantity  infinitely  great.  It  is  not  to  be  denied  that 
there  is  weight  in  this  objection.  But  it  is  not  difificult  to  see  that  although 
the  true  modulus  may  tlius  dilfor  from  tlio  modulus  of  (i^-I-^a/— 1)"  by  an 
mfinite  quantity,  yet  the  modulus  of  (i'+^/V— I)"i  involvbig  higher  powers 
than  enter  into  tlic  part  neglected,  is  infinitely  greater  than  that  part.  This 
part-,  therefore,  is  justly  regarded  as  nothing  in  comparison  to  the  part  pre- 
served, the  former  standing  in  relation  to  the  latter  as  a  finite  quantity  to  in- 
finity. 

But  the  proposition  may  be  established  somewhat  differently,  as  follows: 

Substituting  (p-{-qV  —  1)  ^or  x  in/(z),  we  have 


Call  the  aggregate  of  all  these  terms  after  the  first  P'+Q'  -/ — 1 ;  then  it 
is  plain  that  the  modulus  of  the  first  term,  that  is,  (  Vl^+9'Y^  ™ii8t  infinitely 
oxcoed  the  modulus  -y/P'-.j-Q'-  of  the  remaining  terms  whenever  p  or  9  is 
infinite,  because  in  this  latter  modulus  so  high  a  power  of  the  infinite  quantity 
J)  or  q  can  not  enter  as  enters  into  the  former.  Now  the  modulus  of  the 
whole  expression,  tliat  is,  of  the  sum  of  {p+qV  —  1)°  and  P'+Q' V — It  w 
not  less  than  tlie  dififercuce  of  the  moduli  of  these  quantities  themselves 
(Lemma  I.),  which  difference  is  infinite.  Hence,  as  before,  \/P'+Q'  must 
be  infinite  when  j?  or  7  is  infinite. 

PROPOSITION  IV. 

244.  Every  equation  containing  but  one  unknatcn  quantity  has  as  many  roots 
as  there  are  units  in  the  highest  power  of  the  unknown  quantity. 

Let/(x)=0  be  an  equation  of  the  72^''  degree ;  then  if  a^  be  a  root  of  this 
equation,  we  have,  by  last  proposition, 

{x-a,)f,(x)=f(x)=0, 

where /|(x)  represents  the  quotient  aiising  from  the  division  ofy*(2')  by  a:— flj, 
and  wUl  be  a  polynomial,  arranged  according  to  the  powers  of  x,  one  degree 
lower  than  the  given  polynomial /(x).  Now,  if  a ^  is  also  a  root  of  the  equa- 
tion /(r)=0,  it  is  obvious  that/,  (.t)  must  be  divisible  by  x — a  at  for  x — Ui  is 
not  divisible  by  x — ag  (see  Art.  84,  Note) ;  hence,  if/:i(x),  a  polynomial  of  a 
degree  one  lower  than/i  (x),  or  of  a  degree  two  lower  than/(x),  represent  the 
quotient  of/j(x)  divided  by  t — a  2,  we  have 

(x—a,)(x— a3)/a(x)=/(x)=0. 

Proceeding  in  this  manner,  if  a 3,  04,  03, a.  are  roots  of  the  equatioDt 
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the  degree  of  the  quotient  reducing  by  ono  cadi  time,  the  equation  will  as- 
tame  the  form 

(x — ai)(x — a.j)(ji' — a.j) (x — a„)=0; 

and,  consequently,  there  nro  us  many  routs  ns  factors,  that  is,  os  units  in  the 
highest  power  of  x,  the  unknown  quantity ;  for  the  last  equation  will  he  veri- 
fied by  any  one  of  the  n  conditions, 

.r=a|,  xrzrz^M  ^'=^{3,  x^a^, ....  x=an; 

and  since  the  equation,  bein<;  of  the  /i'*'  dcj^ree,  contains  n  of  these  factors  of 
the  1st  degree,  (x — tij),  &:c.,  there  are  ?i  roots. 

Corollary  1.  When  ono  root  of  an  equation  is  known,  the  depressed  equa- 
tion containing  the  remaining  roots  is  readily  found  by  synthetic  division. 

Corollary  2.  The  number  of  factors  of  the  2'^  degree  in  an  equation  is  n(n — 1) 
-i-l  .  2 ;  of  the  3°,  n(;i--l)(n— 2)-7-l  .2.3,  and  so  on  (see  Art.  203). 

EXAMPLES. 

(1)  One  root  of  the  equation  x* — 25x--}-G0.r — 36=0  is  3 ;  find  the  equation 
containing  the  remaining  roots. 

1  +0    —25  +G0— 36  (3 

3    +  9   —48+36 
1  +3    _16  4-12! 
Hence  r»+32:^— 16j:+12=0 

is  the  equation  containing  the  remaining  roots. 

(2)  Two  roots  of  tlie  equation  r*— ]2jr'+ 48 j^—68i  + 15=0  are  3  and  5  ; 
find  the  quadratic  containing  the  remaining  roots. 

1  —12  4-48—68+15(3 

'  3  —27  +  63  —  15 

1  —  9  +21—  5  (5 

5  —20 


1—4+1 
...  3^-^  4r+l=0 
is  the  equation  containing  the  two  remaining  roots. 

(•     (3)  One  root  of  the  cubic  equation  x^ — 6j:^+ll.r — 6=r0  is  1;  find  the 
quadratic  containing  the  other  roots. 

Ans.  x«— 5x+6=0 

(4)  Two  roots  of  the  biquadratic  equation  ix* — 142^ — 5a:'^+31x+6=0  are 
2  and  3 ;  find  the  reduced  equation. 

Ans.  4i:«+6j:+l=0. 

-       (5)  One  root  of  the  cubic  equation  r*+32:-— 16^+1 2=0  is  1 ;  find  tlio  re- 
maining roots. 

Ans.  2  and  — 6. 

(6)  Two  roots  of  the  biquadratic  equation  r* — 6x'+24j: — 16=0  are  2  and 

— 2 ;  find  the  other  two  roots. 

Ans.  3+  \/5. 

PROPOSITION  V. 

245.   To  form  the  equation  whose  roots  are  (Zi ,  a^,  a,,  a^t dn* 

The  polynomial /(x),  which  constitutes  tiie  first  member  of  the  equation 

required,  being  equal  to  the  continued  product  of  x — a^  x — a^,  x — 03, ... 

T — a.,  by  the  lost  proposition,  we  have 
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(t— a,)(a:— a2)(T— ttg) (a:— ao)=0; 

and  by  performiDg  the  multiplication  here  indicated,  we  have,  when 


71=2,  a:*— ai 
n=3,  2* — ai 

n=4,  z* — ai 
— Oa 

— fl3 
— ^4 


r  -{-aiaa=0 


a:  — 0108^3=0 


— (XaOsa^ 


ar-|- 0109^3^4^0,  and  so  on. 


r^+Oifla 
+aiflf3 

+  020, 
+  0104 

4-0304 
+0304 

By  continuing  the  multiplication  to  the  last,  the  equation  will  be  fjand 
whose  roots  are  those  proposed ;  and  from  what  has  been  done  we  lean  that 

(1)  The  coefficient  of  the  second  term  in  the  resulting  polynomial  wiD  be 
tlie  sum  of  all  the  rooto  with  their  signs  changed. 

(2)  The  coefficient  of  the  third  term  will  be  the  sum  of  the  product!  of 
every  two  roots  with  their  signs  changed. 

(3)  The  coefficient  of  the  fourth  term  will  be  the  sum  of  the  producti  of 
every  three  roots  with  their  signs  changed. 

(4)  The  coefficient  of  the  fifth  term  will  be  the  sum  of  the  products  of 
every  four  roots  with  their  signs  changed,  and  so  on ;  the  Icut  or  absolute 
term  being  the  product  of  all  the  roots  with  their  signs  changed.* 

*  I.  Tho  generality  of  this  law  may  be  proved  as  follows :  Let  qs  suppose  it  to  bold 
crood  for  the  product  of  n  binomial  factors,  we  shall  prove  that  it  will  for  the  product  of 
7^-|-l  of  these.    Let 

a;"— Ajx'-^-l-A.x''-^— ,  Ac,  ±A, 

represent  tiie  product  of  n  binomial  factors,  in  which  A|  represents  the  sum  ai-Hi.-f^j 
-|-,  dec,  -\-a^  of  the  n  second  terms  of  the  binomials,  A^  the  sum  of  their  prodacts  two  sod 
two,  A3  the  sum  of  their  products  three  and  throe,  and  so  on,  and  A^  the  product  of  all  the 
n  second  terms  a^a^Oy  Jcc,  a^. 

Introduce  now  a  new  factor  (r — «n+i)-    Performing  the  multiplication  of  tlio  abtjvr*  j»»l\ 
nomial  by  this  new  factor, 

:r^— A,x"-^+Awr''-'*— .  &c.,  ±\ 


^n+l 


a:"+'— Ajar^+Ajx"-^-^,  &c.,  -tA„x 


n— I 


— '»n+iaj"H-Ai''n+l^        "•'  *C. 


T^^"«n+l 


.»+». 


■A, 


*n+l 


x"    — ,&c.,=FA„fln+i 


—A, 


Here  the  ooeflkicnt  of  the  second  term  is  composed  of  A  ,  the  sum  of  all  the 

second  terms  of  the  n  binomials  [x — a,),  (j: — o^),  dec.,  and  a^^j,  the  second  term  of  the 

(n-j-l)*''  binomial,  and  is,  therefore,  equal  to  the  sum  of  the  secomd  temu  of  tlie  n-\-\  binch 

+A5 

ndals.    The  coefficient  of  the  Uiird  term   ,  ^  is  composed  of  A»,  the  sam  of  the  prod* 

+Aia,+i  «~  "3. 

vcti  of  the  n  second  terms  two  and  two,  and  Aia^^.^  the  siun  of  the  » lecond  Urns,  esch 
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Corollary  1. — If  tho  coefficient  of  the  second  term  in  any  equation  be  0, 
tluit  is,  if  the  second  term  be  absent,  the  sum  of  the  positive  roots  is  equal  to 
the  sum  of  the  negative  roots. 

Corollary  2. — If  the  signs  of  the  terms  of  the  equation  be  all  positive,  the 
roots  will  be  all  negative,  and  if  the  signs  bo  alternately  positive  and  negative, 
the  roots  will  be  all  positive. 

Corollary  3. — ^Evory  root  of  an  equation  is  a  divisor  of  the  last  or  absolute 
term. 

+Aa 
multiplied  by  Uie  new  second  term  a„  j.i ;  hence  will  be  the  snm  of  the  products 

-|-A,an+i 

of  the  n-\-l  second  terms  two  and  two. 

Tlie  last  term  A.f^aJ^^l  is  tlie  product  of  A^.  which  is  the  prodact  of  aU  the  n  second  terms 
maltiplied  by  the  new  second  term  ^„^i,  so  that  A^a^^  is  the  product  of  all  the  n-j-l  Bec- 
ond  terms. 

We  have  thus  proved  that  if  the  law  for  tho  formation  of  the  coefficients  above  stated 
hold  gtx>d  for  a  certain  namhcr  of  I)inomiaI  factors  n,  it  will  hold  good  for  one  more,  or  Ji-^l, 
We  have  seen,  by  experiment,  that  it  holds  good  for  fbnr,  it  therefore  liolds  good  for  five  ; 
if  for  five,  it  most  for  six,  and  so  on  ad  injinitum. 

II.  One  might  imagine,  at  first  view,  that  the  above  relations  would  make  known  the 
roots.  They  give  at  once  equations  into  which  these  roots  enter,  and  which  are  equal  in 
somber  to  the  coefficients  of  the  equation  (excepting  the  coefficient  of  the  first  term,  which 
is  unity).  The  number  of  these  coefficients  is  equal  to  tlie  number  of  the  roots  of  the  equa- 
tion. Unfortunately,  when  wc  seek  to  resolve  tliesc  secondary'  equations,  we  arc  led  to  the 
very  e<iuation  proposed,  so  that  no  progress  is  made. 

For  simplicity",  I  will  take  the  equation  of  the  3^  degree. 

^_|.Pxe-f  ar-|-tt=0 (1) 

Designating  the  tliree  roots  by  a,  b,  c,  we  have,  to  determine  tho  roots,  the  three  re- 
lations 

V=—a~b—e 

Cl=aA+af-|-6c ' ....  (2) 

11^ — abc 

To  deduce  ftt>m  them  an  equation  which  contains  but  tho  unknown  a,  the  most  simple 
mode  of  proceeding  is,  to  multiply  the  1^  by  cfi,  the  2^  by  a,  and  add  them  to  the  3^. 
There  results 

Pa2-f  Q/z-]-'R>=—a^—aflb—fflc 

— €ibc. 
Reducing,  and  transposing  the  term  — a^,  wc  have 

fl3_|.paC_|.CU_|.R=0. 

The  unknown  quantities  b  and  c  arc  thus  eliminated,  but  the  e(|uation  resulting  is  of  the 
same  degree  with  the  proposed.  From  the  symmetrical  form  of  the  relations  (2)  we  per- 
ceivc  that  tho  elimination  of  a  and  b,  or  a  and  c,  would  have  been  attended  with  similar 
oonsequcDCes. 

III.  To  find  the  sum  of  the  squares  of  the  roots  of  any  equation. 

— Ai=a-\-b-\-c . . .  -\-I ; 

,'.  Aj2=a2-f  fr2-|-c« . . . ^n-\-^[ah'^ac-\-bc-\- ,,..) 
=  sum  of  the  squares  -(-2Af  ; 
.*.  sum  of  squares  =A,2 — 2A j. 
To  find  the  sum  of  the  reciprocals  of  the  roots. 

(_l)n->A^^=6r  .../+«<:... /+ai .. /-f . . 

1,1,1  ,1_      ^ 

"  aTb'^V"''^!''       A.  • 
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Corollary  4. — In  any  equation,  when  the  roots  are  all  real,  and  the  last  or 
absolute  term  \evy  small  compared  with  the  coefficieats  of  the  other  tenu, 
then  will  the  roots  of  such  an  equation  be  also  very  smalL 

EXAMPLES. 

(1)  Form  the  equation  whose  roots  are  2,  3,  5,  and  — 6 

Here  we  have  simply  to  perform  the  multiplication  indicated  in  the  eqoA- 
tion 

(x-2)(x-3)(a:-5)(j:+6)=0 , 
and  this  is  best  done  by  detached  coefficients  in  the  following  manner : 

1_  2  (—3 
—  3+  (> 
1—  5+   6  (—5 
„  5+25—30 
1  —  10+31—30  (6 

6  —  60+186—180 
1—  4—29+156—180 
...  ar«—4r»—29j^+156x— 180=0  is  the  equation  sought 

(2)  Form  the  equation  whose  roots  are  1,  2,  and  — 3. 

(3)  Form  the  equation  whose  roots  are  3,  — 4,  2+  \/3,  and  2 —  V^ 

(4)  Form  the  equation  whose  roots  are  3+  '^5,  3 —  -^5,  and  — 6. 

ANSWERS. 

(2)  r»— 7x+6=0. 

(3)  X*— 3.r»— 15x'+49z— 12=0. 

(4)  r»— 32x+24=0. 

PROPOSITION  VI. 

246.  No  equation  whose  coefficients  are  all  integers^  and  that  of  the  highest 
power  of  Oic  unknown  quantity  unity,  can  have  a  fractional  root. 

If  possible,  let  the  equation 

a:°+A^,x°-'^ |-A3r»+A3a:3+Aia:+N=0, 

whose  coefficients  are  all  integral,  havo  a  fractional  root,  expressed  in  its  low- 

a 
est  terms  by  t>     If  wo  substitute  this  for  x,  and  multiply  the  resulting  equatioo 

by  fc"~S  we  shall  havo 

-^  +  Ao_ia"-l^ hA3a^^''-'+Aa6''-«+N6''-i=0. 

In  tliis  polynomial,  every  term  after  the  first  is  integral ;  hence  the  first  term 

a  <z* 

must  be  integral  also.     But  -r  being  a  fraction  in  its  lowest  terms,  -r-  most  also 

be  a  fraction  in  its  lowest  terms,  and  can  not  be  an  integral.     (See  Note  to 
Art.  84.)     Therefore  the  proposed  equation  con  not  liave  a  fractional  root. 

PROPOSITION    VII. 

247.  If  the  signs  of  the  alternate  terms  in  an  equation  he  changed,  the  tigm 
of  all  the  roots  wiU  be  changed. 

Let  :r"+Air»-»  +  A,.r"-«+ A„_,t+A„=0    ....  (1) 

be  an  equation  ;  then,  changing  the  signs  of  the  alternate  terms,  we  have 
I"— AiX-^+A^r"-^ ...... :i:A„_i.r=pA„= 0  ...  (2) 

or  -x°+A,T»-»— A»r'»-^'+ =f  A„_,a:±Au=0  .  .  .  (3) 
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But  equations  (2)  and  (3)  are  idontica],  for  tho  sum  of  the  positive  terms  in 
each  U  equal  to  tlio  sum  of  tho  negative  torms,  and  ther(>foro  tlioy  are  identi- 
cal. Now  if  a  be  a  root  of  equation  (1),  and  if  a  be  substituted  for  x  in  equa- 
tion (1)  and  — a  in  equation  (2),  if  n  bo  an  even  number,  or  in  equation  (3) 
if  91  be  an  odd  number,  the  results  will  be  the  very  same ;  and  since  the  for- 
mer is  verified  by  sucli  substitution,  a  being  a  root,  the  latter,  viz.,  equation 
(2)  or  (3),  as  the  case  may  be,  is  also  verified,  and  therefore  — a  is  a  root  of 
rhe  identical  equations  (2)  and  (3). 

Corollary. — If  the  signs  of  all  the  terms  are  changed,  the  signs  of  the  roots 
remain  un^siiig€icU 

EXAMPLES. 

(1)  The  roots  of  tlie  equation  r^ — C)X--\-llx — 6=0  are  1,  2,  3.     "What  are 
^e  roots  of  the  equation  x'-|- 6x^+11-^+^=^  • 

Ans.  — 1,  — 2,  — 3. 

(2)  The  rooto  of  the  equation  x*— Gx3-f-24r— 16=0  are  2,  —2,  3i-  y/^ 
"Express  the  equation  whose  roots  are  2,  — 2,  — 3-f-  V^'  a"d  — 3 —  y/5, 

Ans.  ar»+6x3--24x— 16=0. 

PROPOSITION   VIII. 

248.  Surds  and  impossible  roofs  enter  equations  by  yairs, 
Letr»4-Ai.r"~*+AoX°-3_| — .. A„_i.r+A„=0  be  an  equation  liaving  a  root 

of  the  form  a  +  6  >/  —  1,  then  will  a — 6  -/  — 1  be  also  a  root  of  the  equation ; 

for,  let  a-\-b  -^  —  1  be  substituted  for  x  in  tho  equation,  and  we  have 


(a+6>/— l)-+A»(a  +  iV-l)"-'H A.._i(a+6  >/  — 1)  +  A„=0. 

Now,  by  expanding  the  several  terms  of  this  equation,  we  shall  have  a  series 
of  monomials,  all  of  which  will  be  real  except  the  odd  powers  of  &-/—!, 
which  will  be  imaginary.  Lot  P  represent  the  real  and  Q-/  —  I  the  imagi- 
nary terms  of  the  expanded  equation  ;  then 

an  equation  which  can  exist  only  when  P=0  and  Q=0,  for  the  imaginary 
quantities  can  not  cancel  the  rt'iil  ones,  but  th(j  rnol  must  cancel  one  another, 
and  the  imaginary  one  another  separatoly. 

A^in,  let  a — 6-/ — 1  bo  substituted  for  x  in  the  proposed  eqnntion  ;  then 
the  only  difference  in  the  expanded  result  will  be  in  the  signs  of  the  odd  powera 
of  fc-v/-"!*  tt"d  t^^c  collecti'd  iiionomials,  l)y  the  previous  notation,  will  assume 
the  form  P — QV — 1   but  wo  have  soon  that  P  =  0  and  Q=0; 

.-.  P— q/IIi=o, 

and  hence  a — b  yj — 1  also  verifies  the  equation,  and  is  therefore  a  root. 

Such  rootB  are  called  conjugate. 

In  a  similar  manner,  it  is  proved  that  if  a-\-  yjb  be  one  root  of  an  equation, 
a —  ^Jh  will  also  be  a  root  of  that  equation. 

Corollary  1. — An  equation  which  has  impossible  roots  is  divisible  by 

^x~'(a  +  bV'^)\\X'-(a  —  by/~^)\.  or  x-^^ax+a'^+b^', 

and,  therefore,  every  equation  may  be  resolved  into  rational  factors,  simple  or 
quadratic. 

Corollary  2. — All  tho  roots  of  an  equation  of  an  even  degree  may  be  impos- 
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siblo,  but  if  tbej  are  Dot  all  impossible,  the  equatioa  must  have  at  least  two 
real  roots. 

Corollary  3. — The  product  of  every  pair  of  impossible  roots  being  of  the 
form  a^-\-h'^  is  positive;  and,  there  fore,  the  absolute  term  of  an  equation 
whose  roots  are  all  impossible  must  be  positive. 

Corollary  4. — Every  eqaation  of  an  odd  degree  has  at  least  one  real  root* 
and  if  tliere  be  but  one,  that  root  must  necessarily  have  a  contraiy  sign  to 
that  of  tho  last  term. 

Corollary  3- — Every  equation  of  an  even  degree  whose  kst  term  is  nega- 
tive has  at  least  two  real  roots,  and  if  there  be  but  two,  the  one  is  poutive, 
and  the  other  negative. 

PROPOSITION  IX. 

249.  The  m  roots  of  the  equation  XssO,  or 

x»+Pj:"-»+Qa:'"-2+,  &c,  =0 [A] 

must  he  of  the  form  a-^-h'^  — 1,  of  which  form  we  have  already  shown  (Art. 
241)  that  it  must  have  one. 

For,  let  a-{-b  y/  —  1  be  the  root  whose  existence  is  demonstrated.  We 
know  (Prop.  II.)  that  the  polynomiul  x"-|- ,  &c.,  is  divisible  by  x — {a-\-b  V  —  1 ) » 
but  when  we  offect  this  division,  the  quantities  a-\-hy/ — 1,  P,  Q,  &c.,  can 
combine  only  by  addition,  by  subtraction,  and  by  multiplication ;  then  the  co- 
efficients of  the  quotient  j*""*-!-.  Arc,  will  still  be  of  the  fonn  a-\-b^  —  1. 
Consequently,  the  equation  t"""*  +  »  ^c.,  will  also  have  at  least  one  root  of  tlie 
form  a' + 6' -/  —  l;  dividing t*"-*+,  &c.,  hyr — (a' 4-&'V—l)fth© coefficients 
of  the  quotient  t'"''-{-,  dec,  will  be  still  of  the  same  form.  Continuing  to 
reason  thus,  it  is  evident  that  tho  primitive  polynomial  X  will  bo  di\ided  into 
m  factoi-s  of  the  form  x — (a-[-by/ — 1),  nnd,  consequently,  the  roots  of  the 

equation  will  all  be  of  the  form  a -{-by/  —  1. 

PROPOSITION  X. 

250.  The  roots  of  the  tivo  conjugate  equations^ 

Y+ZV^=0 (1) 

Y-ZV-1=0 (2) 

toill  be  conjugates  of  each  other. 

hetx^a+b  -^  —I  bo  a  root  of  equation  (l),and  Y'-\-Z'  y/ — 1  the  quotient 
of  its  first  member,  by  x— a — b  y/  — 1,  we  have  the  identity 

(Y'+ZV'^)(ar--a— 6\^-i)=Y+Zv/— 1 (3) 

Effecting  the  multiplication  in  the  1°  member,  we  find 

(j:--tf)Y'+6Z'+[(j--.fl)Z'— 6Y']  -/^ 
Changing  now  in  the  two  factors  Z'  into  — Z',  and  b  into  — 6,  we  see  that 
in  the  product  the  part  which  does  not  contain  y/  —  1  remains  the  same,  and 
that  that  which  does  contain  y/ — 1  only  changes  its  sign;  by  virtue  of  (3), 
therefore,  we  have 

(Y'--ZV"^)(3r— a+fcV^)=Y  — Z/^  .  •  •  •  (4) 
From  whence  wc  conclude  that  a — by/  —  1  is  a  root  of  (2) ;  thot  is,  all  the  roots 
of  (2)  are  obtained  by  changing  in  those  of  (1)  the  sign  of  V  —  1^*     'Th.^  real 
roots,  according  to  this,  must  be  the  same  in  the  two  equations. 


GENERAL  THEORY  OF  EaUATIONS.  316 

We  may  now  consider  tlie  following  beautiful  proposition  as  demonstrated 
from  the  foregoing. 

PROPOSITIOJf  XI. 

An  algebraic  equation  which  has  real  coefficients  is  always  composed  of  as 
many  real  factors  of  the  1°  degree  as  it  has  real  roots^  and  of  as  muny  real 
factors  of  the  2°  degree  as  it  has  pairs  of  imaginary  roots. 

DEPRESSION  OR  ELEVATION  OF  ROOTS  OF  EaUATIONS. 

PROPOSITION. 

251.  To  transform  an  equation  into  another  whose  roots  shall  he  the  roots  of 
the  proposed  equation  increased  or  diminished  by  any  given  quantity. 

Let  ax°+A,x"-*+A2a:"-^+ A„_iX+A„=0,  be  an  equation,  and  let  it 

be  required  to  transform  it  into  an  equation  whose  roots  shall  be  the  roots  of 
this  equation  diminished  by  r. 

This  transformation  might  be  effected  by  substituting  y+^  for  x  in  the  pro- 
posed eqaation,  and  the  resulting  equation  in  y  would  be  that  required ;  but 
this  operation  is  generally  very  tediuus,  and  wo  must  therefore  have  recourse 
to  some  more  simple  mode  of  forming  the  transformed  equation.  If  we  write 
y+r  for  x  in  the  proposed  equation,  it  will  obviously  be  an  equation  of  the 
very  same  dimensions,  and  its  form  will  evidently  be 

ar+Bir-»+B,7/"-'+ B„_i2/+B„=0 (!)• 

in  which  lij,  Bj*  &c.,  will  be  polynomials  involving  r.     But  y=^x — r,  and  there- 
fore (1)  becomes 

fl(j— r)«+B,(r-r)"-^-f. B„_i(.r-r)+B„=0    .  .  (2) 

which,  when  developed,  must  be  identical  with  the  proposed  equation;  for, 
since  y-\-r  was  substituted  for  x  in  the  proposed,  and  then  x — r  for  y  in  (2), 
the  transformed  equation,  we  must  necessarily  have  reverted  to  the  original 
equation  ;  hence  W€  have 
fl(r-r)''-f.B,(.r-r)''-i+ ..B.._j(.r-r)  +  B..=./.r"-t-A,x"-^+ ..  A^iX-f.A„. 

*  It  will  be  of  tho  same  form  with  the  dcveloinneiit  in  tlie  note  to  (Art.  239).  We  give 
it  agniii  below,  arrani^ed  acconling  to  the  ]>owcrs  of  r  iustoud  of  ^.  After  substitutioj^  ^4-r 
for  I,  we  write  tlie  dcvelopnieut  of  cadi  term  of  the  i)rr>jH)sed  equation  m  a  horizontal  line ; 
the  first  horizontal  line  ia  the  development  of  ax^,  the  second  of  Aia"-^  and  so  on. 

ay  +flwjr      r  -] -—-  ^"   V         + . . . 

-fA,y      -f.Ai(«— l)y      rH — tf      r'-|-... 

.    .     n— 2  1   »   <         ^   IV— 3    .  A?(n — S'lin — 3)  „.^  o  . 


+An. 
In  which  the  first  colomn  is  of  the  same  form  as  the  proposed  equation ;  the  second 
column,  or  coefficient  of  r,  is  derived  fntm  the  first  by  multiplying  the  coefficient  of  each 
term  by  its  exponent,  and  diminishing  the  cxjionent  by  unity;  the  tliird  column,  or  coeffi* 

dent  of ,  is  derived  from  the  second  in  a  s>iiii;lar  manner,  and  so  on. 

If  we  designate  hyf{x)  tho  first  member  of  the  given  c(iuation,  and  by/'(a;)  the  first  de- 
rived foDCtion,  by/"(j')  the  second  derived,  and  so  on,  we  shall  have 

f(*+r)=/(x)+/1^)r+'-^r^+-'j-^^r»+,»c. 
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Now,  if  wo  divide  the  first  member  by  x — r,  every  term  will  evidently  bo  divis- 
ible, except  the  last,  Bq,  which  will  be  the  remainder,  and  the  quotient  wiU  bo 

a(x-r)"-»+B,(r-r)'-=+ B„_,(x~r)+B^i; 

and  since  tne  second  member  is  identical  with  the  first,  the  very  same  quotient 
and  remainder  would  arise  by  dividing  this  second  member  also  by  x — r; 
hence  it  appears  that  if  the  first  member  of  the  original  equation  be  divided  by 
X — r,  the  remainder  will  be  the  last  or  absolute  term  of  the  sought  transformed 
equation. 
Again,  if  we  divide  the  quotient  thus  obtained,  viz., 

a(x-r)«-'  +  B,(2:-r)-'+  ....  B„_5(x-r)+B^» 
by  X — r,  the  remainder  will  obviously  bo  Bn_i,  the  coefficient  of  the  term  last 
but  one  in  the  transformed  equation ;  and  thus,  by  successive  divisions  of  the 
polynomial  in  the  first  member  of  the  proposed  cqufition  by  x — r,we  shall  ob- 
tain the  whole  of  the  coefficients  of  the  required  equation. 

RULE. 

Let  the  polynomial  in  the  first  member  of  the  proposed  equation  be  a  func- 
tion of  7,  and  T  the  quantity  by  which  the  roots  of  the  equation  are  to  be  di- 
minished or  increased  ;  then  divide  the  profKised  polynomial  by  x — r,  or  r-|-r, 
according  as  the  roots  of  the  proposed  equation  are  to  be  diminished  or  in- 
creased, and  the  quotient  thus  obtained  by  the  same  divisor,  giving  a  second 
quotient,  which  divide  by  the  same  divisor,  and  so  on  till  the  division  termi- 
nates ;  then  will  the  coefficients  of  the  transformed  equation,  beginning  with 
the  highest  power  of  the  unknown  quantity,  bo  the  coefficient  of  the  highest 
power  of  the  unknown  quantity  in  the  proposed  equation,  and  the  several  re- 
mainders arising  from  the  successive  divisions  taken  in  a  reverse  order,  the 
first  remainder  being  the  last  or  absolute  term  in  the  required  transformed 
equation. 

Note, — ^When  there  is  an  absent  term  in  the  equation,  its  place  must  be 
supplied  with  a  cipher. 

EXAMPLES. 

(1)  Transform  the  equation  bx^—V2i^-\':^x'^-\-Ax — 5=0  into  another  whose 
roots  shall  bo  less  than  those  of  the  proposed  equation  by  2. 

a:— 2)  5i-<— 12r»-f-3a:2-f.4x— 5  (5j'— 2j«— x+2 

— 2r»+3i-^ 
—  2r3+4.r° 


—x'^-\-2x 

2r— 5 
2t— 4 

—  1 .     F  irst  re  mainder. 

x— 2)  5r»— 2.r^— x+2  (bjfi-\-Sx-\-\b 
623—1  Or« 

^jT'^x 
ar«— 16.r 


ir).r+  2 
lox— 30 


32.     Second  remainder. 
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a:— 2)  Sj-'^+e.r+lo  (5.r+18 
5j^— lOj 

18j:+15 
ISx— 36 

61.     Third  remainder. 

x—2)5x+lS  (5 
6j— 10 


28.     Fourth  reinQinder. 
Therefore  the  transformed  equation  is 

6y*+28j/»+51i/'+32i/-l=0. 

This  laborious  operation  can  bo  nvuided  by  Ilorjier^s  Synthetic  Method  of 
divisbn,  and  its  great  superiority  over  the  usual  method  will  be  at  onco  ap- 
parent by  comparing  the  subsequoiit  elegant  process  witli  the  work  above. 
Taking  the  same  example,  and  writing  the  modified  or  changed  term  of  the 
divisor  x — 2  on  the  right  himd  instead  of  the  left,  the  whole  of  the  work  will 

be  thus  arranged : 

5—12  +  3  +  4  _5  (2 

10  —  4  —  2       4 

~2  m.-.  B4=— 1 

30 


—  2 

—  1 

10 

16 

8 

15 

10 

36 

18 

61 

10 

32  .-.  B3=32 

.-.  Ba=51 

28  .-.  J^  =  28 
.«.  6y*+ 28?/^+ 51^^+322/ — 1=0  is  the  required  equation,  as  before. 

(2)  Transfonn  the  equation  5i/*+2Sf+!jly^+32ij^l=0  into  another 
liaving  its  roots  greater  by  2  than  those  of  the  proposed  equation. 

5+28+      61   +32   —1  (—2 
—  10      —36  —30  —4 

2^ 
2 


18 

15 

—  10 

—  16 

8 

—  1 

—10 

4 

—  2 

3 

—10 

.*.  52:* — IZx^+^+ix — 5=0  is  tlie  sought  equation,  which,  from  the  trans- 
formations we  have  made,  must  be  the  original  equation  in  Example  1. 

(3)  Find  the  equation  whoso  roots  are  less  by  1*7  than  tliose  of  the  equation 

23— 222+3Z— 4=0. 
1—2  +3  —4  (1 
1   —1       2 

1  0 

0       2 
1 
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Now  wo  know  the  oquation  whose  roots  are  less  by  I  tbon  those  of  the 
given  equation  :  it  is  r*+-r*'+2x — 2=0 ;  and  by  a  similar  process  for  "7,  re- 
membering the  localities  of  tho  decimals,  we  have  the  required  equation  ; 
thus : 

1  +  1      +2        —2  (-7 
.7       1-19       2-233 
•233 


1-7 

3-19 

7 

1-68 

2-4 

4-87 

7 

3-1 
,:  y^-\'3'li/*-\'4'Q7y-\'-233s=0  is  the  required  equation. 

This  latter  operation  can  be  continued  from  the  former  without  arranging 
the  coefficients  anew  in  a  horizontal  line,  recourse  being  had  to  this  second 
operation  merely  to  show  the  several  steps  in  the  transformation,  and  to  point 
out  tlie  equations  at  each  step  of  the  successive  diminutions  of  tho  roots. 
Combining  these  two  operations,  then,  we  have  the  subsequent  arrange- 
ment. 


or 


1—2 

+3 

—4  (1-7 

1 

—  1 

2 

—1 

2 

—2 

1 

0 

2-233 

0 

2 

•233 

1 

1-19 

1-7 
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•7 

1-68 

2-4 

4-87 

•7 

3-1 

1—2 

+3 

—4  (1-7 

1-7 

—  -51 

4-233 

—  -3 

2-49 

•233 

1-7 

2-38 

1-4 

4-87 

1-7 

3-1 

We  have  then  the  same  resulting  equation  as  before,  and  in  the  latter  of 
tlieso  we  have  used  1-7  at  once.  It  is  always  better,  however,  to  reduce 
continuously  as  in  tho  former,  to  avoid  mistakes  incident  to  the  multiplier  1-7. 

(4)  Find  the  equation  whose  roots  shall  bo  less  by  1  than  those  of  the 
equation 

j3— 7.r+7=0. 

(5)  Find  tho  equation  whose  roots  shall  be  less  by  3  than  tho  roots  of  the 

equation 

r«— 3r'— 15r*+49ir— 12=0, 

and  transform  the  resulting  equation  into  another  whose  roots  shall  be  greater 
by  4. 
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(6)  Give  the  equation  whose  roots  shall  be  less  by' 10  than  th^  roots  of  the 
equation 

j:«+2r»+3i:«+4x— 12340=0. 

(7)  Give  the  equation  whose  roots  shall  be  less  by  2  than  those  of  the 
equatioD 

a*+2a:»— 6:ca--10z+8=0. 

(8)  Give  the  equation  whose  roots  shall  each  be  less  by  ^  than  the  roots  of 
(he  equation 

2a:*— 6r»+4j«— 2x+l=0. 

AlfSWEaS. 

(4)  y'+S^'— 4y+l=0 whence  x=y-f-  1 

(5)  y«+9y'+12y^— 14^=0 whence  a:=y+  3 

and2<— 7z»+662— 72=0 whence  x=2—  1 

(6)  y*+42y»+663^«+4664y=0 whence  x=y+ 10 

(7)  y»+10y*+42y+86y»+70^+12=0 whence  r=y+  2 

(8)  23^-2y'-2y«-?2/+i=0 whence  x=y+  j 

PROPOSITION 

252.  ^the  real  roots  of  an  equal  ion  ^  taken  in  the  order  of  their  magnitudes,  he 

flit  «a»  ^3»  ^4*  «5» 

v^tere  ajM  Oie  greatest^  a^  the  next,  and  so  on  ;  then  if  a  series  of  numbers, 

6i,  63,  63,  64,  65, 

m  which  b]  is  greater  than  ai,  b^  a  number  between  at  and  a^f  bg  a  number 
between  a^  and  ag,  and  so  on,  be  substituted  for  x  in  the  proposed  equation, 
Ike  results  will  be  alternately  positive  and  negative. 

The  polynomial  in  the  first  luenibcr  of  the  proposed  equation  is  the  product 
of  the  simple  factors 

(z— a,)(a:— a^Hjr— a3)(r— 04) 

and  quadratic  factors,  involving  the  imaginary  roots ;  but  the  quadratic  factors 
have  always  a  positive  value  for  every  real  value  of  x  (Art.  248,  Cor.  3) ;  there- 
fore we  may  omit  those  positive  factors ;  and  substituting  for  x  the  proposed 
series  of  values,  6|,  ij,  63,  6cc.,  wo  have  these  results: 

(^1— aiK^i— «2)(ii— «3)(^i— «4)  ....=  +  .  +  .  +  .+ =  + 

(^a— «i)(^a— ^2)(^3— ^3)(^3— ^4) =  —  •+•  +  •+ =  — 

(^3  — ^l)(&3— «3)(^3— «3)(^3--«4) = •  +  •+ =  + 

(&4— «l)(&4— «2)(^4— «3)(ft4  -«4)   '  •  •  '  =— '+ =  — 

&c.  &c.  &c. 

Corollary  1. — If  two  numbers  be  successively  substituted  for  x  in  any  equa- 
tion, and  give  results  with  different  signs,  then  between  these  numbers  there 
must  be  one,  three,  five,  or  some  odd  number  of  roots. 

Corollary  2. — If  the  results  of  the  substitution  in  corollary  1  are  affected 
with  like  signs,  then  between  these  numbers  there  must  be  two,  four,  or  some 
even  number  of  roots,  or  no  root  between  these  numbers. 

Corollary  3. — If  any  quantity  q,  and  overj'  quantity  greater  than  q,  renders 
the  result  positive,  then  q  is  greater  than  the  greatest  root  of  the  equation. 

Corollary  4. — Hence,  if  the  signs  of  the  alternate  temis  be  changed,  and  if 
p,  and  every  quantity  greater  than  p,  renders  the  result  positive,  then  — p  is 
leas  than  the  least  root. 
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EXAMPI.E. 

Find  tiie  initial  figure  in  one  of  the  roots  of  tlie  equation 

Here  one  value  of  x  does  not  differ  greatly  from  unity,  for  the  value  of  the 
given  polynomial,  when  a:=:l,  is  — 1,  and  when  z=*9i  it  is  found  thus: 

1_4— 6      +8  (-9 
.9_o.79_79ii 


--3-1— 8-79+  -089. 

The  value,  therefore,  when  t=:*9  is  (Art.  251)  '089.     Hence  the  former 
value  being  negative,  and  the  latter  positive,  the  initial  figure  of  one  root  is  *9. 

PROPOSITIO:^. 

253.  Given  an  equation  ofOic  n'*  degree  to  determine  another  ofOie  (n — 1)** 
degree^  such  that  the  real  roots  of  the  former  shall  separate  those  of  the  latter. 
Let  (Zp  ^3,  ^3,  ^4, . . . .  (Zn  be  the  roots  taken  in  order  of  the  equation 

a:"+A|a°-^+A2a:°--H Aa_ia:+A„=0; 

then  diminishing  the  roots  of  this  equation  by  r  (Art.  251),  we  have  the  fol- 
lowing process,  viz. : 

1+A,+  A2+ A„_8+  A^i+  An  (r 


r 
r 


rB 


n-4 


rB 


B 

rC 


n— « 


0—3 


rB^i 

Bn 


v/2  ^o— a 

Whence 

Cn-i=A„_i+  r  B„_o+  r  C„_3 

=A„_i+  r(A„_2+  r  B„_:,)+  r  (A„_> +r  B^+rC..^) 
=A„_i+2r  A„_:+2r2  B„_3  +  r-  C„_3 

=  A„_i+2rA„_.+2r^(A„_3+  r  B„_,)+r«(A„^+rBo-.+rCiH^) 
=A„_i+2r  A„_:+3r2  A„_3  +3r»  B„_4  +r»  C„_| 


or 


=A„_i+2r  A^3+3r2  A„_3  + (n— l)r»-^Ai+iir«-», 

C„_i=nr-'  +  (w-.l)Air»-=+(n-2)A2r''-5+  .  .  .  2An_«r+A„-i.  .  .  (1) 
Again,  the  roots  of  the  transformed  equation  will  evidently  be 


ai — r,  fl: — r,  az — r,  a^ — r. 


•  fln— ^» 


and  as  we  have  found  the  coefBcient,  Cn-i*  of  the  last  term  but  one  in  the 
transformed  (equation,  by  one  process,  wo  shall  now  find  the  same  coefficient, 
Cb_i»  by  unollier  process  (Prop.  V.,  p.  309) ;  it  is  the  product  of  every  (n  —  1) 
roots  of  the  equation  (1)  with  their  signs  changed;  hence  we  have 

CB_i=(r— fl,)(r— ai)(r— fla) to  (n—1)  factors  ' 

+  (r— ai)(r— (73)(r — a^) to  (n—1)  factors 

4-(r— ai)(r— fl3)(r— fl^) to  (n— 1)  fiaictors  .^^ 

r (2) 

•  •  • 

•  •  • 

•  •  • 

•  •  • 

-|-(r— <r,)(r— a3)(r — ^4) to  (n — 1)  factors 

Now  tlicbo  two  expressions  which  we  have  obtained  for  Cb-i  are  equal  to 


GENERAL  THEORY  OF  EaUATIONS.  321 

one  another,  aud,  thereforef  whatever  changes  arise  by  substitution  in  the 
one,  the  same  changes  will  be  produced,  by  a  like  substitution,  in  the  other ; 
hence,  substituting  a^,  a^,  aj,  dec.,  successively  for  r  in  the  second  ihember  of 
equation  (2),  we  have  these  results : 

(tfi — a«)(ai— a3)(ai— a4) =_j-._j-.-|- =:-^ 

(fla—- ai)(a8— fl3)(a2-— 04) ^ — .-4-.-|- t^  — 

(^3— ax)(«s— a«)(aj— 04) =  — h =  + 

&c.  6cc,  dec. 

But  when  a  series  of  quantities,  Oi,  a.2,  ezs,  ^4,  &c.,  are  substituted  for  the 
unknown  quantity  in  any  equation,  and  give  results  which  are  alternately  -{- 
and  — ,  then,  by  Art.  352,  these  quantities,  taken  in  order,  are  situated  in  the 
raccessive  intervals  of  the  real  roots  of  the  proposed  equation ;  hence,  making 
Cb_i=0,  and  changing  r  into  7,  we  have  from  equation  (1) 

nar»-»+(fi^l)AiX»-«+(n— 2)A9J— =H 2Aa_»r+Ap_i=0  ...  (3) 

an  equation  whose  roots,  therefore,  separate  those  of  the  original  equation 

a*+ Aia:"-»+ Aax"-*-! An-iar+ A„=0, 

and  the  manner  of  deriving  it  from  the  proposed  equation  is  to  multiply  each 
term  of  the  proposed  equation  by  tlio  exponent  of  j*,  and  to  diminish  the  ex- 
ponent one.  It  is  identical  with  the  second  column  of  the  development  in 
the  note  to  Article  251.  It  is  known  by  the  name  of  the  derived  equa- 
tion. 

Let  ai,  a^,  03,  ^4,  &c.,  be  the  roots  of  the  proposed  equation,  and  b^  &3«  &a, 
Sec.,  those  of  the  derived  equation  (3),  ranged  in  the  order  of  magnitude ;  then 
the  roots  of  both  the  given,  and  the  derived  equation  will  be  represented  in 
order  of  magnitude  by  the  following  arrangement,  viz.  : 

Oi,  hi,  fltji  &3»  (fz^  hi  Oil  ^41  <75i  ^fl»  &C'  .  • 

Corollary  1. — If  d^=ai,  then  r — Oi  will  bo  found  as  a  factor  in  each  of  the 
groups  of  factors  in  equation  (2),  which  has  been  shown  to  be  the  separating 
equation  (3),  and,  therefore,  the  separating  equation  and  the  original  equation 
will  obviously  have  a  common  measure  of  the  form  x — ai. 

Corollary  2. — If  a3=a3=:(7i,  then  (r — ai){r — ax)  will  occur  as  a  common 
factor  in  each  group  of  factors  in  (2) ;  that  is,  the  separating  equation  (3)  is  divis- 
ible by  (r — ai)';  and,  therefore,  the  proposed  equation  and  the  separating  equa- 
tion have  a  common  measure  of  the  form  (x — a,)^. 

Corollary^. — If  the  proposed  equation  have  also  a^z=a^  then  it  will  have  a 
common  measure  with  the  separating  equation  of  the  form  (x — aiY  (x — 04), 
and  so  on. 

Scholium. — When,  therefore,  we  wish  to  ascertain  whether  a  proposed 
equation  has  equal  roots,  we  must  first  find  the  separating  equation,  and  then  find 
the  greatest  common  measure  of  the  polynomials  constituting  the  first  mem- 
bers of  these  two  equations.     If  the  greatest  common  measure  be  of  the  form 

(a:— a,)P  (z— ^2)1  (a:— fla)' 

then  the  proposed  equation  will  have  {p-^-l)  roots  =ai,  (^-f-l)  roots  =09, 
(r-|-l)  roots  =03,  dec.  The  equation  may  then  be  depressed  to  another  of 
lower  dimensions,  by  dividing  it  by  the  difference  between  x  and  the  repeated 
root  raised  to  a  power  of  the  degree  expressed  by  the  number  of  times  it  ia 
repeated. 

X 
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EXAMPLES. 

Find  the  equal  roots  of  the  equation 

x^+52*+6x^'-6x*—l5x^'~'32f^+8x+A=0 (1) 

The  derived  polynomial  is 

72«4-^0:t*+30j:*— 24r»— 45.T«— 6J-+8 (2) 

and  the  common  divisor  of  (1)  and  (2) 

x*+3j3_J-j:a_3x— 2 (3) 

The  values  of  Xf  found  by  putting  this  equal  to  zero,  would  be  the  repeated 
roots  of  the  proposed  equation.  This  itself  will  be  found  to  have  equal  roots, 
for  its  derived  is 

and  their  common  divisor 

x+1. 
Hence,  by  the  rule, 

(i+l)« (4) 

is  a  factor  of  (3),  and 

(z+l)» 
a  factor  of  the  proposed. 

Dividing  (3)  by  (4),  the  quotient  is 

n^+ar— 2, 
which,  put  equal  to  zero,  gives 

x=l,  or  — 2. 
Hence  (3)  may  be  put  under  the  form 

(r+ir-(x-l)(x+2), 
and  by  the  rule  in  the  above  scholium  the  given  equation  may  be  put  under 
the  form 

(x+iy  {x^iy  (x+2)«, 
so  that  in  the  proposed  equation  tliero  are  three  roots  equal  to  — 1,  two  t» 
+  1,  and  two  to  — 2. 

(2)  ja—Sa^j-— 2a'=0. 
By  iho  process  above  it  may  bo  transformed  into 

(x'+a)'  (x— 2fl)=0, 
so  that  the  three  roots  are  two  equal  to  — a,  and  the  third  2a. 

(3)  r'—12.r'+53j'^—92j*—9.r^+212.r»—153j:«—10ar+ 108=0 
decomposes  into 

(x— 1)  (j-— 2)^  (^+1)'  (x— 3)'»=0. 
2ol.  The  most  satisfactory  and  unfailing  criterion  for  the  determination  of 
the  number  uf  imnginury  roots  in  any  equation  is  funiished  by  the  admirable 
theorem  of  Sturm,  whicli  gives  the  precise  number  of  real  roots,  and,  conse- 
quently, the  exact  number  of  imaginary  ones,  since  both  the  real  and  imagi* 
na)y  roots  are  together  equal  to  the  number  denoted  by  the  degree  of  the 
proposed  equation. 

PROPOSITION. 

To  find  the  iuimber  of  real  and  im/iginary  roots  in  any  proposed  equation. 

The  acknowledged  difficulty  whicli  has  hitlierto  been  experienced  in  the 
impoitant  problem  of  the  separation  of  the  real  and  imaj^inary  roots  of  any 
proposed  e(]uation  is  now  completely  removed  by  the  recent  \'aluablc  re- 
searches of  the  celebrated  Sturm  ;  and  W(i  shall  now  give  the  demonstrntioa 
of  tlie  theorem  by  which  this  desinible  object  has  been  so  fully  acconxpli^b- 
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ed.  nearly  as  given  by  the  author  himself,  deeming  it  far  more  satisfactory  than 
any  other  version  which  we  liave  seen. 

THEOREM  OF  STURM. 

1.  Let  Nj"+Px"-»  +  Qa:"-«+ +Tx+U=0 

be  a  umnerica]  equation  of  any  degree  whatever,  of  which  it  is  proposed  to 
determine  all  the  real  roots. 

We  begin  by  performing  upon  this  equation  tlio  operation  which  serves  to  de- 
tenuine  whether  or  not  it  has  equal  roots  (Art.  253,  Sch.),  in  a  manner  which 
we  proceed  to  point  out.  If  V  designate  the  entire  function  Nr™+P^"~^  +  » 
dec,  and  Vi  it^  derived  function  (which  is  formed  by  multiply iiig  each  term 
of  V  by  the  exponent  of  z  in  tliis  term,  and  diminishing  that  exponent  by  uni- 
ty), we  must  seek  for  the  greatest  common  divisor  of  the  two  polynomials  V 
and  Vp  Divide,  at  first,  V  by  Vi,  and  when  a  remainder  is  obtained  of  a 
degree  inferior  to  that  of  the  divisor  Vi,  change  the  signs  of  all  the  terms  of 
this  remainder  (the  signs  -j-  uito  —  and  —  into  -f-)*  Designate  by  Vs  what 
this  remainder  becomes  afVer  the  change  of  signs.  Divide  in  the  same  man- 
ner Vj  by  Vs,  and,  after  having  changed  the  signs  of  the  remainder,  it  becomes 
a  new  polynomial  V3,  of  a  degree  inferior  to  that  of  Vg.  The  division  of 
V9  by  V3  conducts,  in  the  same  manner,  to  a  function  V4,  which  will  bo  the 
remainder  resulting  from  this  division  after  having  changed  the  signs.  This 
•eriea  of  divisions  is  to  be  continued,  taking  care  to  change  the  signs  of  the 
terms  of  each  remainder.  This  change  oi  signs,  which  would  be  useless  if 
our  object  was  to  find  the  greatest  common  divisor  of  the  polynomials  V  and 
Vi,  ia  necessary  in  the  theory  about  to  be  explained.  As  the  degrees  of  the 
successive  remainders  go  on  diminishing,  we  arrive  finally  either  at  a  numeri- 
cal remainder  independent  of  z,  and  diffeiing  from  zero,  or  at  a  remainder  a 
function  of  J,  which  exactly  divides  the  preceding  remainder. 

We  shall  examine  these  two  cases  separately. 

IT.  Suppose,  in  the  first  place,  that,  oftor  a  certain  number  of  divisions,  we 
arrive  at  a  numerical  remainder,  which  may  be  represented  by  V,. 

In  this  case  we  know  that  the  equation  V=0  has  no  equal  roots,  since  the 
^lynomials  V  and  Vi  have  no  common  divisor  function  of  x,  RepresiMiling  by 
Qi,  Q3....Qr-i*  the  quotients  given  by  the  successive  divisions,  which  leave 
for  remainders  —  V3,  — V3....  —  V,,  wo  have  this  series  of  equalities : 

V  =V.Q.-V, 
V,  =  V,Q:-V3 
V,=V3Ci:,-V (1) 

Thus  much  being  premised,  the  consideration  of  this  system  of  functions 
V,  Vi,  V3....Vr  furnishes  a  sure  and  easy  means  of  knowing  how  many  nal 
roots  the  equation  V=0  has  comprehended  between  two  numbers  A  and  B  of 
any  magnitude  or  signs  whatever^  B  being  greater  than  A.  The  following  is 
the  rule  which  attains  this  object : 

Substitute  in  place  of  j-  the  number  A  in  all  the  functions  V,  Vj,  V.^ .... 
Vr_i,  Vr,  then  write  in  order,  in  one  line,  the  signs  of  the  results,  and  conn;: 
the  number  of  variations  which  are  found  in  this  succession  of  signs.  Write?, 
in  the  same  manner,  the  succession  of  signs  which  these  same  functions  take 
by  the  sabstitution  of  the  other  member  B,  and  count  the  number  of  variations 
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which  are  found  in  this  second  succession.  The  number  of  variations  which  it 
has  less  than  the  first  will  be  the  number  of  real  roots  of  the  equation  V^O 
comprehended  between  the  numbers  A  and  B.  If  the  second  succession  has  af 
many  variations  as  the  first,  the  equation  V=0  has  no  real  root  between  A 
and  B. 

Hi.  Wo  shall  demonstrate  this  theorem  by  examining  how  the  number  of 
variations  formed  by  the  signs  of  the  functions  V,  Vx,  Vg . . .  V„  for  any  one 
value  whatever  of  x,  can  change,  when  x  passes  through  different  states  of 
magnitude. 

Whatever  may  be  the  signs  of  these  functions  for  one  determinate  value  of 
r,  when  x  increases  by  insensible  degrees  to  beyond  this  value,  there  can  take 
place  no  change  of  signs  in  this  succession  of  signs,  unless  one  of  the  functions, 
y,  y ,  . . .,  changes  sign,  and,  consequently  (153,  note),  becomes  zero.  There 
are  then  two  cases  to  examine,  according  as  the  function  which  vanishes  is  the 
first,  y,  or  some  one  of  the  other  functions,  y ,,  y^  . . .  Vr_i,  intermediate  be- 
tween y  and  y, :  the  last,  y,,  can  not  change  sign,  since  it  is  a  number 
positive  or  negative. 

ly .  Let  us  see  first  what  alteration  the  succession  of  signs  experiences  when 
T,  in  increasing  in  a  continuous  manner,  attains  and  passes  by  a  value  which 
destroys  the  first  function  y.  Designate  this  value  by  c.  The  function  V,, 
derived  from  y,  can  not  be  zero  at  tlie  same  time  with  y  for  x^c,  because 
by  the  hypothesis  the  equation  y=0  has  not  equal  roots.  We  see,  besides, 
by  the  equations' (1),  without  falling  back  upon  the  theory  of  equal  roots,  tliat 
if  the  functions  y  and  V^  were  zero  for  x=c,  all  the  other  functions,  y,,  Vj 
. . .,  and,  finally,  y ,,  would  be  zero  at  the  same  time ;  but,  on  the  contrary,  yr 
is  by  hypothesis  a  number  different  from  zero,  y,  has  then  for  xsssc  a  value 
dififerent  from  zero,  positive  or  negative. 

Let  us  consider  values  of  x  very  little  dififeront  from  c.  If  in  designating  hy 
f.  a  positive  quantity  as  small  as  we  please,  wo  make  by  turns  xt=zc — u  and 
r=c+Mi  tho  function  y ,  will  have  for  these  two  values  of  x  the  same  sign 
that  it  has  for  x=c ;  because  wo  can  take  u  sufficiently  small,  to  insure  that  V  t 
shall  have  for  these  two  values  of  x  the  same  sign  that  it  has  for  r=c  ;  since 
wo  can  take  u  so  small  that  y,  will  not  vanish,  and  not  change  sign,  while  x 
increases  from  tho  value  c — m  to  c-^-u.* 

We  must  now  determine  the  sign  of  y  for  -r=c4-t/.  Designate  for  a  mo- 
ment y  by  f(x),  V I  by  f'(x),  and  the  other  derived  functions  of  y  by  /"(i"), 
f"'{x) . . .  .,/'"(x),  which  are  not  to  be  confounded  with  y^,  y^,  &c.,  these 
latter  not  being  derived  functions.  When  we  make  z=c4-t<»  y  becomes 
/(c+«)»  and  we  have  (see  note  to  Prop.IIL,  Art.  239) 

f"(c\         f"'{c\ 
/(c+«)=/(c)+/'(c)»+'Y^u=+  1-724"'+'**- ' 

or,  rather,  observing  that /(c)  is  zero,  and  that /'(c)  is  not, 

'  r  f"ic\        f'"ic\  1 

/(c+u)=u[/'(c)+-'-jiJu+^-^««+ .  .J. 

We  see  from  this  expression  oif(c-\-u),  that  in  attributing  to  u  very  small 

*  The  delicate  point  ou  which  the  tlieorein  hinges  is  the  one  stated  here.  Let  it  be  dia- 
tinctly  seen  that  since  Vi  can  not  be  zero  at  the  same  time  with  V  when  x=e,  therefctti, 
however  little  c  may  differ  from  a  value  which  reduces  Vi  to  xcro,  u  may  be  taken 
than  thia  difference. 
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positive  values, /(c 4- v)  will  have  the  sarao  sign  as /'(c),*  and,  consequently, 
J{c+u)  will  have  also  the  same  sign  as/'(c+i4),  since /'(c+m)  has  the  same 
sign  as /'(c).     Thus,  V  has  the  same  sign  as  V,  for  x=c-\-u. 
By  chaDging  u  into  — u  in  the  preceding  formula,  we  have 

/(c-u)=_tt[/'(c)--^^u+,  dec] 

And  we  perceive,  in  the  same  manner,  that  /(c — u)  has  a  sign  contrary  to 
that  of /'(c),  from  whence  it  follows  that  for  rrsc — u  the  sign  of  V  is  contrary 
to  that  of  V,. 

Then,  if  the  sign  of /'(c)  or  of  V„  for  x=c,  is  +,  the  sign  6{V  wiD  be  + 
for  x^c+tt,  and  —  for  r=c— m.  If,  on  the  contrary,  the  sign  of  V,  is  — 
for  i^c,  that  of  V  will  bo  —  for  x=c+?4,  and  +  for  x=:c — u.  Besides,  V| 
hat  for  x=c-4-tf  and  for  x^c — u  tho  same  sign  as  it  has  for  x=c. 

These  results  are  indicated  in  tlie  following  table : 

V  V,  VV, 

rx=c— u, ^-,  -I , 

Fmt  <ar=c.  0    4"*^^^^®   ^    — » 

(.r=c+t/,    +  +»  

Thus,  when  the  function  V  vanishes,  the  sign  of  V  forms  with  (he  sign  of 
V,  a  variation,  before  x  attains  the  value  c,  which  reduces  V  to  zero,  and  thia 
variation  is  changed  into  a  permanence  after  j:  posses  this  value. 

As  to  the  other  functions,  Vo,  V3,  &c.,  each  will  have,  as  V,,  either  for 
x=sc+ti  or  for  x=c — t/,  tho  same  sign  that  it  has  for  x=zc,  that  is,  if  none  of 
them  vanish  for  xz=c  at  the  same  time  with  V. 

The  succession  of  the  signs  of  the  functions  V,  Vj,  V^  ...  Vr,  loses  then  a 
variation,  when  r,  going  on  increasing,  passes  over  a  value  c,  which  reduces 
the  first  function  V  to  zero  without  destroying  any  of  the  other  functions,  Vi, 
Vf,  &c.  It  is  necessary  now  to  examine  what  happens  when  one  of  these 
fooctioDS  vanishes. 

V.  Let  there  be  a  function  intermediate  between  V  and  V,,  which  is  de- 
stroyed when  X  becomes  equal  to  b.  This  value  of  x  can  not  reduce  to  zero 
either  the  Hinction  Vo_i,  which  precedes  inmiediately  Vn,  or  the  function 
Vo+ii  which  follows  Vn.  Indeed,  we  have  between  the  three  functions  V»_i, 
V„  Vu+u  the  following  equation,  which  is  one  of  the  equations  (1). 

V„_i=V„Q„-V„+,. 

It  proves  that  if  tho  two  consecutive  functions,  V„_,",  V„,  were  zero  for  the 
same  value  of  r,  Vn^-i  would  he  zero  at  the  same  time ;  and  as  we  have  also 

we  should  have,  again,  V,^3=0,  and  so  on,  so  that  wo  should  have  finally 
V,=0,  which  is  contrary  to  the  hypothesis. 

The  two  functions,  Vn-i  and  Va+n  have  then  for  x^h  values  difiTerent 
from  zero ;  moreover,  these  values  are  of  contrary  signs,  because  the  same 
eqoatioD, 

ghres  Vb_i= — V,^.i,  when  we  have  V„=0. 

*  This  depends  apon  a  principle  demoiuitrated  at  Art.  239,  Cor.,  that  if  a  fimctioii  of «  be 
ammged  according  to  tho  aacendiug  powers  of  t/,  u  may  be  taken  so  small  that  the  sign 
of  the  whole  fonctiou  shall  depend  opon  that  of  its  first  term. 
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This  boing  established,  substitute  in  place  of  x  two  numbers,  b — uand  h'{'U, 
very  little  different  from  h ;  the  two  functions,  Vo-i  and  Vn+i,  will  have  for 
these  two  values  of  x  the  same  signs  us  they  have  for  x=b,  since  we  can  id- 
wnys  take  u  sufficiently  small,  to  insure  that  neither  Vu_i  nor  Vo+i  shall  cliau;;e 
sign  when  m  enlarges  in  the  interval  from  h—u  to  h-^-u.  Whatever  may  I'e 
the  sign  of  Vn  for  r=h — m,  as  it  is  placed  in  the  succession  of  signs  between 
those  of  Vu_i  and  Vn+i,  which  are  contrary,  the  signs  of  these  tliree  cousecu- 
tivc  functions,  V„_j,  V„,  V,,^.,,  for  x=:b — u,  will  fonn  always  either  a  penna- 
nence  followed  by  a  variation,  or  a  variation  followed  by  a  permancuco,  as  is 
here  soen. 

For  z=zh  —  u       +      i      — »  "^  ®^o,     —      it      +• 

Similarly,  the  signs  of  the  three  functions,  V„_i,  Vb,  Vn^i,  for  r^b-^-u, 
whatever  may  be  that  of  V^,  will  fonu  one  variation,  and  will  form  but  one. 

Besides,  each  of  the  other  functions  will  have  the  same  sign  for  x=b — u 
and  x=zh-]-u,  provided  no  one  of  thiMU  is  found  to  be  zero  for  xz=b  at  the 
same  time  as  Vn« 

Consequently,  the  succession  of  the  signs  of  all  the  functions,  V,  V,  . ..  V„ 
for  x=?>-J-M,  will  contain  precisely  as  many  variations  as  the  succession  of 
their  signs  for  xr=ft  —  m.  Thus,  the  number  of  variations  in  the  succession  of 
signs  is  not  changed  when  any  intennediate  function  whatever  passes  through 
zero. 

One  arrives  evidently  at  the  same  conclusion,  if  many  intermediate  functions, 
not  consecutive,  vanish  fur  the  same  value  of  .r.  But  if  this  value  should  de- 
sti-oy  also  the  first  function,  V,  the  change  of  sign  of  this  one  would  then  make 
one  variation  disappear  at  the  left  of  the  succession  of  signs,  as  has  been  shown 
in  IV. 

VI.  It  is  then  demonstrated  that  each  time  that  the  variable  r,  in  increasing 
by  insensible  degrees,  attains  and  ptisses  a  value  which  rendei-s  V  equal  to 
zero,  the  series  of  the  signs  of  the  functions  V,  V,,  V^  ...  V^  loses  a  varia- 
tion formed  on  its  left  by  the  signs  of  V  and  V^,  which  is  replaced  by  a  per- 
manence, while  the  changes  of  signs  of  the  intermediate  functions,  Vj,  Vj 
....  Vr -J,  can  never  either  augment  or  diminisli  the  number  of  variations  which 
existed  already.  Consequently,  if  we  take  any  number  whatever,  A,  positive 
or  ne^rative,  and  any  other  number  whatever,  B,  greater  than  A,  and  if  we 
make  x  increase  from  A  to  B,  as  many  vahies  of  r  as  are  comprised  between  A 
and  B,  which  render  V  equal  to  zero,  so  many  variations  will  the  succession 
of  signs  of  the  fimctions  V,  Vj  ...V,  for  j*=B  contain  less  than  the  suc- 
cession of  their  signs  for  j-=A.     This  was  the  theorem  to  be  demonstrated. 

Remark. — Tn  the  successive  divisions  which  serve  to  form  the  functions  Vj, 
V3,  cVc,  we  can,  before  taking  a  polynomial  for  a  dividend  or  divisor,  multiply 
or  divide  it  by  any  positive  number  at  pleasure.  The  functions  V,  V,,  V^ 
....  Vr,  obtained  by  this  operation,  will  differ  only  by  positive  numerical  fac- 
tors from  those  which  we  have  previously  considered,  and  which  appear  in 
equations  (1),  so  that  they  will  have  respectively  the  same  signs  as  these  for 
each  value  of  x. 

With  this  modification  we  can,  when  the  coefficients  of  the  equation  V^O 
are  whole  numbers,  form  polynomiols  Vj,  V.,,  &c.,  the  coefficients  of  which 
shall  be  also  entire.  But  it  is  necessary  to  take  good  care  that  the  numerical 
factors  thus  introduced  or  suppressed  bo  all  positive. 
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VII.  This  theorem  gives  the  meaos  of  knowing  the  whole  number  of  real 
roots  of  the  equation  Vs=0, 

In  fact,  an  entire  polynomial  function  of  x  being  given,  we  can  always  as- 
■ign  to  X  such  a  positive  value  as  that  for  this  and  every  greater  value  the 
polynomial  will  have  constantly  the  sign  of  its  first  term  (see  Art.  239).  It  is 
the  same  with  all  negative  values  of  x  bolow  a  certain  limit.  All  the  real  roots 
of  the  equation  V=0  being  comprised  between  —  oo  and  -^-cCfit  will  be  suffi- 
cient, in  order  to  know  their  numl)or,  to  substitute  —  go  and  4-  ^  instead  of  A 
and  B,  in  the  functions  V,  V,,  V^...  Vr,  and  to  note  the  two  successions  of 
signs  for  -^oo  and  •\-aa.  When  we  make  x=-|-go,  each  function  is  of  the 
same  sign  as  its  first  term.  For  x=z  —  x,  each  function  of  an  even  degree,  in- 
eluding  Vr,  has  tlie  same  sign  that  it  has  for  2"=  -|-  oo ;  but  each  function  of  an  un- 
even degree  takes  for  x=  —  oo  a  contrary  sign  to  tliat  which  it  has  for  a:=  +  qd. 
The  excess  of  the  number  of  variations  formed  by  the  signs  of  tlie  functions  V, 
Vj . . .  V„  for  x=  —  GO,  over  the  number  of  variations  for  x=  +  00,  will  express 
the  whole  number  of  real  roots  of  the  equation  V=0.* 

To  determine  the  initial  figures  of  the  roots,  we  may  substitute  the  suc- 
cessive numbers  of  the  series 

till  we  have  as  many  variations  as  — oo  produced;  and  if  we  substitute  the 
numbers  of  the  series 


*  One  misrht  bo  curioua  to  know  how  the  succesaioii  of  siiniB  of  the  functions  V,  Vi,  V, 
...Vr  ninst  auilergn  chnui^o  so  as  that  a  variation  id  lost  every  time  that  V  vanishes. 

We  have  seen  (IV.)  that  if  <:  is  a  root  of  the  eciuation  V=0,  the  two  functions  V  and 
Vi  mast  have  contrary  si^s  for  x=c — ti,  ami  the  same  b'h^\  fur  jr=zc-{-n.  fck)  tliat  if  wo 
designate  by  c^  tlio  root  of  the  e<iuation  V=0,  whitrh  is  next  greater  than  r,  so  thnt  be- 
tween c  and  ef  tliere  is  no  other  root,  Vi  will  have  for  x=z(/—,u  a  si^oi  contrary  to  that  of 
V.  But  V  has  constantly  the  same  sitni  for  all  values  of  x  comprised  between  r  and  (/ ; 
and  as  V,  has  the  same  sitfi>  Q^  V  {or  x=r'-\-v,  and  a  contrary  siu'n  to  that  of  V  for  x=(/ 
— ti,  we  sec  that  Vj  has  two  values  with  contrary  ^iirns  for  j^-^r-f-u  and  for  x=c^ — u  ; 
then,  while  x  increases  fn)m  r-J-w  to  </ — u,  V|  must  chaiiiyc  a'lirn  once,  or  tui  uneven  num- 
ber of  times  (I.,  or  Prop,  of  Art.  il.VJ,  C'or.  1). 

Let  y  be  the  only  vnlue  of  x,  or  the  h-ast  vnluo  of  x  between  c  and  </,  for  which  Vj 
diang'es  sign.  V  and  V^  will  have  for  x=y — u  the  same  comnuin  sii^n  that  they  have  for 
rssc-f-u.  For  x=y-\-u  V  will  have  this  same  Ki^i ;  but  V]  will  have  the  contrary  sign. 
Vj  will  have  a  sign  contrary  to  that  of  V  (or  the  three  values  firr  5 — 1/,  y,  and  y-\-u  (V.).  IS, 
for  example,  V  is  positive  for  x=c-\-u,  we  have  the  following  table  : 

V  V^  V, 

Tor  x^=y—u    -\-  -\ 

x=y  +   0  — 

Tbos,  before  x  attained  the  value  r,  which  destniys  V,  the  signs  of  V  and  Vi  formed  a 
variation  which  is  changed  into  a  permanence  after  x  has  overpassed  this  value  e ;  this 
permanence  sabsists  nntil  V^  changes  sign,  then  it  is  anew  replaced  by  a  variation  after 
the  change  of  sign  of  Vi ;  but,  at  the  same  time,  there  is  a  variation  formed  by  the  signs 
of  V|  and  V9  which  changes  into  a  permanence,  so  that  the  number  of  variations  in  the 
total  tttocession  of  signs  ia  ncitlier  increased  nor  diminished. 

If  Vi  changes  sign  a  second  time  for  a  new  value  of  x  comprehended  between  c  and  if, 
the  variation  which  the  sig;is  of  V  and  Vi  form  before  x  attains  this  value  will  be  again 
replaced  by  a  permanence  ;  and  still,  on  account  of  V;,  the  number  of  variations  will  re- 
main the  same  in  the  succession  of  siu^ns.  As  Vj  can  thus  change  sign  only  an  nncvcn 
mmber  of  times,  after  its  last  chance  tlie  signs  of  V  and  Vi  will  form  a  variation  which 
will  hubsist  until  z  attains  tlie  value  </,  which  destroys  V.  We  have  not  to  consider  here 
t2;e  caae  where  V  vauidhes  without  changing  sign. 
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0,  1,  2,  3,  4 

till  we  arrive  at  a  r.umbor  which  produces  as  many  variations  as  -f*® «  ^^^i' 
the  numbers  thus  obtained  will  be  tho  limits  of  the  roots  of  the  equation,  and 
the  situation  of  the  roots  will  be  indicated  by  tho  signs  arising  from  the  sub- 
stitution of  tho  intermediate  numbers. 

We  sliall  now  apply  tho  theorem  to  a  few 

KXAMPLES. 

(1)  Find  the  number  and  sitiiation  of  the  roots  of  the  equation 

r»— 4x=— 6.r+8=0.» 

Here  we  have  V  =  x'— 4j*  — Ox+B 

Vi=3j:«— ar  — G; 
then,  multiplying  the  polynomial  V  by  3,  in  order  to  avoid  fractions, 
3a:«— 8ar— 6)  ar»— 12a:«— 18j-+24  {x—l 
3x'—  Bj^—  6x 

—  4j'*— 1Jj:+24,  multiply  by  J; 
or  —  ar=—  9.r+18 

—  3x'+  ar+  6 

I^7x+12  .••  Va=17j:^12 
3j:2—  ar— 6 
17 


17r— 12)51.t^— 136.r— 102  (3x 
61.7^—  36r 

—  IOOj:— 102. 
It  is  now  unnecessary  to  continue  the  division  further,  since  it  is  very  ob- 
vious that  the  sign  of  the  remainder,  which  is  independent  of  r,  is  — ;  and, 
therefore,  the  series  of  functions  are 

V  =     x^—  4r-— 6x4-8 
Vi=:  3x-—  8r— 6 
V3  =  17j:-.12 

Put  +  ^  *"^  — *  ^^^  ^  ^^  ^^^^  leading  terms  of  those  functions,  and  the 
signs  of  the  results  are 

•  The  prtHicPa  fipplied  to  the  ij'cnerul  cubic  e(iiiatioii  afl-\-aj:^''-\-bx-{-c=:*),  gives  the  fol- 
lowing functions,  viz.  : 


With  the.  tteci}nd  term. 

V  =  .t3-|-  ajfi-\-bX'\-'' 

V,=3x2-i-2<ij  -j-A ^x 

Vj=a(aa— 3^»)j:-frt^— 9c | 

V3= —Affic-^-dWi—  1 9abc-~ A //'— 27r-3  J 


Withvnl  the  second  term,  or  a=0. 

V  =  j3-j-/,j:-|-<r 

V,=3.r«-|-/; 

Vi=— 2/»j— 3<: 

V3=— 46'— i>7d< ^ 


(2) 


TIicsc  functions  in  (1)  and  (a)  will  frc<iuently  be  found  useful  in  tlio  applicatiou  of  Sturm's 
theorem  to  equations  of  the  third  derro!*,  since  the  dcri\ed  functions  in  any  particular  ex- 
ample may  be  found  by  substitution  only.  In  order  that  all  tlie  roots  of  tlic  equation 
afl-{-bx-\-c=0  may  be  real,  tlic  first  terms  of  the  functions  must  bo  positive ;  henre  — 2A» 
and  — A6^ — Q7<fi  must  be  positive ;  and  as  ■  :?7c"-  is  always  neg'ative,  h  must  be  ne.&rative. 
in  order  that  — 4//'  and  — '2b  may  bo  irositive ;  therefore,  wheu  all  the  rrjots  are  real,  44* 

must  l>e  greater  than  27c^,  or  y-f   greater  than  ( -|  .    When,  therefore,  b  is  negative  and 

(-1  >(-)  f  all  tlie  roots  are  real,  a  criterion  which  has  been  long  known,  and  as  simple  as 
can  be  given. 
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For     r=  +  00,  +  +  +  +  °®  variation, 

T:=— X, 1 {-  three  viiriations, 

•*.  3-^0=:3,  the  number  of  real  roots  in  the  proi)osed  cubic  equation. 

Next,  to  find  the  situation  of  the  roots  we  must  employ  narrower  limits 
than  -4-00  and  — oc.  Commencing  at  zoro,  let  us  extend  the  limits  both  ways, 
and,  since  the  proposed  equation  has  only  one  permanence  of  sign,  one  of  the 
roots  is  negative,  and  the  remaining  roots  are  positive. 


V  ViVaVa    Var. 


o 

1 
1 
1 
1 
1 

0 


V  V1V3V3 

For  x=     0  signs  -\ ^- 

T=  —  1  ....  -j-H h 

X  mm^  ■""  dC    a     »     *     »       "^~  "T"    "^   "T" 


Var. 

2 

2 

3 


For  r=0  signs  -| \- 

x=l .... (-  + 

r=2 +  + 

•bS^Tt)     ....       ^""   "^"   ~T~    "+" 

x=4 ....  — h  +  4" 
jr=5 ....  +4" 4"  + 
f =G  .  .  .  .  "4"-|-  -|-"4" 
We  perceive,  then,  by  the  columns  of  variations,  that  the  roots  nre  between 
Oand  1,  4  and  5,  — I  and  — 2  ;  hcnco  the  initial  figures  of  the  roots  are  — 1, 
0,  and  4 ;  and,  in  order  to  narrow  still  fuither  the  limits  of  the  root  between 
0  and  1,  we  shall  resume  the  substitutions  for  x  in  tlie  series  of  functions  as 
before.  But  as  the  substitution  of  1  for  j*,  in  the  function  V,  gives  a  value 
nearly  zero,  we  shall  commence  ^vitli  1,  and  descend  in  the  scale  of  tenths, 
aotil  we  arrive  at  the  first  decimal  figure  of  the  root. 

Let  x=  1  signs ^-4-  «»g  variation, 

r=*9  .  .  .  .  -| ^-  +  two  variations  ; 

hence  the  initial  figures  are  — 1,  '0,  and  4. 

(2)  Find  the  number  and  situation  of  the  real  roots  of  the  equation 

x«+x3— ji— 2x+4=0. 
Here  the  several  functions  are 

V  =       x*+  r^—  x'^2x+4 
Vi=      4x^+:u-^'2x  —2 
V2=        x^+2x  — G 
V3=-  x+l 
V,=  +  . 

Let    x=  +  X',  signs  of  leading  terms  +  +  H h  ^^  variations 

x=  —  x- -\ 1-  +  +  ^^^o  variations  ; 

and  all  the  roots  of  the  equation  are  imaginary. 

When,  in  seeking  for  the  greatest  common  divisor  of  V  and  Vi,  we  arrive 
at  a  polynomiid  Vn  (n>r  example,  at  that  of  {\w  st;cond  degree),  which,  put 
equal  to  zero,  will  only  give  imaginary  values  of  r,  it  is  not  necessary  to  ciirry 
the  divisions  further,  because  this  polynomial  V„  will  be  constantly  of  the  some 
■ign  as  its  first  term  for  all  real  vaJuos  of  r  ;  for  if  it  gave  a  plus  siijn  for  one 
value,  and  a  minus  for  anothor,  there  must  b<»  a  real  root  betwe(*n.* 

(3)  Required  the  number  and  situati<»n  of  the  real  roots  of  tJio  equation 

2r*  —  ll./-  +  Hr  — 1(5  =  0. 

The  first  three  functions  are 

V=  Oj:^_ll.i^+8a— IG 
V,=  4jr'— ll.r+4 


•  This  consiileratiou  is  (»f  imiM)itain'c,  as  tH;  calculatiiMis  f  »r  di  tonniniui;  the  fuiictioiui 
Vt,  Va  are  long,  Caiu'cially  towanl  the  lust,  on  ucroiuit  of  tiic  magnitude  of  their  numerical 
ooefBdciits. 
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and  tho  roots  of  the  quadratic  llo^ — 12a:-4-32:=0  are  itnaginaiy,  for  11x32 
X  4  is  greater  tlian  V2^ ;  hence  V2  must  preserve  the  same  sign  for  eTery 
value  of  r,  and  the  subsequent  functions  can  not  change  the  number  of  Taria- 
tions,  for  a  variation  is  only  lost  by  the  change  of  the  sign  of  V.     Hence, 

For  x=z  4-  GO  signs  -f-  H—h  "^^  variation, 

2:=  — 00  .  .  .  -| \-  two  variations ; 

and  the  proposed  equation  has  two  real  roots,  the  one  positive  and  the  other 
uogative,  since  the  last  term  is  negative.     (Prop.  VIII.,  Cor.  5,  p.  314.) 

When  a*=0  signs 1-+  zz=:     0  signs J-  + 

X^!i  X   .    .    .    .    •■"•  •^~  ^"  X^^^  •■"•  X   •   •    a    •    "^~  "^  ^" 

X^^ti   ....    ^•^  "4"  "+"  Xm^  "^  JL  •    •     •     •    "^  ^"^  "^ 

ir^s«5 ....  "^  •+"  ^"  x^^  """tj .  •  •  •  "^  "^  ^"  • 

Hence  the  initial  figures  of  the  real  roots  are  2  and  — 2. 

When  two  roots  are  nearly  equal  to  each  other, 
(4)  Find  the  roots  of  the  equation 

a«+lla:a— 102x+181r=0. 
The  functions  are 

V=       ar»+llx»^102r+181 
Vi=     3a:«+22x— 102 
V2=122z— 393 
V3=  +  ; 
nnd  the  signs  of  the  loading  terms  are  all  -|- ;  hence  the  substitntion  of  — Xf 
and  +  ^  must  give  three  real  roots. 

Tu  discover  the  situation  of  tho  roots,  we  make  the  substitutions 
.T=0  which  gives  -| \-  two  variations, 

X        A.......  •+"  ^"~  ^^  "+" 

JL  T~^  iw.......   "T"  ^^  ^^  ■+" 

x=3 -| f- two  variations, 

j-r=4 +  +  +  +  no  variation  ; 

henco  tho  two  positive  roots  are  between  3  and  4,  and  we  must,  therefore, 
tninsfunti  the  several  functions  inlu  otliers,  in  which  x  shall  be  diminished  by 
3.     Tills  is  effected  by  Art.  251,  p.  315  ;  and  we  get 

V',=     3^2+40y— 9 
V',  =  122^  —27 

Make  the  following  substitutions  in  theso  functions,  viz. : 

2/^0  signs  -| -|-  two  variations, 

2/=-l  .  .  .+ + 

2/=*2  .  .  .  -| 1-  two  variations, 

y='3  .  .  .  -|-  -|-  + -|-  no  variation  ; 
hence  the  two  positive  roots  are  between  3-2  and  3-3,  and  wo  must,  again, 
transform  the  last  functions  into  otliers,  in  which  y  shall  be  diminished  by  *2. 
Effecting  tliis  transformation,  wo  have 

\"  =       23+20-6^2  — .88r  +  '008 
V^=     32-+41-2:  —-88 
V''2=1222  —  2-6 

V"3=  +  . 
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Let  z=  0    tlieu  signs  are  -| 1-  two  variationSf 

z^.Ol -| ^- two  variations, 

z=*02 \-  one  variation, 

z=*03 -("H  +  "H  °o  v^A^^Q  1 

hence  we  have  3*21  and  3'22  for  tlio  positive  roots,  and  the  sum  of  the  roots 
is  — 11  ;  therefore,  — 11 — 3'21 — 3*22=  — 17"4  is  tlie  negative  root 

When  the  equation  has  equal  roots, 

255.  When  the  equation  has  equal  roots,  one  of  the  divisors  will  divide  tlie 
preceding  without  a  rcnininder,  and  the  proci^ss  will  thus  terminate  without  a 
remainder,  independent  of  x.  In  tliis  case,  the  Inst  divisor  is  a  common  meas- 
ure of  V  and  Vi ;  and  it  has  been  shown  (Art.  253,  Scholium  3,  p.  321)  that  if 
(t — fli)(r — a^y  be  the  greatest  common  measure  of  V  and  Vi,  then  V  is  di- 
visible by  (x — aiY{x — aj)^  and  the  depressed  equation  furnishes  the  distinct 
and  separate  roots  of  the  equation,  for  Sturm's  theorem  takes  no  notice  of 
the  repetition  of  a  root.  The  several  functions  may  be  divided  by  the  great- 
est common  measure  so  found,  and  the  depressed  functions  employed  for  the 
determination  of  the  distinct  roots  ;  but  it  is  obvious  that  the  original  functions 
win  furnish  the  separate  roots  just  as  well  as  the  depressed  ones,  for  the  for- 
mer differ  only  from  the  latter  in  being  multiplied  by  a  commou  factor  (29) ;  and 
whether  the  sign  of  this  factor  be  -j-  or  — ,  the  number  of  variations  of  sign 
must  obviously  remain  unchanged,  since  multiplying  or  dividing  by  a  positive 
quantity  does  not  aflect  the  signs  of  the  functions  ;  and  if  the  factor  or  divisor 
be  negative,  all  tlie  signs  of  the  functions  will  be  changed,  and  the  number  of 
variations  of  sign  will  remain  precisely  as  before. 

Find  the  number  and  situation  of  the  real -roots  of  tlie  equation 

.r*— 72^+13j:3+r-  — lGx+4  =  0. 

By  the  usual  process,  we  find 

V=     r^—  7r»-(-13.r»+  t^— 10^+4 
Vi=  oj-*— 'JSr^-flWr'+e^  — 16 
V,r=ll.r' — iKr^— 51j.-  -(-2 
V3=  3i*—  8x+A 
¥4=     x-2 

Hence  x — 2  is  a  common  measure  of  V  and  Vj ;  and  if 

x=:  —  00  the  signs  are 1 1 four  variations, 

j-= — 2 1 1 four  variations, 

Xz= — 1 0  -| 1 

T=      0 -| \--\ three  variations, 

j*=      1 1-  +  ~" — two  variations, 

x=      2 0  0   0  0  0 

x=     3 H-+  one  variation, 

x=z     4 +4"4"  +  +no  variation. 

Therefore  we  infer  that  there  are  four  distinct  and  separate  roots ;  one  is  — 1, 
for  V  vanishes  for  this  value  of  x ;  another  between  0  and  1 ;  a  third  is  2,  and 
R  fourtli  is  between  3  and  4.  The  common  measure  x — 2  indicates  tliat  the 
polynomial  V  is  divisible  by  (r — 2)* ;  and  hence  there  are  two  roots  equal  to 
2  (Art.  253,  Cor.  1). 
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It  may  happen  that  one  of  the  functions,  V,,  V^  ...  V^^i,  should  be  found 
zero  either  for  a.'= A  or  j:r=:B.  In  this  caso  it  is  sufficient  to  count  the  varia- 
tions which  are  found  in  the  succession  of  signs  of  the  functions  V,  V,,  V3 
. . .  Vr,  omitting  the  function  which  is  zero.  This  results  from  the  demonstra- 
tion in  Art.  254,  V,  for  the  caso  where  an  intermediate  function  vanishes. 

When  the  number  of  the  auxiliary  functions,  Vj,  V^,  &c.,  is  equal  to  the 
degree  of  the  equation,  as  is  ordinarily  the  case,  in  consequence  of  each  re- 
mainder in  seeking  for  the  common  divisor  being  one  degi'ee  less  than  the  pre- 
ceding, the  number  of  imaginary  roots  in  the  equation  may  be  found  by  the  fol- 
lowing rule:  The  equation  V=0  will  have  as  many  pairs  of  imaginary  roots 
as  there  are  variations  of  sign  in  Oie  succession  of  the  signs  of  the  first  tcrtnsof 
Oie  functions  V,,  Vg,  &c.,  to  Olc  sign  ofOie  constant  Vm  inclusive. 

This  follows  from  the  fact  that  two  consecutive  functions,  V„_i,  V^,  are 
the  one  of  an  even,  the  otlier  of  an  odd  degree.  Then,  if  the  two  functions 
have  the  same  sign  for  j:=  +  ac,  they  will  have  contrary  for  xz=.  —  x,  and  rice 
versa.  So  that  if  we  "write  the  succession  of  signs  of  V,  V,,  V^  ....  V„„  for 
2*=  —  X)  and  for  x=4-oCf  each  variation  in  the  one  succession  will  correspond 
to  a  permanence  in  the  other.  Thus,  the  number  of  permanences  for  x=:  — go 
is  equal  to  tlie  number  of  variations  for  x=4-<30. 

But  for  x=:  +  aD  the  number  of  variations  w^ill  bo  that  of  the  first  terms  of 
the  functions  V,  V,  ...  V^,  which  denote  by  t.  Then  tliere  will  be  i  per- 
manences for  x:=z  —  X  and  m — i  variations.  The  excess  of  the  number  of 
variations  m — i  for  X'=. — x  over  the  number  i  for  xsr-f-x,  is  m — 2t,  which 
is  therefore  the  number  of  real  roots  of  the  equation,  and  tlierefore  2i  the 
nmnber  of  imaginaiy  roots,  the  whole  number  of  roots  being  m. 

U0R>'ER*S  MKTUOD  OF  RESOLVING   NUMKUICAL  EQUATIONS   OF  ALL  ORDERS. 

256.  The  method  of  approximating  to  the  roots  of  numerical  equations  of 
all  orders,  discovered  by  AV.  G.  Horner,  Esq.,  of  Bath,  England,  is  a  process 
of  \'cry  remarkable  simplicity  and  elegance,  consisting  simply  in  a  succession 
of  transformations  of  one  equation  to  another,  each  transformed  equation  as  it 
arises  having  its  roots  less  or  greater  tlian  those  of  the  preceding  by  the  cor- 
responding fi;;ure  in  the  root  of  the  proposed  equation.  We  have  shown  how 
to  discover  the  initial  figures  of  the  roots  by  the  theorem  of  Sturm  ;  and  by 
making  the  penultimate  coefficient  in  each  transforniation  available  as  a  trial 
divisor  of  the  absolute  term,  we  are  enabled  to  discover  the  succeeding  figure 
of  the  root ;  and  thus  proceeding  from  one  transforniation  to  another,  we  are 
enabled  to  evolve,  one  by  one,  the  figures  of  the  root  of  the  given  equation, 
and  push  it  to  any  degree  of  accuracy  required. 

GKNERAL  RULES. 

1.  Find  the  number  and  situation  of  the  roots  by  Sturm's  theorem,  and  let 
the  root  required  to  be  found  be  positive. 

2.  Transform  the  equation  into  another  whose  roots  shall  bo  less  than  those 
of  the  proposed  equation  by  the  initial  figure  of  the  root. 

3.  Divide  the  absolute  term  of  the  transformed  equation  by  the  trial  divisor^ 
or  penultimate  coefilicient,  and  the  next  figure  of  the  root  will  bo  obtained,  by 
which  diminish  the  root  of  the  transformed  erpiation  as  before,  and  proceed  in 
tJiis  manner  till  the  root  be  found  to  the  required  accuracy. 
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Note  1. — ^When  a  negntivo  root  is  to  bo  found,  change  the  signs  of  the  altor- 
nate  terms  of  the  equation,  and  procui*d  as  for  a  positive  root. 

Note  2. — When  three  or  four  deciinnl  places  in  the  root  are  obtained,  the 
operation  may  be  contracted,  and  mucli  labor  saved,  as  will  be  seen  in  the 
IbUowing  examples : 

EXAMPLES. 

(1)  Find  all  the  roots  of  the  cubic  equation 

r»— 72:+7=0. 

By  Sturm's  theorem,  tlie  several  functions  are  (Noto,  p.  328), 

V  =  a-5— 7t+7 
Vi=3j^— 7 
V^=z'2x  —3 

Hence,  for  x=.  -f-  ^  the  signs  are  -f.  4.  -|-  -^  no  variation, 

x= — oD 1 (-  three  variations ; 

therefore  the  equation  has  thrre.  ronl  roots,  ono  negative,  and  two  positive. 
To  determine  the  initial  figures  of  these  roots,  wo  have 

for  x=:0  sifjns  -| 1-  for  x=     0  signs  -| J- 

x=l  .  .  .  -\ ^-        T=  — 1  .  .  .  -| (- 

x=2  .  .  .  +  +  +  +        T=-2  .  .  .  +  +  -  + 

r=— 3  .  .  .  +-I 1- 

x= — 4  .  .  . 1 (- 

hence  there  are  two  roots  between  1  and  2,  and  ono  between  — 3  and  — 4. 

But  in  order  to  ascertain  the  first  figures  in  the  decimal  parts  of  the  two 
roots  situated  between  1  and  2,  wc  shall  transform  the  preceding  functions  into 
others,  in  which  the  value  of  j:  is  diminished  by  unity.  Thus,  for  the  function 
V  we  have  this  operation : 

1  +  0  —7  +7  (1 

1  1  —6 
i  ^i       T 

1       2 

2  ^ 
1 

3 
And  transforming  the  others  in  the  same  way,  wo  obtain  the  functions 
V'=2/»+3y»-4y+l;  V',=3i/^+6i/-4 ;  V',^2y-^1;  V'3  =  +  . 

Let  ^='1  then  the  signs  are  -| 1-  two  variations, 

y=-2 H +  do. 

y='3 -| 1-  do. 

y=i'4 1-  one  variation, 

y=*5 . ^+  do. 

y=*6 1-"4"+  ^^' 

y='7 +  +  +  +  no  variation. 

Therefore,  the  initial  figures  of  the  three  roots  are  1*3,  1*6,  and  -^3. 
The  rest  of  the  process,  with  a  repetition  of  the  above,  is  exhibited  and 

afterward  explained  below. 
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k« 

1  +  0 

1 

1 
1 

—  7 

1 

—  6 
o 

+7  (1-356895367 
—6 

•1... 
—903 

o 

1 

—  •4.. 
99 

♦97 . . . 
—86625 

*33 
3 

—  301 
1  08 

♦1U375 . . 
—9048981 

36 
3 

—•19  3 

1975 

♦132G016 
—  1184430 

»39  5 
5 

—  17325 
2000 

141586 
— 13-2923 

40  0 
5 

—  •15325  .. 
24336 

8663 
—7382 

•40  56 
6 

—   15081 64 
24372 

1281 
— llftl 

40  6*2 
6 

—♦14  837  9 
325 

2 

4 

8 
4 

100 
—89 

•40  68 

—  148053 
325 

11 
—10 

—   14772 
3 

8 
6 

1 

—   147  69 
3 

2 

6 

-   114171615 

The  process  here  b  similar  to  that  on  p.  318.  The  numbers  marked  with 
stnrs  are  the  coefficients  of  the  equation  having  the  reduced  roots.  Thus,  •3, 
•4,  and  ♦I  ore  the  coefficients  of  the  equation  whose  roots  are  1  less  tlian 
those  of  the  proposed  equation.  The  right-hand  3  of  ^33  is  the  3  tenths  add- 
ed in  the  next  step  of  the  process,  which  has  for  its  object  to  reduce  the  roots 
by  -3.  The  coefficients  of  the  resulting  equation  are  ^39,  — ♦193,  and  •97. 
Now,  instead  of  going  on  in  this  manner  to  obtain  the  following  figures,  508, 
&c.,  of  the  root,  the  method  of  proceeding  changes;  the  193,  which  is  the 
penultimate  coefficient,  becomes  a  trial  divisor,  by  which  dividing  the  nl)soliite 
term  97,  which  is  .0097,  the  divisor  being  1'93,  tlie  quotient  is  5,  the  next  fig- 
ure of  the  root,  which  is  .05.  This  5  is  annexed  to  the  ^39,  and  wo  pi-oceed 
as  b(»fore  ;  that  is,  multiply  the  *?>9r>  in  the  first  column  by  this  5,  producing 
11175  in  tlie  second  column,  and  Ijy  addition,  1-732.3.  and  so  on.  To  show  that 
the  quotient  figure  5  is  obtained  by  means  of  the  ti'ial  divisor,  observe  that  the 
1*7325  is  nearly  equal  to  the  ♦1-03  above,  and  tliat  the  •0886*25  in  the  third 
column,  which  is  the  product  of  l-73*25  by  the  -05,  is  nearly  equal  to  the  ♦•097 
above  ;  hence  the  (piolient  of  ••Ql)7  by  1*03  is  nearly  this  same  '05. 

The  further  we  proceed,  the  more  accunite  this  process  becomes,  for  the 
first  rii;(iri'  of  cincli  number  in  the  first  c(»himn  being  units,  this,  multii>lied  by 
the  decimal  figure  fi)!md  in  the  root,  which  is  Miousandtlis,  tens  of  thousandths, 
and  so  on  ;  that  is,  soon  a  vi;ry  small  fraction  j^ves  thousandths,  ten  of  thou- 
sandths, and  so  on,  or  a  very  small  fraction,  for  the  product;  and.  tlio  first 
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figure  in  the  numbers  of  the  second  column  being  also  units,  these  numbers 
are  not  much  affected  by  the  addition  of  the  above-named  products.* 

When  the  number  of  decimal  places  in  the  numbers  of  the  third  colunm 
becomes  equal  to  the  number  of  decimal  places  required  in  tlie  root,  it  will 
not  be  necessary  to  obtain  any  more  in  the  tliird  column ;  and  as  each  new 
decimal  figure  in  the  root,  multiplied  by  the  number  in  the  second  column, 
would  make  one  more  place  in  the  third,  it  will  be  necessary  to  cut  off  one 
figure  in  the  second  column,  and,  for  a  similar  reason,  two  figures  in  the  first 
column.  As  soon  as  the  figures  arc  all  cut  off  in  the  first  column,  the  process 
becomes  simply  one  of  division,  the  divisor  and  dividend  rapidly  dimin'ishing. 

We  have  thus  found  one  root  j= 1*356895807 ,  and  the  coefificients 

of  the  successive  transformed  equations  are  indicated  by  the  asterisks  in  each 
column.    To  find  another,  we  have  the  following : 

1+0  —7  +7  {1-692021471 

11  —6 


1 

1 

=1-1 
■oot. 

—6 
2 

1... 
—1104 

2 

1 

—4  .  . 
216 

• 

—  104... 
100809 

36 
6 

—184 
252 

—  3191... 
3156888 

42 
6 

4401 

—34112 
31774 

48  9 
9 

112  01 

4482 

—2338 
1589 

49  8 
9 

15683  . 
1014 

• 

4 

4 
8 

—749 
635 

60  72 
2 

157844 
1014 

—  114 
111 

60  74 
2 

15  8  8  5 

1 

0 

2 

3 

|50  76 

Another  root  is  x: 
For  the  negative  i 

1 15[8  8  7 

692021471  .  .  . 
clmna;o  the  sign 

■ 

s 

•  •  . 
of  the  second  and  fourth  terms. 

*  To  show  this  in  a  more  gcncml  way,  let 

be  one  oftlic  deprosscil  oriuatiniifl  wliii-li  is  tofiiniisli  tlic  next  deciinnl  place  of  tho  root  of 
the  proposed  equation  ^  tho  valno  of  x  in  this  doprcsscd  ccpintion  will  of  eotinic  bo  a  very 
small  fraction ;  licncc  tlio  hit^hcr  powers  of  it  mny,  witliout  mui^h  error,  be  ncglectc<L  The 
depressed  equation  tlius  reduces  to 

n„.  ,T+B„=0. 

Hence  the  value  of  jt,  without  roqani  to  its  h\)xi\,  is 

X-. 


B 


n— I 


ariy ;  that  is,  it  may  bo  obtainod  by  dividing  tlic  ultimate  by  the  penultimate  coefficient 


330 


ALGEBRA. 


1—0 
3 

3 
3 

6 
3 


—  7 
9 


—7  (3-0489173390 
+  6 


90  4 
4 

90  8 
4 

9128 
8 

9136 
8 

|..|91|44 


2 

18 

2  0.... 
3  616 

24 

203616 
3632 

2  0  7  2  4  8 
730 

207978  2  4 
73088 

2  0  8  7  0  9  1 
823 

o 

0 

2087914 
823 

o 

0 

208873 

7 
9 

208874 

6 
9 

— 1 


814464 

—  185536... 
106382592 

—  19153408 
18791228 

—362180 
208875 

—  153305 
146212 


—  7093 
6266 

—  827 
626 

—201 

188 


—13 
12 


210|8|8|7|5  1 

Hence  the  throe  roots  of  the  pmposod  cubic  equation  nre 

x=      1-356805867 

j=      1-692021471 

x=— 3-048917339 

(2)  Find  the  roots  of  tho  equation  r»+ll.r^—102j:+ 181=0. 
Wo  Imvo  already  found  the  roots  to  be  nearly  3-21,  3-2*2,  and  — 17. 
Example  4,  p.  330.) 


(See 


1+11 

3 

—102 
42 

page. 

+  181  (3-21312775 
—180 

14 
3" 

—  60 
51 

1... 
—992 

17 
3 

—     9  .  . 

404 

o .  .  . 

—6739 

2  02 
o 

—     496 
408 

1261... 
—  1217403 

2  04 
2 

—        88.  . 
2061 

43597 
—34183 

2  061 

1 

—        6739 
2  0  6  2 

9414 
—6787 

2  OG  2 

—       4677  .  . 
Carried  to  next 

2627 
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.2  06  2 
1 

2  06  33 
3 

2  06  36 
3 

|*2|06|39 


—       4677  .  . 
61899 


2627 
2372 


—   405801 
61  908 

—   343893 
2064 

—   341829 
2064 

—   33976 
4  1 

—   3393 
4 

5 
1 

255 
237 


18 
—16 


—       3|3|8|9 
In  a  similar  mamier,  the  two  remaining  roots  will  be  found  to  be 


ud 


a:=3-22952121 


a:=— 17-44264896. 


(3)  Giren  2<-f-x3-f-2:B-f-3x — 100=0,  to  find  the  number  and  situation  of 
the  real  roots. 
Here  we  have 

V  =  x*+  x^+  x«+3x— 100 

Vi=4r»+3j:«+2J^+3 
V8=— 5a;«— 34ar+1603 
V3=  — 1132j:+6059 
V,=  -. 

Let  xs=  — CD  then  signs  are  -| 1 three  variations, 

a:=  +  QD +H o"®  variation  ; 

hence  two  roots  are  real  and  two  imaginary ;  and  the  real  roots  must  have 
contrary  signs,  for  the  last  term  of  the  equation  is  negative.  To  find  tha  sit- 
aation  of  the  roots 

in  V  ViVaVaV^ 

T^t  ar=0  signs h  +  H 

x^l  .   .  . —  +  +  H 

1=2  .   . h  +  H 

x=3.   .  .+  +  +  +  - 

in  V  ViV^VaV^ 

Abo,  a:=     0  signs — h  +  H 

T=  — 1  .   .  .—  0  +  +  — 

a-=— 2.  .   . 1-^ 

T=— 3  .   . h-f  — 

x=— 4 . .  -H — i-+— 

In  this  example  the  function  Vi  vanishes  for  xz=z  —  1,  and  for  the  Aame 
Talae  of  x  the  functions  V  and  Vj  have  contrary  signs,  agreeably  to  Lemma 
3,  and  writing  -|-  or  —  for  0  gives  the  same  number  of  variations.  The 
initial  figures  of  die  root  are,  therefore,  2  and  —3. 

Y 


To  find  the  negative  root. 

we  have  the  following  operation : 

1—1            +1 

-    3 

—100  (3-433577863365M 

3               6 

21 

54 

2                7 

18 

—46  •  • .  • 

3              15 

66 

416896 

5              22 

84.  .  . 

—43104... 

3              24 

20224 

384456501 

8              46  .  . 

104224 

—46583499.. 

3                4  56 

22112 

390491222121 

114 

4 

118 

4 

12  2 

4 

12  63 

3 

12  66 

3 

12  69 

3 

12  723 

3 

12  726 

3 

12  729 

3 

12|732 


50  56 

4  72 

55  28 

4  88 

60  16  .  . 

37  89 

60  53  89 

37  98 

60  91  87 

38  07 

.  . 

61  29  94 

3  8169 

61  33  75  69 

3  8178 

61  37  57  47 

3  81  87 

61  41  39 

34 

03 

6 

61  42  02 

9 

63 

6 

01  42  GO 

5 

63 

6 

126336  .  .  ." 

181 6167 
128152167 

1827561 
1299797  2  8.  .  . 

184012707 

13016 3  7  4  0  7  0  7 
184127241 


13034786794 
3071014 

8 
5 

13037857809 
3  0  7  13  3  2 

3 
5 

1304092914 
43003 

2 

1 

1304135917 
43003 

3 

1 

1304178  9  2 
430 

0 
0 

—  75343767879 

65189289046 

—10154478833 

9128951421 

—  10255-27412 

912928-254 

—  112599158 

104335040 

—8264118 

7825130 


— 43i:»988 

391256 

-47732 

39126 

78-25 

— 7»I 

652 


1304183  2  2 
430 


13041875 
4 


o 


8 


—  1-29 

117 

—  12 

11 


|61|43|30 


30 


80 
4 


1 


For  the  positive  root  wo  have  a  similar  operation, 

1  +1  +1  +3  —100  (2-8028512181582; 

but  this  wo  shall  leave  for  the  student  to  perform,  and  the  two  roots  will  I 
found  to  be 

j=      2-80-28512181582  .  .  . 
a:=— 3-4335778633659  .  .  . 

(4)  Find  the  roots  of  the  equation  .c*+2i:<+3r»+4j:«»+5T— 20=0 

Here  we  have  V=  r'^^  2r«+  3j'''+42-^+5r— 20 

Vi=5.r«+  Sr'+  9.t'+f^x +5 
V:=  — 7j-'— 21.r^— 4'2j:-[-255 
V3=— 13J-+14 
V,=  -. 

For  ar=  —  x  wo  have  signs  — h  +  H 'wo  variations ; 

x=  +  00 -|--| one  variation. 
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Hence  the  difference  of  variations  of  sign  indicates  the  existence  of  ouo  real 
and  four  imaginaiy  roots,  the  real  root  being  situated  between  1  and  2. 


1+2 
1 

3 
1 

4 
1 

5 
1 

6 

1 

71 
1^ 

72 
1 

73 
1 

74 

1 

|.  .75 


+  3 
3 

6 
4 

10 
5 

15 
6 

21.. 
71 

2171 
72 

2  243 
73 

2  316 
74 

|. .  2|390 


+  4 
6 


10 

10 

20 

15 

• . 

35. 

2171 

3  7171 

22  43 

3  94  14 

2316 

4  17 

30 

4 

7 

4  22 

0 

4 

7 

4  26 

7 

4 

7 

+  6 
10 


15 
20 

Oi)   .    •     •    • 

37171 

38  7  1  7  1 
394]  4 

42  6  5  8  5 

844 

43  5  0  2  5 
8534 

44  35  6 
21  5 

44  57  1 
2  1  5 

44  7 

2 

—20  (1-125790.. 
J5 
""■O  •  •  •  • 

387171 

—  112829 

_870^5 

—  25824 

22285 

—3539 

3136 

—403 

403 


|.4|31 


^4|8 


flence  the  real  root  is  nearly  1*125790  ;  and  by  using  another  period  of  ri)^]lo^8 
"we  should  have  the  root  correct  to  ten  places  of  decimals,  with  very  little  ad- 
ditional labor. 


(1)  Find 

(2)  Find 

(3)  Find 

(4)  Find 

(5)  Find 

(6)  Find 

(7)  Find 

(8)  Find 

(9)  Find 

(10)  Find 

(11)  Find 


ADDITIONAL  JCXAMPLES  FOR  PRACTICE. 

all  the  roots  of  the  equation  ar* — 3a: — 1=0. 

all  the  roots  of  the  equation  x^ — 22jr— 24=0. 

the  roots  of  the  equation  r*+a^ — 500=0. 

the  roots  of  the  equation  j^-\-j^-\-x — 100=0. 

the  roots  of  the  equation  2r'4~3j° — 4j: — 10=0. 

the  roots  of  the  equation  x* — 12j:'*+12r — 3=0. 

the  roots  of  the  equation  x* — 8r*+14i^+4r — 8=0. 

the  roots  of  the  equation  x* — .T^-\-iix^-\-T — 4=0. 

the  roots  of  the  equation  i* — 10r*4-6x4-l=0. 

the  roote  of  the  equation  x''+3j:*+2r'— 3j:=»— 2j:— 2=0 

all  the  roots  of  tlio  equation 

x6+4x8— 3j:*— 16r»+nj^+12j-— 9=0. 


IS 


ANSWERS. 


( 


(3)        X: 

.4)        X: 
(5)        X: 


+  1-879385242 
-1-532088886 

—  -347296355 

+5-1622776601 

—  1-1622776601 
—4 

7-61727975596 

4-2644299731 

1-6248190836 


(«)  .z 


(7) 


(8)  \:Z 


+  2-858083308163 
+  -606018306917 
+  •443,>7693})60.> 
— 3-907378')r)46Hr) 

+  5-236067977*) 
+  •763n3J0J25 
+  2-73-J050J:<>075 

—  -73205')8075 

+  1-146994592 

—  1-090593586 
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x=z  -  3-0653157912983 
a:=—  -6915762804900 
(9)  ^r=—  -1756747992883 
x=+  -8795087084144 
x=  + 3-0530581620622 


(10)  x=:  1*0591 09003461882 

Cx=— 1;  x=— 3;  x=l 

(11)  i  x=— 3;  T=l 

2=1 


257.  The  theorem  of  Sturm  gives  a  simple  means  of  establbhiog  the  coo 
ditions  of  the  reality  of  the  roots.  As  the  real  roots  are  comprised  between 
two  limits,  — L'  and  -{-Li,  the  one  negative  and  the  other  positive,  which  may 
be  chosen  as  large  as  we  please,  the  question  reduces  to  seeking  the  conditions 
necessary,  in  order  that  from  x= — L'  to  a:r=  +  L  the  series  V,  V,,  V«,  &c., 
should  lose  a  number  of  variations  equal  to  the  degree  of  the  equation. 

Supposing  this  degree  to  be  m,  it  must  then  lose  m  variations.  But  in  order 
that  it  may  have  m  variations,  it  is  necessary  that  it  should  have  at  least  m-|-  ] 
terms ;  and  as  it  can  not  have  more,  we  are  sure  that  the  quantities  V,  Vi,  Vg, 
cVc,  exist  to  the  number  m-|-l»  and  that  they  are  respectively  of  the  degree 
vi<,  m — 1,  m — 2,  &c.  The  last,  which  does  not  contain  x,  will  then  be  repre- 
sented by  Vm. 

When  in  the  polynomial  functions  of  x  we  substitute  very  large  numbers, 
positive  or  negative,  for  7,  we  know  that  the  results  are  of  the  same  sign  as  if 
each  polynomial  were  reduced  to  its  first  term ;  therefore,  in  the  present  in- 
vestigation, we  need  occupy  ourselves  only  with  the  first  term.  Let  us  take 
tlie  equation  V=0  under  the  ordinary  form 

x'°+px"'-^-\-qx°'^+,  dec.,  =0. 

The  first  term  of  V  is  x" ;  that  of  the  derived  polynomial,  Vi,  will  be  nuf*-'^, 
AVith  regard  to  those  of  the  polynomials  Va,  V3,  &c.,  they  are  functions  com- 
]>osed  of  tlie  coefficients  jp,  q,  dec,  determined  by  the  successive  divisions  in 
accordance  with  the  rule.  Let  us  represent  these  functions  by  G^i  G3  . . .  Gm 
luid  write  in  order  the  m-j-l  quantities, 

x",  mx™-»,  Gji"-^,  Q^xf^  . . .  G„. 

The  question  will  bo  reduced  to  finding  the  conditions  which  will  cause  the 
loss  of  ?n  variations  from  this  series  when  we  pass  from  xr= — L'  to  x=-|-L. 
hi  order  that  this  may  be  the  case,  it  must  have  m  variations  upon  the  substi- 
i.ution  of  — L',  and  m  permanences  upon  the  substitution  of  -|-L.  But  in  this 
v.erios  the  powers  of  x  go  on  decreasing  by  unity ;  consequently,  if  it  has  noth> 
ing  but  permanences  when  x=-|-L,  it  will  have  nothing  but  variations  when 
.r=  —  L'.  Thus,  the  conditions  are  reduced  simply  to  such  as  require  this 
series  to  have  only  positive  coefficients,  that  is  to  say,  to  the  foUowing, 

Oi>0,  G3>0  ....  G„>0. 

These  conditions  will  never  be  greater  in  number  than  m — 1,  but  tfaey  may 
be  less  in  number,  inasmuch  as  some  of  the  above  inequalities  may  involve  the 
others. 

EXAMPLE. 

258.  Find  the  conditions  necessary  for  the  reality  of  the  roots  of  the  eqoa- 
ijon  T^-\-qx-\-rz=0, 

Here  we  have  m=33,  and  the  conditions  are  only  two  in  number,  G^^O  and 

a.,>o. 

To  find  Gs  and  G3,  wo  calculate  Vg  and  V3  by  successive  divisions,  as  fol- 
I(»w8 : 
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First  Division.  Second  Division. 


2*+  qx-\-  r 
3J!^+3qx-\-3r 


33^+ q  3x»+     q 

"x  12^x3+   Af 


—  2^x—  3r 

—  6qx+  9r 


3r»+  9X  la^^i^+lS^rj: 


2^x+3r  —  IS^ro:  +  4^ 

.•.  V,  =  — 29X— 3r.  —  18yrx  —  27r«       

4y»+27r'- 
.-.  Va=—  4y»— 27r«. 

Consequently,  the  inequalities  G^^Of  Gs^O,  become 

— 2g>0,  _49«  — 27r2>0; 

observing,  however,  that  the  first  inequality  is  embraced  in  the  second,  since 
7*  is  always  positive ;  and  changing  the  signs  of  the  second,  we  have  for  the 
sole  condition  of  the  roots  of  an  equation  of  the  thii*d  degree,  being  real, 

4y»+27r«<0. 


We  have  now  given  so  much  of  the  general  properties  of  equations  of  all 
degrees,  and  such  modes  of  proceeding,  as  will  insure  their  numerical  solution 
in  a  manner  the  most  certain  and  infallible,  and  ordinarily  the  best. 

There  are,  however,  many  transformations  of  equations,  which,  by  reducing 
their  degree,  or  by  giving  them  a  particular  form,  serve  to  facilitato  their  solu- 
tion in  certain  cases.  There  are  also  many  general  principles  applicable  to 
the  resolution  of  equations  of  the  higher  orders  by  the  methods  in  use  previ- 
ous to  the  discovery  of  Stunn,  which,  with  these  methods  themselves,  it  is  de- 
sirable to  know  for  many  purposes  in  the  application  of  algebraic  analysis  tu 
the  higher  branches  of  both  pure  and  mixed  mathematics,  for  ulterior  improve- 
ments in  tlie  general  theory  of  equations  itself,  and  even  for  use  in  the  solu- 
tion of  equations,  in  some  cases,  to  which  they  are  more  conveniently  adapted 
than  the  method  of  Sturm.  A  treatise  on  algebra  could  scarcely  be  regarded 
as  complete  without  some  notice  of  these.  We  shall  therefore  give  as  exten- 
sive ad  exhibition  of  them  as  can  in  any  way  be  useful  in  an  elementary  work 
like  the  present,  commencing  with  the  well  known 

RULE  OF  DES  CARTES. 

259.  An  equation  can  not  have  a  greater  number  of  jwsilive  roots  than  there 
are  variations  of  sign  in  the  successive  terms  from  -{-to  — ,  or  from  —  <o  +* 
nor  can  it  have  a  greater  number  of  negative  roots  than  there  are  i)€rmanenccs, 
or  successive  repetitions  of  the  same  sign  in  the  successive  terms. 

Let  an  equation  have  the  following  signs  in  tlie  successive  terms,  viz.  : 

+-+ +++-.°r+ +-+++• 

Now,  if  we  introduce  another  positive  root,  we  must  multiply  the  equation  by 
X — <z,  and  the  signs  in  the  partial  and  final  products  will  be 

+  -+ +  +  +  -  + +  -  +  +  + 

+-+-±±+±±-+  +-±±+-+±i- 

where  the  ambiguous  sign  =i=  indicates  that  the  sign  may  be  -|-  or  —  accord - 
iog  to  the  relative  magnitudes  of  the  terms  with  contrary  signs  in  the  partial 
products,  and  where  it  will  be  observed  the  -permanences  in  the  proposed 
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equation  are  cbangBi)  ioto  signs  of  ambiguity ;  hence  the  permaneDces,  tib 
the  ambiguous  sign  as  you  will,  are  not  increased  in  the  final  product  by  the  io- 
troduction  of  the  positive  root  -{-a ;  but  the  number  of  signa  is  increased  bj 
one,  and,  therefore,  the  number  of  variations  must  be  increased  by  one.  Heoet 
it  is  obvious  that  the  introduction  of  every  positive  root  also  introduces  one 
additional  variation  of  sign,  and,  therefore,  the  whole  number  of  positive  roon 
can  not  exceed  the  number  of  variations  of  signs  in  the  successive  terms  of  the 
proposed  equation. 

Again,  by  changing  the  signs  of  the  alternate  terms,  the  roots  will  be  changed 
from  positive  to  negative,  and  vlct  versa  (see  Prop.  VII.).  Moreover,  by  tUi 
change  the  permanences  in  the  proposed  equation  will  be  replaced  by  wia- 
tious  in  the  changed  equation,  and  the  variations  in  the  former  by  permaneocei 
in  the  latter ;  and  since  the  changed  equation  can  not  have  a  greater  nomber 
of  positive  roots  tl^an  there  are  variations  of  sign,  the  proposed  equation  ctn 
not  have  a  greater  number  of  negative  roots  than  there  are  permanences  ot 
sign. 

Let  V  bo  the  number  of  variations,  v'  the  number  of  variations  of  the  traiu- 
formed  equation  obtained  by  changing  x  into  — x.     The  number  of  real  roots 
of  the  equation  can  not  surpass  v-f-r'.     Then,  if  this  sum  is  less  than  the  de 
gree  m,  the  equation  will  have  imaginary  roots. 

The  sum  v-\-'&  is  never  greater  than  the  degree,  and  when  it  is  less  the 
difference  is  an  even  number.     (See  Art.  248.) 

EXAMPLES. 

(1)  The  equation2«+3x»—41r«—87a:8+400x«4-444r— 720=0 hassix reel 
roots.     How  many  are  positive  ? 

(2)  The  equation  r«— 3j^— 15j«+49x— 12r=:0  has  four  real  roots.  How 
niuny  of  these  are  negative  ? 

2C0.  AVe  give  next  the  repetition  of  a  principle  already  presented,  but  which 
may  bo  derived  as  a  direct  consequence  of  the  theorem  of  Sturm. 

THEOREM  OP  ROLLE. 

Let  F(i')=0  be  an  equation  which  has  no  equal  roots,  F'(x)  its  derired 
polynomial.  Wo  have  seen  that  as  x  increases,  the  series  of  Sturm  loses  a 
variation  every  time  that  x  passes  over  a  root  of  the  equation  F(2-)=0.  and 
that  it  can  not  lose  one  in  any  other  way.  Moreover,  wo  have  seen  that  diis 
variation  is  lost  at  the  commencement  of  the  series  of  functions,  in  conse- 
quence of  F(j')  changing  sign,  while  Y'(x)  does  not;  so  that  F(x)  is  alwars 
of  a  sign  contrary  to  that  of  F'(2:)  for  a  value  of  r  a  Uttle  less  than  the  root, 
and  always  of  the  same  sign  for  a  value  a  little  greater. 

Thus,  when  we  ascend  from  a  root  r  to  a  root  r',  which  is  immediateij 
above  r,  F(j:)  must  be  of  the  same  sign  as  V'(x)  for  a  value  of  r  a  little  greater 
than  r,  and  of  a  sign  contrary  to  Y(x)  for  a  value  of  x  a  Uttle  less  than  r'.  But 
in  the  inten*al  F(t)  does  not  change  sign ;  then  T'(x)  must  change  sign  at 
least  once;  therefore  the  equation  F'(x)=0  has  at  least  one  root  between r 
and  r'. 

Let  a,  6,  c,  (2 ...  ;^  be  the  real  roots  of  F(j:) =0,  arranged  in  order  of  magni- 
tude, beginning  with  the  largest;  and  let  a,,  ^j,  Ci  . . .  ^,  be  the  real  roofs  of 
F'(j:)^0,  disposed  in  the  same  manner.  We  have  just  seen  that  these  last 
are  comprised,  some  between  a  and  6,  some  between  h  apd  c,  &c. ;  but  as  the 
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degree  of  F'(f  )>  and,  coDiequently,  the  number  of  iti  rootle  is  one  less  than 
the  deg;ree  and  number  of  roots  of  F(t)=0,  it  foDowa  that  the  equation 
r(x)^0  can  have  but  one  root  above  a,,  but  one  between  a^  and  6,  . . .,  and, 
finally,  but  one  below  gi .  This  property,  which  has  been  long  known,  and  of 
which  we  have  given  an  independent  demonstration  at  (Art.  253),  is  identical 
with  the  theorem  of  Rolle. 

261.  The  considerations  which  lead  to  the  theorem  of  Rolle  furnish  also 
the  means  of  determining  whether  the  m  roots  of  the  equa^n  F(x)=0  are 
real  andunequaL 

Since  ai  is  between  a  and  6,  &|  between  b  and  c,  ice.,  it  is  easy  to  see  (Art. 
362)  that  if  we  substitudb  successively  a^  b^  6cc,,  in  place  of  r  in  F(x)j  the 
resnlts  wiU  be  alternately  negative  and  positive ;  so  that 

For F(aO,  F(b,),  F(c,),  Sec., 

we  have    ....      — ,      +,      — ,    &c. 

But  we  may  apply  to  the  function  F'(x)  and  its  derived  function  F*'(x)  aU 
that  has  been  said  in  the  preceding  article  of  F{x)  and  F'(x) ;  then, 

For  ...  .  F"(a,)»  F';(60.  F"(ci),  &c., 

we  have.  .       +♦         — »       +♦      ^• 
Then  the  products  F(fli)xF"(ai),  F(6i)xF"(6i),  &c.,  of  which  there  are 
m — 1,  will  be  all  negative. 

But  if  we  make  F(x) xF"(x)=y,  and  eliminate  (as  at  p.  157)  x  between 
the  two  equations, 

F'(x)=0,  F(x)xF"(x)=y (2) 

the  m — 1  roots  of  the  final  equation  in  y  wiU  be  precisely  the  products  above ; 
but  since  aU  these  products  are  negative,' the  equation  in  y  will  have  only 
negative  roots,  and,  consequently,  all  its  terms  will  have  the  sign  4-*  Thus, 
when  the  equation  F(j')r=0  has  none  but  real  and  unequal  roots,  the  theorem 
of  Rolle  shows  that  the  roots  of  F'(x)=0  must  bo  real  and  unequal  also ;  and 
from  what  has  just  been  said  above,  it  appears  that  besides  this,  the  signs  are 
an  plus  in  the  equation  in  y,  resulting  from  the  elimination  of  x  between  the 
equations  (2). 

262.  Conversely,  these  conditions  being  fulfilled,  we  can  demonstrate  that 
an  the  roots  of  F(x)=0  will  be  real  and  unequal.  And  first,  the  m — 1  roots 
of  F'(x)=0  being  real,  from  what  has  just  been  said,  those  of  F''(x)=0  must 
be  real,  and  the  m — 1  values  of  y,  or  F(.r)xF"(x)  real  also;  and  the  roots 
of  F'(x)=0  being  by  hypothesis  unequal,  the  theorem  of  RoUe  proves  that  the 
quantities  F"{ai),  F"(&i),  &c.,  have  thoir  signs  alternately  -|-  and  — .  Again, 
since  the  equation  in  y  has  its  signs  all  -{- ,  we  conclude  that  it  has  no  positive 
roots ;  and  since  aO  its  roots  are  real,  they  can  only  be  negative ;  then  the 
la— 1  products 

F(aOxF"(aO.  F(h,)xF^'(b,),  &c., 
are  negative.  But  the  second  factors  have  their  signs  alternately  -f-  and  — * ; 
then  die  quantities  F(<ii),  F(fti),  6cc.y  must  have  their  signs  alternately  —  and 
4*.  Then  there  exists  above  ai  a  root  of  the  equation  F(x)=0,  another  be- 
tween fli  and  61,  another  between  bi  and  Ci,  6cc.,  therefore  the  m  roots  of  this 
equation  are  real  and  unequal. 

The  conditions  drawn  from  the  equation  in  y  may  be  regarded  as  actual^ 
known,  because  this  equation  is  obtained  by  simple  elimination.    As  to  the 


344  ALGEBBA. 

other  condition  which  reqaires  that  the  roots  of  F'(x)=0  be  real,  let  it  be  ob- 
served that  this  equation  is  of  the  degree  m — 1,  and,  applying  to  it  the  same 
reasoning  as  to  F(i'):=0,  we  reduce  the  question  to  determining  the  reality  of 
the  roots  of  F''(x)=0,  which  is  only  of  the  degree  m — 2.  Continuing  thus, 
we  descend  to  an  equation  of  the  second  degree,  the  derived  function  of  which 
being  of  the  first  degiee,  can  not  have  an  imaginary  root  Then  the  only  con- 
dition to  fulfill  will  be  that  the  equation  y,  which  is  also  of  the  first  degree, 
have  its  two  terms  of  the  same  sign. 

Remark. — By  recurring  to  tlie  reasoning  which  led  to  the  use  of  the  equa- 
tion y^F(a:)xF"(^)»  it  is  easily  perceived  tliat  this  may  be  replaced  by 
M  X  F(x)  X  F"(r),  M  being  any  positive  quantity  whatever.  We  can  then  in- 
troduce or  suppress  in  the  polynomials  V{x),  F'(r),  F''(j:),  &c.,  such  positive 
factors  as  may  be  judged  suitable  to  simplify  the  calculation. 

263.  The  equation  in  y,  resulting  from  the  elimination  of  x  in  the  equ^^ions  (2), 
being  of  the  degree  m — 1,  will  have  m — 1  coe/Iicicnts,  thus  presenting  m — 1 
conditions  to  be  fulfilled ;  the  second  equation  in  y^  obtained  by  eliminating  x 
between  the  two,  F"(x)=0,  y=F'(2-)xF'"(ar),  will  be  of  the  degree  m— 2, 
and  present  m — 2  conditions  to  be  fufliiicd,  and  so  on,  till  we  arrive  at  an  equa- 
tion of  the  first  degree  in  y,  which  will  give  but  a  single  condition ;  then, 
taking  all  the  conditions  in  an  inverse  order,  their  number  will  be  express- 
ed (Art  228)  by 

m(m  —  1) 
1  +  2+3... +»i—l  =  -^T -. 

264.  For  an  application  of  the  above,  let  us  take  the  general  equation  of  the 
second  degree. 

Here  we  have  F(x)=:3i^+px+q,  F'{x)z=z2x+p,  F"(a:)=2,  and  we  per- 
ceive at  once  that  F'(x)  has  no  imaginary  root,  since  it  is  of  the  first  degree. 

In  order  to  have  the  equation  in  y,  the  two  equations  between  which  we 
must  eliminate  x  are 

2x+p=:0,  y={x^+px+q)X2. 

The  elimination  gives 


y+'^(\p'-q)=0. 


Then,  in  order  that  the  terms  of  this  equation  may  have  the  same  sign,  we 
must  have  t^^— 7>0 ;  and  this  is  the  only  condition  necessary  to  insure  the 

reality  of  the  roots  of  the  equation  of  the  second  degree.     It  accords  with 
what  we  have  seen  at  (Art.  191). 

265.  Let  us  consider  next  the  general  equation  of  the  third  degree.  The 
second  term,  it  will  be  seen  herenfujr,  may  be  made  to  disappear  without 
changing  the  number  of  tlie  real  roots ;  we  inuy  therefore  take  it  under  the 
form 

jr»+^x+r=0. 

In  this  case  F(x)=:jr'+qx+r,  F'(.r)=3.r-+(7,  V"{x)=Gx,  It  is  necessary, 
first,  that  the  derived  equation,  3.r*  +  <7=0.  should  have  only  real  and  uooqual 
roots;  and  for  this  the  condition  is  evidently  ^<0. 
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Secondly,  it  is  necessary  to  eliminate  x  between  the  two  equations 

ar»+^=0 (1) 

y=(j»+^j+r)x6x, 


or 

The  first  gives 

and  (2)  becomes 


y=6j:*+6^j:«+6rx (2) 


1  1 


4 


Substituting  this  in  (1),  we  have,  after  reducing, 

y'+57'y+5?(V+27r«)=o. 

In  order  that  the  three  terms  of  this  equation  may  have  the  same  sign,  it  is 
necessary,  and  it  isi  sufficient,  that  the  known  term  should  be  positive.  We 
have  already  seen  that  q  must  be  negative,  but  (f  in  the  second  term  js  posi- 
tive; then  the  new  condition  is  A(f'\'2lT^<^(i,  Finally,  as  this  new  condition 
can  be  fulfilled  only  when  q  is  negative,  it  is  the  only  one  necessary,  in  order 
that  the  roots  of  the  equation  of  the  third  degree  should  be  real  and  unequal. 

FOURIER'S  METHOD  OF  SEPARATING  THE  ROOTS. 

266.  We  shall  now  give  anotlier  method  of  separating  the  roots,  proposed 
by  Fourier,  which  has  the  recommendation  that  the  auxiliary  functions  em- 
ployed in  it  are/(x)  and  its  successive  derived  functions,  which  can  be  form- 
ed by  inspection  ;*  so  that  the  method  can  bo  applied  nearly  with  equal  ease 
to  an  equation  of  any  degree ;  in  particular,  the  inteiTals  in  which  no  real  root 
can  be  situated  are,  by  Fourier^s  method,  immediately  assigned.  The  objec- 
tion to  th'is  method  is,  that  by  its  immediate  application  wo  only  find  a  limit 
which  the  number  of  real  roots  in  a  given  interval  con  not  exceed,  and  not  the 
absolute  number;  and  that  the  subsidiary  propositions  by  which  this  defect  is 
supplied  are  not  of  the  same  simple  character  as  the  original  theorem.  The 
enunciation  and  proof  are  as  follows. 

THEOREM. 

The  number  of  real  roots  o/'f(x)=0  which  lie  between  two  numbers  a  and  b, 
can  not  exceed  the  difference  between  the  number  of  variations  of  signs  in  the 
results  of  the  substitutions  ofs.  and  hfor  x,  in  the  series  formed  by  f(x)  and  its 
derived  functions :  viz.,/(x),/'(x),/"(3:),  .../^(j). 

If  none  of  the  equations 

/(z)=0,/'(r)r=0,  (Sec., 

have  a  root  between  a  and  5,  it  is  manifest  that  the  substitution  of  a  and  6,  and 
of  any  intermediate  quantity,  in/(j:).  /'(r),  &c.,  will  always  produce  exactly 

•  The  method  of  Storm  cmployS'Only  tlie  given  and  first  derived  fuuction/(j-)  and /'(a:), 
wbidi  are  the  same  as  V  and  V^,  the  other  functions  in  his  metliod,  viz.,  V.2.  V3,  ice,  be- 
ing obtained  by  the  method  of  the  conmion  divisor,  which,  in  practice,  is  tedious  for  func- 
tions of  the  higher  degrees,  especially  if  they  have  laive  coeflScients.  For  methods  of  sim- 
plifying these  laborioos  operations,  sec  Young's  Theory  and  Solatiouof  the  higher  Eqaations 
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the  same  series  of  signs ;  but  if  any  of  these  equations  have  roots  between  a 
and  6,  then  changes  in  tlie  series  of  signs  will  occur  in  substituting  graduaDy 
ascending  quantities  from  a  to  b  ;  our  object  is  to  show  that  by  such  substitu- 
tions the  number  of  variations  of  signs  can  never  increase,  and  that  one  varia- 
tion will  be  lost  every  time  the  substituted  quantity  passes  through  a  real  root 
/(j:)=0;  this  wo  shall  do  by  examining  separately  each  of  the  cases  in 
which  the  series  of  signs  can  be  affected  ;  namely,  1,  when  f(x)  alone 
vanishes ;  2,  'when  some  derived  function,  f"{x)^  alone  vanishes ;  3  and  4, 
when  some  group  of  derived  functions,  of  which  f(x)  either  is  not  or  is  a 
part,  alone  vanishes ;  and  lastly,  when  several  or  all  of  these  cases  of  vanish- 
ing happen  at  the  same  time. 

First,  suppose  that  x=ic  (c  being  some  quantity  between  a  and  b)  makes 
f(x)  vanish,  witliout  making  any  of  tlie  derived  functions  vanish;  then  the 
result  of  substituting  c-^h  £or  x  in/(x)  and/'(x)  is  (supposing  h  so  small  that 
the  signs  of  the  whole  of  the  two  series  which  express /(c 4-^)  and  /'(<^+^) 
depend  upon  those  of  their  first  terms,  and  writing  down  only  the  first  terms) 

A. /'(c)  and /(c), 

which  have  different  or  the  same  signs  according  as  ^  is  —  or  -|-  ;  therefore, 
in  passing  from  c — A  to  c-\-h  through  a  root  of  the  equation,  a  variation  of 
signs  is  lost,  but  none  gained.* 

Secondly,  suppose  that  x=c  makes  one  of  the  derived  functions,  /'^(x)^ 
vanish,  without  making  any  other  of  the  derived  functions,  or/(j:),  vanish ;  then 
the  result  of  substituting  c-\-k  for  x  in  tlie  three- consecutive  functions 

f^-'(x),  /"(x),  /"+U^)» 

(these  being  the  only  terms  which  it  is  necessary  to  examine)*  is 

/-- Hc),/i./"+>(c),/"+i(c). 

If,  then,  the  first  and  third  terras  have  the  same  sign,  there  will  be  two  varia- 
tions when  h  is  negative,  and  two  permanences  when  h  is  positive ;  if  the 
extreme  terms  have  contrary  signs,  there  will  be  one  variation,  and  one  only, 
whether  h  be  negative  or  positive ;  therefore,  in  passing  from  c — h  to  c-^-h 
through  a  value  which  makes  one  of  the  derived  functions  vanish,  either  two 
varintions  or  none  will  be  lost,  but  none  ever  gained. 

Thirdly,  suppose  that  x=zc  makes  r  consecutive  derived  functions  vanish, 
without  making  any  other  derived  function,  or/(x),  vanish ;  then  the  result  of 
the  substitution  o£  c-^'h  for  x  in  the  series 

(these  being  the  only  terras  necessaiy  to  be  examined)  is 

where  Ir  denotes  1 . 2 . 3 . . . .  r. 

If,  then,  the  extremes  of  this  series  have  the  same  sign,  there  will  be  r  or 
r-f-l  changes  (according  as  r  is  even  or  odd)  when  h  is  negative,  and  no 
change  when  h  is  positive ;  if  the  extreme  terms  have  contrary  signs,  there 


*  It  is  unnecessary  to  attend  to  the  otiicr  functions  of  tlic  scries  of  derived  fanctionSy  be- 
cause h  is  supposed  so  small  that  not  one  of  tliem  vanishes  by  the  substitutioa  of  any 
quantity  between  c — h  and  c-f>A,  and  tliereforo  each  has  the  same  sign  for  e — h  as  fijr 
e+h. 
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wiQ  be  r  or  r-\-l  variatioDs  (according  as  r  is  odd  or  even)  when  h  is  negative, 
and  one  change  when  h  is  positive ;  therefore,  in  passing  from  c — h  to  c-^h 
through  a  value  which  makes  r  consecutive  derived  functions  vanish,  r  or  r  db  1 
changes  are  lost  (according  as  r  is  even  or  odd)  but  none  ever  gained. 

Fourthly,  suppose  the  vanishing  group  to  consist  of /(jt)  and  the  first  r — 1 
derived  functions  (which  corresponds  to  r  roots  =ic  in/(r)=:0)  ;*  then  the  re- 
sult of  the  substitution  of  c+/i  for  x  inf(x),f(x),  •  ••/'^H-r)»/'(^)»  ** 

A'  A'-*  h 

in  which  there  are  r  variations  when  k  is  negative,  and  none  when  h  is  post 
tive ;  therefore,  in  passing  through  a  root  which  occurs  r  times  in  the  equation, 
r  changes  are  lost,  but  none  gained. 

Lastly,  suppose  the  substitution  of  a:=c  to  produce  several,  or  all  of  the 
above  cases  at  the  same  time ;  then,  because  the  conclusions  respecting  the 
effect  of  the  passage  through  c  ui>on  the  series  of  signs  in  one  part  of  the 
series  of  derived  functions  are  not  at  all  influenced  by  what  happens,  in  con- 
sequence of  the  same  passage,  at  another  distinct  part  of  the  series,  by  what 
has  been  proved,  several  variations  will  be  lost,  but  none  ever  gained. 

Since  then,  in  substituting  gradually  ascending  values  from  a  to  6,  variations 
of  signs  are  generally  lost  for  every  passage  through  a  Quantity  which  makes 
one  or  more  of  the  derived  functions  vanish,  and  invariably  one  for  every  pass- 
age through  a  root  of/(x)=0,  but  none  under  any  circumstances  gained,  it 
foUows  that  the  number  of  roots  of /(i')=0,  which  lie  between  a  and  6,  can 
not  be  greater  than  the  excess  of  the  number  of  variations  given  by  xs=a,  above 
that  given  by  x=zb, 

267.  Hence,  if  the  limits,  a  and  2>,  bo  — ao  and  -|-oo,  or  any  two  numbers 
the  first  of  which  gives  only  variations,  and  the  second  only  permanences ;  and 
if,  in  tlie  series  formed  hy  f(x)  and  it«  derived  fuuctious, 

c  be  substituted  for  x  and  be  then  made  to  assume  all  values  between  these 
limits,  the  series  of  signs  of  the  results  will  have  the  following  properties; 
there  will  at  first  be  n  variations  of  sign,  and  at  Inst  no  variation,  but  n  per- 
manences ;  these  vai*iatiotis  disappear  gradually  as  c  increases,  and  when  once 
lost,  can  never  be  recuveri'd  ;  one  variation  disappears  every  time  c  passes 
through  a  real  unequal  root  of/(i')=0;  r  variations  disappear  every  time  e 
passes  through  a  root  which  occurs  r  times  in/(j:):=0 ;  either  two  or  none  of 
the  variations  disappear  every  time  one  ouly  of  the  derived  functions  vanishes, 
without /( J*)  vanishing  at  the  sumo  time;  an  even  number  j?  of  variations  dis- 
appears every  time  an  even  group  of/?  functions  (not  including  the  first /(r)) 
vanishes;  and  an  even  number  ^=Ll  of  variations  disappears  eveiy  time  an 
odd  group  of  q  functions  (not  including  the  rirst/(x))  vanishes.  Also,  if  a  value 
causes /(x)  and  the  first  r— 1  derived  functions  to  vanish,  and  an  even  group 
of  p  functions  in  one  part  of  the  series,  and  an  odd  group  of  q  functions  in  an- 
other part,  to  vanish  at  the  same  time,  the  number  of  variations  lost  in  pass 
ing  through  that  value  will  be  r-|-p+7i  !• 

268.  Hence,  \£  f(x)=0  have  all  its  roots  real,  no  value  of  x  can  make  any 
of  the  derived  fmictions  vanish,  end  thereby  exterminate  variations  of  signs^ 

*  Sec  (Art.  253,  Scbol). 


348  ALGEBBA. 

without  at  the  sarae  time  making/(x)  vanish ;  for  if  it  could,  since  those  Tari' 
atioDS  can  never  be  restored,  and  since  a  variation  must  disappear  for  every 
passage  through  a  real  root,  the  total  number  of  variations  lost  would  surpass 
n,  the  degree  of  the  equation,  which  is  absurd,  since  there  are  but  n  derived 
functions  in  all.  Whenever,  therefore,  variations  disappear  between  values  of 
X  which  do  not  include  a  root  of /(7)=0,  there  is,  corresponding  to  that  oc- 
currence, an  equal  number  of  imaginary  roots  of /(r)=0.  Hence,  if  x=e 
produces  a  zero  between  two  similar  signs,  or  if  it  produces  an  even  number 
p  of  consecutive  zeros  either  between  similar  or  contrary  signs,  there  will  be 
respectively  two,  or  p,  imaginary  roots  corresponding ;  or  if  it  produces  an 
odd  number  q  of  consecutive  zeros,  there  will  be  q^l  imaginary  roots  corre- 
sponding, according  as  they  stand  between  similar  or  contrary  signs ;  c,  of 
course,  not  being  a  root  of  /(x)=0. 

Observation. — Since  the  derivatives  which  follow  any  one  f'(x)  may  be 
supposed  to  arise  originally  from  it,  it  is  manifest  that  the  same  conclusions 
respecting  the  roots  of/'(j:-)=0  may  be  drawn  from  observing  the  part  of  the 
series  of  derived  functions 

f'{i),f+'{x),...f'(x) 
as  were  drawn  respecting  the  root  uf/(x)=0  from  the  whole  series. 

269.  Des  Cartes*s  rule  of  signs  is  included  in  Fourier*s  theorem  as  a  par- 
ticular case. 

For  when,  in  the  series  formed  by  f(x)  and  its  derived  functions,  we  put 
x=  — 00,  there  are  n  variations ;  and  wlion  we  put  r=0,  tlie  signs  of  the  series 
of  functions  become  the  same  as  those  of  the  coefficients  of  the  proposed  equa- 
tion 

Pui  Pu-u  •  •  •  i?n  !• 
Let  the  number  of  variations  in  this  series  of  coefficients  =A%  and  therefore 
the  number  of  permanences  (supposing  the  equation  complete)  =n — k:  if 
we  make  tzs  +  i),  the  signs  of  the  functions  are  all  |)ositive,  and  the  number 
of  variations  r=0.  Hence,  between  t=  —  oo  and  j-=0,  the  number  of  varia- 
tions lost  is  n — k ;  therefore  in  a  complete  equation  there  can  not  be  more 
than  n — k  negative  roots,  t.  «.,  than  the  number  of  permanences  in  the  scries 
of  coefficients ;  also,  between  x=zO  and  x=x,  the  number  of  variations  lost  is 
kj  whether  the  equation  be  complete  or  incomplete-;  hence  in  any  equation 
there  can  not  be  more  positive  roots  than  A*,  i,  e.,  than  the  number  of  variations 
in  the  series  of  coefficients,  which  is  Des  Cartcs's  rule  of  signs. 

270.  Fourier's  theorem  may  also  be  presented  under  the  following  form : 
If  an  equation  have  m  real  roots  between  a  and  6,  tlien  the  equation  whose 

roots  are  those  of  the  proposed,  each  diminished  by  a,  has  at  least  m  more 
variations  of  signs  than  the  equation  whose  roots  are  tlioso  of  the  proposed,  each 
diminished  by  6. 

The  transfonned  equations  would  be 

/(y+a)=0,/(y+/>)=0; 
and  if  these  were  arranged  according  to  ascending  powers  of  y,  the  coefficients 
would  be  the  values  assumed  by/(r),/'(.r),  Ace,  when  a-and  6  are  respectively 
written  for  r.  Therefore,  whatever  number  of  variations  of  signs  is  los*-,  in  the 
series /(a:), /'(r),  &c.,  in  passing  from  a  to  6,  the  same  is  lost  in  passing  from 
one  trnnsfonneQ  equation  to  the  other ;  but  the  series  for  a  lias  at  least  m 
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more  TariatioDM  than  that  for  h ;  therefore /(y-f- a) =0  has  at  least  m  more 
Tttriatioiis  than  f{y+b)=0. 

271.  To  apply ,  this  method  to  find  the  intervals  in  which  the  roots  of 
/(x)=0  are  to  be  sought,  we  must  substitute  successively  for  z,  in  the  series 
formed  by/(x)  and  its  derived  functions,  the  numbers 

—a, 10,  —1,0,1,10,...,  +(3  (1), 

(  a  and  -|-/3  being  the  least  negative  and  least  positive  number,  which  give 
respectively  only  variations  and  permanences),  and  observe  the  number  of 
variations  of  sign  in  each  result. 

Let  h  and  k  be  the  numbers  of  variations  of  sign  when  any  two  consecutive 
terms  in  series  (1),  a  and  6,  are  re8i)octiveIy  written  for  x ;  therefore  k^—k  is 
the  number  of  real  roots  that  may  lie  between  a  and  6  :  if  this  equals  zero, 
f(x)^0  has  no  real  root  between  a  and  6,  and  the  interval  is  excluded;  if 
A— A:=l,  or  any  odd  number,  there  is  at  least  one  real  root  between  a  and  b  ; 
ifh — A: =2,  or  any  even  number,  there  may  bo  two,  or  some  even  number,  or 
none ;  the  latter  case  will  happen  when,  as  explained  above  (Art.  268),  some 
number  between  a  and  h  makes  two  or  some  even  number  of  variations  vanish, 
without  8atisfying/(x)=:0.  Similarly,  we  must  examine  all  the  other  partial 
intervals ;  and  when  two  or  more  roots  are  indicated  as  lying  in  any  interval, 
their  nature  must  be  determined  by  a  succeeding  proposition. 

The  two  former  of  the  foUowing  examples  are '  extracted  from  Fourier's 
work. 

EXAMPLE  I. 

/    (i)=       0*—  3j*—  24r»+  95x»—46x— 101=0 
/'  (j:)=     5r*— 12ar»—  72x^+190x  — 46 
f"(x)=i  20x3— 36a:«»—144r +190 
/'"(x)=  60x«— 72x  —144 
/*  (x)=120x  —72 
/»  (x)=120. 

Hence  we  have  the  following  series  of  signs  resulting  from  the  substitutrans 
of  — 10,  — 1,  0,  6cc.,  for  X,  in  the  series  of  quantities 

(-10)     -         +         -         + 

+  - 

+  - 

+  - 

+  + 

Hence  all  the  roots  lie  between  — 10  and  4-10*  because  five  variations  have 
disappeared;  one  root  lies  in  each  of  the  intervals  — 10  to  — 1,  and  — 1  to  0« 
because  in  each  of  them  a  single  variation  is  lost ;  no  root  lies  between  0  and  1, 
because  no  variation  is  lost  between  those  limits ;  and  three  roots  may  be  sought 
between  1  and  10  (because  three  variations  have  disappeared),  one  of  which  is 
certainly  real ;  it  is  doubtful  whether  the  other  two  are  real  or  imaginary. 

Obseilyation. — W^en  any  value  c  of  x  makes  one  of  the  derived  func- 
tions,/^(x),  vanish,  we  may  substitute  c±/i  instead  of  c,  h  being  indefinitely 
miall;  then  all  the  other  functions  will  have  the  same  sign  as  when  x=c,  and 
die  sign  of /"(c  it  A)  will  depend  upon  that  of  :Lhf^'*-^(c);  t.  e.,  it  will  be  the 
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same  or  contrary  to  that  of  the  following  derivative, /"+^(c),  according  as  A  it 
positive  or  negative,  or  according  as  we  substitute  a  quantity  a  little  less  or  a 
little  greater  than  the  value  which  makes /"'(x)  vanish.  The  use  of  this  re^ 
mark  will  be  seen  in  the  following  example. 

EXAMPLE  II. 

/    {2-)=     x*—  4r»— 3j:+23=0 
/'  (x)=  4j:»— 122r»— 3 
/"(a:)=:12j:«— 24x 
/'"(a:)  =  24j:— 24 
/*  (x)=24. 


/ 

/' 

/" 

/'" 

r 

x=0 

+ 



0 

— 

+ 

x=0^h, 

+ 



± 

— 

+ 

T=l 

+ 





0 

+ 

x=i:fh, 

+ 





T 

+ 

x=10 

+ 

+ 

+ 

+ 

+ 

Every  value  loss  than  0  gives  results  alternately  +  ^^^  — ♦  therefore  there 
is  no  real  negative  root ;  for  t=0,  we  have  a  result  zero  placed  between  two 
similar  signs,  and  therefore  corresponding  to  it  there  is  a  pair  of  imaginary 
roots.  There  is  no  root  between  0  and  1,  but  there  may  be  two  roots  be- 
tween 1  and  10. 

EXAMPLE  III. 

/(t)=2:«— 6r^+40r»+60z«— X— 1=0. 

Here  there  is  no  root  <C — 1 ;  there  is  one,  and  there  may  be  three,  be- 
tween —  1  and  0 ;  there  is  one  root  between  0  and  1,  and  there  may  be  two 
roots  between  2  and  3. 

272.  The  above  process  will  determine  the  intervals  in  which  the  roots  are 
to  be  sought,  but  not  always  tlieir  nature ;  when  an  even  number  of  roots  is 
indicated,  they  may  all  turn  out  to  be  impossible.  The  series  of  magnitudes 
between  — od  and  -|-qo,  to  be  substituted  for  x  in  the  derived  functions,  has 
been  divided  into  intcr\'al8  of  two  sorts,  each  contained  by  assigned  limits,  a 
and  b.  The  first  sort  of  interval  is  one  within  which  no  root  is  comprehended, 
i.  e.,  the  limits  of  which  give  the  same  number  of  variations  of  signs  in  the 
series  of  derived  functions.  The  second  sort  is  one  within  which  roots  may 
\h\  i.  e.,  where  the  number  of  variations  resulting  from  the  substitution  of  b 
is  L^ss  than  the  number  resulting  from  the  substitution  of  a,  in  the  series  of 
derived  functions.  This  second  soit  of  interval  has  two  subdivisions,  viz., 
cases  where  the  indicated  roots  do  really  exist,  and  others  where  they  are 
imaginary.  When  we  have  ascertained  that  a  certain  number  of  roots  may 
lie  between  a  and  6,  we  may  substitute  c  (a  quantity  between  a  and  b)  in  the 
series  of  dorived  functions,  and  if  any  variations  disappear,  our  interval  is  broken 
into  two  others :  if  no  variations  disappear,  we  may  increase  or  diminish  c,  and 
make  a  second  substitution,  and  it  may  still  happen  that  no  variation  is  lost,  and 
so  on  continually ;  and  we  may  be  left,  after  all,  in  a  state  of  uncertainty, 
whether  the  seporation  of  the  roots  is  impossible  because  they  are  imaginary, 
or  only  retarded  because  their  ditforcnce  is  extremely  small.  This  uncer- 
tainty is  relieved  by  taking  the  interval  so  small  as  to  be  sure  to  include  the 
real  roots,  if  they  exist. 
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One  method  of  arriving  at  the  proper  interval  is  by  means  of  the  so-caOed 
equation  of  the  squares  of  the  differences  of  the  roots  of  the  given  equation, 
which  we  shall  hereafter  have  occasion  to  deduce.  This  process  is  tedious  in 
practice ;  and  as  our  object  iu  unfolding  the  method  of  Fourier  was  to  pursue 
it  only  so  far  as  it  threw  light  upon  the  general  theo^^y  of  equations,  we  shall 
here  leave  it. 

We  should  now  introduce  the  theorem  of  Budan,  but  it  requires  a  trans- 
fcurmation  which  we  have  not  yet  exhibited,  and  we  therefore  take  this  op- 
portunity to  complete  a  subject,  one  proposition  of  which  (Art.  251)  we  have 
already  had  occasion  to  anticipate. 

TBANSFOABfATION  OF  EaUATIONS. 

PROPOSITION  I. 

273.  To  transform  an  equation  into  another  whose  second  term  shall  he  removed. 
Let  the  proposed  equation  be 

x"+Aia*-»+ A>i*-«+ An_ir+ A,=0 ; 

and  by  Art.  245  we  know  that  the  sum  of  the  roots  of  this  equation  is  — Ai ; 
dierefore,  the  sum  of  all  the  roots  must  be  increased  by  A i  in  order  that  the 
transformed  equation  may  want  its  second  term ;  but  there  are  n  roots,  and 

hence  each  root  must  be  increased  by  — ,  and  then  the  changed  equation  will 

have  its  second  term  absent  If  tlie  sign  of  the  second  term  of  tho  proposed 
equation  be  negative,  then  tlie  sum  of  all  the  roots  is  -j-'^i «  A'^  ^^  ^^  ^^^^ 

we  must  evidently  diminish  each  root  by  — ,  and  the  changed  equation  will 

ten  have  its  second  term  removed.    Hence  this 

RULE. 

Find  the  quotient  of  the  coefficient  of  the  second  term  of  the  equation 
divided  by  the  highest  power  of  the  unknown  quantity,  and  decrease  or  in- 
crease the  roots  of  the  equation  by  this  quotient,  according  as  the  sign  of  the 
lecond  term  is  negative  or  positive. 

EXAMPLES. 

(1)  Transform  the  equation  3? — Gx^-j-^ — 2^0  into  another  whose  second 
term  shall  be  absent. 
Here  Ai=— 6,  and  n=3 ;  .*.  we  must  diminish  each  root  by  }  or  2 

1  —6  -f  8  —2  (2 
2  —8  0 

^      6  ^ 

2  —4 


—2  —4 

2 
0 
.'.  y* — Ay — 2=0  is  the  chnngcd  equation. 
And  since  the  roots  are  diminished,  wo  must  have  the  relation  x^y-\-^. 
(2)  Transform  the   equation  x* — IGr*— 6j:+15=0  into  another  whose 
tecond  term  shall  be  removed. 

(a)  Transform  the  equation  r'^4-15.r«-f  12x3— 202:^4- 14x— 25=0  into  an- 
other whose  second  term  shall  be  absent 
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(4)  Change  the  equation  2^-1- ax -|- 6=0  into  another  deficient  of  the  second 
term. 

(5)  Change  the  equation  x^-^-as^+bx+cszO  into  another  wanting  the 
second  term. 

ANSWERS. 

(2)  2^—9Ci/«— 618^— 777=0. 

(3)  y*— 78^+412^— 757y+401=0. 


(4)  2«--+6=0. 

(a^       \       2(^    ah 


PROPOSITION  11.' 

274.  To  transform  an  equation  into  another  whose  roots  shall  be  the  reeipro  - 
cols  of  the  roots  of  the  proposed  equation. 

Let  ax"+AiX'*~^+'^2^'^''+ Ab-i1:+'Ab=0  be  the  proposed  equa- 
tion, and  put  y=:-;  then  ar=-  and  by  writing  -  for  x  in  the  proposed  equa- 

X  y  y         • 

tk>n,  multiplying  by  y°,  and  reversing  the  order  of  the  terms,  we  have  the 
eqi::ation 

whose  roots  are  the  reciprocals  of  the  roots  of  the  proposed  equation. 

The  transformation  is  then  effected  by  simply  changing  the  order  of  the  co- 
efficients of  the  given  equation. 

Corollary  1. — Hence  an  equation  may  be  transformed  into  another  whose 
roots  shall  be  greater  or  less  tlian  the  reciprocals  of  the  roots  of  the  proposed 
equation,  simply  by  reversing  the  order  of  the  coefficients,  and  then  proceed- 
ing as  in  the  Proposition  to  Art.  251. 

Corollary  2. — If  the  coefficients  of  tlie  proposed  equation  be  the  samOt 
whether  taken  in  reverse  or  direct  order,  then  it  is  evident  that  the  trans- 
formed equation  will  be  the  same  as  the  original  one  ;  and,  therefore,  the  roots 
of  such  equations  must  bo  of  the  form 

1  1  11. 

n  r,  Ts  r^ 

Corollary  3. — If  the  coefficients  of  an  equation  of  an  odd  degree  be  the 
same  whether  taken  in  direct  or  inverse  order,  but  have  contrary  signs,  then, 
also,  the  roots  of  the  transformed  equation  will  be  the  same  as  the  roots  of  the 
proposed  equation ;  for,  changing  the  signs  of  all  the  terms,  the  original  and 
transformed  equations  will  be  identical,  and  the  roots  remain  unchanged  when 
the  signs  of  all  the  terms  are  changed.  And  this  wiU  likewise  be  the  case  in 
an  equation  of  an  even  degree,  provided  only  the  middle  term  be  absent,  in 
order  that  the  transformed  equation,  with  all  its  signs  changed,  may  be  identical 
with  the  original  equation. 

Equations  whose  coefficients  are  the  same  when  taken  either  in  direct  or 
reverse  order,  are,  therefore,  called  recurring  equations^  or,  from  the  form  of 
the  roots,  reciproral  equations. 

Corollary  4. — If  the  sign  of  the  last  term  of  a  recurring  equation  of  an  odd 
degree  be  -f-i  one  of  the  roots  of  such  equation  wiU  be  —  1 ;  and  if  the  sign 
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of  the  last  term  bo  — ,  one  root  will  be  -l-^*  For  the  proposed  equation  and 
the  reciprocal  have  one  root,  the  same  in  each,  and  1  is  the  only  quantity 
whose  reciprocal  is  the  same  quantity ;  hence,  since  each  of  the  other  roots 
has  the  same  sign  as  its  reciprocal,  the  product  of  each  root  and  its  reciprocal 
must  be  positive ;  and,  tlierefore,  the  last  term  of  the  equation,  being  the 
product  of  all  the  I'oots  with  their  signs  changed,  must  have  a  contrary  sign  to 
tliat  of  the  root  unity. 

Hence  a  recurring  equation  of  an  odd  degree  may  always  be  depressed  to 
an  equation  of  the  next  lower  degree  by  dividing  it  by  x-j-l,  or  x — 1,  accord- 
ing as  the  sign  of  the  last  term  is  4-  ^r  — • 

Corollary  5. — A  recurring  equation  of  an  even  degree  may  always  be  de- 
pressed to  another  of  half  the  dimensions.     For  let  the  equation  be 

a:-^"+AiJ^''-»  +  A>r-''-'--f Ana*+A,x+1=0; 

dividing  by  :r",  and  placing  the  first  and  last,  the  second  and  last  but  one,  &c., 
in  juxtaposition,  we  have 

^+3r+A.(^-'+j:^)+ A._,(i+^)+A.=0 [2] 

Assume  y=:x+~»  then  wc  have 

Mr 

1  1 

x+-=y  .-.  X  +-  =y 

(x+^)»=r^+i.f  3(0:  -f  i)  x3.f  i=.v^-3^ 

&c.  &c.  dec.  =y— 4y^4-2 ; 

substituting  these  values  of 

1  1  1 

T-f -,  j:--f  -  .  .  .  .r''  +  -  in  [2] 

the  resulting  equation  is  of  the  form 

and  the  original  equation  is  reduced  to  an  equation  of  half  the  dimensions. 

KXAMPLKS. 

(1)  Transform  the  equation  r^ — 7j*-^-7=:0  into  another  whose  roots  shall 
be  less  than  the  reciprocals  of  those  of  tlie  given  equation  by  unity. 

7  —7  -f  0  -f  1  (1 
7       0       0 

■^  ~~o  ~r 

7       7 


7 
7 


14 


..  72»4.142«+72+l=0  is  the  equation  sought,  where  2+1=-,  or  '="t-7- 
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(2)  Find  the  roots  of  the  recurring  equation 

x»— 6j:^+6ir»+6j»— 6i+ 1  =0. 
By  Cor.  4,  this  equation  has  one  root  x^ — 1,  and  the  depressed  equation  ii 

Divide  by  z",  and  arrange  the  terms  as  in  Cor.  5 ;  thien 

'•+^-7(^+3  + 12=0.  .  .(A) 

Put  x-\ — ^z ;  then  jfi-^ — r,^^' — 3 ;  hence,  by  substitution,  (A)  becomes 

2S_2— 72+12=0; 

and,  resolving  the  quadratic,  we  get 

7j:3 
""    2 
=5,  or  2=2. 

Hence  x4--=:5,  and  x4--=2,  and  the  resolution  of  these  two  quadratics 

gives 

x=J(5±  V21)  and  x=  +  l,  or  +1, 

and  the  five  roots  are 

5+  y/2i        ,  6—  ^21 
—  1,  +1,  +1, ,  and 5 ; 

5-^21      (5-  VTl)  5+  VTl         25-21  2  ,.,.,, 

where  ;; = ; . == =r-= rrr,  Which  IS  the 

^  ^^  5+  V21      2(5+  V21)     5+  ^21 

5+  V21 
reciprocal  of  the  root ;; . 

(3)  Give  the  equation  whose  roots  are  tho  reciprocals  of  the  roots  of  the 
equation 

x^— 3r^— 2x»+3r'+12j:«+10x— 8=0. 

(4)  Find  the  roots  of  the  recurring  equation 

5i^-42^+V-3y^+4.y-5=0. 

(5)  Find  the  roots  of  tho  recurring  equation 

r^+r«+x»+ J3+X+ 1  =0. 

ANSWERS. 

(3)  8x«— lOx^— 12x<  — 3r»+2.r3+3x— 1=0. 


^^^  ^    l+\/-3   l-V-3    -3+4  V-1           -3-4V-1 
(4)  1,  ^ 1  2 '  5 '  "^^ 5 • 

W-l.    n/^^^.    7=1^.     _V=lt>^,    ^ 
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PROPOSITION   III. 

275.  To  transform  an  equation  into  another  whose  roots  shall  he  any  pro- 
posed  multiple  or  submuUiple  ofUie  roots  of  the  given  equation. 

Let  ar"4- AiJ:»-*+A.rvr''~'-f-...  AB_iar4"-^n=0  be  any  equatfon ;  then  putting 

yssmx^  we  have  x=— ,  and  by  substituting  this  value  of  x  in  the  given  equa- 

tn 

tion,  and  multiplying  each  term  by  m",  we  have 

y»+mA,y°-»  +  m2A2y»-«-| m''-»A„_,y4-»ii"AB=0 ; 

an  equation  whose  roots  are  m  times  those  of  the  proposed  equation.  Hence 
we  have  simply  to  multiply  the  second  term  of  tlie  given  equation  by  m,  the 
third  by  m\  the  fomth  by  ?»',  and  so  on,  and  the  transformation  is  effected. 

Corollary  1. — If  the  coefficient  of  the  first  term  be  m,  then,  suppressing  m 
in  the  first  term,  making  no  change  in  the  second,  multiplying  the  third  by  m, 
the  fourth  by  m\  and  so  on,  the  resulting  equation  will  have  its  roots  m  times 
those  of  the  given  equation. 

Corollary  2. — Hence,  if  an  equation  have  fractional  coefficients,  it  may  be 
changed  into  another  having  integral  coefficients,  by  transforming  the  given 
equation  into  another  whose  roots  shall  be  tliose  of  the  proposed  equation 
multiplied  by  the  product  of  the  denominators  of  the  fractions. 

Corollary  3. — If  the  coefficients  of  the  second,  third,  fourth,  dec.,  terms  of 
an  equation  be  divisible  by  m,  7n\  m^  and  so  on,  respectively,  then  m  is  a  com- 
mon measure  of  the  roots  of  the  equation. 

EXAMPLES. 

(1)  Transform  the  equation  2r^ — 4j-4-7j:— 3=0  into  another  whose  roots 
shall  be  three  times  those  of  the  proposed  equation. 

(2)  Transform  the  equation  4x* — 3jr» — V2x^-{-5x — 1  =0  into  another  whose 
roots  shall  be  four  times  those  of  the  given  equation. 

(3)  Transfonn  the  equation  J^+-r' — -.r+i>=0  into  another  whoso  roots 
shall  be  12  times  those  of  the  given  equation. 

ANSWERS. 

(1)  2r»— 12i'^+63j:— 81=0. 

(2)  i:^— 3r»_4ar3+80x— 64=0. 

(3)  r»+42:2— 36j:+345fi  =  0. 

PROPOSITION   IV. 

27G.  To  transform  an  equation  into  another  whose  roots  shall  be  the  squares 
of  the  roots  of  the  proposed  equation. 

Let  r°+ A iI"~*  +  A2J:" "'*+•• +  An-ia:+AB=0  be  any  equation;  then 

r» — AiX^^+Aii""^ — iAn_iJ*^An=0  is  the  equation  whose  roots  are 

the  roots  of  the  former,  with  contrary  signs  (Prop.  VII.,  Art.  247). 

Let  <Zi,  <i3,  a^t  drc,  be  the  roots  of  the  former  equation,  and  — a,,  — aj,  — Os* 
dec,  those  of  the  latter  ;  then  we  have 

(-r"+A^-«H )4-(Ai.r'»-»4-A3r»-»+...)=(r— ai)(2:— aa)(j— a,).... 

(x»+A.af'-«H )— (Ai3^"'+A3a:^'»4---0=(^+ai)(-r+aa)(x+flf3).... 

Hence,  by  multiplying  these  two  equations,  we  have 
(x"+A,i«-»+  ...)*-(AiX»-'+A,;i-»+  ...)s=(2«-.ai«)(2«-.a,«)(z«-.fl3«) ... 
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Or  a:««— ( Ai«— 2A0^"-^+(A,=--2AiA3+2A4)2«»-* &c.,  =(z«— d*) 

(:i^ — a.2')(j^ — ^3^)....  by  actually  squaring  oud   arrangiug  according  to  the 
powers  of  x.     Now,  for  x^  write  y,  and  we  have 

y--(Ar-2A,)r-'  +  (A.^-2AiA3+l>A0r-*---  *^Cm  =(3^-ar)(]/-a^«) 
(y— fl3*) . . . 
...  y«— (A,«— 2A2)y"-^+(A28— .2AiA34-2A4)i/''-^— =0  is  an  equation 

whoso  roots  are  tho  squares  of  the  roots  of  the  given  equation. 

EXAMPLES. 

(1)  Transform  the  equation  r'+Sx® — 6x — 8=0  into  another  whose  roots 
are  the  squares  of  those  of  the  proposed  equation. 

Here  3^ — 6x=z — 32^+8  ^7  transposition,  and  by  squaring  we  have 

a<—12ar*+36j:«=9j:*— 48/^+64 
.-.  a:«— 21j:<+84j^— 64  =  0, 

or 

y''— 21y-+84y— 64=0 

18  the  required  equation. 

The  roots  of  the  j;iven  equation  are  — 1,  — 4,  2;  and  those  of  the  trans- 
formed equation  are  1,  4,  16. 

(2)  2*+r»+3i«+16jr4-15=0. 
The  transformed  equation  is 

j*+2j-*+33r'+23j^+166a:— 225=0,  , 
which  has  (Art.  259)  only  one  positive  root,  and  therefore  the  proposed  has 
only  one  real  root. 

(3)  Transform  the  equation  xr^ — af^ — 7x+15=0. 

(4)  Transform  tho  equation  x*— 6r»+5:r'+2a:— 10=0. 

(5)  Transform  tho  equation  r* — 4r* — 8x+32=0. 

(6)  Transform  the  equation  x*— 3r»— 15.rO+49x— 12=0. 

ANSWERS. 

(3)  y»—15^2+79y— 225=0. 

(4)  y^^'26if+20if^l04T/+100=0, 

(5)  y*— 16y»— 64y+1024=0. 

(G)  y— 39y=»+495y-— 204l3/+144=0. 

PROPOSITION  V. 

277.  To  transform  an  equation  into  another  wanting  any  given  term. 
By  recurring  to  tho  transformed  equation  in  Art.  251,  note,  in  which  the 
roots  of  the  proposed  are  increased  or  diminished  by  a  quantity  represented 
by  r,  it  wiU  be  seen  that  in  order  to  know  what  value  r  must  have  to  make  the 
coefficient  of  any  power  of  x  disappear,  it  is  only  necessary  to  place  tlie  column 
of  quantities  by  which  that  power  is  multiplied  equal  to  zero,  and  the  result- 
ing equation,  when  resolved,  will  furnish  the  proper  values  of  r.  This  equa- 
tion will  1)0  of  tho  1°  decree  when  it  is  required  that  the  second  tenn  shall  dis- 
appear, it  will  bo  of  the  2°  degree  when  the  third  is  to  disappear,  and  so  on. 
The  last  term  can  be  made  to  disappear  only  by  means  of  an  equation  of  the 
same  degree  as  the  proposed. 

By  removing  the  second  term  from  a  quadratic  equation,  we  shall  be  imme- 
diately conducted  to  the  weU-known  formula  for  its  solution.  Thus,  the  equa- 
tion being 
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tne  transformed  in  x'-^r  wiU  be 

+  A      +Ar(=0: 
+  N    S 

and,  that  its  second  term  may  vanish,  wo  must  have 

2r4-A=0  .-.  r=— iA, 

which  condition  reduces  the  transformed  to 

.-.  x'=i  ViA'— N 


.-.  x=r'+r=  — 1A±  V]A2— N; 
which  is  the  common  formula  for  thu  solution  of  a  quadratic  equation. 

PROFOSITIOTT   VI. 

278.  To  transform  an  equation  into  one  whose  roots  are  the  squares  of  the 
differences  of  the  roots  of  the  proposed  equation. 

If  in  the  given  equation, /(t)=:0,  wo  make  x^ax-^-y^  ax  being  one  of  the 
roots,  y  Will  be  the  difference  between  ai  and  every  other  root.  If  we  make 
x:=a3-{-y,  y  will  be  the  difference  between  a^  and  every  other  root,  and  so  on. 

But  since  ai,  a^,  &c.,  are  roots  of/(j')=:0,  they  must  satisfy  it;  h«nce 

/(/iO=0,/(a.)=0»  &c (1) 

If  we  eliminate  a\  or  a^,  <S^c.,  between  either  of  these  equations  (1)  and  the 
corresponding  ones, /(a,+y)=:0, /(a.2+2/)=0»  ^c,  the  final  equation  in  y 
win  be  in  each  cnse  the  same,  nnd  is  therefore  the  equation  whose  roots  are 
the  differences  of  the  roots  of  the  proposed  equation.  It  is  evidently  the  same 
thing  to  eliminate  between/(j')  nndif^x-^-y). 
The  form  of  the  equation /(jr-f-y)  is  (Art.  251), 

/W+/.(^)y+Y73y'+ r- 

The  first  term  is  identical  with  the  proposed  equation,  and  vanishes,  and  the 
whole  it)  divisible  by  y ;  we  thus  deduce 

The  equation  (2)  is  of  the  m — 1  degree,  and  by  elimination  with  the  pro- 
posed equation  of  the  degree  tn  will  produce  a  final  equation  of  the  degree 
m{m  —  1),  OS  will  be  hereafter  shown.  It  is  evident,  indeed,  that  the  roots 
being  of  the  form  fli — a.^,  a.i — «,,  a\ — a^,  a^ — ezi,  a.> — a,,  ^c,  will  be  equal  in 
Dumber  to  the  permutations  of  m  letters,  two  and  two,  which  b  m(m — 1) 
(Art.  200).  The  factors  m  and  m  —  1  will  the  one  be  even  and  the  other  odd, 
and  the  product  m(m — 1)  nmst  therefore  necessarily  be  even ;  moreover,  since 
if  one  root,  a^ — a^,  be  represented  by  /?,  another,  a^ — ai,  will  be  represented 
by  — /?,  and  the  equation  (2)  will  be  com{>osed  of  factors  of  the  form  {y — /?) 
{y-\-fi)szy^ — /3«;  and  hence  will  contain  only  even  powers  of  y.  It  may 
therefore  be  written  under  the  form 

y'"+;'y"""'+9y"""'+»  *^m  +^=o  ....  (3) 

and  if  we  make  y'=z,  we  have 

t'"-|-|,i>n-»4.(y2'»-«4-,  &c.  +i  =  0 (4) 
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as  tlie  equation  whose  roots  are  the  squares  of  the  differences  of  the  roots  of 
the  proposed  equation. 

279.  As  an  application  of  the  foregoing  principles,  let  us  find  the  equation  of 
the  squares  of  the  differences  fur  the  equation  of  the  third  degree.  Id  the 
first  pliM.*o,  I  shall  make  the  j^eneral  remark,  that  equations  (3)  and  (4)  ought 
not  to  change  when  we  augment,  or  when  we  diminish,  by  the  same  quantity 
aU  the  routs  of  equation  (1).  Con.'^equcntly,  if  the  second  temi  of  a  given 
equation  he  not  wantitig.  we  cnn  cause  it  to  disappear  (Art.  273),  and  then 
find  the  equation  of  tlie  differences  for  the  transformed  equation;  we  shall 
thus  find  the  same  equation  os  if  wo  had  not  made  the  second  term  vanish,  since 
the  diti'orencos  of  tlie  roots  will  be  the  same  as  before,  while  the  calculations 
will  be  less  complicated.  This  being  premised,  1  will  suppose  that  the  equa- 
tion of  the  third  degree  wants  its  second  term,  and  has  the  form 

j^+qr+r=0 [A] 

Designate  the  given  equation  by/(j')=:0,  and  the  derived  polynomials  of 

f(x)  hyfi(x),f.i{x),f3{.r) ;  the  rule  for  finding  the  equation  of  the  squares 

of  tlic  dififerences  is  to  eliminate  between  the  two  equations 

Ax)=0,f,(x)+l/,{r)!/+^M.r)!r-+  ...  =0 [B] 

But  in  the  case  before  us  we  have 

f(x)=:r^+qT+r,  f,(x)=:3x^+q,  /.(.r)=6T,  Mx)=:6. 

Substituting,  therefore,  these  values  in  equations  [B],  we  shall  readily  perceive 
that  the  elimination  of  r  ought  to  be  performed  between  equation  [A]  and  the 
following  equation, 

3j^+g+3xy+f=:0 [C] 

We  shall,  therefore,  arrange  this  equation  with  reference  to  j:,  and  then  elimi- 
nate .r  by  proceeding  us  if  we  hud  to  find  the  greatest  common  divisor  of  equa- 
tions [A]  and  [C]. 

First  Division. 


1^+  qx  '\-  r 
3x''^+3qx  +3r 


3.r^^3yx+f'+q 


+  3.r»+3.yi:-'-f(.v'+   7)r 

—  3//  r-  —  3  y-> — »/ '  —  qij 

Second  Division. 


32r'+  3qx+    y'^+q 

G(!/'+g):^+Cy(y'+9)lfr+Kf+qr 
+  6(y'+7)j^4.3(i/»+7.y    +3r)x 


W+gy  -^r)x+'2(ir+qr 

^(}/'+g)(f+gy  -3r)rH-4(i/  +  7)' 
6(.V'+y)(.V'+9.V-3r).r+3(7/^+7.y+3r)(y'+^.y-3r) 
Hy'+qr-Hr  +7?/+3r)(.V^-f7.V-3r). 

In  the  last  division  wo  have  multiplied  twice  by  y'^-{-q  in  order  to  renddr  die 
divisions  possible,  but  if  we  take  2/^-|-r/=0,  the  divisor  reduces  to  3r,  a  quan 
tity  in  general  diflfering  from  0. 
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Making  the  last  remainder  equal  tu  zero,  and  performing  the  operations  in- 
dicated,  the  equation  of  the  differences  is 

y«+G^y*+ 97^4-4^+277^=0; 
taking  ^'=:z,  the  equation  of  the  squares  of  the  differences  becomes 

For  the  equation  1^—7x4-7=0,  wo  have  //=— 7,  r=4-7 ;  and  hence  the 
equation  in  z  becomes 

2'— 42224-44IZ— 49=0. 

»  SUDAN'S  CRITERION 

For  determining  the  number  of  imaginary  roots  in  any  equation, 

280.  If  the  real  positive  roots  of  an  equation,  taken  in  the  order  of  their 
magnitudes,  bo  a^  Us,  ^3,  ^4 . . . .  a„,  where  Oi  is  the  smallest,  and  if  we  dimin- 
ish the  roots  of  the  equation  by  a  number  h  greater  thun  Si.  but  less  than  a«, 
then  the  roots  will  bo  Oi — /i,  Oi — /i,  ^3 — h,  ...a„ — h,  and  the  first  of  these 
will  now  be  negative.  But  the  number  of  positive  roots  is  exactly  equal  to 
the  number  of  variations  of  sign  in  the  terms  of  the  equation  when  the  roots 
are  all  real ;  and  as  wo  have  changed  one  positive  root  into  a  negative  one, 
the  transformed  equation  must  huvo  ono  variation  less  than  the  proposed 
equation. 

Again,  by  reducing  all  tho  roots  by  Jc,  a  number  greater  than  ffg,  but  less 
than  ^3,  we  shall  have  two  negative  roots,  ^i — k^  rt: — k,  in  tho  transformed 
equation,  and,  therefore,  wo  shall  have  two  variations  of  sign  less  than  in  the 
proposed  equation,  for  two  positive  roots  havo  been  reduced  so  as  to  become 
negative  ones.  Henop  it  is  obvious,  that  if  wo  reduce  the  roots  by  a  number 
greater  than  An,  all  the  positive  roots  will  beconio  negative,  and  tho  transform- 
ed equation,  having  all  its  roots  negative,  will  have  tho  signs  of  all  its  terms 
positive  (Art.  259),  and  all  tho  variations  will  havo  entirely  disappeared. 

Wo  see,  then,  that  if  tho  roots  of  an  equation  be  reduced  until  tho  signs  of 
aU  the  terms  of  the  tmnsformed  equation  bo  4-,  we  havo  employed  a  greater 
number  than  the  greatest  jwsitive  root  of  that  equation ;  and,  therefore,  its 
reciprocal  must  be  less  than  tho  smallest  real  root  of  the  reciprocal  equation.. 
Now,  if  wo  take  tho  reciprocal  equation,  and  reduce  its  roots  by  the  reciprocal 
of  the  former  number,  wo  should  havo  as  many  positive  roots  left  in  this  trans- 
formed reciprocal  equation  as  there  were  positive  roots  in  the  proposed  equa- 
tion, unless  the  equation  has  ima^^iiiaiy  roots  ;  hence  the  number  of  variations 
lost  in  tho  former  case  should  ho  exactly  equal  to  the  number  left  in  the  latter, 
when  the  roots  are  all  real ;  and,  consequently,  if  this  condition  be  not  fulfill- 
ed, the  differoncp  of  these  numbers  indicates  the  number  of  imaginary  roots. 
To  explain  this  reasoning  more  clearly,  we  shall  suppose  that  an  equation  hafl 
three  positive  roots ;  as,  for  instance,  1,  2*5,  and  3.  Now  if  tho  roots  of  tho 
proposed  equation  be  reduced  by  4,  a  number  greater  than  3,  the  greatest 
positive  root,  the  three  positive  roots  in  tho  original  equation  will  evidently  be 
changed  into  three  negative  ones  in  tho  transformed  one,  and  hence  three  va- 
riations must  be  lost.  Again,  the  equation  whose  roots  are  the  reciprocals  of 
the  proposed  equation  must  havo  three  positive  roots,  1,  f,  and  J  ;  and  it  is 
eTident  that  if  we  reduce  the  roots  of  the  reciprocal  equation  by  J,  the  rocip- 
rocal  of  the  former  reducing  number  4,  we  shall  not  change  the  character  of 
the  three  positive  roots,  because  j  is  less  than  the  least  of  them,  and  1 — {• 
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a  —  J,  I — |.  are  all  positive;  hooco  the  Uirec  variations  introduced  by  the 
three  positive  roots  must  still  be  found  in  the  transfbrniod  reciprocal  equation, 
and,  therefore,  three  variations  are  left  in  the  latter  transformation,  indicating 
no  imaginary  roots.     The  theorem  may,  therefore,  be  stated  thus  : 

If,  in  transforming  an  equation  by  any  number  r,  there  bo  n  variations  lost, 

and  if,  in  transforming  the  reciprocal  equation  b}'  -  (the  reciprocal  of  r),  tiiere 

be  m  variations  left,  then  there  will  bo  at  least  n — m  imaginaiy  roots  in  the 
interval  0,  r. 

For  there  are  as  many  positive  roots  in  the  interval  0,  r  of  the  direct  equa- 
tion as  there  are  between  ^  and  ^  of  the  reciprocal  equation  ;  hence,  if  n,  the 

number  of  variations  lost  in  the  tnmsformation  of  the  direct  equation  by  r,  be 
greater  than  m,  the  number  of  variations  left  in  tlie  transformation  of  the  re- 
ciprocal equation  by  -,  there  will  be  a  contradiction  with  respect  to  the  charac- 
ter of  a  number  of  the  roots,  equal  to  the  difference  n — m.  Hence  'thesw 
roots  are  imaginaiy. 

EXAMPLE. 

Find  the  number  of  imaginary  roots  of  the  equation 

x4— i3-f2i:«+r— 4=z=(). 

Direct,  Rrrijyrocaf. 

1   —1   +2  +1   —4  (1  —4   +   1   +   2   —   1   +1  (1 

1023  —4—3   —   1—2 

0        2       3—1  —3   —   1—2—1 

113  —4   —  7   —  8 


13  6                                        —  7  —  8  —10 

1  2  —  4  —11 

2  5  —11  —19 
1  —  4 


3  —15 

Here  two  variations  are  lost  in  the  transformation  of  the  direct  equation, 
and  no  variatious  are  h:ft  in  the  transfurmation  of  the  reciprocal  equation: 
tlierefore  this  equation  has  at  lenst  two  imngitiar}'-  roots ;  and  it  has  only  two, 
for  tlie  sign  of  the  al)soluti)  term  is  negative,  implying  the  existence  of  two 
real  roots,  the  one  positive  and  the  other  negative.  (See  Art.  248,  Pr.  VIII., 
Cor.  5.) 

EXAMPLE. 

To  fmd  the  number  and  situation  of  the  real  roots  of  tlie  equation  jt^+j:* 
+j^^+3j*— 100=0  by  Budan*s  method. 

If  the  roots  of  this  equation  be  all  real,  the  permanences  and  variation  indi- 
cate three  negative  roots  and  one  positive  root. 

(1)  To  find  the  positive  root. 

1  +  1  +  1+  3  —  100(2  1  +  1+   1+   3—100(3 

3+7  +  17—  66  4  +  13-f-42+   26 

In  the  ti*ansfonnation  by  2,  one  variation  is  left,  and,  in  transforming  by  3, 
there  is  no  variation  left ;  therefore  the  positive  root  is  between  2  and  3. 

(2)  For  the  negative  roots. 
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Direct  Equation. 
1—1  +  1—3—100(1 
0+1—2—102 
1+2+0 
2+4 
3 

Here  two  variations  are. lost  in  iho  direct  triinsforinntion,  and  no  variations 
are  left  in  the  reciprocal  transformation  ;  therefore  the  two  roots  in  the  inter- 
val 0  and  —1  are  imaginary. 

1—1  +  1—  3  —  100(3  1—1+   1—  3—100(4 


Reciprocal  Equation. 
—100—     3+     1—     1+     1  (1 
—  103—102—103—102 

signs  all  — 


2+7+18—  40 


3  +  13  +  49+   96 


Hence  the  negative  root  is  obviously  situated  between  — 3  and  — 4. 

DEGUA'S  CRITEIUON. 
281.  In  any  equation,  if  we  have  a  cipher-coefficient,  or  term  wanting,  and 
if  the  cipher-coefficient  be  situated  between  two  terms  having  the  same  sign, 
there  will  be  two  imaginary  roots  in  that  equation. 
Let  the  order  of  the  signs  be 

+  +  -0-+ ; 

and- for  0  writing  +  or  —  wo  have  either 

++-+-+ — .  °'-++ + — 

In  the  former  of  these  we  find  two  perniunences  and  fve  variations,  and  in 
the  latter  wo  havo  four  pennanences  and  only  three  variations  ;  hence,  if  the 
roots  are  all  real,  we  must,  in  the  former  case,  have /(i*£  pusitivo  and  two  neg- 
ative roots,  and  in  tlie  latter,  tJiree  positive  m\(\jour  negative  roots  (Art.  269); 
hence  wo  have  tiro  roots,  both  ponlfive  and  nr^aticr.,  at  tho  same  time,  and, 
therefore,  these  two  roots  can  not  be  real  roots.  These  two  roots,  which  in- 
volve the  absurdity  of  being  both  positive  and  nef^utive  at  the  same  time,  must, 
therefore,  be  imafrinary  roots. 

In  nearly  the  same  manner  it  may  be  shown  that 

(1)  If  between  terms  having  like  signs,  2rt  or  2»  —  1  cipher-coefficients  in- 
tervene, there  will  be  2/i  imaginary  roots  indicated  thereby. 

(2)  If  between  terms  having  different  signs,  2n  +  l  or  '2n  cipher-coefficients- 
intervene,  there  will  be  2/t  imaginary  roots  indicated  thereby. 

KX  AMPLE. 

The  equation  .r* — r^+C.r'+SlsrO  has  two  imnginaiy  roots,  for  tho  absent 
term  is  preceded  and  succeeded  l)y  terms  having  like  .signs  ;  and  the  equation 
a:*±l,  having  the  coefficients  1  JLO±0:Ll>  has  also  two  imaginary  roots. 

KXAMPLKS   FOR   PRACTICE. 

(1)  How  many  imaginary  roots  are  in  the  equation 

2^i+r»— 2J-+2J'— 1=0  ? 

(2)  Has  the  equation  x*- 2./^+G.r+10=0  any  imaginary  roots  ? 

THE  LIMITS  OF  THE  llOOTrf  OF  EaUATlONd 
282.  The  limits  of  any  group  of  roots  of  an  etpiation  are  two  quantities  be- 
tween which  the  whole  group  lies;  tlius,  +x  and  0  are  limits  of  tho  positi^'e 
roots  of  every  equation,  and  0  and  —  x;  of  the  negative  roots.     But  in  practico 
we  are  required  to  assign  much  closer  limits  than  these,  usually  the  two  con- 
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sccutive  whole  numbers  botwoeii  wliicU  each  root  lies,  so  that  the  inferior 
limit  in  the  integral  part  of  the  included  root.  This  may  be  effected  without 
knowing  any  of  the  roots  of  the  equation,  as  will  be  seen  in  the  following  prop- 
ositions.    The  roots  spoken  of  in  this  section  are  tlie  real  roots. 

SUPERIOR  AND   INFERIOR  LIMITS   OF  THE  ROOTS. 

283.  The  greatest  negative  coefficient  increased  by  unity  is  a  superior  limit 
of  the  positive  roots  of  an  equation. 

Let  — jp  be  the  greatest  negative  coefUciont;  then  any  value  of  x  which 
makes 

x»— ^(x°-»4-a:"-«4- I-X8-I-X+1)  positive, 

or  x->p(x^'+x--'+  . . .  +2^+x+l)>p^^,* 

will,  a  fortiori^  make 

or/(x)  positive,  because  in  the  latter,  all  the  terms  after  j:"  will  not  generally 
be  negative,  and  of  the  ne^zative  terms  not  one  is  greater  than  the  correspond- 
ing term  in  the  former  expression. 

J-"  — 1 
Now  the  inequality  J">^^ is  satisfied,  if 

j-"=:  or  >.r" -,  or  x — 1=  or  >j?,  or  x=  or  >/?-|-l' 

Since,  therefore,  p-|-l  a"<^  every  greater  number,  when  substituted  for  j:, 
will  make  /'(r)  positive,  the  numerical  value  of  the  greatest  negative  coefficient 
increased  by  unity  is  a  superior  limit  of  the  positive  roots.f 

284.  in  any  equation,  if  ^>r^°~'  be  the  first  term  which  is  negative,  and  — p 
the  greatest  negative  coefficient,  14-  \/ P  ^^  a  superior  Hmit  of  the  positive 
roots. 

Any  value  of  .r  which  makes 

x->p(x-^+x-  -'+  . . .  +x+l)>jr^_^  , 

will  of  course  make  a*-|-/)i3.'""'4"/'i-'^"~''+  •  •  •  positive. 

.r'»-'+« 1 

Now  the  inequality  j"  >^^ — ; — =-— ,  is  satisfied  if 

j.n-r+1 

x°>j;^ T'  or  ^'-'(r— 1)>/?,  or  if  (r— 1)'-'(2:— 1)=  or  >J7,  or  (x— 1)  = 

or  >y>,  or  x=.  or  >1-|-  Vi'* 

Since,  therefore,  l-f-  ^Z P  ft"d  every  greater  number  gives  a  positive  result, 
14-  y  p  is  a  superior  limit. 

This  method  may  be  employed  when  the  first  term  is  followed  by  ono  or 
more  positive  terms. 

EXAMPLE. 

r<+ll.r=— lior— ni=0. 
Here  r=3,  and  a  limit  of*  the  |K)sitive  routs  is 

1+  Vf^l*  or  .3,  taking  the  next  higher  integer. 

285.  If  each  negative  coeflicient,  taken  positively,  be  divided  by  the  sum  of 


*  See  (Alt.  S3).  t  Tills  is  couunoiily  kjiowu  as  Maclaurin's  limit. 
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ftU  the  positive  coefTicients  which  precede  it,  tlie  greatest  of  the  fractions  thus 
formed,  increased  by  unity,  is  a  superior  limit  of  the  positive  roots. 
Let  the  equation  be 

h(— i'O-r^'H hi'n=0  ; 

then,  since  (Art.  23), 

if  we  transform  every  positive  term  by  this  formula,  and  leave  the  negative 
terms  in  their  original  form,  we  sliall  have 

0=:(x— l)a*-»  +  (j:— l)a*-«+(x— l)j--»H ^-ir— 1  +  1 

+p,(x-l)j-^+i>i(r-l)r"-»+  ...  4.j?,(t-1)+77i 

+;.,(t-1)2:«-3+  ...  +;,,(r-l)+/?, 

+ 

Now  if  such  a  vnlne  be  assigned  to  x  that  every  tenn  is  positive,  that  value 
will  be  the  superior  limit  required  ;  in  the  terms  where  no  negative  coefficient 
enters,  it  is  sufficient  to  have  t>  I  ;  in  the  other  terms,  each  of  which  in- 
volves a  negative  coefficient,  we  must  have 

(^+Pl+Pi'\ +/'r-l)(-J— l)>i?r,  &C., 

or 

Pi  Vr 

If,  then,  X  be  taken  equal  to  the  greatest  of  these  fractions  increased  by 
unity,  this  value,  and  every  greater  value,  will  make  f(x)  positive,  and  there- 
fore will  be  a  superior  limit  of  the  positive  roots.  Tiiis  method  gives  a  limit 
ily  calculated,  and  generally  not  far  fmm  the  truth.* 


EXAMPLES. 

(I)  4.T«— 8r<+23.r'+105j-2  — 8O.r+3=0. 

8       ,  80  8^   80  8 

The  fractions  are  -  oud  — .-"    ,-777^,  and  T>7:ri*»   therefore  7+1=3  is  a 

4  4  +  *JJ+10.j  4      IJiJ  4  ' 

superior  limit. 

(2;  4x7— 6x«— 7r»+8j-*+7r'— 23j:-— ooj._5_.o  . 

here  3  is  a  superior  limit. 

Observation. — The  form  of  the  equation  wiU  often  suggest  artifices,  by 
means  of  which  closer  limits  may  be  determined  than  by  any  of  the  preceding 
methods;  thus,  writing  the  equation  of  Example  1  under  the  form 

4j:«(x— 2)  +  !23a:^+105x(.r— — j+3=:0, 

we  see  that  t=  or  >2  gives  a  positive  result,  therefore  2  is  a  superior  limit. 
Similarly,  by  writing  the  example  of  Art.  281  under  the  fomi 


r(r»-25)+ll(j:^-^)=0. 


we  see  that  3  is  a  superior  limit. 

We  have  seen  (Art.  248)  that  an  equation  of  an  even  number  of  dimensions 
with  its  lost  term  i^ositive  may  have  no  real  root ;  but  we  shall  now  show  tiiat 

"  This  is  the  method  of  Bret. 
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in  any  equation  whatever,  if  the  absolute  term  bo  small  comi>ared  with  the 
other  terms,  there  will  be  at  least  one  real  root  also  very  small. 

286.  In  the  equation 

ror°+PiX^^  +  ,  &c.,  +T— r=0, 
where  r  is  essentially  positive,  and  which  may  represent  any  equation  what- 
ever, if  r<C^..  ,     .,  where  p  is  numerically  the  greatest  coefficient,  then  there 

is  a  real  positive  root,  <2r. 

By  dividing  by  the  coefficient  of  x,  and  changing  the  signs  of  alPthe  terms, 
and  of  all  the  roots,  if  necessary,  every  equation  may  bo  reduced  to  the  form 

— r+j+,  <V'c.,  +;?ir"-*+j>or"=0  ....  (1) 

where  r  is  essentially  positive ;  let  p  bo  numerically  the  greatest  coefficieot, 
then  any  value  of  x  <  1  which  makes 

px^il—x^^) 


-r+x>p(ar'+T^+,  &c.,  +x-)>^ 


1— r 


will  make  the  first  member  of  (1)  positive ;  and  this  condition  is  fulfilled  by 

^    P^ 
_r+x=  or  >j-^, 

because  1>1 — 2:"~^  or 

(l+p)x"-^(l+r)x+r=0, 
or 


2(l+;i)j:=(l+r)-V(l+rr-4r(l+i>); 
if,  then,  i r (I -{•]))  <^ly  the  radical  will  have  a  real  value  >r,  and  there  will  be 

for  X  a  real  value  less  than  ^^.  which  makes  the  firet  member  of  (1)  posi- 

tive,  while  ar=0  makes  it  negative ;  therefore,  in  any  equation  reduced  to  the 

above  form,  ifr<[   .  ,  there  is  a  real  small  positive  root,  <2r. 

EXAMPLE. 

x<+iear»—21x-2— 12^+1=0 

has  a  real  root  between  0  and  -. 

b 

287.  '^Po  find  an  inferior  limit  of  the  positive  roots,  we  must  transform  the 
equation  into  one  whoso  roots  are  the  reciprocals  of  tlio  roots  of  the  fonner; 
and  the  reciprocal  of  the  superior  limit  of  the  roots  of  the  transformed  equa- 
tion, found  l)y  tlie  preceding  methods,  wilt  be  the  quantity  required. 

Hence,  if  y>r  denote  the  greatest  coefficient  of  a  contrar}**  sign  to  the  last 

Pn 

tenn,  Pa,  an  inferior  limit  of  the  positive  roots  is  — ; — .     For  the  transformed 

Po+Pr 

equation  will  be  (Art.  274) 

-^    ^      pn^  Pu      ^  ^Pn 

Pt  Pr 

of  which  —  is  the  greatest  negative  coefficient;  therefore  — -|- 1  is  a  superior 

Pa  2^" 

7'" 
limit  of  its  roots;  and,  consequently,  — — —  an  inferior  limit  of  the  positive  roots 

of  the  proposed  equation. 
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EXAMPLE. 

jr»_40j^_|_441j_4g«,Q^ 

„  49  1 

Here^o=49,  ^,=441,  .•.  ,  or  —  is  an  inferior  limit  of  the  positive 

roots.     By  putting  x=-,  wo  may  discover  a  limit  closer  to  tho  roots ;  for  the 
transformed  equation  is 

y'-^y'+ly-^j=0,  or  y'(2/-9)+^(y-i)=0, 
which  evidently  hiis  9  for  the  superior  limit  of  its  positive  roots,  and,  there- 
fore, tho  proposed  has  -  for  its  inferior  limit. 

288.  To  find  superior  nud  inferior  Unnls  of  the  negative  roots,  we  must 
transform  tho  equation  into  one  whose  roots  are  tliose  of  tho  former  with  con- 
trary signs  (Art.  247) ;  and  if  a,  f3  bo  limits,  found  as  above,  of  the  positive 
roots  of  this  equation,  then  — a  and  — fi  will  bo  limits  of  the  negative  roots  of 
the  proposed  equation. 

EXAMPLE. 

putting  x=— »/,  we  get  2^^—7^—7=0,  of  which  1+  \/7  or  4  is  a  superior 

limit 

1  113 

Also,  putting  y=j,  we  get  z»+2»— -=0,  or  z'— — +  ri— —  =0,  of  which 

r  is  a  superior  limit ;  therefore  the  negative  root  of  the  proposed  lies  between 
--4  and  —3. 

NEWTON'S  method  of  FIND^^G   LIMITS  OF  THE  ROOTS. 

289.  Tho  limits,  however,  deduced  by  any  of  the  preceding  methods  sel- 
dom approach  very  near  to  the  roots;  tho  tentative  method,  depending  upon 
the  following  proposition,  will  furnish  us  with  limits  which  lie  much  nearer  to 
them. 

Every  number  which,  written  for  r,  makes /(.r)  and  all  its  derived  functions 
positive,  is  a  superior  limit  of  the  positive  roots. 

For,  if  we  diminish  the  roots  a,  6,  c,  &c.,  of/(T)=0  by  A,  that  is  (Art.  261), 
substitute  y-\-h  for  x,  the  result  is/(y+A)=0,  or 

/('i)+/wf+/"('Oo+-+/"-'('0||zT+y=o. 

Now,  if  we  give  such  a  value  to  h  that  all  the  coefficients  of  this  equation 
sre  positive,  then  every  value  of  ^  is  negative  ;  that  is,  all  the  quantities,  a — /t, 
5 — h,  c — h,  6cc.<,  are  negative,  and  therefore  h  is  greater  than  the  greatest  of 
the  quantities  a,  6,  c,  &:c.,  or  is  a  superior  limit  of  tlie  roots  of  the  proposed 
equation.  Similarly,  h  will  be  an  inferior  limit  to  all  the  roots,  if  the  coeflicionts 
be  sltemately  positive  and  negative. 

EXAMPLE. 

To  find  a  superior  limit  of  the  roots  of 

ar»— 5j:«-f7x— 1=0. 
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Tlie  ti-ansformcd  equation,  putting  y-\-h  for  x,  is 

in  which,  if  3  be  put  for  //,  all  the  coefficients  are  positive ;  therefore  3  is  a  su- 
perior limit  of  the  positive  roots. 

Observation. — This  method  of  finding  a  superior  limit  of  the  roots  by  de- 
termining by  trial  \\hat  value  of  x  will  make/(x)  and  all  its  derived  functions 
positive,  WHS  proposed  by  Newton. 

WARING*S  OR  LAORA^OK^S  METHOD  OF  SEPARATIIfO  THE  ROOTS. 

200.  If  a  scries  of  quantities  be  substituted  for  x  in/(r),  then  between  every 
two  which  give  results  with  different  signs  an  odd  number  pf  roots  ofy*(j:)=0 
is  situated ;  and  b(^tween  every  two  which  give  results  with  the  same  sign  an 
even  number  is  situated,  or  none  at  all ;  but  we  can  not  assure  ourselves  that 
in  the  former  case  the  number  does  not  exceed  unity,  or  thut  in  the  latter  it 
is  zero,  and  that,  consequently,  the  number  and  situation  of  all  the  real  roots 
is  ascertained,  unless  the  difference  between  the  quantities  successively  sub- 
stituted be  less  than  the  least  difference  between  the  roots  of  the  proi>osed 
equation ;  since,  if  it  were  greater,  it  is  evident  that  more  than  one  root  might 
be  intercepted  by  two  of  the  quantities  giving  results  with  different  signs,  and 
that  two  roots  instead  of  none  might  bo  intercepted  by  two  of  the  quantities 
giving  results  with  the  same  sign,  and  in  both  cases  roots  would  pass  undis- 
covered. We  must,  therefore,  first  find  a  limit  less  than  the  least  difference 
of  the  roots ;  this  may  be  done  by  transforming  the  equation  into  one  whose 
roots  are  the  squares  of  the  differences  of  tlie  roots  of  the  proposed  equation. 
Then,  if  we  find  a  limit  k  less  than  the  least  positive  root  of  the  transformed 
equation,  -s/k  will  be  less  than  the  least  difference  of  the  roots  of  the  proposed 
equation;  and  if  we  substitute  successively  for  x  the  numbers  s,  s — \/A', 
8 — •<?  V/t,  &c.  (s  being  a  superior  limit  of  the  roots  of  the  proposed),  till  we 
como  to  a  superior  limit  of  the  negative  roots,  wo  are  sure  that  no  two  real 
roots  lying  between  the  numhoi*s  substituted  have  escnpcd  us,  and  that  every 
change  of  signs  in  the  results  of  the  substitutions  indicates  only  one  real  root. 
Hence  the  number  of  real  roots  will  be  known  (for  it  will  exactly  equal  the 
number  of  changes),  as  well  as  the  intei-val  in  which  each  of  them  is  contained. 

Observation. — This  method  of  determining  the  number  and  situation  of 
the  real  roots  of  an  equation  was  firet  proposed  by  Waring;  it  is,  however,  of 
no  practical  use  for  equations  of  a  degree  exceeding  the  fourth,  on  account  of 
the  great  labor  of  forming  the  equation  of  differences  for  equations  of  a  higher 
order. 

EXAMPLE. 

r»— 7j-+7=0. 
The  numbers  1  and  2  give  each  a  positive  result,  but  yet  two  roots  lie  be- 
tween them.     The  equation  whose  roots  are  the  squares  of  the  differences  is 
(Art.  279)  y^ — i'2y'^-^i4lij-~A9=0,  an  inferior  limit  of  the  positive  roots  of 

which  is  -  (Art.  287) ;  therefore,  -  is  less  than  the  least  difference  of  the 

5  4 
roots  of  r*— 7x4-7=0,  and,  substituting  2,  -,  -,  the  results  are  -}-,  — ,  -{-; 
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6  5  4 

hence,  cue  value  of  x  lies  between  2  and  -,  and  one  between  -  and  - ;  and, 

•imilariy,  we  find  the  negative  root,  which  necessarily  exists,  to  lie  between  — 3 

1 
and  —  3=. 

METHOD  OF  DIVISORS. 

291.  The  commonsnrable  roots  of /(r)=:0,  which  are  necessarily  wholo 
Irambers,  may  be  always  found  by  the  following  process,  called  the  method  of 
divisors,  proposed  by  Newton. 

Suppose  a  to  be  an  integral  root ;  then,  substituting  a  for  x,  and  reversing 
the  order  of  the  terms,  we  have 

Pn+P»-i«+Pn-««'+ |-pirt"-'+a»=0 ; 

pa 

Hence,  —  is  an  integer  which  we  may  denote  by  ^i ;  substituting  and  di- 
ndmg  again  by  a,  we  get 

J[    +P.-2+  . . .  +Pi«"-'+«'^=o. 

Similarly, is  an  integer  ==7^  suppose  ;  and  proceeding  in  this  man- 

ner,  we  shall  at  last  arrive  at 

a        ' 

Hence,  that  a  may  bo  a  root  of  the  equation,  the  last  tonn,  pa,  must  be  di- 
visible by  it,  so  must  the  sum  of  the  quotient  and  next  coefficient,  gi-^-pn-i  * 
and  continuing  the  uniform  operation,  the  sum  of  each  coofTicient  and  the  pre- 
ceding quotient  must  be  divisible  by  r?,  the  final  result  being  always  — 1. 

If,  therefore,  we  take  the  quotientti  of  the  division  of  the  last  term  by  each 
of  the  divisors  of  the  last  term  which  are  comprised  within  the  limits  of  the 
roots,  and  add  these  quotients  to  the  coefficient  of  the  last  term  but  one ;  di- 
vide these  sums,  some  of  which  may  be  equal  to  zero,  by  the  respective 
divisors,  add  the  new  quotients  which  are  integers  or  zero  (neglecting  the 
others)  to  the  next  coefficient  and  divide  by  the  respective  divisors,  and  so  on 
through  all  the  coefficients  (dropping  every  divisor  as  soon  ns  it  gives  a  frac- 
tional quotient),  those  divisors  of  the  last  term  which  give  — 1  for  a  final  re- 
sult arc  the  integral  roots  of  tlio  equation ;  and  we  shall  thus  obtain  all  the  in- 
tegral roots,  unless  the  equation  have  equal  roots,  the  test  of  which  will  be  that 
some  of  the  roots  already  found  satisfy /'(j^)=0,  and  the  number  of  times  that 
any  one  is  repeated  will  be  expressed  by  the  degree  of  derivation  of  the  first 
of  the  derived  functions  which  that  root  docs  not  reduce  to  zero,  when  written 
in  it  for  x  (Art.  2.53).  It  is  best  to  ascertain  by  direct  substitution  whether 
-|-1  and  — 1  are  roots,  and  so  to  exclude  them  from  the  divisors  to  bo  tried. 

KXAMPLK  I. 

x3+3jr2— 8r-f-10=0. 

8 
Here  the  roots  lie  between  7-f-l  and  —11  (Arts.  285,  288),  and  the  divi- 
sors of  the  last  term  are  dL  { 2,  5,  10  { , 
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,\  a  =z       2—2—5     —10 

qi=z       6—5—2—1 

<^,4.(— B)=    —3     —13     —10     —  9 

92=  2 

7,+ 3=  5 

93=  — 1- 

Thereforo  — 5,  being  tlie  only  one  of  the  divisors  which  leads  to  a  lust  qno« 
tienc  — 1,  is  the  only  commensurable  root,  and  it  is  not  repeated,  since  it  does 
not  satisfy  the  equation /'(2r)=3x-4-Cx — 8=0. 

KXAMPLE  II. 

ar5— 5j,-«4-.r3+i62-2— 20x+16=0. 
Here  limits  of  the  roots  are  6  and  — 4  ;  and  the  commensurable  roots  are 

EXAMPLE  III. 

x<4.52:»— 2x-— Cj:+20=0;  j-=— 2,  or  —5. 

292.  The  number  of  divisors  to  bo  tried  may  be  lessened  by  observing,  that 
if  the  roots  of/(a:)=0  were  diminished  by  any  whole  number,  wi,  the  last 
term  of  the  transformed  equation, /(^+7»)=:0,  would  bo/(7n);  if,  therefore, 
a  were  an  integral  value  of  r,  a — wt  would  bo  un  integi'al  value  of  y,  and  would 
be,  therefore,  u  divisor  of /(//z).     Hence,  any  divisor,  a^  of  the  last  term  of 

f(x)  is  to  be  rejected  which  docs  not  satisfy  the  condition  * =  an  integer, 

when  for  m  any  integer,  such  as  il*  ilO,  &c.,  is  substituted. 

EXAMPLE  I. 

Changing  the  signs  of  the  alternate  terms,  we  have 

r'+5a:«— 18.r— 72=0,  or  2-^— 724-5j(r— r-j  =0: 

therefore  the  roots  lie  between  10  and  — 5. 

But  /(l)=50,/(-l)=84,/(-3)=54 ; 

and  the  only  admissible  divisors  of  72,  which,  when  diminished  by  1,  divide 
50,  are 

G,  3,  2,  —4 ; 

also,  all  these  divisors,  when  increased  by  1,  divide  84;  but  only  G,  3,  —4, 
when  increased  by  3,  divide  54  ; 

...  c,  3,  —4, 

are  the  only  divisors  which  need  to  be  tried ;  and  they  will  all  be  found  to  be 
roots. 

EXAMPLE  II. 

r»— Gx=+169x— (42)*=0.     j'=9. 

293.  If  a  proposed  equation  have  fraclioiial  coefficients,  or  if  its  first  term 
be  affected  with  a  coefficient,  since  (275,  Cor.  2)  it  can  be  transformed  into  an- 
other equation  with  first  term  unity  and  every  coefHcient  a  whole  number, 
this  method  will  enable  us  to  find  the  commensurable  roots  of  every  equation 
under  a  i-atio*):!!  form.  If  the  coefficients  bo  whole  numbers  and  the  first  term 
be^(»r",  and  tvo  only  wish  to  find  the  roots  which  are  integers,  no  transfomia- 
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tioQ  will  be  necessary,  only  evoty  divisor  of  the  lust  term  whicli  is  a  root  will 
lead  to  a  result  ^po  iostead  of  — 1. 

EXAMPLE. 

6a:*— 26x3+2&r2+4x— 8=0. 
It  is  the  same  as 

(z— 2)^(3x— 2)(2a:+l)=0. 

NEWTON*S  METHOD  OF  APPROXIMATION. 

294.  When  we  know  an  approximate  value  of  a  root,  we  may  easily  obtain 
other  values  of  it,  more  and  more  exact,  by  a  method  invented  by  Newton, 
which  rapidly  attains  its  object.  We  shnll  give  this  method,  first  in  the  form 
in  which  it  was  proposed  by  its  author,  and  afterword  with  the  conditions 
which  Fourier  has  shown  to  be  necessary  for  its  complete  success. 

Let/(r)=0  1)0  an  equation  having  a  root  c  between  a  and  6,  the  difference 
of  these  limits,  h — a,  being  a  small  fraction  whose  square  may  be  neglected  in 
the  process  of  approximation. 

Let  Cu  a  quantity  between  a  and  6,  be  assumed  ns  the  first  approximation 
to  c,  then  c^C\,-\-h,  where  h  is  very  small ; 

.-.  /(c,+/0=0, 
or 

f(ci)'\-nc,)hJ^f-(c{)r,+ . . .  +/*"=o. 

AT 

Now,  since  h  is  very  small,  h\  h\  &c.,  are  very  small  compared  with  h  ; 
also,  none  of  the  quantities/"(ci),/"'(ci),  <S:c.,  can  become  very  great,  since  they 
result  from  substituting  a  finite  value  in  integral  functions  of  i:;  therefore,  pro* 
Tided /'(ci)  be  not  very  small  (that  is,  provided  /'(j-)=0  have  no  root  nearly 
equal  to  Ci  or  to  t%  and,  consequently,  /(j)=:0  no  oth«'r  root  nearly  equal  to  c 
besides  the  one  we  are  approximating  to),  all  the  tcniis  in  the  series  after  the 
first  two  may  be  neglected  in  comparison  with  them  ;  and  we  have,  to  deter- 
mine h,  the  resulting  approximate  value  of//,  the  equation 

and  the  second  approximation  is 
Similarly,  starting  from  c^  instead  of  Cj,  the  third  approximate  valuo  will  be 

''=''- 1 7(7)  S  ,=.; 

and  so  on ;  and  if  we  can  be  certain  that  each  new  value  is  nearer  to  the  truth 
than  the  preceding,  there  is  no  hmit  to  tlie  accuracy  which  may  be  obtained. 

EXAMPLE  I. 

r»— 2j:— 5=0. 
Here  one  root  lies  between  2  and  3,  and  the  equation  can  have  only  one 


*  This  Dotation  signifies,  that  after  the  division  indicated  is  performed,  the  particular 
Tilne,  cif  is  sabtdtated  fin*  x. 
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positive  root ;  also,  upon  narrowing  tho  limits,  wo  find  that  rss2  gives  a  nega- 
tive, and  r=i2'2  a  positive  result;  therefore,  3*1  ditTers  from  the  roDt  by  a 
quantity  less  than  0*1,  and  wo  may  assume  Ci=2'l.     Hence 

^  /j:"— oj— 5\        __^        0-061 

or 

C9=2-l— 0-0054=2-0946. 
Similarly, 

C3=2-09456149. 

EXAMPLE  II. 

ar»— 7z— 7=0. 

There  is  only  one  positive  root  lying  between  3  and  3*1,  and  it  equals 
3-048917339. 

Observation. — To  guard  against  over  correction,  tliat  is,  against  applying 
such  a  correction  to  an  approximate  value  as  shall  make  the  new  value  dilTer 
more  from  the  root  by  excess  than  the  original  approximate  value  did  by  de- 
fect, or  vice  versa,  we  must  be  certain  that  each  new  value  is  nearer  to  the 
truth  than  tho  preceding ;  this  gives  rise  to  the  following  couditioiis,  first  no- 
ticed by  Fourier. 

295.  For  the  com])lete  success  of  Newton's  method  of  approximation,  the 
following  conditions  are  necessary. 

1.  The  limits  between  which  the  required  root  is  known  to  lie  must  be  so 
close  thut  no  other  root  of/(j)=0,  and  no  root  of/'(2:)=0,  or/"(.r)=0,  lies 
between  them. 

2.  The  approximation  must  be  begun  and  continued  from  that  limit  which 
makes /(j*)  and/"(r)  have  the  same  sign. 

Let  <?  be  a  root  ofy(.r)=:0  which  lies  between  a  and  6,  a<&,  r,  the  first  ap- 
proximate value,  and  //  the  whole  correction,  so  that  r=Cx4-^»  then 

/(r»  +  //)=0,  or/(o)+V(A)=0. 
A  being  some  quantity  between  r,  and  c  (Art.  239,  Note). 

Therefore,  supposing  >.=ri,  which  amounts  to  neglecting  all  powers  of  h 
above  tho  first,  and  requires  t]iat/(r)=0  have  no  root  besides  c  in  that  intenal, 
and  calling  tlie  resulting  approximate  value  of/?,  hi,  we  have 

/(^.)+^'./'(Ci)=0. 
Now  the  true  value  is  cz=Ci-\-h ; 
The  first  approximate  value  is  Ci  with  error  h  ; 

The  second  approximat<*  value  is  r,=ri  +  /ii  with  eiTor  /i— fei,  wliich  (neg- 
lecting signs)  nuLst  be  less  than  h, 

2.  c,  //«  —  (/?—//, )2  must  be  positive,  or  2/?//|— A,-  =  +  , 


or 


which  condition  (since  A  is  uii  indeterminate  quantity  between  Ci  and  c,  or  be- 
twt*on  a  and  /;)  can  not  in  all  rn^tis  be  secured  uuloss  /"'(r)  be  incufmble  of 
changing  its  sign  between  a  and  h,  i.  t.,  unless  /'(/•)  =  0  have  no  root  Itctweeo 
a  and  h. 

Moreover,  we  must  have  TT^c^r^'  <>r  >1»  the  latter  insuring  tho  former. 
Now,  if/''(r)  presene  un  invariable  sign  between  a  and  t,  i,  c,  if f"(x)z=zO 
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have  no  root  in  that  interval,  then/'(r)  will  increase 'X)r  diminish  continually 
from  a  to  6  ;  thorcforo  fi  must  be  taken  equal  to  that  limit  which  gives  /'(r) 
its  giedtest  numerical  value  without  rogard  to  sign. 

First,  Iet/'(.r),/"(j*),  have  the  same  sign  from  a  to  6  ;  then/'(x)  increases 
continually  in  that  interval ;  thereibro  we  must  have  Ci=zb,  or  wo  must  begin 
from  tlie  greater  limit.  But  f(b)  has  the  same  sign  nsf(c-\-h)=:f(c.)-{-hf'{c) 
=zhf'(c)^  or  as /'(c) ;  therefore  we  must  have  Cj  equal  to  that  limit  which  makes 
f(x)  Bndf"{x)  have  the  same  sign. 

Secondly,  lot /'(j:),/"(.r),  have  contrary  signs  from  a  to  h ;  thcn/'(x)  di- 
minishes continually  in  that  interval;  therefore  we  must  have  o=a,  or  we 
most  begin  from  the  lesser  limit.  But  f(a)  has  the  same  sign  as/(r — h) 
=/(c) — kf'{c)=: — hf'(c),  or  as  —/'(c);  therefore,  in  this  case,  equally  as  in 
the  former,  we  must  have  Ci  equal  to  that  limit  which  makes  f(jr)  and/"(x) 
have  the  same  sign. 

These  conditions  being  fulfilled,  we  have 

f'{c,)  h-h, 

■^-1  =  +  .  or   -,-  =  +  , 

C  —  Cj 

or  =  +  ; 

therefore  Cj  lies  between  c  and  Ci ;  hence,  the  new  limit,  c^  fulfills  the  requi- 
site conditions,  and  we  may  with  certainty  from  it  continue  the  approxima- 
tion. 

296.  To  estimate  the  rapidity  of  the  approximation,  we  have 

error  in     first    opproximote  value  Ci,  =:/i, 
error  in  second  approximate  value  r.,  =//— Aj ; 
But  f{c,)+hf'{c,)+ih\f"{p.)=0, 

f{c,)+hj'{c,)=0i 
.:  (h-h,)f'(c,)  +  lk'f"{fi)=0. 

Let  the  greatest  value  which /"(j:)  can  assume  between  a  and  b  (wliich 
will  bo  either/"(a)  or f  "(b),  if /"'(x)=0  have  no  root  in  the  intenal)  be  di- 
vided by  the  least  value  of  ^f'(jr)  in  that  interval  which  will  be  either  *-/'(«)  or 
!2/*'(6),  and  let  the  quotient  be  denoted  by  C  ;  then,  neglecting  signs, 

hence,  if  the  first  error  h  in  c,  be  a  small  decimal,  the  error  h — hi  with  whicli 
c-i  is  affected  (since  C  will  not,  except  in  particular  cases,  be  very  larpe)  will 
be  very  small  compared  with  h ;  and  if  the  quantity  C  be  less  than  unit}*,  tho 
number  of  exact  decimals  in  the  result  will  bo  doubled  by  each  successive 
operation.  The  quantity  C,  when  thus  computed  for  a  given  interval,  pre- 
serves the  same  value  throughout  the  operations  which  it  may  be  necessary  to 
make  in  order  to  approximate  to  the  value  of  the  root  lying  in  that  inten'al ; 
and  88  we  thus  know  a  limit  to  tho  difference  between  the  approximate  value 
already  found  and  the  true  valuo,  we  may  always  avoid  calculating  dc^ciinals 
which  are  inexact,  and  only  obtain  those  which  are  necessarily  correct. 

KXAMPLE. 

6r»— 141a:+2f>3=0. 
This  equation  has  two  positive  roots,  ono  between  2'7  and  2'8.  and  tlio 
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other  between  2*8  and  2'9.     Now /'(x)=:lBu-  — 141=0  has  a  root 


=f. 


=2*798t  between  2*7  and  2*8,  therefore  these  limits  are  not  sufficiently  close ; 
but  this  root  is  greater  than  2*79  ;  also,  2*7  and  2*79,  substituted  in/(r),  give 
results  with  different  signs ;  and  2*7,  substituted  in  f{x)  and  /"(x),  gives  re- 
sults with  the  same  sign  ;  therefore,  Ci  =2*7. 

With  regard  to  the  other  interval,  2*8,  2-9,/'(t)=0,/"(x)=0  have  no  roots 
between  these  limits,  and  2*9  makes  f(x)  and  /"(t)  have  the  same  sign ; 
therefore",  ci=2*9;  and  starting  from  these  values,  we  are  certain  in  each 
rase  to  get  a  value  nearer  to  the  truth. 

Again,  the  greatest  value  which  >.,,.^  can  assume  in  tlie  interval  2*7, 
2*79,  is  nearly  equal  to  10 ;  hence,  if  ^i,  /z^,  be  consecutive  errors,  we  have 

The  same  formula  will  be  fuund  to  be  true  for  consecutive  errors  in  the  in 
lorval  2  8,  2*9. 

la(jrangf/s  method  of  approximation  by  continued  fractions. 

297.  To  approximate  to  the  roots  of  an  equation  by  the  method  of  continued 
fractions. 

Let  the  equation  /(.r)=0  have  only  ono  root  between  the  integers  a  and 

ti-^1  ;*  then,  writing  a-f--  for  j*,  the  fu^t  transformed  equation  will  be 

A<')+f'i<')l+f"(«)Y^+ '  •  •  +^=0  (1) ; 

aud,  since  only  one  vuluo  of-  lies  belwoen  0  and  1,  y  has  only  ono  value  greater 

tliuii  1 ;  if,  therefore,  we  substitute  successively  2,  3,  4,  &c.,  for  y,  stopping 
:l1  Uie  iii'st  which  gives  a  positive  result,  the  integor  preceding  tliat  is  the  in 

1 
lugral  part  of  the  value  of  y.     Let  this  be  6,  and  in  (1)  write  b-\—  for  y ;  then 

the  second  transfonned  e(iuntion  will  have  only  one  root  greater  than  unity, 
the  integral  part  of  which,  as  before,  will  be  the  whole  number  next  less  than 
lli(^  one  in  the  series  2,  3,  4,  A:c.,  which  first  gives  a  positive  result  when 
written  for  z ;  let  this  be  r,  and  in  the  second  transformed  equation  write 

•;+-  for  2,  then  the  third  transformed  equation  will  have  only  one  root  greater 

than  unity,  the  integral  part  of  which  may  be  found  as  before,  and  so  on. 
We  thus  obtain  successively  the  terms  of  a  continued  fraction 

c+^,  &c. 

which  expresses  the  required  value  of  .r.  The  method  of  reducing  such  a 
fraction,  called  a  continued  fraction,  will  be  hereafter  given. 

•  The  roots  of  the  equation  mny  be  made  to  differ  by  at  least  unity,  if  wo  find  by  xneaiui 
i.f  the  etiiiatiou  of  the  squares  of  the  diffcrcuccs  tlie  least  limit  to  tho  diffcronces  of  the 
loots  of  tho  proposed  equation,  and  tlieu  find  a  transformed  equation  whose  xxKJts  ehaU  be 
that  multiple  of  those  of  the  j>roposcd,  which  is  expressed  by  tho  denominator  of  the  leut 
Limit  of  tho  differences. 
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If  any  of  the  numbers  b^  c,  d^  &€.,  is  nn  exact  root  of  the  corresponding 
transfomiod  equation,  the  process  tenninntes,  mid  we  find  the  exact  value  of  x. 
Also,  if  one  of  the  transformed  equations  bo  identical  with  a  preceding  one, 
the  continued  fraction  expressing  the  root  is  periodical ;  for,  after  that,  tho 
same  quotients  will  recur  in  the  same  oi*der ;  in  this  case  a  finite  value,  in  the 
form  of  a  surd,  may  be  obtained  for  the  root  (see  Continued  Fractions)  by  solv- 
ing a  quadratic  whose  coefficients  are  rutiontil,  both  of  whose  roots  will  be  roots 
of  the  proposed,  since  the  coefficients  of  the  latter  are  supposed  rational ;  con- 
■equently,  the  first  member  of  this  quadratic  will  be  a  factor  of  the  first  mem- 
ber of  the  proposed  equation,  which  may,  therefore,  be  depressed  two  di- 
nensioDs. 

F.XAMFLK. 

To  find  the  positive  root  of  ar^ — '2.r — 5=0  under  the  form  of  a  continued 
fraction. 

Comparing  this  with  r* — ^.r+r=:0,  we  find  tliat 

r3      </»      25      H 

-— — =-j — :T^*s*  positive  quantity  ; 

therefore  (Art.  258)  the  equation  has  two  impossible  roots ;  anc^  since  its  Inst 
term  is  negative,  its  tliird  root  is  positive.     Substituting  2  and  ?,  the  results  are 

•irI  and  -|-16;  therefore  the  root  lies  between  2  and  3.     Assume  x:=2-)--f 

y 

and  the  transformed  equation  is 

y3_i02/2_-6y— 1=0, 

in  which  10  and  11  being  substituted,  give  — Gl,  '\-bA.     Assume  y=r^lO-| — t 

and  we  obtain 

61r'--94r'^— 20r  — 1=0, 

whose  root  lies  between  1  and  2.     Proceeding  in  this  manner,  we  find 

1111 

^=^+io+T+T+2- 

the  value  of  the  root  in  a  continued  frnctiun  ;  the  method  of  reducing  which 
to  a  common  fraction  will  be  hen^after  given. 

This  method  may  bo  combined  with  Sturnrs  theorem. 

Here  finishes  our  recapitulation  of  the  older  methods.  What  follows  be- 
longs to  the  present  more  improved  state  of  algebraic  science.* 

*  We  shall  hero  point  out  a  method  of  findin&r  the  equal  nx)t8  of  au  equation,  which 
avoids  the  laborioaa  procesR  of  seeking  the  common  divisor,  and  which  may  l>c  employed 
when  any  other  than  Sturm's  process  for  discovering  the  roots  of  au  equation  is  used. 

1.  If  an  equation  whose  coefficients  are  commensurable  have  a  pair  of  equal  roots  and  no 
greater  number,  these  roots  must  be  commensurable  ;  for  tlie  common  measure  of  the  first 
member  of  this  equation,  and  the  function  derived  from  it,  will  be  a  bhiomial  cxpredsion  of 
the  first  degree  with  finite  coefficients,  and  which,  when  equated  to  zero,  will  furuish  ono 
of  the  equal  roots  ;  these  roots,  therefore,  must  be  commensurable,  that  is,  cither  intcgcn 
or  fractions. 

9.  If  the  leading  coefficient  in  the  sujtposed  c<inntion  be  unity,  and  the  others  integral, 
the  equal  roots  must  be  intc^'ral,  because  no  fractional  root  can  exist  under  these  condi- 
tinM  (Art  346). 

3.  If  ao  equation  with  comniensurahle  coefficients  have  three  equal  roots,  and  no  more, 
these  also  mast  be  commensunible ;  for,  in  this  rase,  the  common  measure  will  be  of  tho 
second  degree,  and,  when  equated  to  zero,  will  give  tico  of  the  equal  rorts  :  these  nM>ts,  ns 
fast  remazked,  must  be  commensurable  *,  hence  all  the  three  roots  must  bo  commensurable. 
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BINOMIAL  EaUATIONS. 
298.  BinomiHl  equations  are  those  which  can  be  reduced  to  the  form 

x^rsA  orx™— A=0 (1) 

A  being  any  known  quantity  whatsoever. 


And,  OS  before,  if  the  leading  coefficient  be  unity,  and  the  others  integral,  the  equal  rooU 
will  be  integral. 

4.  By  the  same  reasoning,  if  an  equation  with  commensnrable  coefficients  have  m  equal 
roots,  and  no  otlier  groups  of  equal  roots,  these  m  roots  must  be  commensurable  ;  and  they 
Tvill  be  integral  if  the  leading  coefficient  be  unity  and  tlie  other  coefficients  integers. 

5.  When  the  leadins;^  coefficient  is  unity,  and  tlie  other  coefficients  wlwle  numbers,  and 
m  equal  integral  n>ots  enter,  we  may  infer,  from  the  formation  of  the  coefficients  (245),  that 
the  ahsolutc  number,  and  the  coefficient  of  the  immediately  preceding  term,  that  is,  the 
coefficient  of  x,  will  admit  of  a  common  measure  involving  m — 1  of  these  roots  ;  that  the 
coefficients  of  x  and  x'^  will  have  a  common  measure  involving  m — 2  of  them ;  and  so  on 
till  we  come  to  the  coefficients  of  x™— ♦  and  x™— ',  which  will  have  a  conmion  measure  in- 
volvin'JT  the  multiple  root  once.  For,  if  the  depressed  equation  containing  only  the  unequal 
roots  be  considered,  it  will  involve  none  but  intecrral  coefficients,  since  its  last  term  is  form- 
ed from  the  penult  coefficient  of  the  jiroposed  divided  by  one  root ;  so  that  if  the  equal  roots 
be  now  introduced,  they  can  combine  with  none  but  integral  factors.  Hence,  if  the  root  occur 
twice,  it  will  be  found  among  the  integral  factors  of  the  common  measure  of  the  coefficients 
An  (the  final  coefficient)  and  An— i ;  if  it  occur  three  times,  it  will  be  found  among  the  fac- 
tors of  the  comnoon  measure  of  An,  An— i,  and  An-:,  and  so  on.  And,  therefore,  by  trying 
several  factors  of  the  common  measure  in  question,  by  actually  substituting  them  for  x  in  the 
proposed  equation,  when  from  any  circumstance  multiple  roots  are  suspected  to  exist,  we 
may  remove  all  doubt  on  the  subject.  In  analyzing  an  equation,  the  doubts  that  may  arise 
as  to  the  entrance  of  equal  roots  arc  confined  to  certain  defiuitc  intervals,  or  within  deter- 
minate  nnmerical  limits  ;  so  that,  of  the  factors  adverted  to  above,  only  those  falling  within 
these  limits  need  be  regarded. 

And  furthor,  if  the  repeated  root  occur  but  twice,  the  sijuare  of  it  must  bo  a  factor  of  j^o 
or  An ;  if  it  occur  tiirce  times,  the  cube  of  it  must  be  a  factor  of  An,  and  the  square  of  it  a 
factor  of  An-i  :  if  it  (x;cur  four  times,  the  fourth  power  of  it  must  be  a  factor  of  An,  the  cube 
of  it  a  factor  of  An-i,  and  the  square  of  it  a  factor  of  An-  ■:,  and  so  on.  And  thus,  of  the 
factors  of  An  to  be  tested,  those  only  need  be  used  whose  powers  also  arc  factors,  entering, 
as  here  described,  act^mling  to  the  multiplicity  of  the  nx)ts. 

C.  These  inferences  may  be  easily  generalized  :  they  apply,  whatever  be  the  integral 
value  of  the  leading  coefficient,  and  whether  the  repeated  root  be  integral  or  fractional. 

Tlius,  let  the  rcj)eated  root  be  x=j,  a  and  b  having  no  common  factor ;  then,  if  the  root  ou- 
ter m  times,  the  oriiriual  i)olyuomial  will  be  divisible  by  {bx — «)'",  giving  a  quotient  in- 
volving the  remaining  roots,  and  into  which  none  but  intei^ral  coefficients  ent<T  (253).  Let 
us  now  return  Ut  the  original  polynomial  by  multiplying  this  quotient  by  bx — a  m  times: 
the  first  multiplication  by  bx — a  will  evidently  give  a  pnwluct,  into  the  first  term  of  which 
b  must  enter  as  a  factor,  an<l  into  the  last  of  which  a  mast  enter ;  the  next  multiplication 
must,  therefore,  give  a  product,  into  the  first  tcnn  of  which  b"  must  enter,  into  the  second 
b,  into  the  last  U',  and  into  the  last  but  one  a ;  the  third  multiplication,  therefore,  must 
give  a  product  whose  first  three  terms  involve  b^,  //-,  b  respectively,  nn«l  last  three  o^,  nfi, 
a,  reckoning  these  last  in  reverse  order,  and  so  on.  Hence  the  coefficients  Ai,  A;,  A:j,  &c, 
will  bo  divisible  by  b"^,  /<™-i,  b"*—',  Ac,  respectively,  down  to  b ;  and  the  coefficients  Aot 
An-i,  An  -c,  &.C.,  by  a*",  o™— *.  a'"—-,  &c  ,  down  to  a.  In  other  words,  the  coefficients,  taken 
in  order,  reckoning  from  the  beginning,  will  be  divisible  by  the  corresponding  decreasing 
powers  of  tlic  denominator  of  the  rept>ated  root ;  and  the  coefficients,  reckoning  from  the 
end,  will  be  divisible  by  the  like  powers  of  the  numerntnr. 

7.  The  inferences  still  have  i)lace,  whatever  be  the  degree  of  the  multiple  factor  enter- 
iner  the  proj^oacd  polynomial,  so  long  as  this  factor,  as  well  as  the  original  polynomial,  have 
none  but  intecxal  coefficients.  This  Ls  plain,  from  the  reasoning  in  the  preceding  case, 
which  remains  the  same,  as  respects  the  entrance  of  the  factors  b,  a,  whedier  the  repeated 
moltiplior  be  bx — a  or  to"+ ....  +o. 
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AVe  perceive  immediately  that  the  m  roots  of  this  equation  are  difTerent 
from  one  another ;  for  the  first  member  x" — A  has  no  common  factor  with  its 
derived  function  mx'°~^  and  hence  the  proposed  equation  (Art.  253,  Schol.) 
can  not  have  equal  roots.  The  roots,  if  we  raise  them  to  tlie  power  m,  ought 
each  to  produce  A,  since  they  are  the  same  as  the  values  embraced  in  the  ex- 
pression JT^^A.  We  know,  then,  tliat  this  radical  has  m  different  values ; 
but  we  shall  recur  to  tliis  subject  again,  and  more  at  length. 

299.  When  m  is  any  composite  number,  the  solution  of  equation  (1)  re- 
duces itself  to  the  solution  of  several  binomial  equations,  the  degrees  of  which 
are  the  fiustors  of  m. 

Suppose  m=:pqr,  instead  of  the  equation  j'P'1''=0,  wo  can  take  the  equations 

xp=x',  x">=.r",  x"'=zkt 

in  which  x%  x"  are  new  unknowns. 

It  is  evident  that,  after  we  have  solved  the  equation  x*''=A,  the  preceding 
equation  x"i=zx^'  will  make  known  Uie  values  of  x',  and  that  then  the  equa- 
tion 3fi-=.sf  will  give  all  the  roots  of  the  ])roposed  equation.  This  agrees  with 
the  formula  demonstrated  in  the  theory  of  radicals  (Art.  63),  viz., 


\/\A^ 


VA='VA. 

300.  Designate  by  a  a  quantity  whose  irC-^  power  is  A,  and  take  .Tssay. 
The  equation  x^rsA  becomes  a'"y'"=a'"  ;  dividing  by  a™, 

1/'"=]  ; 

hence  y=  ^1,  and,  consequently,  r=:a  ^1. 

We  conclude,  therefore,  tliat  the  roots  of  tlio  equation  x"=A  can  be  ob- 
tained by  multiplying  one  of  them  by  the  roots  of  the  equation  .?/*"=:  1  ;  or,  in 
general,  that  the  different  irC^^  roots  of  a  (piantity  can  be  obtained  by  multiply- 
ing one  of  them  by  the  m"*  roots  of  unity. 

301.  Let  us  consider  more  paitinilarly  tlio  case  in  which  A  is  a  real  quan- 
tity ;  and,  to  distinguish  the  hypothesis  of  A  being  positive  or  negative,  write 
the  binomial  equation  in  this  form  : 

i'^rzrdbA (-2) 


These  conclusions  will  grently  simplify  tlio  rcscan*h  after  equal  roots,  and  will  eitlier 
enable  ug  wlv^Uy  to  dispense  with  the  1nl)<)rious  process  for  tlio  common  measure,  or  will. 
at  least,  render  the  more  tedious  steps  of  it  uimecessar}'' 

KXAHPI.E!>. 

2a;*— l-lrJ+iaj-^— (;x4-a=0 (I) 

x7-f5x«-fGzO—Gjr»—iru.^'— 3a .'-!-? J, 4-4=0    .  .  .  (-2) 

The  first  of  these  can  have  no  fractional  repeated  nxjts,  because  the  k-adini^  coefficient 
2  bfts  no  factor  a  perfect  power;  the  ecpinl  roots,  if  any,  must,  therefore,  be  intci^al. 
Unity,  which  always  has  claims  to  be  tried,  does  not  succeed ;  and  from  the  factors  of  9 
and  6,  it  is  plain  tliat  -f-3  and  — 3  are  the  only  other  numbers  to  be  tested ;  and  as  no 
hifflicr  power  of  3  than  the  square  enters  9,  we  infer  that  more  than  two  equal  nxits  can 
not  have  place  in  the  equation.  By  testini^  3,  we  find  thid  to  be  one  of  a  pair  of  equal 
roots.  Equal  quadratic  factors  could  not  possibly  enter  the  equation,  since,  as  the  first  co- 
efficient shows,  the  polynomial  is  not  a  complete  square.  In  the  second  of  the  above  Cfpia- 
tions  no  fractional  roots  can  enter.  Applyini;,  therefore,  -f-1  aud  — 1,  we  discover  tlmt 
-f>l  is  twice  a  ruot.  and  — 1  three  times.  The  remainini^  equal  nK)ts  — 2  and  — '^  aro 
foond  from  the  resultini^  quadratic  obtained  by  suppressing  from  the  given  equation  tlie 
fire  (actors  of  the  first  degree. 
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We  can  determine,  at  least  by  approximation,  a  positive  quantity  a  sncb 
that  we  have  ^'"zsA.     Take,  again,  x=zay^  equation  (2)  will  become 

This  is  the  equation  to  which  I  shall  confine  myself  exclusively. 

302.  The  following  remarks  may  be  mudo  with  regard  to  this  equation  : 

1.  When  m  is  an  odd  number,  and  the  equation  is  y^ssl  ory" — 1=0,  it 
evidently  has  the  rooty=l  ;  and  it  has  no  other  real  root,  for  every  other 
positive  value  of  y  will  give  3/™>l  or  .v"<l»  and  a  negative  value  will  render 
y™  negative.     To  obtain  the  equation  on  which  the  m  —  1  imaginary  roots  de 
pend,  we  shall  divide  y*"  —  1  by  y — 1,  and  thus  obtain  the  equation 

which  belongs  to  the  class  of  equations  called  reciprocal. 

2.  Wlieu  711  is  an  odd  number,  and  the  equation  is  y^^  —  1,  it  has  evi 
dently  for  a  root  y=r — 1.  By  a  reasoning  analogous  to  the  preceding, 
it  may  be  proved  that  the  other  roots  are  imaginary ;  and  we  obtain  the 
equation  on  which  they  depend  by  dividing  ^"-1-1=0  by  y-|-l.  But  to 
obtain  all  the  roots  of  the  equation  y"'=  —  1,  it  is  well  to  remark  that  this 
equation  can  be  derived  from  y™=  —  1  by  changing  y  into  — y.  It  will  suffice, 
then,  to  take  all  the  roots  of  iy'"=l  with  contrary  signs. 

3.  Suppose  m  is  an  even  number,  and  let  nj=27/,  the  equation  ^^"=1,  oi 
y'° — 1=0,  has  for  its  roots  (y  =  +  l  and  y= — 1.  The  other  roots  are  imagin- 
ary, and  the  equation  which  contains  them  can  be  obtained  by  dividing  y** — ] 

=0  by  {y — I)(jy4-M»  ^^  1/^ — ^  »  ^"^  '^  ^'^^  ^®  ^^^^  ^^  observe  that  y^  —  1 
^^(yn — i)(y'»-|_i),  and  that,  consequently,  the  equation  y'"  — 1=0  can  be  re- 
placed by  two  others  more  simple, 

y"— 1=0,  y"4-l=0. 

4.  Finally,  when  the  equation  is  y*^=:  — 1,  or  y^"+l=0,  we  know  that  tlie 
even  powers  of  real  quantities  will  always  give  positive  results;  we  henco 
conclude  that  all  the  roots  are  imaginniy.  Taking  y*=z,  the  equation  reduces 
to  the  degree  w,  and  becomes  simply  2"=  —  1. 

303.  I  now  proceed  to  determine  the  solutions  of  the  equations  y*" — 1=0, 
y^+lrsiO,  in  some  particular  cases. 

Let  m=2;  the  equations  to  be  resolved  are 

y2 — 1=0,  whence  y=±l ; 

y=-|-l=0,  whence  y:=it  V — !• 
Let  mr=3  ;  to  resolve  the  equation  y^  — 1=0,  observe  that  it  has  for  a  root 
V=l ;  we  d'vide  it  by  y — 1,  and  it  becomes 

1  J-  ^ 3 

y^+y+ 1=0,  whence  y= .  ' 

Hence,  the  three  roots  are 


-l+^/-3          -1-V-.3 
y=l,  y= ,  y= . 

If  we  take  the  equation  y'»4-l=0,  wo  shall  oljserve  that  its  roots  are  the 
samo,  except  as  regards  sign,  with  those  of  y — 1=0;  consequently,  they 
will  bo 

1--/-Z3          l+V^ 
y=-l,  y= ,  y= . 
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Let  m=4  ;  the  eqnntion  y* — 1=0  mny  bo  decomposed  into  two  others, 
y* — 1=0,  y'+lssO ;  and  from  these  equHtions  we  derive  the  four  roots 

y±hy±V^' 

The  equation  y*+l  will  be  resolved  differently;  by  adding  2^*  to  both 
members  of  the  equation,  wo  can  write  it  thus : 

wo  can  then  decompose  it  into  two  others, 

and,  finally,  from  these  we  derive  the  four  values  of  ^, 

y=iV"^±.VV^,  .V=-^\/2±W^. 
We  could  have  treated  tho  equation  y^+l=0  as  a  reciprocal  equation. 
We  might  have  observed,  also,  that  it  gives  y-=±  y/ — 1,  and  ihnt,  taking 
successively  +  -/— 1,  —  y/ — 1,  we  have 

y=  =L- V  +  V"^,  ;/=  ±  V  -  V"^^.  

We  have  then  only  to  reduce  these  values  to  tho  form  a-^-iSy/ — 1  by  tho 
process  in  Art.  104. 

By  raising  the  equation  T/'^^f  1=0  successively  to  the  10°  degree,  we 
shall  find  that  its  rosokitiun  depends  on  that  of  the  preceding  cases,  ur  on  the 
resolution  of  reciprocal  equations,  which  reduce  it  to  a  degree  less  than  tho  5°. 

Let  us  examine,  fii-st,  tho  odd  degrees.  If  we  have  the  equation  ;/* — 1=:0, 
having  observed  that  it  has  tho  root  ;y=l,  we  divide  it  by  3/ — 1 ;  it  then  bo- 
comos 

y'+f+y'+y+i=o, 

a  reciprocal  equation,  which  wo  shall  reduce  to  tho  2°  degi'ee.  To  do  this, 
we  first  write  it  under  the  form 


(y^+^:)+(.y+J)+i=o. 


Then  take  y-] — =2,  which  gives  1/*+— =2^ — 2;   and,  consequently,   the 
equation  in  1/  will  bo  changed  to  the  following : 

2'+"  — 1:=0,  whence  2  = . 

These  values  being  known,  those  of  y  will  be  by  the  relation  y-|-~=-»  ^^^ 
this  relation  gives 


2i  \/2*-4 

y= — Ty ; 

and  we  havo  only  to  substitute  instead  of  r  successively  each  of  its  two  values, 
in  onler  to  find  the  four  iniaginaiy  vahu's  of  ^.  We  have  tlien  tho  five  values 
ofy, 

y=l. 


-         /  ~ 

_i+  ^5  ,  vio+aV5 


y= r— ±^— 7 V  -1. 
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The  equation  y^ — 1=0  will  lead  to  the  equation  2*+ 2* — Sz — 1^0,  and 
the  equation  y>— 1=0  to  the  equation  2*4-2»— 32«— 2z+l=0. 

The  equations  y^-|-l=0,  y-|-l=0,  y9-|-l=0  have,  except  as  regards  the 
signs,  the  same  roots  as  if  their  second  terms  had  been  — 1. 

Let  us  examine  the  even  degrees.     The  equations  y« — 1=0,  y" — 1=0, 
y*®— 1=0  do  not  offer  any  difficulty,  because  each  of  thorn  can  be  decom 
posed  into  two  others  whose  roots  are  known. 

Taking  -j-l  instead  of — 1,  the  analogous  equations  are 

y*+l=0,  whence  y=\/V — 1» 
y '+1=0,  whence  y=\/V — 1» 

yo_|_i=o,  whence  y=\/ V— !• 

But  we  know  the  values  of  >/ — 1,  V — 1,  y  —  1  ;  we  have,  then,  only  to 
extract  the  square  roots  by  the  procossos  in  Art.  104.  But  it  will  be  simpler 
to  treat  these  equations  as  reciprocal ;  for  the  transformed  equations  in  2,  on 
which  they  depend,  have  roots  whicli  are  real,  and  are  very  easy  to  resolve. 

We  add  some  propositions  upon  binomial  equations,  preparatory  to  giving  a 
general  method  for  solving  those  of  all  degrees. 

PROPOSITION  I. 

304.  If  a  be  one  of  the  imaginary  roots  of  the  equation  a:" — 1=0,  then  any 
power  of  a  will  be  also  a  root. 

For,  since  a  is  one  root  of  the  equation  r"  — 1=0,  therefore  a"  =  l,  and,  con- 
sequently, 

Q-"'  =  l,  a3°=l,  a<"  =  l,  &c.,  also  a-"  =  l,  a-2"=l,  a-3"=l,  &c., 
the  values 

a,  a',  (T* . . . .,  a~\  a~',  a—', . , . ., 
thus  satisfying  the  conditions  of  the  equation,  are  roots  of  it. 

Corollary  1. — It  hence  appears  that  the  roots  of  the  equation  j:* — 1=0  may 
be  represented  under  an  infinite  variety  of  forms,  each  term  in  the  following 
series  being  a  root,  viz. : 

ar\  a-',  a-\  1,  a,  a\  a», ar'\  a",  a"+', a-\  a«H-i, 

in  which  series,  however,  there  can  not  be  more  than  n  quantities  essentially 
different,  otherwise  the  equation  would  have  more  than  n  roots. 

PROPOSITION   II. 

305.  If  a  be  one  of  the  imaginary  roots  of  the  equation  r"4-l=0i  l^^"  ^^y 
odd  power  of  a  will  be  also  a  root. 

For,  since  a  is  one  root  of  the  equation  x°= — 1,  therefore  a"^  —  1  ;  and, 

since  every  odd  power,  whether  positive  or  negative,  of  — 1  is  also   — 1, 

therefore, 

a="'=— 1,  Qf^"=— 1,  a"''=— 1,  &c., 

also 

a-3"  =  — 1,  a-f«'=— 1,  0-7"=— 1,  (kc; 

so  that  the  quantities 

a,  a'*,  a"' , , ,  .,  a"',  a-'\  ar'^^ . . . ., 

are  roots  of  the  equation.     These  roots,  therefore,  assume  an  infinite  variety 

of  forms,  although  there  can  not  bo  more  than  n  essentially  different. 
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PROPOSITION   III. 

306.  To  determine  the  roots  of  the  equation  x" — 1=0,  when  n  is  the  square 
ofa  prime  number  ;?. 

Put  xP=2,  then  zp — 2=0,  and  jp — 1=0,  and  lot  the  roots  of  this  last  equa- 
tion be  ^,  /?,  /3«,  /?,  ....  /3p-»  ;  then,  by  substitution, 


''j*— 1  =0, 


Jf— 2=  < 


xP— /?  =0, 
xP— /3'=0, 

Hence  the  pp  values  of  x,  in  these  p  equations,  will  evidently  be  all  different, 
and  will  be  the  roots  of  the  equation  xpp — 1=0. 

To  determine  these  roots,  it  will  be  sufficient  to  advert  to  Art.  300,  which 
proves  that  the  roots  of  xp — y3=0  are  equal  to  the  roots  of  xp  — 1=0  multi- 
plied by  ^3;  and,  in  a  similar  manner,  the  roots  of  jp — /?"=0  ore  equal  to  the 
roots  of  xP — 1=:0,  multiplied  by  V/^^  &c. ;  therefore,  we  immediately  con- 
clude that  the  roots  of 

2*— 1  =0are  1, /3, /?2, /33 /?p-i  )         , 

xP-^  =0         yii.^V^,  ly^y? /JP-»  V/^  f  =  the  n  root«  of 

xP-i5»=0  V/^'w^V/^.  /?»V/3P..../3P-»V/^i       x"-l_0. 

&c.  &c.  ice. 

For  example,  let  it  be  required  to  find  the  roots  of  x^ — 1=0. 
The  roota  of  x»— 1=0  are 


^'  o  »  o 

hence  the  roots  of  x'* — 1=0  nro 


1    -^+V-'^    -,l-V-3 
^'  2  '  2  ' 


1+ V-^J    -1+V-3,^~1+V~3 

V ;^ 1 7j V :; » 

«•  <6  <w 


o V ^ ^  V 2 , 


-l+V-3      -l-V-3    ~l~V~3,^-l-V-3 
2  ^  2"  '2^2' 

The  foregoing  propositions  have  been  devoted  chiefly  to  an  examination  of 
the  properties  and  relations  of  these  roots,  and  not  to  the  actual  exhibition  of 
their  values,  although,  as  in  the  proposition  al)Ovo,  one  or  two  exomplcs  of  the 
solution  have  been  given  to  illustrate  the  reasoning.  To  obtain  the  imaginary 
roots,  however,  in  their  simplest  form,  that  is.  in  the  form  rt+6V — 1,  and 
for  all  values  of  the  exponent,  requires  the  aid  of  a  theorem,  borrowed  from 
the  science  of  Trigonometry. 

307.  The  theorem  to  which  we  refer  is  the  well-known  formula  of  De 
Moivre,  given  in  most  books  on  Analyticnl  Trigonometry. 

(cos  ai  sin  a  .  \/  —  1)"=  cos  wrti  sin  na  .  -/  —  1 ; 
which,  if  the  arc  2A*r  (:r  being  a  semi-circumfiTouce,  and  k  any  integer)  be 
flubstilutcd  for  na,  becomes 
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2^•7r  ,     .    2A:7r      ^ .      .     .       ,         . 

(cos i  sin .  V  — 1)"=  cos  aA'ffdb  sm  2A:?r  .  V  — 1 « 

that  is,  siuce 

cos  2/::r=l,  and  sin  2A:n-^0, 

2A-7r  ,     .    2A-7r      , 

(cos i  sin .  V — 1)"=1 ; 


80  that  the  expression 


2kn  .  2;i-7r 


r 


COS i  sin .  \/  — 1, 

n  n 


comprehends  in  it  all  the  n  roots  of  unity,  or  all  the  particular  values  of  x, 
which  satisfy  the  equation  2:" — 1=0. 

Although,  in  this  general  expression,  the  value  of  k  is  quite  arbitrary,  yet, 
assume  it  what  wo  will,  the  expression  can  never  furnish  more  than  n  difler- 
ent  values.     These  different  values  will  arise  from  the  several  substitutions  of 

U,     X,      ib,      tj   •    •    •   • 

up  to  the  number  — - — ,  inclusively,  if  n  is  odd,  and  up  to  -,  if  n  is  even  ;  and 

for  substitutions  beyond  these  Umits  the  preceding  results  will  recur.     Ttf 
prove  this,  lot  us  actually  substitute  as  proposed ;  we  shall  thus  liavo  the  fol 
lowing  scries  of  results,  viz. : 


for  ^=0  ....  a:=  cos  0   iJ:  sin  0    .  y/ — 1=1 

Orr  27r       ^ 

A:=l  ....  x=  cos  — i  sin  —  .  v — 1 

n  n 

47r  ,  An        

A:=2  ....  xzi=.  cos  — lb  sin  —  .  \/ — 1 

n  n       ^ 

6Tr  .  6n- 


^=3  ....  x^  cos  —  it  sin  —  .  -J  — 1 

n  n 

«-i  (n-iK      .   (/?-i)t      — 

/t=— :r—  .  .  j:=  cos db  sm .  v — 1. 

2  n  n  ^ 

Each  of  these  expressions,  except  the  first,  involves  two  distinct  values;  so 
that,  omitting  the  value  given  by  A*=0,  there  arc  » — 1  values,  and,  consequent- 
ly, altogether,  there  are  n  values ;  and  that  they  are  all  different  is  plain,  be- 
cause the  arcs 

2n  An  Ctt  in  —  l)7r 

0  —  —  ^ — 

n     n     n  n 

being  all  different,  and  loss  than  rr,  have  nil  different  cosines.     Tlio  arcs  which 
would  arise  from  continuing  the  substitutions  are 

(n+l)7r    (n4-3)7r    (n  +  5)T 


n  n  n 

or,  wh'xh  are  the  same. 


■,  &c. ; 


{n-^):r            (»--3)n-             (»-5K    . 
2nr— ,  2jt ,  2rr —,  drc, 

and  the  sines  and  cosines  of  these  are  respectively  the  same  as  the  sines  and 
cosines  of  the  arcs 
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(n— l)7r   (n— 3)n-   (n— 5)ir 

' — »  1  »  &c., 

n  n  n 

which  have  already  occurred.* 

If  n  is  an  even  Dumber,  the  final  substitution  for  k  must  be  -  instead  of 

,  as  above;  and,  therefore,  the  final  pair  of  conjugate  values  for  x  will  be 


x=  cos  TT^t  sin  TT  .  \/  — 1  =  —  1, 

which  values  of  x  differ  from  all  the  othor  values,  because  in  them  no  arc  oc- 
curs so  great  as  n. 
The  arcs  which  would  arise  from  continuing  the   substitutions  beyond 


*=-are 


(n+2)7r   (n+4)7r   (n+6)ir   , 

-,  &c. ; 


n  n  ft 

or,  which  are  the  same, 

(n-2):r  (n-4)T  («-6)t 

2ff ,  2rr ,  2^ — ,  occ., 

n  n  n 

and  the  sines  and  cosines  of  these  are  respectively  the  same  as  the  sines  and 

cusiiios  0£  the  arcs 

(n— 2)7r    (n—A)K  (rt— 6)jr 

,  ,  ,  uCC», 

n  n  n 

which  have  already  occurred.* 

It  is  eosy  to  see  that  in  every  pair  of  conjugate  roots,  each  is  the  reciprocal 

of  the  other.     In  fact,  whatever  bo  ^, 

2kir        .    2kir      , ,        2kir        .    2/:t      . 

(cos 4-  sm .  V  —  1 )  (cos —  sni .  v  —  1 )  = 

2kn              2kn 
cos^ -4-  sm'^ =1, 

which  shows  that  the  two  factors  in  the  first  member  are  of  the  form  a,  -. 

a 

We  have  proved  (Art.  304)  ibat  ovorj'  power  of  an  imaginary  root  of  the 

binomial  equation  is  olso  a  root ;  but,  unless  ti  bo  u  prime  number,  wo  could 

not  infer  that  all  the  roots  would  ever  be  produced  by  iiivolviog  any  one  of 

them.     Such  would  not,  indeed,  be  the  case.     Tliero  is  always,  buwuver, 

one  among  the  imaginary  roots  of  which  the  involution  will  fuiiiish  all  tlio 

others;  it  is  the  first  imaginary  root,  or  that  due  to  the  substitution  A'=l,  in 

the  foregoing  series  of  values ;  for,  by  De  jVIoivre's  formula,  the  powers  of  this 

produce  all  the  otliers,  thus  : 

2jr  2k       47r         .     Att        . 

(cos  — 4-  sin  —  .  y/ — 1)**^  cos  — 4-  sm  —  .  y — 1 

2k  2it        . 6t  6rr 


(co<  — 4-  sin  —  .  V  —  1)^=  cos  — -4-  sin  —  *  V  —  1 


2k        .    2k       ^ :i=i  n— 1  .    «— 1 

(cos  4-   sm  .V  — 1)  *    =  cos T-|-    M!l  K  .    V  — 1. 


*  Tbo  BigtM  of  the  sines  will,  luiwovur,  bo  diffurcut;  but  tiio  only  clTect  of  this  differeoco 
is  evidcudy  to  furuish  each  pair  of  coigagato  roots  iu  aii  inverse  order. 
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These  powers  of  the  first  iraRginnr}'  root,  whicli  we  may  caJl  a,  thus  fur- 
Dish  one  half  of  the  entire  number  of  imaginary  roots,  and  the  reciprocals  of 
these  being  the  other  hulf,  nil  of  them  are  dotennined  from  the  first ;  the 
imaginary  roots  ore,  therefore, 

B— 1 

a,  a-,  a',  .  .  .  .  a-* 
1    1^    1  _1_ 

a'  a2*  a^*  •   •  •   •  nf' 


d^ 


When  n  is  even,  the  last  power  will  be 


27r  27r 


(cos  — +  ®^°  —  •  V  — l)'=cos  7r+  sin  ff  .  "v/  — 1 ; 
and  the  imaginary  roots  are,  therefore,  ■ 


n 


o,  a*,  a',  ....  a* 
111  1 


a* 


308.  By  the  general  formula  (Art.  307),  we  are  enabled  to  determine  all  tliu 
roots  of  the  equation 

j-n  +  l=0; 
for,  since 

cos  (2A--fl)T=: — 1,  and  sin  (i^-f-lJA-rsO, 

that  formula  gives 

2k+l     ,      .    2k+l 


(cos rri  sin rr  .  v/  — 1)"= 


cos  (2A-+l)rr±  sin  {'2lc+l)^  .  ^  — i  =  __i ; 
hence  tlie  n  values  of  x  are  all  comprised  in  the  general  expression 

T=  cos ■ — 7r±  sin ! — ?r  .  -/  —  1 ; 

n  n 

wliich,  by  putting  for  k  the  values  0,  1,  2,  3,  dec,  in  succession,  furnishes  the 
following  series  of  separate  values,  viz. : 


TT    .  TT 


forA:=0  ....  xr=  cos  —  i  sin  --  .  v/ — 1 

n  n 

Stt  ,      .     3t      , 

A*r=l  ....  T=  cos  — i  sin  —  .  / — 1 

n  n 


kz=2  ....  rr=  cos  — i  sin  —  .a/  — 1 

n  n 


,      «  — 1  ^ 

«= — ^j —  .  .  x=  cos  ir^  sin  ?r  .  ■/ — 1  =  — 1 ; 

or,  when  n  is  even, 

n— 2  /       -\  .  'r 

k  =  — 7—  .  .   .  xz=  cos  It — -J-h  sin  (t — -  .  -J — 1). 

Now  that  the  foregoing  system  of  ti  roots  arc  all  different  is  obvious,  since 

ff   3t  5»r  nir  n 

~~,       ,  ""^  .  .  •  •        «  or  fT"""   f 
n    7i     n  n  n 

are  all  different  arcs,  of  which  the  greatest  does  not  exceed  a  semi-circura< 
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feronce.     If  the  preceding  series  be  extended,  it  will  be  easy  to  prove,  nfter 

what  has  boon  done  in  Art.  307,  that  the  values  formerly  obtained  will  recur. 

As  in  the  former  case  of  the  general  problem,  so  here,  each  root  may  be 

derived  from  the  first  pair  of  the  series ;  thus,  denoting  the  first  root,  cos 


-±  sin  -  .  y/ — 1,  by  a  or  -,  according  as  the  upper  or  lower  sign  is  taken, 

wo  evidently  have,  for  the  preceding  series,  the  following  equivalent  expres- 
sions, viz. : 

a,  a',  o*,  .  .  .  .  a" 

111  \\  when  n  is  odd. 


and 


111  1    ^  when  n  is  even. 


For  further  researches  on  the  theory  of  binomial  equations,  the  student  may 
consult  Lagrange*s  Trait6  de  la  Resolution  des  Equations  Num6riques,  Note 
14 ;  Legeudre*s  Theorie  des  Nombres,  Part  V. ;  the  Disquisitiones  Arith- 
meticse  of  Gauss ;  Barlow*s  Theory  of  Numbers ;  and  Ivory's  article  on  £qua 
lions,  in  the  Encyclopaedia  Britannica. 

309.  We  have  already  frequently  had  occasion  t-o  notice  multiple  values  of 
radicals,  without  fixing  the  precise  number  which  might  exist,  except  for  rad- 
icals of  the  second  degree.     It  is  time  to  introduce  the  following  proposition  : 

Every  radical  has  as  inanij  values  as  there  arc  units  in  it^  index,  and  has 
no  more  ;  in  other  words,  every  quantity  has  as  many  roots  of  a  given  degree 
as  there  are  units  in  the  index  of  that  degree. 

If  the  given  radical  be  represented  by  the  general  form  V-^*  ^is  radical 
designates  evidently  all  the  quantities,  real  or  imaginary,  which,  raised  to  the 
power  m,  reproduce  A  ;  consequently  they  are  merely  the  values  of  x  in  the 
equation  x^z=A.  But  we  know,  from  the  general  theory  of  equations,  that 
every  equation  of  the  m^  degi'ee  htis  m  values  of  the  unknown  quantity,  which 
will  each  satisfy  it ;  hence  the  proposition  is  proved. 

This  will  serve  to  explain  some  paradoxes.     Let  there  be  the  expression 
^a-)/  —  1.     By  reducing  the   second   radical   to   the   index  4,  it  becomes 
y(  —  1)',  and  the  given  expression  reduces  to  ^a,  a  result  which  might  be 
supposed  absurd,  because,  a  being  positive,  the  result  represents  a  real  quan- 
tity, while  the  proposed  expression  appears  to  be  imaginary. 

There  is  here  a  confusion  of  ideas.  If  in  the  expression  {/aV — 1  the 
radical  is  an  arithmetical  determination,  it  is  true  that  this  expression  is 
imaginary  ;  but  if  V^  ^^  taken  in  all  its  generality,  and  we  represent  it  by  a' 
multiplied  by  the  four  roots  of  unity,  or 

a',  — a%  fl'V  — 1»  — a'v  — 1» 


we  perceive  that  some  of  these  values  of  Va,  multiplied  by  -)/  —  1,  cause  this 
imaginaiy  factor  to  disappear,  and  tlio  i)r()po.scd  expression  becomes  real. 

I  shall  terminate  this  article  by  the  explanation  of  a  paradox  which  presents 
itself  in  the  employment  of  fractional  exponents.     Let  there  be  tiie  expres- 

n  2  I 

sion  rt*^.     If  the  fraction  J  bo  simplified,  tlie  expression  a*  becomes  a-~.    Then, 
in  repassing  to  the  radicals,  we  have  \/"'=  "/<'•     This  equality,  however,  is 
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not  wholly  true,  because  the  first  member  has  four  values,  and  the  second 
but  two. 

The  difficulty  may  bo  presented  in  a  general  manner  by  {dacing 

and  in  concluding  from  thence  that 

To  discover  tho  cause  of  this  error,  we  must  remember  that  the  fractional 
exponent  is  but  a  convention,  by  means  of  which  we  express  in  another  way 
that  the  root  of  a  certain  power  is  to  be  extracted,  and,  therefore,  this  expo- 
nent umst  not  bo  regarded  in  the  light  of  an  ordinary  fraction. 

THE  DETERMINATION  OP  THE  IMAGINARY  ROOTS  OF  EaUATIONS. 

310.  In  what  relates  to  the  limits  of  roots  at  Art.  263  and  following,  real  roots 
only  were  in  view.  We  shall  show  here  how  tho  limits  may  be  obtained 
for  tho  moduli  of  all  roots,  whether  real  or  imaginary.  Let  us  consider  the 
equation 

x^+'Px^^+Ql3f^...=iO (1) 

in  which  P,  Q . . .  may  be  real  or  imaginary.  In  order  that  a  value  of  x  may 
bo  a  root,  it  is  necessary  tliat,  after  having  substituted  it  in  tlie  result,  the 
modulus  should  be  zero. 

CiUl  V  the  modulus  of  x,  and  />,  9, . . .  those  of  the  coefficients  P,  Q. . . .  Ac- 
cording to  Art.  239,  tlioso  of  the  terms  of  tho  equation  will  be  r",  |n?"~S 
^i?"*"^, . . .,  and  that  of  tho  part  Px"'~^+Q-^'"~'^+  •  •  •  can  not  surpass  the  sum 
pv^-^^qv^~' . . .     Then,  if  wo  chooso  for  v  a  value  a  such  tliat  wo  have 

^m_p^m-l — gj,m— 2 — . . .  =0,  Or   >0    ....    (2) 

we  are  sure,  by  virtue  of  the  article  just  cited,  that  the  modulus  of  the  first 
member  of  the  equation  (1)  will  not  be  loss  than  the  above  differonce  ;  and  that 
from  this  point  tho  modulus  will  not  bo  zero,  or,  what  is  tlio  same  thing,  the 
vnluo  substituted  in  place  of  a*  will  not  bo  a  root  of  the  equation.  Every  value 
of  V  above  /.  will  render  this  difference  greater ;  then  ^  is  a  superior  limit  of 
the  moduli. 

The  quantity  A  will  be  always  easy  to  determine,  because  it  will  bo  sufficient 
to  substitute  in  tho  difference  ('J)  in  place  of  r,  increasing  positive  values  until 
this  dilTercnco  becomes  positive.  If  tho  coefficients  P,  Q . . .  are  real,  the 
moduli  ^,  9, . . .  will  be  these  coefficients  themselves,  but  taken  positively ;  and 
if  we  designate  the  greatest  of  these  values  by  N,  we  can  take  at  once  for  the 
superior  limit  X=N-|-I* 

To  have  an  inferior  limit,  we  make  0:=-,  deterniiue  in  tho  transformed  in  v 

y  ^ 

the  superior  limit  of  tlie  moduli  of  the  roots,  and  finally  divide  unity  by  this 
limit. 

311.  It  has  already  been  proved  that  inm<;inary  roots  always  enter  into 
equations  in  conjugate  pairs  of  the  form  a^[i^J — 1.  And  this  previous 
knowledge  of  tho  form  which  every  root  must  take  suggests  a  method  for  the 
actual  detenninntion  of  the  propter  numerical  values  for  a  and  /?  in  any  proposed 
caso.     The  method  is  as  follows : 

Let  jr"+A„_ia:»-*+ Ax+N=0 


IMAGINARY  HOOTS  OF  EaUATIONS.  385 


be  an  equation  containing  imaginary  roots;  then,  by  substituting  a-f-/9'v^ — 1 
for  X,  we  liuve 


(a+/9V-ir+A„-,(a+/?v/-l)''-»+..A(a+/V-l)  +  N=0; 

or,  by  developing  the  terms  by  the  binomial  theorem,  and  collecting  the  real 
and  imaginary  quantities  separately,  wo  have  the  form 

an  equation  which  can  not  exist  except  under  the  conditions 

M=0,  N=0 (1) 

From  these  two  equations,  therefore,  in  wliicli  M,  N  contain  only  the  quan- 
tities ti,  /i,  combined  with  the  given  coeiricients,  all  the  systems  of  values  of  a 
and  (3  moy  be  determined ;  and  these,  substituted  in  the  expression  a-|-/3  «/  —  1, 
will  make  known  all  the  imaginary  roots  of  the  proposed  equation ;  those  that 
are  real  corresponding  to  /3=0. 

It  is  obvious  from  the  theory  of  elimination  as  developed  at  page  157,  and 
from  the  method  of  numerical  solution  explained  in  Art.  265,  that  the  labor  of 
deducing  from  this  pair  of  equations  the  fuial  equation  involving  only  one  of  the 
UDknowns  a,  /3,  and  of  afterward  solving  the  equation  for  that  imknown,  will 
in  general  be  very  laborious  for  equations  above  the  third  degree.  Lagrange, 
by  combining  with  the  principle  of  this  solution  the  method  of  the  squares  of 
the  differences  explained  at  Art.  278,  avoids  both  the  elimination  and  subse- 
quent solution  here  spoken  of.  It  is  easy  to  see  how  this  may  be  brought 
about  if  we  have  any  independent  means  of  deterniiniug  one  of  the  unknowns 
0:  for  the  adoption  of  these  means  would  enable  us  to  dispense  with  the  elimi- 
nation; and  as  the  substitution  of  the  value  of  ii  in  both  of  the  equations  (1) 
would  convert  those  equations  into  two  simultaneous  equations  involving  but 
ooe  unknown  quantity,  their  first  members  would  necessarily  have  a  common 
iictor  of  the  first  degree  in  a,  which,  equut(^d  to  zero,  w^ould  furnish  for  a  the 
proper  value  to  accompany  /? ;  and  thus,  instead  of  solving  the  final  equation 
referred  to,  we  should  only  have  to  find  the  common  measure  between  the 
two  polynomials  31,  N  containing  the  unknown  quantity  a. 

Now  corres|)onding  to  every  pair  of  imaginary  roots  a-|-/3  -/  — li  a — }3  yj  — 1, 
there  necessarily  exists,  in  the  equotion  of  the  squnros  of  the  diJferences,  a 
real  uegntivo  root  — 4/?-;  so  that  if  all  the  negative  roots  of  the  latter  equation 
be  found,  the  quantity  — 4,1-  must  appear  among  them ;  from  which  the  value 
of /3  would  bo  immediately  obtained,  and  thence,  by  aid  of  the  connnon  meas- 
ure as  just  explained,  the  corresponding  value  of  a. 

But  the  equation  of  the  squares  of  the  differences  may  hove  a  greater  num- 
ber of  negative  roots  than  there  are  pairs  of  imaginary  roots  in  the  proposed ; 
which,  however,  can  not  hap])en  except  two  non-conjugate  imaginary  roots  have 
equal  real  parts,  or  except  a  real  root  be  equal  to  the  real  pait  of  an  imaginaiy 
root.  Lagrange  discusses  these  peculiarities,  and  establishes  the  exactness 
and  generality  of  the  principle  in  question,  as  follows  : 

When  the  real  parts,  a,  7,  &c.,  of  the  imaginaries 

0+/3  v/3l,  a-/3  ^^^ 

&c.  &c. 

are  unequal,  as  well  when  compared  with  one  another  as  when  cooipared  with 
the  real  roots  a,  6,  c,  &c.,  it  is  evident  that  the  equation  of  the  squares  of  Uie 

Bb 
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differences  can  not  have  any  other  negative  roots  than  those  iiimiihad  by  the 
several  pairs  of  conjugate  imaginary  roots,  and  which  are 

_4/3«,  — 4<P,  6cc. 

All  the  other  roots,  not  arising  from  tlie  differences  furnished  by  the  real 
roots,  a,  hj  Cy  &c.,  will  evidently  be  imaginary ;  those  between  the  real  and 
imaginary  roots  supplying  the  forms 

&c.  &c. 

and  those  between  the  non-conjugate  roots  the  forms 

80  that  in  tliis  case  every  negative  root  in  the  auxiliary  equation  will  indicate  a 
pair  of  imaginary  roots  in  the  proposed,  and  will,  moreover,  supply  the  value 
of  the  imaginary  part.  But  if  it  happen  tliat  among  the  quantities  a,  7,  &c., 
there  be  found  any  equal  among  thernKolvos,  or  equal  to  any  of  the  quantities 
a,  hj  c,  &c.,  then  the  auxiliary  equation  will  necessarily  have  negative  roots, 
corresponding  to  which  there  can  be  no  imaginary  pair  in  the  proposed  equa- 
tion. 

For  let  a=ia,  then  the  two  imaginary  roots  (a — a-\'P^/ — 1)S  (a — a — (i 
V  — 1)*  will  become  — /?•  and  — .'^,  and,  consequently,  real  and  negative  ;  so 
that  if  the  proposed  equation  contain  only  two  imaginary  roots,  a+z?  \/  — 1  and 
a — 3  y/  —  1,  then,  in  the  case  of  a=a,  the  equation  of  the  squares  of  the  differ- 
ences will  contain,  besides  the  real  negative  i-oot  — 4/3"^,  the  two  — ,3-,  — /?*, 
both  negative  and  equal. 

We  thus  see  that  when  the  equation  uf  the  squares  of  the  differences  has 
three  negative  roots,  of  which  two  arc  equal  to  one  anotlier,  the  proposed  may 
have  either  three  pairs  of  imaginary  roots,  or  but  a  single  pair. 

If  the  proposed  contains  four  imaginary  roots,  a-|-j3\/ — 1,  a — p-^ — 1, 
}'+<J\/  — 1«  7 — ^V — 1»  then  the  equation  of  the  squares  of  the  differences 
must  contain  the  two  negntive  roots  — iP  and  — 4^^;  if  a=rfl,  it  must  also 
contain  the  two  equal  negative  roots  — /J-,  — 1^* ;  and  if,  moreover,  }==6,  it 
must  contain,  in  addition  to  these,  the  negative  pair  — ^%  — fi^;  and  lastly,  if 
a=7,  the  four  imaginary  roots 

|(a-y)  +  (/3+<5)V-M%  }(a->')-05+«J)V-lp 
will  be  converted  into  the  two  negative  pairs 

-(,i-(J)S  -(/3-^)-^;  -(.V+r1)-,  -(3+<J)=. 

Hence  we  may  deduce  the  following  conclusions,  viz. : 

(1)  When  all  the  real  negative  roots  of  the  equation  of  the  squares  of  the 
differences  are  unequal,  then  the  proposed  will  necessarily  have  so  many  pairs 
of  imaginary  roots. 

Tf  in  this  case  wo  call  any  one  of  these  negative  roots  — ir,  we  shall  have 

■^  in 
B=z—^;  and  if  this  value  bo  substituted  for,:?  in  the  t\vo  equations  (1),  and  tlio 

Mr 

operation  for  the  common  measure  of  th(;ir  first  members  be  carried  on  till  wo 
arrive  at  a  remainder  of  the  first  degree  in  a,  the  proper  value  of  a  will  be  ob- 
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tsined  by  equating  this  remainder  to  zero.  Thus,  each  negative  root,  — ir, 
will  furnish  two  conjugate  imaginary  roots,  a-^-fi  ^J  — 1,  and  a — /3  ^J  — 1. 

(2)  If  among  the  negative  roots  of  tlie  equation  of  tlie  squares  of  the  differences 
equal  roots  are  found,  then  each  unequal  root,  if  any  such  occur,  will,  as  in 
the  preceding  case,  always  furnish  a  pair  of  imaginaiy  roots.  Each  pair  of 
equal  roots  may,  however,  give  cither  two  pairs  of  imaginary  roots  or  no  im- 
aginary roots,  so  that  two  equal  roots  will  give  either  four  imaginary  roots  or 
none  ;  three  equal  roots  will  give  either  six  imaginary  roots  or  two ;  four  equal 
roots  will  give  either  eight  imaginary  roots,  or  four,  or  none  ;  and  so  on. 

Suppose  two  of  the  negative  roots,  — \i\  — u?,  are  equal;  then  putting,  as 

obove,  /[?=—; ;p,  we  shall  substitute  this  value  of /^  in  the  two  ])olynomia1s  (1), 

and  .shall  carry  on  the  process  for  the  common  measure  between  these  ix)ly- 
nomials  till  wo  arrive  at  a  remainder  of  the  second  degree  in  a ;  since  tlie  poly- 
nomials must  have  a  common  divisor  of  the  second  degree  in  a,  seeing  that  the 
equations  (1)  must  have  tAVO  roots  in  comn)on,on  account  of  the  double  value 
of/?. 

Equating,  then,  this  quadratic  remainder  to  zero,  we  shall  be  furnished  with 
two  values  for  a :  thesi?  may  be  either  both  real  or  both  inmginary.  In  tlie 
former  case  call  the  two  values  o!  and  a" ;  we  sliall  then  have  the  four  imagin- 
ary roots 


In  the  second  case,  the  values  of  a  being  imaginary,  contrary  to  the  condi- 
tions by  which  the  fundamental  equations  (I)  are  governed,  we  infer  that  to 
the  equal  negative  roots  — w^  — w,  there  can  not  correspond  any  imaginary 
roots  in  tho  proposed  equation.  , 

If  the  equation  of  the  squares  of  the  differences  have  three  equal  negative 

^J  w 
roots,  — M?,  — u\  — 7^,  then,  putting,  as  before, /3=—^,  we  should  operate  on 

the  polynomials  (1),  for  the  common  measure,  till  we  reach  a  remainder  of 
the  third  degree  in  a;  this  remainder,  equated  to  zero,  will  furnish  three  values 
of  a,  which  will  either  be  all  real,  or  one  real  and  two  imnginary.  In  the  first 
case  six  hnaginary  roots  will  be  implied  :  in  the  second  only  two ;  the  ima;;in- 
ary  values  of  a  being  always  rejected,  as  not  coming  within  the  conditions  im- 
plied in  (1). 

It  follows  from  the  above,  and  from  what  has  been  established  in  Art.  259, 
that  there  are  at  least  as  many  variations  of  sign  in  tho  equntioti  of  the  squares 
of  differences  as  there  are  combinations  of  two  real  roots  in  the  proposed 
equation.  Also,  it  must  have  at  least  as  many  permanences  of  sign  as  there 
are  pairs  of  conjugate  imnginary  roots  in  the  proposed  equation ;  or,  in  other 
words,  it  can  not  have  a  less  number  of  permanences  of  sign  than  half  the  num- 
ber of  imaginaiy  roots  in  tlie  proposed  equation. 

Hence  we  may  infer,  that  if  the  equation  of  the  squares  of  the  differences 
have  its  terms  alternately  positive  and  negative,  there  can  be  no  imaginarj' 
root  in  the  proposed  equation. 

The  foregoing  principles  are  theoretically  correct ;  but  the  practical  appli- 
cation of  them,  beyond  equations  of  tlie  thii-d  and  fourth  degrees,  is  too  labo- 
rious for  them  to  become  available  in  actual  computation.  We  give  the  f»)Ilo\v- 
ing  ilhistration  of  them  from  Lagrange. 
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312.  To  determine  the  imaginary  roots  of  the  equation 

r»— -Zr— 5=0. 

Computing  the  equation  of  the  squares  of  the  differences  from  the  general 
formula  for  the  \h\rd  degree  at  Art.  279,  viz., 

in  which  J? = — 2  and  q=z — 5,  we  have 

23_lOiS^36z+643=0. 
in  order  to  determine  the  negative  roots  of  this  equation,  change  the  alternate 
signs,  or  put  z= — w,  and  then  chnngo  nil  the  signs,  converting  the  equation 
into 

Mr»+12M;2+36M7— 643=0, 

and  seek  the  positive  root,  which  is  found  by  trial  to  lie  between  5  and  6. 
Adopting  Lagrango^s  development.  Art.  297,  thb  root  proves  to  be 

^+- 

6+,  &:c., 
from  which  we  get  the  converging  fractions  (see  Continued  Fractions) 

31    160   991 
^'  "6"*  ~3T'  192'  ^' 

Knowing  thus  an  approximate  value  of  w,  we  know  /?=— jr— . 


In  order  now  to  get  the  equations  (1),  p.  385,  substitute  ^•\-?  y/  —  I  for  x  in 
tlic  proposed  equation,  and  form  two  equations,  one  with  the  real  terms  of 
the  result,  the  other  with  the  imaginary  terms ;  we  shaU  thus  have  the  equa- 
tions (1)  referred  to,  viz., 

a'— (.3/33+2)a— 5=0 
3a2_52— 2=0, 
ill  which  ()  is  known. 

Seeking  now  the  greatest  common  measure  of  the  first  members  of  these 
equations,  stopping  the  operation  at  the  remainder  of  the  first  degree  in  a,  and 
equating  that  remainder  to  zero,  we  have 

—     __15_ 
^"■"■8.^^+4' 
:ij)d  thus  both  a  and  3  are  determined  in  approximate  numbers. 

313.  There  is  another  mctliod  of  proceeding  for  the  determination  of  im- 
aginary roots,  somewhat  different  from  the  preceding,  being  independent  of 
Uic  equation  of  the  squares  of  the  diffcrencos.  It  is  suggested  from  the  fol- 
lowing considerations : 

Since  the  quadratic,  involving  a  pair  of  imaginary  conjugate  roots,  is  always 
of  the  form 

0:2— oaj.^rt2+/?2— 0, 

every  equation  into  which  such  roots  enter  must  always  be  accurately  divisible 
by  a  quadratic  divisor  of  this  form ;  that  is,  the  proper  values  of  a  and  (i  are 
such  that  the  remainder  of  the  first  degree  in  t,  resulting  from  the  division, 
must  be  zero.  This  furnishes  a  condition  from  which  those  proper  values  of 
a  and  j3  may  be  determined ;  the  condition,  namely,  that  the  remainder  spoken 
of.  Air — B,  must  be  equal  to  zero,  independent  of  particular  values  of  x ;  and 
tliis  implies  the  twofold  condition 
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A=:0»  B=0, 

from  wliich  a  and  jd,  of  which  A  and  B  arc  functions,  may  be  detennined. 
As  an  example,  lot  the  equation  i)ro{)oscd  be 

Dividing  the  first  member  by 

we  have  for  quotient 

and  for  the  remainder  of  the  first  degree  in  x 

(4  +  1204.  l-2a«+4a3—4a-32—4/?«)x— 
(a2+/^i)(6  +  8a+3a'^-iC^)+5, 

which,  being  equal  to  zero  whatever  be  the  value  of  r,  furnishes  the  two  equa- 
tions 

44-120+12024-403— 40^32— 4i9»=0 

(a2+/?2)(6  +  8a+3a3_/5^2)+5=0. 

From  the  first  of  these  wo  get 

and  this,  substituted  in  the  second,  gives 

4a*+16a3+24a-+16o=0, 

two  roots  of  which  are  0  and  — 2;  the  other  two  are  imaginary,  and  must, 
consequently,  be  rejected  as  contrary  to  the  hypothesis  as  to  the  form  of  the 
indeterminate  quadratic  divisor. 

The  two  real  values  of  o,  substituted  in  the  expression  above  for  /?-,  give 

foro=      0, /92=P  .-. /?=  +  l 

o=— 2,  /?-=(  — 1)2  .-.  /?=  — 1 

and,  consequently,  the  component  factors  of  the  original  quadratic  divisor,  viz., 
the  factors 


furnish  these  two  pairs  of  imnginary  roots,  viz., 

x=  V  — 1»  x=:—  V— 1, 
and 


r=— 2— V  — 1.  rr=— 2+  -/— 1- 
This  method,  like  that  before  given,  is  impracticable  beyond  very  narrow 
limits,  because  of  the  high  degree  to  which  the  final  equation  in  o  usually 
rises.  And  it  is  further  to  be  observed  of  both,  and,  indeed,  of  all  methods 
for  determining  imaginaiy  roots  by  aid  of  the  real  roots  of  certain  numerical 
equations,  that  whenever,  as  is  usual,  these  renl  roots  are  obtained  only  ap- 
proximately, our  results  may,  under  peculiar  circumstances,  be  erroneous. 
For  instance,  in  the  two  methods  just  explained  we  have  two  equations, 
/(o)=0,  F(5)=0,  where  the  coefficients  of  a  in  the  first  are  functions  of  /?, 
and  the  coefTicieuts  of  (S  in  the  second  functions  of  o ;  hence,  whichever  of 
these  symbols  be  computed  approximately,  in  order  to  furnish  determinate 
Yalnes  for  the  coefficients  of  the  other,  these  coefficients  must  vary  slightly 
from  the  true  coefficients ;  and,  consequently,  under  this  slight  variation  of  the 
coefficients,  real  roots  may  become  converted  into  imaginary,  and  imaginary 
into  real. 
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The  terms  imaginary  and  impossible  have  been  thought  objectioiiable  when 
applied  to  the  roots  of  equations,  inasmuch  as  definite  algebraic  expressions 
are  always  possible  for  these  roots. 

A  specimen  of  a  strictly  impossible  equation  would  be  the  following  : 


when  plus  before  the  sign  V  implies  the  positive  root  V^^ — 7.  No  ex- 
pression, either  real  or  imaginary,  can  satisfy  tlie  condition  or  represent  a  root 
of  this  iiTational  equation. 

The  terms  imagiiinry  and  impossible,  when  used,  should  be  understood 
rather  as  applying  to  the  solutions  of  the  problem  from  which  the  equation  is 
derived  than  to  the  expressions  for  the  roots.  The  number  of  solutions  wliich 
the  problem  admits  will  ordinarily  be  expressed  by  the  degree  of  the  equa- 
tion, but  certain  suppositions  affecting  the  values  or  signs  of  the  coefficients 
may  cause  some  of  these  solutions  to  become  absurd  or  impossible,  and  these 
will  be  indicated  by  the  form  a-|-6  \/  — 1  for  tlio  roots,  in  which  b  is  not  zero. 

THEORY  OF  VANISHING  FRACTIONS. 

314.  From  the  principles  established  in  (Art.  253),  we  readily  derive  the 
following  consequences,  viz. : 
Since 

/(a:)=(a:— ai)(j— aj)(jr— fl3)(j*— flO 

and 

y;(z)3=(x— a  )(x— a3)(x— fls) -|-(j:— ai)(x— a3)(r— 04) . . .  +,  &c., 

it  follows  that 

f,{x)  1111 

H + + ••••(!) 


•     •     •     • 


f(x)  X — a^x — a^^^x — a^^^x — Oi 

In  like  manner,  for  any  other  equation  F(j:)=0,  we  have 

F,(3r)  1  1  1  1 

F{x)  -  •  •  •  •  x-64"^r-63+a:-6,+x-6i  •  •  •  •  (2) 

Supt)ose  the  two  equations 

/(r)=0,  F(r)=0, 
have  a  root  in  common,  viz.,  air=&i,  then,  dividing  (1)  by  (2),  we  have 

1111 


/i(j*)     F(x)       •  •  •  •  ^ — rt^  '  X — ih     X — a:X — a 


+7^-r+:^T-+ 


Hence,  multiplying  numerator  and  denominator  of  the  second  member  hj 
X — Si,  and  then  substituting  for  x  its  value  x=ai,  we  have 

/■(a.)    F(a.) 

/.(°.)     /("■)■ 
•■•  F,(a,)-F(a.) ' 

from  which  we  learn,  that  if  any  two  equations  have  a  common  root  a,  and 
their  derived  equations  be  taken,  the  ratio  of  the  original  polynomials,  when  a 
is  put  for  x^  will  be  equal  to  the  ratio  of  the  derived  polynomials  when  a  is  put 
for  .r. 
This  property  furnishes  us  with  a  ready  method  of  determining  the  value 
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of  a  fraction,  such  as  irrrt  whon  both  numerator  and  denominator  vanish  for 

a  particular  value  of  r,  as,  for  instance,  for  x=a.  For  we  shall  merely  have 
to  replace  the  polynomials  in  numerator  and  denominator  by  their  derived 
polynomials,  and  then  make  the  substitution  of  a  for  x.  If,  however,  the 
terms  of  the  new  fraction  should  also  vanish  for  this  value  of  x,  we  must  treat 
it  as  we  did  the  original,  and  so  on,  till  we  arrive  at  a  fraction  of  which  the 
terms  do  not  vanish  for  the  proposed  value  of  x.  The  following  examples  wiP 
sufficiently  illustrate  this  method  : 

(1)  Required  the  value  of 

X — a  ' 
when  Tssa. 

/i(a)      2a 

Here  ^^  .  .=-T-=2a,  the  required  value 
F,(a)      1  ^ 

(3)  Required  the  value  of 

nx"+i--(n+l)i*4.1 
(1— arf  ' 

when  x=l. 

/(j)      fi(n+l)j°-w(n+l)x^i 

0 
This  still  becomes  -  for  x=l, 

f.^x)      n^(n  +  l)3:°-^--n  (n +l)(n  — 1)3*-* 


o 


the  value  sought 

(3)  Required  the  value  of 

when  .r=l. 


'•Fs(l)-     "2       • 


1— ar« 


(4)  Required  the  value  of 


1- 

-ar' 

/i(l) 

— n 

tMi)" 

■  — 1"" 

6(a- 

•  VflJ-) 

a — X 


for  z=a. 

We  may  here  put  \/^=y»  and  thus  change  the  fraction  into 

a— 7/» 
f7^=""2^  •*•  '^r=o'  ^^®  ^^>"«  required. 


*  This  is  the  expression  for  the  sam  of  n  terms  of  the  series 


m  m 
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(5)  Reqaircd  the  value  of 

/(.y)     (a+.r)"-(a+y)" 

when  x=zy. 

Put  a-|-y=2",  thou  the  fi*action  is  changed  into 

tn 


m 


and,  therefore,  the  value,  when  xz=yf  is 


ni    (a'\-x) 


m 
n 


n       a+x 


ELIMINATION. 

RESOLUTION  OF  EQUATIONS  CONTAINING  TWO  OR  MORE  UNKNOWN 

aUANTlTIEri  OF  ANY  DEGREE  WHATEVER. 

315.  We  have  already  indicated,  at  p.  157,  the  possibility  of  eliminating  one 
of  two  unknown  quantities  from  two  equations  by  the  method  of  the  common 
divisor.  The  genornl  theory  of  equations  which  has  since  been  unfolded  will 
afford  the  means  of  giving  a  more  full  development  to  this  subject. 

The  two  given  equations  may  be  thus  expressed  : 

F(x,y)=0,f(T,y)=0 (1) 

They  are  suid  to  bo  compatible  if  thoy  have  common  values  of  x  and  y.  This 
is  the  case  with  two  equations  derived  from  the  same  problem,  the  conditions 
of  which,  for  the  dotcnnination  of  tlie  required  quantities,  are  expressed  by 
the  two  given  equations. 

Suppose  now  that  one  of  the  common  values  of  y  were  known,  and  substi- 
tuted for  y  in  the  two  equations  (1),  the  first  members  of  both  would  bi'corao 
functions  of  r,  and  known  quantities  ;  the  common  value  of  j*,  corresponding  to 
this  value  of  7,  must  have  the  property  of  every  root  of  an  equation  pointed 
out  at  Prop.  II.  of  Art.  '238 ;  that  is  to  say,  if  o  denote  this  value  of  j,  each 
of  the  equations  (1)  must  be  divisible  by  (x — o) ;  in  other  words,  they  must 
have  a  common  divisor  containing  .r.  If,  therefore,  without  knowing  and  sub- 
stituting the  value  of  jy,  we  proceed  with  tlio  two  given  equations  (1),  accord- 
ing to  the  method  for  finding  tho  greatest  common  divisor,  until  we  arrive  at  a 
divisor  of  tho  first  degree  with  respect  to  j*,  and  to  a  remainder  independent 
of  r,  or  containing  only  »/,  as  this  remainder  would  have  been  zero  if  tho  value 
of  7/  had  occupied  its  place  during  tho  process,  the  value  of  7/  ought  to  be  such 
as  to  reduce  this  remainder  to  zero.  Tho  values  of  y  which  will  do  this  are 
found  by  putting  this  last  remainder  equal  to  zero,  and  thus  forming  what  is 
called  the  final  equation  in  y  only.  The  values  of  y  which  satisfy  the  final 
equation  are  the  only  compntible  values  of  this  unknown  in  the  two  given  equa- 
tions (1).  The  corresponding  values  of  x  are  found  by  substituting  these 
values  of  y  successively  in  the  last  divisor,  which  will  ordinarily  be  of  tho  first 
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degree  with  respect  to  r,  and  setting  this  equal  to  zero ;  each  value  of  y  gives, 
by  means  of  this  divisor,  the  corresponding  value  of  r,  which,  substituted  with 
it  in  the  given  equations,  will  satisfy  thoin.  Should  this  divisor  reduce  to  zero 
by  the  substitution  of  the  value  of  7,  we  must  go  back  to  the  previous  one  of 
the  socoud  degree,  which,  put  equal  to  zero,  will  furnish  two  values  of  x  for 
each  of  y ;  if  this  reduce  to  0,  wo  must  go  to  that  of  the  3®  degree,  and  so  on. 

316.  This  conclusion  may  be  arrived  at  in  another  manner.  Denoting  by 
A=0,  for  simplicity,  the  first  of  the  two  given  equations  F(t,  ,7)=0,  and  by 
B=0  the  second /(t,  y)=0,  by  Q  the  quotient  of  A  by  B,  and  by  R  the  re- 
mainder, we  have 

A=BQ+R (2) 

It  follows  from  this  equality  that  all  the  values  of  the  unknown  quantities  x 
and  y,  which  give  A=0  and  B=0,  must  also  give  R=0,  since  the  quotient 
Q  can  not  become  infinite  fur  finite  values  of  x  and  y,  the  given  equations  be- 
ing supposed  to  be  entire  functions,  or  capable  of  being  rendered  such  with 
respect  to  x  and  y.     (See  Art.  275,  Cor.  2.) 

For  the  same  reason,  all  the  values  which  will  give  B=0  and  R=0,  will 
also  give  A=0.  The  system  of  equations  A=0,  B:=0  may,  therefore,  be 
replaced  by  the  more  simple  system  B=0,  R=0. 

If  now  B  be  divided  by  R,  and  a  new  remainder,  R',  be  reached,  it  may  be 
shown  iu  a  similar  manner  that  the  system  B=0,  R=0  can  be  replaced  by 
the  system  R=0,  R'=0,  R'  being  of  a  lower  degree  with  respect  to  x  than 
R,  and  so  on,  till  we  arrive  at  a  remainder  independent  of  x.  Let  R"  bo  this 
remainder.  Then  the  original  equations  are  replaced  by  the  system  R'=0, 
R"=0,  in  which  R"=0  is  the  final  equation  in  y  only,  and  R'  generally  of 
the  1°  degree  with  respect  to  x. 

317.  The  same  conclusion  could  not  have  been  arrived  at  had  y  been  sup- 
posed to  enter  into  any  of  the  denominators  in  the  above  process.  Suppose, 
fin*  instance,  that  Q  in  equation  (2)  contained  denominators  functions  of  y, 
then  Q  might  possibly  become  infinite  by  the  values  of  y  reducing  these  de- 
nom'mators  to  zero,  and  BQ  thus  might  bo  finite  (see  Art.  156,  3°),  though  B 
were  zero. 

318.  If,  in  order  to  prevent  the  occurrence  of  y  in  the  denominator  of  the 
quotient  when  affecting  the  division  of  A  by  B,  it  had  been  necessaiy  to  mul- 
tiply the  polynomial  A  by  some  function  of  >/,  foreign  rootu  might  thus  be  in- 
troduced, not  belonging  to  the  proposed  equation.  For,  call  c  this  function, 
and  represent  by  Q  still  the  quotient  ol)tained  after  this  pi-eparation,  and  by  R 
the  remainder,  we  shall  liave 

rA=lKi  +  R. 

This  equality  proves  that  the  solutions  of  the  etjuations  Br=0,  R  =  0  are  the 
same  as  those  of  tlie  equations  rA  =  0,  B=().  lUit  this  last  system  divides 
itself  into  two  others,  A=(),  B  =  0,  niul  r=().  B  =  0,  consequently  the  equa- 
tions Br=0,  R  =  0  will  admit  all  the  solutions  of  the  proposed  equntions  ;  but 
they  will  admit,  also,  all  those  of  the  equntions  r==(),  15  =  0,  which  can  not  be- 
long to  the  equation  A=0.  The  same  may  be  shown  for  any  foreign  factor 
Decessary  to  be  introduced  to  effect  any  subsequent  division. 

On  the  other  hand,  factors  are  sometimes  suppressed  for  convenience  in  the 
process  for  finding  the  common  divisor.  If  these  factors  were  such  as  would 
reduce  to  zero  on  attributing  to  y  its  proper  values,  the  process  ought  to  ter- 
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minate,  since  the  whole  remainder  becomes  zero  with  one  of  its  factors,  and 
the  preceding  divisor  would  be  a  common  measure  of  the  two  polynomials ; 
and  yet  these  values  of  y  which  produce  this  common  measure  would  not 
have  been  presented  by  the  final  equation  arrived  at  had  the  factor  io  question 
been  suppressed  without  notice. 

From  the  foregoing  considerations  we  see  that,  to  obtain  the  values  of  y 
which  belong  to  the  proposed  equations,  we  must  equate  to  zero  the  remain- 
der which  is  independent  of  x,  as  also  each  of  the  factors  in  y  which  have 
been  suppressed  in  the  course  of  the  operation,  and  resolve  each  equation 
separately  ;  secondly,  that  among  the  values  thus  obtained  there  may  be  some 
which,  on  trial  in  the  proposed  equations,  prove  extraneous,  and  which  must, 
therefore,  bo  rejected. 

319.  Simplifications  may  sometimes  be  employed,  the  nature  of  which  is 
explained  conveniently  by  the  aid  of  symbols,  as  follows  :  Let  the  polyoomiab 
A  and  B,  tlie  first  members  of  the  given  equations,  be  put  under  the  form 

K—dd'd"uu'u",  Bz=dd'd"w'v", 
in  which  d  represents  a  common  divisor  of  A  and  B,  containing  x  only  ;  d' 
another,  containing  y  only ;  and  d"  a  third,  containing  both  x  and  y.  The 
other  factors,  u,  u\  «",  r,  r',  u",  have  a  similar  meaning,  except  that  they  are 
not  common  to  the  two  polynomials  A  and  B.  The  proposed  equations  may 
be  satisfied  by  placing  (/:=();  this  equation  contains  only  x,  and,  when  re- 
solved, fuiTiishes  a  limited  number  of  values  of  this  unknown  quantity,  to 
which  may  bo  joined  any  value  whatever  of  t/,  and  the  given  equations  A=0 
and  B=0  will  be  satisfied.  Again,  ^/'=0  will  satisfy  them,  which  gives  simi- 
larly limited  valued  for  y,  unlimited  for  i.  Finally,  suppose  rf"r=0 ;  as  d" 
contains  both  x  and  ?/,  an  arbitrary  value  may  be  given  to  one  of  the  unknown 
quantities,  and  this  equation  will  make  known  a  corresponding  one  for  the 
other. 

The  other  modes  of  satisfying  the  given  equations  consist  in  equating  to 
zero  simultaneously  one  of  the  factors  «,  u\  u"  of  the  firet,  and  one  r,  r',  or 
r",  of  the  other.  But  v  and  m  can  not  be  simultaneously  eqiuil  to  sero,  since 
they  each  contain  only  .r,  and  are  supposed  to  have  no  common  divisor,  d  hav'mg 
been  understood  to  comprise  all  the  common  factors  depending  on  x  alone. 
For  a  similar  reason,  u'  and  v'  functions  of  ?/  alone  can  not  at  the  same  time  be 
equal  to  zero.  But  u"  and  r",  boinj;  put  equal  to  zero,  are  to  be  proceeded 
with  by  the  method  of  the  common  divisor,  as  already  explained,  and  will  fur- 
nish a  limited  number  of  values  for  ?/,  and  corresponding  values  limited  idso 
for  X, 

320.  Should  the  remainder,  in  seeking  for  a  common  divisor,  not  contain  y, 
but  only  known  quantities,  it  could  not  he  put  equal  to  zero.  In  this  case  the 
given  equations  would  be  incompatible. 

EXAMPLES. 

(1)  Let  the  equations  be 

( _22ra+o)7/'+ (:r» — 2J-''— 2jr=+2.r+ 1 )  7/^-f  (.T«— 2r»+r)y  ==0, 
( -r-f  l)7/>+ ( -x^+.r)y -f  (r-^-x-^) //•^+  (.r^-x'»)y^=0. 
There  are  numerous  simplifications  of  these,  for  they  can  be  decomposed  into 
factors  like  the  following :  • 

2/(x-l)(.r+y)X(.r-fl)(2:^-2»/-l)  =  0, 
7/(.r-l)(x-f  y)  X!/(j:--y-)=0. 
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Equating  to  zero  first  tho.  common  factora,  ouch  in  its  turn,  we  obtain 

I  X  indet.,  \  j==l,  \  x=z  — y ; 

next  equating  tu  zero  the  other  factors,  we  have  four  systeuns  of  equatiooB,  viz.. 

First  system  <  ^T,      ,.    ?  whence   \y^^   , 

Second  system  < -'^r"  ,.        ,      ,.   >   whence   < -^     ,    < -^  , 

Thini  system  \  ^"f =[;  \  whence  \  ^=_J,  \  ^=Zj. 

Fourth  system  5  ^^-^'  ='^        I  whence  \  2/  =  l+  V*^    _  \  2/=l+  ^^ 

In  tho  first  three  systems,  all  the  solutions,  except  ar= — 1,  y= — 1,  have 
already  been  found ;  in  the  fourth,  those  in  which  we  have  a:=  — y  are  also 
already  known ;  hence,  in  reality,  we  have  only  determined  three  new  solu- 
tions, viz., 

}r=  — 1,       lx=l+^/t>,      ?x=l-V2. 
(2)  To  resolve  the  two  equations 

x^^3yj^+(3y^-3y+l)x^f+y'''2y=.0, 
sT'^^yx  +y— y=0. 

These  equations  can  not  be  decomjiosed  into  factors ;  hence  we  pass  imme- 
diately to  successive  divisions.    This  remark  will  apply  also  to  equations  3  and  4. 


First  Division. 
x'-3y2^+  (3^- »/+ 1  )x-f+y'^2y 


r2-2.yx+/— y 


x—y 


Second  Division. 


X'—^2y.r+y'—y 
+  r--^2yx 


■r-2y 


j; 


ir—y- 

Hence,  the  final  equations  are  j- — 2^=0,  ?/- — y=0.     We  deduce  from 
these 

(.1=0  lxz=z2; 

and  as  wo  have  neither  introduced  nor  suppressed  any  factor,  these  two  solu- 
tious  are  those  of  the  proposed  equations  themselves. 

(3)  To  resolve  the  two  equations, 

yj--+9.r— 107/=0. 

First  Division. 

yx'  +  Ox—lOy 


(y-l)  x'^+2x  -5// +3 
(7/_l)i/.r«+2yx— 5?/-  +  3j/  i/— 1 

^-(y-l)Vr^_(-C)y  +  9).T-liO//=+  10.V 

(-7//  +  !)^+   oy--  7^. 
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As  we  have  multiplied  by  y,  it  is  necessary  to  resolve  the  equations  ^:=0, 
y3^-{-9x — 102/=0,  wliich  give  j:=0,  y=0,  and  to  examine  whether  tliese 
values  make  the  dividend  equal  to  zero.  As  this  is  not  the  case,  it  follows  that 
they  form  a  foreign  solution,  which  it  will  be  necessaiy  to  suppress. 

Second  Division, 

(-7i/+9)T+6y«-7y 


y^+(-5y+73^-63y+81) 


yar'+Qx— lOy 
(-7y+9)yx^+(--63y+Sl)x+70f-d0y 
(-7y+9)yx^-^(^  bf+lyYx 

(_5y3-f77/2—637/+81)(— 7y+9)z— 490y»+1260y»— 810y 
(-5y+7y"--63i/+81)(-7y+9).r-25y^+  70,y^~364y^+846y^-.567y 

25/— 7'Oy*— 126y»+414y«— 243y. 

The  equations  which  it  is  necessary  to  resolve  are 

(~7y+9)x+5y«-7y=0, 
25y6— 70i/^— 126y»+414y«— *243y=0. 

The,  second  gives  the  results,  which  may  be  readily  verified, 

-.3±3-/T0 
y=0,  yr=l,  i/=:3,  y=z ^ . 

By  substituting  these  values  in  the  first  of  the  given  equations,  we  obtain  for 
X  the  corresponding  values  a:=0,  t=1,  a:=2,  t= — 5^  VlO. 

In  the  second  division  we  have  been  compelled  to  multiply  by  — 7y4"^»  ^^^ 
no  foreign  solution  has  been  introduced. 

We  have,  then,  only  to  suppress,  in  the  five  solutions  above,  that  which  has 
been  introduced  by  the  first  division.  There  remain,  then,  for  the  given  equa- 
tions the  four  foHowiug  solutions  : 

f         —3+3  ./To  c         — 3— 3VTo 

S.7=i        Jy=3       Vy= r )y= r; 

~  '         ^^=2,         (a:— — 5_/io,  (a:=— 5+VlO. 

(4)  Let  the  equations  be 

^'+(8!y-13)r+y«-7y+12=0, 
^•'-(4y+   l)2:+2/^+5y=0. 

First  Division. 


3^+{Sy-l3)x+f'^7y+V2 


r"'^(Ay+l)x+y^+5y 


(12?/  — 12)x--12y  +  r2 

This  remainder  can  be  decomposed  into  the  factors  12(y— l)(x— 1);  the 
calculations  will  be  simplified,  and  wo  shall  have  these  two  systems  of  equa- 
tions : 

^y— 1=0  <ar— 1=0 

}  r^-(4y+l).r+y+5i/=0,   I  2^-(4y+l)r-|-y«+5y=0. 
Each  of  these  can  be  at  once  resolved,  and  we  find 

(y=l   (y  =  l   (y=0  ^y=-l 

i  T  =  3,  }  T=2,  I  X  =  l,  \  X=zl. 

(5)  a:»+2yj:a+2y(y-2).r+y«-4=0. 
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(6)  r»-.3y:ro+3j:-+33/V— %-r— r— y+3^+3/— 3=0, 


Ann.* 


'First  system      Sy=M3/=My=l 

^  <  j-=0,  ix=2,  ia:=— 2. 

Second  system  ^  2^=^  \  2/=0       S  3^=2  ^  y=2 

i  x=l,  J  x=— 1,  i  x=l,  i  z=— 1. 

Third  system    \  3^=^  5  y=  — 1 

ia:=:0,  ix=0. 


(7)  ar»+ya:«-(y»+l)^+y-2/'=0i 

The  first  division  gives  the  remainder 

y^+(3^+4)r-(ir»+3i/^+4y). 
To  be  able  to  perform  the  second  division,  wo  multiply  the  dividend  by  y , 
in  the  same  way  we  prepare  the  first  remainder  to  be  divided.     We  thus  ar- 
rive at  a  remainder  of  the  first  degree  in  x,  which  can  be  put  under  the  form 

3%'+32/4-2)(-r-y). 

Dividing,  then,  the  remainder  of  the  second  degi'ee  by  x — y,  wo  obtain  the 
quotient 

yv+y^+3y +4=:0, 
and  there  is  no  remainder. 

Ffom  these  calculations  we  conclude  that  tlio  first  members  of  the  proposed 
equations  are  divisible  by  x — y,  so  that  they  can  be  verified  by  all  the  solutions 
of  the  indeterminate  equation  x — y=0.  The  other  solution^  are  furnished 
by  the  system  of  two  equations, 

2/'+33/+2=0,  yx+y-+3y+4=0; 
hence  we  obtain  tl  o  solutions 

2/=  — l,x=  +  2;  y=-:- 2,  r=  +  l. 

METHOD  OF  LABATIE. 

321.  Having  thus  stated  tho  principles  on  wliich  the  ordinary  method  of 
elimination  depends,  we  shall  now  proceed  to  show  how  this  method  has 
lately  been  perfected  by  Labatio  nnd  SaiTus.  By  the  aid  of  tho  tlioory  which 
they  have  introduced,  we  shall  be  able  to  porforni  tho  required  eliminations 
without  introducing  any  foreign  solutions. 

Suppose  that  A  and  B  represent  tho  quotients  which  we  obtain  by  dividing 
the  first  members  of  the  given  equations  by  all  of  their  factors  which  depend 
only  on  y. 

Let  c  bo  the  factor  by  which  it  is  necossaiy  to  multiply  A,  in  order  tliat  wo 
may  be  able  to  divide  it  by  B  ;  represent  by  q  the  quotient  that  we  obtain  in 
this  division,  and  by  Rr  tho  remainder,  r  designating  those  factors  of  this  re- 
mainder that  are  not  dependent  on  x.  Let  Ci  be  the  factor  by  wliich  wo 
must  multiply  B  to  render  it  divisible  by  R  ;  represent  by  qi  the  quotient,  and 
by  Ri^i  the  quotient  that  we  obtain  in  this  second  division,  r,  designating  tho 
product  of  those  factors  of  this  remainder  which  do  not  depend  on  x,  and  so 
on.  FinaUy,  suppose,  for  the  sake  of  simplicity,  that  at  tho  fourth  division 
we  obtain  a  remainder  independent  of  x,  and  designate  this  remainder  by  rs. 
We  have  the  equalities 
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fcA  =B  q  +Rr 

I  c,B  =R7,+Riri  .jv 

J  c,R  =R,7>+R^r, ^  ^ 

Let  e^  be  the  greatest  common  divisor  of  c  and  r,  c/i  the  greatest  common 

CCi  f^CiCi  CCiCjC^ 

divisor  of -r  and  r^  c/3  that  of  -j-j-  and  r^,  e/3  that  of  -j-j— r  and  rj.     We  shall 
a  aai  adiUa 

proceed  to  prove  that  wo  can  obtain  all  the  solutions  of  the  system  A=0, 

B=0,  without  any  foreign  solution,  by  resolving  the  following  systems  : 

.7=^         .7;=^       ]Z='       h-' (2) 

B=0,         (R=0,         (R,  =0,        iKi=0 

To  establish  this  proposition,  we  shall  first  prove  that  the  solutions  of  the 
systems  (*2)  aii  agree  with  those  of  the  system  A=0,  B=0;  we  shall  after- 
ward show  that  tlie  solutions  of  the  system  A^O,  B=0,  are  all  comprised  in 
those  of  the  systems  (2). 

[a]  Dividing  by  d  the  two  members  of  the  first  equation  of  system  (1),  it 
becomes 

iA^B+^R (3) 

^  is  entire,  for  c  and  r,  by  hypothesis,  are  divisible  by  d  :  hence,  ^B  is  divksible 

by  d ;  but  B,  by  hypothesis,  is  prime  with  respect  to  d  ;  tlierefore,  d  divides  q. 

Equation  (3)  shows  that  the  values  of  x  and  y,  which  satisfy  the  equations 

r  c  n  r 

B=0,  j=0^,  desti'oy  also  ^A ;  but  n  and  -.  are  prime  with  respect  to  each 

r 
other.    Consequently,  1°,  all  the  solutions  of  the  system  B=0,  ;i=0,  agree  with 

Uiose  of  the  system  A=:0,  B=:0. 

[6]  To  obtain  a  relation  between  A,  R,  and  ^,  wo  multiply  equation  (3)  by 

i 

Ci,  and  in  the  resulting  equations  place,  instead  of  CiB,  its  value  as  found  in  the 
second  member  of  the  second  equation  of  system  (1) ;  we  thus  obtain 


The  quantity  -.  —  is  entire,  because  r  and  q  are  divisible  by  d;  more- 

over,  tliis  quantity  is  divisible  by  di ;  for  di  divides  -j-  and  fi,  and  it  is  prime 
with  respect  to  R.  Dividing  the  two  members  of  the  above  equation  by  c/i, 
and  taking,  to  abridge,  -^=M,  — -7-. —  =Mi,  it  becomes 

(i  (tit  I 

gA=M.R+MR,J (4) 

To  obtain  a  relation  between  B,  R,  and  y,  wo  first  multiply  the  second 

c  cc\        cq\         c  cci 

equation  of  system  (1)  by  -;,  which  gives  "TJ"  =  'TR4-5Ri^i'    Since  -j  and 
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cqi 
Ti  are,  by  hypothesis,  divisible  by  dn  it  fuUows  that  di  divides  also  -^R  ;  but 

di  is  prime  with  respect  to  R ;  heoce,  di  divides  —T'    Dividing  all  the  terms  of 

c  cq\ 

the  equation  by  du  and  taking,  to  abridge,  ;7^N,  -ry  =:Ni,  it  becomes 

gB=N.R+NR.J (6) 

Equations  (4)  and  (5)  prove  that  all  the  values  of  x  and  ^,  which  reduce  the 
polynomials  R  and  -r  to  zero,  destroy  also  -rj  A  and  ;t7-B  ;  but  -^  and  -j- 
are  prime  with  respect  to  each  other ;  consequently,  3^,  all  the  solutions  of 
the  system  R^O,  T"=Oi  agree  with  those  of  (lie  given  system^  A=:0,  B=0. 

[r]  We  obtain  a  relation  between  A,  Rj,  and  -j,  by  multiplying  equation  (4) 

by  c-iy  and  placing,  instead  of  cji^  its  value  found  in  the  second  member  of  the 
third  equation  of  system  (1);  wo  thus  fmd 

cc-xCi  (  rA 

•j^A=R,^Mi9.j+Mc,.jj  +MiRar8. 

By  hypothesis,  d%  divides  the  first  member  of  this  equation,  it  also  divides  r^ ; 
itought,then,  todivideRif  M,/72+Mrjjj;  hut  Ri  and  di  ore  prime  with  re- 
spect to  each  other ;  di  then  divides  the  term  by  which  Ri  in  the  above  equa- 
tion is  multiplied.     Designating  the  quotient  by  M^  the  equation  becomes 

£g-A=M..R.+M.R.£ (6) 

Multiplying  equation  (5)  by  r..>,  and  then  placing,  instead  of  r^R,  its  value 
found  in  the  second  member  of  the  third  equation  of  system  (1),  it  becomes 

— ^'B=R.(N,(7,+Nr.^^)  +N,R,r2. 

We  can  demonstrate  as  before  that  the  multiplier  of  Ri  is  divisible  by  d^^ 
and,  representing  the  quotient  by  N>,  we  fmd 

J|b=N=R.+N,r| (7) 

Equations  (6)  and  (7)  show  that  all  the  values  of  x  and  y,  which  reduce  the 
polynomials  Ri  and  -j  to  zero,  destroy  also  the  first  members  of  these  two 

equations ;  but   .  .  .  and  -y  are  prime  with  respect  to  each  other ;  conse- 
^  ddidi  di 

quently.  3°,  all  the  solutions  of  the  system  Ri=0,  y=0,  suit  those  of  the  pro- 
posed system,  A=0,  B=0. 

[d]  The  equation  which  gives  a  relation  between  A,  R-,  and  ^,  can  be  ob- 
tained by  multiplying  equation  (6)  by  r,,  and  j)lacing,  instead  of  C3R1,  its  value 
on  given  in  the  second  member  of  the  fourth  equation  of  system  (1) ;  we  thus 
find 
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Dividing  tho  two  members  of  this  equation  by  c/j,  aud  designating  by  Ms  the  qao- 
tient  obtained  by  dividing  the  entire  polynomial  Mj^a+^sMi-^  oy  d^,  there 
results 

g^^A=M,R,+  M.J  (8, 

To  obtain  a  relation  between  B,  R^,  and  y,  we  multiply  equation  (7)  by  c^, 

and  put  in  tho  plnco  of  c^Ri  the  second  member  of  the  fourth  equation  of  the 
system  (1),  which  gives 

Dividing  both  mombors  by  ^3,  and  designating  by  N3  the  quotient  obtained 
by  dividing  the  entire  polynomial  N27u+CnNiy  by  d^,  it  becomes 

^B=N,R=+n| (9) 

Equations  (8)  and  (9)  show  that  all  tlie  values  of  x  and  1/,  which  reduce  the 

polynomials  R^  and  -j-  to  zero,  destroy  also  tho  first  members  of  those  equa- 
tions ;  but  ti  1  »  »nd  y  are  prime  with  respect  to  each  other ;  consequent- 

ly,  4°,  all  (he  solutions  of  the  systan  R:=0,  -y^^^  concur  with  those  of  the 

proposed  si/stcm^  A=0,  B=:0. 

(11.)  It  remains  still  to  bo  proved  that  any  system  whatsoever  of  values 
which  satisfy  the  equations  A=0,  B=0,  is  a  part  of  the  systems  of  values 
which  furnish  equations  (t?). 

To  form  the  equations  which  demonstrate  this  second  part  of  the  theorem, 

c  fJ 

let  us  first  place  in  equation  (3)  N  instead  of  -j,  and  M  instead  of -^ ;  it  w'dl 
become,  tmnsposing  tho  term  IVFB, 

NA  — MB  =  K^^ (10) 

Eliminate  now  R  between  equations  (4)  and  (5).  We  can  cflcct  tliis  elim- 
ination by  subtracting  one  of  these  equations  from  the  other,  after  we  have 
multiplied  the  first  by  Ni,  the  second  by  Mi,  remembering  the  values  previ 
ously  given  to  Ni  and  Mi ;  l)ut  tlio  calculations  will  be  simpler  if  we  multiply 
equation  (4)  by  B  and  equation  (5)  by  A.  Subtracting  tho  two  resulting  equa- 
tions the  one  from  the  other,  we  find 

(MiB— N,A)R+(MH— NA)Riy=0. 

r 
Placing  instead  of  MB — NA  its  value  previously  determined,  — R^*  and 

suppressing  the  factor  Ri,  this  equation  becomes 

N,A— MiB  =  — Ri^  ....  (11) 
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Finally,  we  eliminate'  Ri  between  equations  ((>)  and  (7).  To  do  tliis,  mul- 
tiply equation  (6)  by  B  and  equation  (7)  by  A  ;  then  subtract  the  one  of  the 
resulting  equations  from  the  other,  wo  thus  obtain 

(M,B-N3A)Ri  +  (MiB--N,A)Ri^  =  0. 
Placing  in  this  equation,  instead  of  MiB — NiA,  its  value,  determined  in  (11), 
Ri^-Ti  and  suppressing  the  factor  R^,  it  becomes 

N,A-M,B=R,Jg- (12) 

In  the  same  manner  wo  obtain  the  equation 


NnA-M,B  = 


Equation  13  shows  tliat  every  system  of  values  of  x  and  y  which  gives 
A^O,  B^O,  ought  also  to  satisfy  the  equation 

d'di'd.^dz 
mn  equation  which  requires  that  ono  of  its  factors  equal  zero,  whence  it  fol- 
lows that  the  equations 

r  Tx  Ta  73 

5="'  7r''  jr''  dr°' 

give  all  the  correct  values  of  y. 

This  being  established,  let  x=:a,  y=z(3  bo  a  system  of  correct  values  of  the 

equations  A=0,  B=0. 

r 
If  the  value  y=i(i  is  a  root  of  the  equation  -i=0,  it  is  clear  that  the  system 

r 
z^a,  y=/?  will  be  a  solution  of  the  system  B=:0,  -j^O, 

r 
If  the  value  y=/3  docs  not  verify  the  equation  -yr=0,  and  if  it  is  a  root  of 

the  equation  -t-=0,  we  perceive,  by  equation  (10),  that  the  system  x=:a, 
y^P  will  give  R=0  ;  consequently,  it  will  be  a  solution  of  the  system  R=:0, 

J,- 

mm  mm 

If  the  value  y=/3  verifies  neitlier  the  equation  -7=0  nor  the  equation  -7-=0, 

ft 

and  is  a  root  of  the  equation  -r=0,  we  see,  by  equation  (11),  that  the  system 
xz=ia^  y^s^S  will  give  Ri:=0  ;  consequently,  it  will  be  a  solution  of  the  system 
R,=0,  4=0. 

If  the  value  y=/J  does  not  verify  any  one  of  the  equations  ;j=0,  ^=0, 

-jr=0,  and  is  a  root  of  the  equation  -7=0,  we  see  by  equation  (12)  that  the 
system  ^=0,  ^=r0,  will  give  R3=0 ;  consequently,  it  will  be  a  solution  of  the 

Cc 


system  R^ssO,  t-^O 
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Hence,  all  the  systems  of  values  which  satisfy  the  equations  A=0,  B=Ot 
form  part  of  the  values  which  furnish  equations  (2). 

The  equation  -^ ,  -r  .  -j. .  -j  =0^  which  gives  all  the  correct  values  of  y,  is 
called  the^mzZ  equation  in  y. 

REMARKS  ON  THE  PRECEDING  METHOD. 

It  may  chance  that  in  one  of  the  equations  of  system  (2),  for  example,  j- 

^0,  R=:0,  a  value  of  y,  derived  from  the  first  equation,  destroys  some  of  the 
coefficients  of  the  powers  of  r  in  the  second  equation,  after  the  highest  power 
of  X ;  in  this  case  we  only  obtain  a  number  of  values  of  x  inferior  to  the  de- 
gree of  the  equation  R=0 ;  and  if  the  substitution  of  the  value  of  y  should 
destroy  all  the  multipliers  of  the  powers  of  x  in  R,  the  equation  R=0  would 
not  give  any  value  of  :r.  In  fact,  it  can  be  proved,  by  a  method  similar  to  that 
which  we  have  employed  with  reference  to  the  general  equation  of  the  second 
degree  (Art.  191),  that  if  in  an  equation  of  the  form  Sx"4-lLr»-»4-K2*-* 
4-  •  • .  =0,  we  suppose  that  the  quantities  which  enter  into  the  coefficients 
S,  H,  K,  ^c,  are  of  such  a  nature  that  we  have  S=0,  H=:0,  3cc.,  the  equation 
has  infinite  roots  equal  in  number  to  tho  consecutive  coefficients  which  are  re- 
duced to  zero.  But  it  should  be  remarked  that  the  theory  by  which  we  have 
proved  that  the  solutions  of  systems  (2)  are  the  same  with  those  of  the  system 
A=0,  B=:0,  only  applies  to  solutions  expressed  by  fmite  values  of  x  and  y. 

To  prove  that  the  solutions  of  systems  (2),  in  which  the  value  of  x  is  in- 
finity, also  suit  the  proposed  equations  A=:0,  B=:0,  suppose  that  y^ssfi,  veri- 

fying  the  equation  -t=0,  causes  one  or  more  of  the  multipliers  of  the  higher 

powers  of  r  in  R  to  vanish.     If,  in  the  two  members  of  the  equality  (•!)  we 

make  y=A  the  term  MR,-t  will  be  reduced  to  zero,  and  the  degree  of  the 

term  MiR  will  be  lowered  with  respect  to  x  one  or  more  units. 

Again,  we  can  not  suppose  that  the  terms  of  MiR,  which  are  reduced  to 

zero,  have  been  destroyed,  until  we  have  made  y=z3  in  the  terms  of  MR^-j-, 

«i 

because  the  degrees  of  A,  B,  R,  Ri,  <Vc.,  are  decreasing,  and  we  see  without 

difficulty,  from  the  relations  whicli  exist  between  M,  M|,  M^,  &Cm  that  tho 

degrees  of  these  quantities  with  respect  to  x  go  on  increasing.     It  will  be 

cc 
necessary,  then,  in  order  that  y  may  have  the  value  /?,  that  the  degree  of  -77-A 

with  respect  to  x  be  lowered  as  many  units  as  tho  degree  of  R  is  lowered. 
We  can  prove,  in  the  same  manner,  that  tho  value  y=3  ought  also  to  cause 
one  or  uiore  of  the  coefficients  of  the  higher  powers  of  x  in  B  to  vanish.  The 
equations  A  =  0,  B=:0  will  give  then  for  y  =  S  one  or  more  infinite  values  of  x. 
As  to  tlie  reciprocal  proposition,  that  the  solutions  of  the  equations  A=0, 
B  =  0,  in  which  .r  is  infinite,  ought  to  be  f«)uncl  among  tho  solutions  of  «ystems 
(2),  it  is  not  the  fact,  as  will  be  seen  in  the  second  example  following. 

EXAMPLK  1. 

{y-l).i<'+;,{y+l)x'+{'^f+y-2)x+2ij=r:0, 
{i)-l)x'+y{y+l)r  +  Sf-l=(,. 
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The  first  division  gives  at  once  the  romninder  {y — l)X'{-ily ;  taking  this  re- 
mainder for  a  divisor,  we  obtain,  without  any  preparation,  the  remainder  i/* — 1. 
We  shall  obtain  then  all  the  solutions  of  the  proposed  system  by  resolving  the 
equations 

y«-l=0.  (y-l)i:+2y=0. 

The  6rst  equation  gives  yss^l.  For  the  value  y= — I  we  find  r=  —  1, 
and  this  system  will  satisfy  the  proposed  equations.  For  the  value  ^=-|-l 
we  find  x=Qo.  This  system,  also,  will  satisfy  the  proposed  equations;  for 
dividing  each  of  these  equations  by  the  highest  power  of  x,  and  taking  x=ao, 
the  two  equations  will  be  reduced  to  y — 1=0. 

KXAMPLE  II. 

{y-l)r+y=0. 

The  division  gives  the  remainder  ^^ — 2^=0  ;  the  solutions,  therefore,  of  the 
proposed  equations  depend  on  the  system 

3/>-.2i/=:0,  (y— l)x+y=0. 

rhese  equations  give  the  two  systems 

y =0,  x=:0  ;  i/=2,  3:=  —2. 

Bat  the  proposed  equations  possess,  besides,  another  solution,  y=l,  2r=x% 
since  the  value  i/=l  causes  tlie  multiplier  of  the  highest  power  of  x  in  each 
of  these  equations  to  vanish. 

322.  The  following  method  of  elimination  avoids  the  introduction  of  foreign 
roots,  and  enables  us  to  determine  tlie  degi'ee  of  the  final  equation  : 

Let  equation  A  or  j^-|-P.c"'~*  +  Qj**~' 4"'^-'^+  ^  ^^  supposed  equal  to 

(r— a)(.r™-»+Aa:"-«+Bj-"-3+,  A-c.)    .  .  .  .  C; 

and  equation  B  or  x"+PV-'  +  (i'j-— » \'Tx+V'  to 

(j— a)(x"-'  +  A'j:»-2+B'jr"-'+,  &c.)  .  .  .  .  D; 

also,  let  equation  A  be  multiplied  by  x^'^  +  X'x^-'+B'x^-^,  &c.,  and  equation 
B  be  multiplied  by  a:^-»  +  AJ:"-2^-Bi:"-^  A:c.,  it  is  evident  that  the  products 
must  be  equal ;  therefore, 

{a*'+Px"-^-fQa:"-2+,  &:c.)(2-"-'  +  A'x— -+B'x»-34-,  A:c.)  =  (2"+P'x"  »+ 
Q'2:»-«+,  &c.)(r'"-»+Ax'"-2+Bar'"-3+,  dec.) E. 

Performing  the  multipliciitions  and  making  equal  to  each  otlier,  the  coefH- 
cients  of  the  same  powera  of  x  (Art.  200),  m-f-n — 1  oquatioiis  are  obtained 

between  the  indeterminate  quantities  A,  B,  C, . . . .  A',  B',  C, Now, 

the  number  of  indeterminate  quantities  in  equation  C  is  m — 1,  and  in  equation 
D,  n — 1 ;  therefore,  the  number  in  equation  E  is  w+n — 2.  Of  the  m+n  —  1 
equations  m-^-n — 2  suffice  to  determine  A,  B,  C, . .  .A',  B',  C, . . . . ;  and  one 
equation  remains  between  P,  Q,  R . . . .  P',  Q',  R' . . . .,  which  it  is  necessary 
to  satisfy  in  such  a  manner  that  the  equations  C,  D  may  have  a  common  di- 
visor, x — a;  this  equation  of  condition  is  the  final  equation  required. 

Since  none  of  the  indeterminate  quantities  A,  B,  C . . .  A',  B',  C' ....  is 
multiplied  by  itself,  the  equations  by  means  of  which  these  quantities  are  de- 
termined are  of  the  first  degree. 

The  final  equation  being  resolved,  and  the  values  of  y  successively  substituted 
io  A,  B,  C, . . . .  A',  B\  C\  . . .,  the  results  are  obtained  from  the  division  of  tlie 
polynomials  C,  D  by  the  common  divisor  x — a. 
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Tf  the  equations  A.  B  are  incomplete,  the  two  products  £  can  not  be  com- 
plete i)olynoniiHls  of  the  degree  m-^-n — 1 ;  but  the  terms  which  are  deficient 
in  the  one  are  found  in  the  other.     For,  taking  the  least  favorable  case,  viz., 

j:"+P=0;  x"+P'=0; 

the  identity  which  results  from  the  equality  of  the  two  products  is 

(r''+P)(j»-»+A'x'-«+,  &c.)=(z"+P')(x^-»+Aj-»-«+,  &c.) 

EXAMPLE. 

Let  2--4-Pj4-Q=0; 

3^+P'x+Q'=0. 

Denotmg  by  x — a  the  fuctor  which  is  to  be  rendered  common  to  these  equa- 
tiuns  by  the  suitable  determination  of  y^  the  fint  equation  may  be  considered 
the  product  of  x — a  by  a  factor,  r-j- A,  of  the  first  degree ;  and  the  second  the 
product  of  X — a  by  a  factor,  r-|- A',  also  of  the  first  degree. 

.-.  i^+P  .r+Q  =(x-a)(r+A), 
a^+P'x+Q'  =  (a:-.a)(r+A'), 
and  (a:«+Pr+Q)(j'+A')  =  (j:^+P'x+Q')(x+A), 


or  r'+P 


a:-+Q  2-+QA'=jr»+P'  j:«+Q'x+AQ'. 
+  PA'  +A  +AP' 

Making  the  coefficients  of  the  same  powers  of  x  equal  to  each  other, 

P+A'=P'+A      or         A— A'=P— P' (1) 

Q+PA  =:Q'+AP'  or  AP'--PA'=Q— Q' (2) 

QA'=AQ'  or  AQ'— QA'=0 (3) 

By  mean  of  these  three  equations  of  the  firat  degree  the  two  indeterminate 
quantities  A,  A'  can  bo  eliminated,  and  a  single  equation  obtained  in  terms  of 
the  quantities  P,  Q,  P',  Q'. 

For,  if  frt)m  equation  (1),  mulrtplied  by  P,  or  AP— PA'=:(P— P')P,  equa- 
tion (2)  be  subtracted,  or  AP'  — PA'=Q— Q',  the  remainder  is 

AP— AP'=(P— P')P— (Q— Q'). 

whence  A=: pZZW' * 

(P  — P')P'-(Q-Q') 
•Similarly,  A'= p p, . 

If  these  values  of  A,  A'  are  substituted  in  equation  (3), 
(P-P')P-(Q-Q')..^,     (I>-P')P'-(Q-Q') 

(P-P)PQ'-(Q-Q')Q'-(P-P')QP+(Q-Q')Q=0. 

(P-P)(PQ'-QP)  +  (Q-Q')(Q-Q')=0, 

or  (P-.P')(PQ'-.QP')  +  (Q— Q')3=:0. 

The  qtiantities  P,  P',  Q,  Q',  containing  only  y  and  known  quantities,  this  is 
t>ie  final  equation  in  y. 

It  has  been  already  noticed  that,  if  this  equation  is  identical,  the  proposed 
<;quations  have  at  least  one  common  factor  of  the  form  x — a,  whatever  be  the 
value  of  7/ ;  and  that,  if  it  contains  only  known  quantities,  these  equotions  are 
contradictory. 

When  the  final  equation  has  the  proper  form,  the  factor  x — a  is  obtained  by 
fV,\  iriing  the  first  of  the  proposed  equations  by  x-{- A ;  thus, 
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x+\)  i-a+Px+Q  (r+P— A 

(P— A)x+(P-.A)A 


Ci-.(P— A)A. 

The  quotient  is  x-f-P — A,  and  the  remainder  is  considered  equal  to  zero, 
because  it  is  reduced  to  zero  by  the  substitution,  for  y,  of  a  value  deduced 
from  the  final  equation. 

Making  the  quotient  X'\-V  —  A  equal  to  zero,  the  value  of  a:  is  r=:A — P, 
and  by  substituting  tlie  value  of  A, 

*  (P-P')P-(Q-Q')    p 

Q-Q' 

or  ^  =  — p3p- 

This  example  is  given  as  an  illustration  of  the  general  method.     From  its 
particular  form  it  admits  of  resolution  by  another  and  a  nmch  shorter  process. 
For  if  from  a:«+Px+Q=0 

i:a-|-P'.T+Q'=0  is  subtracted, 

the  remainder  is 

(P-P')j:4.Q— Q'=0; 

Q-Q' 


.•.  X=z  — 


P  — P* 


OF  THE  DEGREE  OF  THE  FINAL  EttUATION. 
323.  The  degree  of  the  final  equation  can  not  be  depressed  by  the  reduction 
of  each  of  the  coefficients  P,  Q,  R . . .  P\  <^',  R' ...  in  the  equations 

X'n+Px—l  +  Qx'"-^    ....    +Tj+V=:0, 

a:»+P'x°-i-fQ'j:»-3   ....  4-T'j:+V'=0, 

to  the  term  of  the  highest  exponent  in  y  which  it  contains ;  for  the  degree  ot 
each  of  the  equations  is  not  changed  by  the  reduction.  Therefore,  the  reasou- 
tDg  may  be  applied  to  the  equations 

X«'+ayx"'-^ +by'X'"-^ +ty"'-^x+vy"' =0  ....  (1) 

x"+a'yx"-»+6yx»-« -fry"->j-+i?y  =0  ....  (2) 

which  are  of  the  same  degree  respectively  as  the  preceding  equations.  The 
latter  are  reducible  to 

yi+'-ly)       +*(];)         ■■'■+t-+v=0 (3) 

X 

in  which  the  unknown  quantity  is  -,  and  a,  6, . . .  ^  v;  a',  6', . . .  t\  t/,  are 

numbers. 

Denoting  by  a,  )3,  y . . .  the  numerical  roots  of  equation  (3) 
and  by  a',  /?',  >' . . .  the  numerical  roots  of  equation  (4) 
tlieae  equations  may  be  decomposed  into 
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Whence     (x — ay  )(x — /3y  )(x — yy  ),  &c.  =0 (6) 

(a:-ay)(r-/3'y)(x-/i/),  &c.  =0 (6) 

Substituting  in  equation  (5)  the  roots  of  x  from  equation  (6),  vis.,  a'y^ 

(a'y— oy)(a'3/— ,3y)(a'y— jy),  &c.  =0, 

(^y-^yWy-Py)(>^'y-yy)>  &c.  =0, 
(y'y— oyjC/y— '^y)(/y— yy).  &c.  =0. 

Or,  since  the  number  of  factors  in  equation  (5)  is  m,  and  the  number  of 
roots  in  equation  (6)  is  n, 

y"(a'-a)(«'-/3)(a'-y),  &c.  =0,  • 

y"(/?'-a)(3'-/J)0i'->),  &c.  =0. 
y»(/-.a)(/-/?)(/->'),  &c.  =0. 

Consequently,  there  are  n  equations,  each  of  the  degree  m  ;  tliese  give  all 
the  solutions  in  y.  The  product  of  these  roots  (or  solutions)  of  y  is  the  final 
equation,  since  it  becomes  zero  for  all  the  values  of  y  which  render  its  fiictors 
zero,  and  only  for  these  values.  Now,  this  product  is  evidently  of  the  degree 
mn.  Consequently,  the  degree  of  the  final  equation  (unless  roots  not  belong- 
ing to  the  proposed  equations  are  introduced  by  the  process  of  elimiDatioD) 
can  not  exceed  the  product  of  the  degrees  of  the  proposed  equations. 

It  ought  to  bo  observed  that  the  numerical  values  of  the  roots  of  y  are 
changed  by  this  process,  but  that  tlieir  number  remains  undisturbed  by  it. 

IRRATIONAL  EaUATIONS. 

3t?4.  All  the  direct  metliods  employed  for  the  solution  of  cquaHons  suppose 
that  the  unknown  quantities  in  thc^ni  are  not  affected  with  any  radical  sign ; 
when,  therefore,  the  unknown  is  found  under  a  radical  sign,  it  will  be  neces- 
sary, before  applying  the  process  of  solution,  to  employ  some  preparatory 
method  of  rendering  the  equation  rational.  Such  a  method  is  at  once  sug- 
gested by  the  theory  of  elimination.  For,  if  we  equate  each  of  the  irrational 
terms  with  an  unknown  quantity,  and  remove  the  radical  from  each  of  these 
new  equations  by  involution,  we  shall  have  a  series  of  equations  (including  the 
original  one,  with  its  in*ntional  terms  replaced  by  the  new  symbols)  without 
radicals,  from  which  the  quantities,  tempomrily  introduced,  may  be  elimiDatod, 
and  thence  a  rational  equation  obtained,  involving  only  the  original  unknown 
quantities. 

The  following  examples  will  fully  illustrate  the  mode  of  proceeding : 

(1)  Let  the  equation  bo 

x—  Vj— 1+  Vx+T=o. 
Put 


y=  V-r— 1,  2=  V-^+1; 

and  we  then  have  the  three  following  rational  equations,  from  which  wo  may 
eliminate  y  and  z,  viz., 

y'=x— 1,  z'=x+l,  X— y4-2=0. 

From  the  last  equation  we  get  y  =x4-2:,  and,  by  substituting  tliis  value  in  the 
first,  y  becomes  eliminated,  and  we  have  those  two  equations  in  x  and  z,  viz.. 

z'— x+l=0 
2«4-2x2+x*— x+l=0 ; 
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ind,  to  oliiniuate  z  from  tliese«  we  apply  the  pi-ocess  ex|)laiiifid  in  the  preceding 
articles,  aud  thus  got  the  tiiial  equation 

(2)  Let  the  equation  be 

^Tr+7+2  Vi— 4i=l. 
Patting 

we  have  the  systom  of  equutions 

y=4j+7»  2^=r-4, 
y+22  =  l. 

EXPONENTIAL  EaUATIONS. 

325.  An  exponential  equation  is  nn  equation  in  which  tho  unknown  appears 
in  the  form  of  an  exponent  or  index ;  thus,  the  following  are  exponential  equa- 
tions : 

a*=6,  a:*=a,  tf*'''=c,  x**=:a,  &c.* 

To  resolve  the  equation 

10^=2 

1     ^ 
put  x=-;,  then 


V 


10«'=2  .%  10=2''. 


The  value  of  x'  lies  evidently  between  3  and  4 ;  place  it,  therefore,  equal 
to  3  plus  an  unknown  fraction,  aud  wo  shall  have 

I  1 

10=2''*'»',  or  10=2' X  2*' 

. oi*     .    (_1    o 

•'   H "  \4/    "• 

The  value  of  x"  lies  evidently  between  3  and  4,  .*.  place 


©  ='. 


and  proceed  ns  before.     The  value  of  .r  is  thus  obtained  in  a  continued  fraction. 

1      1  1 

X =-     1   =-     1 

j:'     3  +  i       3  +  i 

which  may  be  carried  to  any  extent  at  pleasure,  and  the  value  found  by  the 
method  explained  hereafter.     (So«j  Continued  Fractions.) 

When  the  equation  is  of  the  form  «*=&,  or  a'''=c,  tho  value  of  x  is  readily 
obtained  by  logarithms,  as  we  have  already  seen  in  Art.  220.  But  if  the  equa- 
tion be  of  tho  form  x'ssa,  the  value  of  x  may  be  obtained  by  the  rule  of  double 
positianj  as  in  the  following 

EXAMPLE. 

Given  x'sslOO,  to  find  an  approximnte  value  of  x. 

*  Exponential  eqaations,  anrl  thnso  in  which  logarithmfl  of  anknown  quantities  enter, 
belong  to  a  class  called  transcend cutuL 
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The  value  of  x  is  evidently  between  3  and  4,  since  3'=:27  and  4^=256 ; 
hence,  taking  the  logarithms  of  both  sides  of  the  equation,  we  have 

X  log.  r=  log.  100=2.* 


First,  let  Xi=   3*5;  then 

3-5  log.  3-5=   1-9042380 

true  no.  =   2-0000000 

error  =— -0957620 


Second,  let  2*i2=   3*6;  then 

3-6  log.  3-6=    2-0026890 

true  no.=   2-0000000 

error  =  +  -0026890 


Then,  as  the  difference  of  the  results  is  to  the  difference  of  the  assumed 
numbers,  so  is  the  least  error  to  a  correction  of  the  assumed  number  corre- 
sponding to  the  least  error ;  that  is, 

•098451  :  -1  : :  -002689  :  -00273 ; 

hence  x=3-6— -00273=3-59727,  nearly. 

Again,  by  forming  the  value  of  x*  for  7^3-5972,  we  find  the  error  to  be 
—  •0000841,  and  for  r=3-5973,  the  error  is  +-0000149; 

hence,  as  -000099  :  -0001  : :  -0000149  :  -0000151 ; 

therefore,  a:=3-5973  — -0000151=3-5972849,  the  value  nearly. 

EXAMPLES  FOR  PRACTICE. 

(1)  Find  X  from  the  equation  x*=5.  Ans.  2-129372. 

(2)  Solve  the  equation  x^  =  123456789.  Ans.  8-6400268. 

(3)  Find  x  from  the  equation  x''=2000.  Ans.  4-8278226. 

DEMONSTRATION  OF  THE  BINOMIAL  THEOREM. 

CASE  I. 

326.  If,  at  Prop.  V.,  Art.  245,  we  suppose  the  second  terms  Ci,  Oa,  Oa,  &c.,  of 
the  binomials  to  be  all  positive  instead  of  negative,  and  all  equal  to  a,  then  the 
products  two  and  two  will  all  become  a? ;  those  Uiree  and  three,  a^  and  so 
on ;  and,  by  recurring  to  Art.  203,  wo  perceive  that  the  number  of  combina- 
tions or  products  two  and  two,  if  wo  suppose  that  there  are  n  binomials,  will 

,  ,     n(w  — 1)     ,             .        .             ,    ,         ,     «(w  — l)(n— -i) 
be  expressed  by  — r~i^»  "le  number  three  and  three  by — -— -^  and 

80  on.     Hence,  where  n  is  a  whole  number, 

ri(n— 1) 
(x+rt)"=a:"  +  /iaa:"-'+— T— ;T-^aV--+,  <5cc.,  +a", 

or 

(tf+x)"=a"+wa"->j-+A<2"--.r2+Ba" -♦i"^+,  (Sec (1) 

oy  reversing  tlio  order  of  the  terms,  and  disregarding  the  paiticular  form  of 
the  coefficients  after  the  second  term. 

CASE    II. 

If  the  ex{K)nent  be  fractional,  we  have 


m 


(rt+;r)''  =  V(«+-r)"'=  V^^'"+'««'"~'-r-f  Aa'"-«x«+,  &:c. 


*  In  eqnatious  of  tliis  kind  the  foUowin?  method  uiny  bo  adopted :  Let  x^=a ;  then 
x,]og.  x=:  log.  a :  put  log.  a:=v,  ftnd  loir.  a=h ;  then  Ti/=h.  nnd  log.  jr+  loi?.  y=z  \os  b; 
facncu  ^+  log.  y=  log.  b.    Now  y  may  be  found  by  double  (lositiou,  as  above,  and  then  x 

becomes  known.    When  a  is  less  than  unity,  pat  a;=--  and  a=-:  then  we  have  ^:szv 

.'.  y  log.  6=  log.  y,  and  if  log.  h-=c,  and  log.  y=r  ;  then  cy=.z.  and  log.  r+  log.  y=  log.  r. 
or  log.  c+r=:  log.  z.  Hence  x  may  be  found  by  tlie  preceding  method,  and  dicn  y  and  x 
become  known. 
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Applying  the  rule  at  Art.  113  for  extracting  the  root  of.  a  polynomial,  the 

m 

first  term  of  the  root  will  be  a^  ;  the  divisor  of  the  second  term  of  the  given 

(mv    _.  _in 

a*)      zrsna     "  ;  and  the  quotient  or  second  term  of  the  root 

win  bo     a        ^     n^x=-a°    x.    When  the  two  tci-ms  of  the  root  thus  found 
n  n 

are  raised  to  the  n*''  power,  and  subtracted  from  tho  given  polynomial  accord- 
ing to  the  rule,  tlie  first  two  terms  of  the  latter  will  be  canceled,  and  the  nejxt 

highest  power  of  a  to  bo  divided  by  tho  constant  divisor  na     »  will  bo  a 
multiplied  by  x^,  and  the  quotient,  which  is  the  third  term  of  the  root,  will 

(m\     m 
m — — j  = 2  with  3^^  and  so  on,  so  that  the 

root  may  be  written  under  the  form 

—     m  ^-i  l!?-j  ^—3 

an-j— -</n    x+A'flt"    j^o+B'a-    r»+t&c., 

the  same  form,  so  far  as  regards  the  exponents,  as  when  the  exponent  is  a 
whole  number.  The  cootlicicnts  will  bo  examined  for  this  and  the  next  case 
together. 

CASE    III. 

When  the  exponent  is  negative,  either  entire  or  fractional,  as  a  consequence 
of  what  has  just  been  demonstrated,  we  have 

1  1 

^  ^   ^     ""(a+j-)'"~'rt'"+/w</'"-^j:4-,<i:c. 
But  if  the  division  bo  effected  according  to  the  ordinary  rules,  the  quotient 
will  be  indefinite,  and  of  the  form 

then,  whatever  bo  the  exponent  of  a  binomial,  its  development,  as  to  tlie  co> 
efficients  of  the  first  two  terms  and  the  exponents  of  all,  is  of  the  same  form, 
viz.,  that  indicated  by  equation  (1). 

Now,  to  examine  tho  coefificicnts  of  the  other  terms,  for  the  sake  of  gen- 
erality, I  shall  consider  two  consecutive  terms  of  any  rank  whatever,  and  I 
shall  wnte 

(<z4-T)'"=rt'"+?«a'"-^i*...+  Mrt'"-''^+Ntf'"-°-»x"+*+,  &c. 
Let  us  change  throughout  x  into  J*+y  ;  as  the  unknown  coefficients  con- 
tain neither  a  nor  x,  tlie  above  expression  becomes 

(a  +  x+}/y"=(V"-\-rtin"'  '*(•''+. V) 

.    .4-Mrt'"-"(.r+?/)"+N</™-"-'(jr+7/)"+»  +  ,  &c. 
By  changing  a  into  a-\-y,  we  should  have  found 

(''+.V+r)'"=("+.yr+m(a+.yr-'r... 
^-M(<^+?/)■"  "^"+N(<£  +  i/)'"-"-'ir"+'  +  ,&:c. 

Id  the  two  preceding  equalities  the  fii-st  members  are  equal,  therefore  tho 
second  menibers  must  be  oqnul  also ;  and  this  is  the  cnse  whatever  vahies  x 
and  y  may  have.  Then,  if  they  be  nrnmged  according  to  the  powers  of  y, 
they  most  be  identical.  It  is  true,  they  contain  binomials,  but  we  know  tho 
,  first  two  terms  of  each  of  these  binomials,  so  that  wo  can  form  the  pait  wliich, 
in  each  second  member,  contains  y  to  the  first  degree,  and  that  will  suffice  for 
onr  purpose.  Designating  it  by  Yy  in  the  one  and  by  Y'y  in  the  other,  it 
is  easy  fo  find 
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Y  =  >wa»-» 1-  Mna^-^j"-*  4.  N(  w + 1  )a™-"-»  J* .... 

Y'=ma™-» f-  M(w— n)a'"-"-»i°4-N(m— n— l)a»-"-*i*+» 

These  two  quantities  must  be  oquul,  whatever  be  the  value  of  x ;  the  co- 
efficients,  therefore,  of  the  same  powers  of  x  must  be  equal.  Considering 
only  those  which  pertain  to  a'"~"~'x",  we  have 

N(»+l)  =  M(wi— w) .-.  N=:    ^  . 

We  see  by  this  according  to  what  law,  in  the  development  (1),  any  coeffi- 
cient whatever  is  formed  from  the  preceding.  It  is  the  same  that  we  have 
found  for  the  case  of  a  positive  exponent  (Art.  107,  IV.) ;  and  as  we  have 
seen  that  the  first  two  terms  are  composed  in  the  same  manner,  whatever 
be  the  exponent  m,  it  will  bo  so  also  with  all  the  other  terms. 

An  abbreviate  notation,  sometimes  employed  to  express  the  coefficients  of 
the  binoTnial  formula,  is  the  initial  letter  B  of  the  word  binomial,  with  the  ex- 
ponent of  the  flower  of  the  binomial  before  it^  and  the  order  of  the  coefHcient 
above.     Thus,  the  coefficient  of  tho  1°  term,  if  the  expoueut  bo  n,  is  ex- 

0  I  c 

pressed   by   »B  ;  of  the   t>°,   °B  ;   of  tho   3°,   "B,   &c. ;   of  the   k^   term 
— ■^^—- r by  "B,  or  othenvise  simply  n^. 
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a' 
327.  To  develop  the  expression  -~r-j~  in  n  series,  place 

-jp^=A  +  Br4.C:r»+,  &c.. 

and  proceeding  by  the  method  of  undetermined  coefficients,  explained  at  Art. 
209,  we  find 

a'  b  b  b 

A=— ,  B  =  — A,  C  =  — B,  D= C,  &c. 

a  a  a  a 

From  which  wo  perceive  that  each  coefficient  is  obtained  by  multiplying  tho 

preceding  by .     Here  the  scries  is  a  simple  geometrical  progressifm. 

Proceeding  in  a  similar  manner  with  the  fraction 

-TT^,— l=A4.Bi-+C2^4.,  &c., 
a-{-bx-\-cx^  '         ' 

we  obtain 

a'  //  — A/i  c        /'„   _  c„     ?'       . 

A=-,  B= ,  C  = A B,  D  =  —B— C,  &c. 

a  a  a        a  a        a 

Hero  each  coefficient  from  the  3°  is  the  sum  of  the  two  preceding,  multi- 

c  b 

plied  respectively  by  — -  and  — -,  or  each  term  is  tho  sum  of  tho  two  pre- 

cx^  bx 

ceding  multiplied  by  — —  and  — — . 

Ag}un,  in  the  development  of 
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each  term  will  be  composed  of  tlio  three  preceding,  multiplied  respectively  by 
rfr»       cx^       hx 
a  a         a 

Finally,  it  becomes  now  evident  thnt  in  general  a  fraction  of  the  form 

a'  +  ^'-^HKf^jjjjf  ^;^* 

a  4-^^+^-'^  •  •  •  +^'^™ 

produces  a  series,  each  term  of  which  from  the  (m-l-l)^**  is  composed  of  the 

k           h                    c  h 

m  preceding,  multiplied  respectively  by  — -j", j:°*~*,  . . . j^y  — -x. 

Series  of  this  form  are  called  rocuiTont,  and  the  assemblage  of  quantities  by 
which  it  is  necessary  to  multiply  several  consccntivo  terms  to  obtain  the  fol- 
lowing term,  is  called  the  scale  of  relation  of  the  terms. 

328.  Problkm. — A  recurring  series  hcing  given^  to  return  to  tJie  generating 
fraction. 

In  this  enunciation  it  is  supposed  tliat  the  recurring  series  is  arranged  with 
respect  to  an  indeterminate  x.     Let 

S=A+Br+Cj:2H 

be  such  a  series,  having  for  a  scale  of  relation  [px^t  qj^t  rx'\.     Since  this  scale 
contains  three  terms,  the  generating  fraction  is  of  the  form 

a+hx+cx'-^-d?' 

If  this  fraction  had  beon  given,  wo  have  seen  that  the  scale  of  relation  would 

.     V     d  c  h  -\ 

be  I r*, ar-,  — -r  .     But  tho  generating  fraction  can  be  written  thus, 

a'     h'       c' 
a  '  a     'a 


b       c        d 
l+-j'-f—j.'-4—j''« 


a    '  a     •  tf 

and  then  we  perceive  that  the  three  terms  in  x  of  the  denominator  can  be  at 
ODce  obtained  by  taking  those  of  the  scale  of  relation  with  contrary'  signs. 
Thus,  we  can  put  the  generating  fraction  under  the  form 

^_a+^x+y£-__ 
1  — rx — q.ff^ — 7;r** 
and  wo  shall  only  have  to  determine  a,  /?,  y.     To  do  this,  place 

1 — rx — qx^ — y;.r»  '         '  ' 

and  since,  after  clearing  it  of  fractions,  the  equation  ought  to  be  identical  in 
form,  we  derive  from  it,  having  regard  only  to  the  fii"st  three  terms, 

a4./?j:4.yx^=A+B    x+C 

— Ar    —Br 
-Ay 

Consequently,  we  shall  have  for  the  generating  fraction 

_  A  +  (B  — Ar)r-Kc— Br— A7).H 
1  — rx — qx'  — jpr* 


j3 
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For  example,  let  S=l — 2x — i:- — ojt^-^-Aj:* — ...  be  a  recurring  scries, 
whoso  scale  of  relation  is  [-|— ^»  4"^-^f  — ^]'  Taking  the  above  formula,  we 
shall  have 

A=l,  B  =  — 2,  f=— l,p=l,  ^=4,  r=— 2, 
and  we  shall  find 

l+'Jx— 4j«— r»' 

329.  Problebi. — A  series  being  given,  to  determine  whether  it  he  recurring^ 
and,  in  this  case,  to  return  to  the  generating  fraction. 
Let  the  given  series  be 

S=A+Bx+C2-»+Dr»-| 

Let  us  determine  first  whether  it  be  equal  to  a  fraction  of  the  form  — r~i-, 

^  a-^-bx 

a' 
and  place  S=:        ,   .     From  this  equation  we  derive 

1      a-4-?;j*      a       h 

the  quotient,  therefore,  of  (1),  divided  by  the  seiies,  ought  to  be  exacts  and  of 
the  form  p-{'qx.     Then  the  generating  fraction  will  bo  expressed  thus : 

p  +  qx 

If  the  division  does  not  stop  at  the  second  term  this  series  will  not  be  recur- 
ring, or  else  it  will  arise  from  a  more  complicated  fraction. 

a'-^h'x 

Place  8= — 7—. — . — -.,  we  shall  have 
a-^-bx-^-cj^ 

]  ^a  +  br+cx^^  a"a* 

that  is  to  say,  dividing  (I)  by  the  series  S,  if  we  stop  the  division  after  we 

have  obtained  as  a  quotient  terms  of  tho  form  p-{-qx,  the  series  Sir',  which  is 

the  remainder  that  wo  then  have,  and  which  is  always  divisible  by  i^,  will  be 

Si  a" 

such  that,  after  wo  have  removed  this  factor,  we  must  have  -^  =:         .  ^   . 

s      a  ~^  V  X 

Hence  we  derive 

S      a'+b'x 

that  is  to  say,  the  new  division  ought  to  terminate  at  the  second  term  in  tho 
quotient ;  and  then,  to  find  the  generating  fraction,  we  shall  have  the  two 
equations 

1  S,       S 

whence 

1  S,  1 


S  = 


,  S,   .;    S       ]}i  +  qiX 


Consequently,  tho  generating  fraction  will  be 


(l'+^-^)(Fi+'h^)+^' 
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Suppose  that  tlio  quotient  of  S  by  S^  is  not  exactly  pi-\'qiX ;  if  the  scries 
18  recurring,  it  will  be  of  an  order  superior  to  tlie  second.     Let  us  examine  if 

we  can  have  S  =  — ;— j — ; ,  .    .  „. 

a-{-hx-\'CX'-\-  (ijy 

We  derive  from  this  equation 

that  is  to  say,  after  having  obtained  the  first  two  terms  of  the  quotient  of  1, 
divided  by  the  series  S|,  we  shall  find  for  a  remainder  a  series,  all  of  whose 
terms  will  contain  z^;  and  if  wo  designate  this  remainder  by  Six',  we  shall 
have 

Si         a''+b"x 


This  equality  gives 


S^a'+b'x+c'x^' 


S  a'" 

hence,  designating  by  S>f^  the  scries  which  we  find  for  a  remainder  after 
having  carried  the  division  of  the  series  S  by  the  series  Si  to  the  terms  of  the 
quotient  ^1 4- ^i^f  wo  should  hare 

S,  a"' 

Sl"~a"+6"x 
From  this  last  equality  we  derive 

Here  the  operations  stop  ;  for,  returning  to  the  generating  {i*action,  we  shall 
have  the  equations 

1  S        S  S       S 

and  from  these  equations  we  derive 


3= 


IS,  1  Sa  1 


We  have,  then,  only  a  few  substitutions  to  make  in  order  to  obtain  a  frac- 
tion equal  to  S. 

Without  proceeding  further,  the  reader  will  doubtless  perceive  that  the 
successive  operations  for  finding  the  quotients  p-{'qx,  pi-{-qiX^  &:c.,  and  for 
returning  to  the  generating  fraction,  bear  a  striiting  analogy  to  those  which  are 
necessary  in  reducing  an  ordinary  fraction  to  a  contiruod  fraction,  and  in  re- 
turning to  the  ordinary  fraction.  This  observotion  will  take  the  place  of  a 
general  rule.  If  we  arrive  at  a  division  which  gives  an  exact  quotient  of  the 
form  p+^J*,  we  know  that  the  scries  is  recurring.    (See  Contin.  Fractions.) 

EXAMPLE. 

Suppose  we  wish  to  determine  whether  the  series  of  numbers  1,  2,  3,  &c., 
be  recurring.  It  is  not  this  numerical  series  which  we  must  consider,  but  the 
equation 

S  =  14.2x+3x2+4r»+  . . . 

We  perceive  that  the  operations  will  be  performed  as  follows : 
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Dicisian  of  I  by  S 


1 

14.0r4.32:2_j.4r3..| 


l+2r+3x«+4r»+ 


1— -ix 


— iJ.c — '6x' — 4  J-'' — or* —  .... 

— 2j— 4j°— fij^— 8j*-- 

j:^+-^r»+3i:^-| =  SiX«. 

Division  ofSby  Si. 


1  +  2x+3x'  +  Aj:^+ 


14.0r4..V4.42»H 


0 

1  S.       S 

Hence,  the  series  S  is  recurring,  and  we  have  «=! — 2x4-^-^»  c*^^^' 

1            Si  ^1 

We  derive  from  this  S= rj 0"  =  ^  »  consequently,  S=:r — ^^     .  ^ 


~(1— >•)'■ 

KEiMARK. — In  finding  a  rule  to  determine  whether  a  series  is  recurring,  we 
have  considered  the  series  as  derived  from  a  fraction  whose  numerator  is  of  a 
degree  inferior  to  the  denominator.  But  oven  if  this  last  condition  does  not 
have  place,  it  is  easy  to  i)erceive  that  the  siune  explications,  and,  conaequently, 
the  same  rule,  will  always  subsist. 

3*29.  Problem. —  To  find  the  general  term  0/  a  recurring  series. 
Suppose  that  the  series  has  for  a  generating  fraction 

_  a'  +  h':r+,,.+h'.r^-^ 

—  a^bjc  -I f-A-j^ 

We  can  write  this  fraction  thus : 

F=(a'+b'x \-h'x^  -^)(a+bx-\ +A:x'")-». 

It  is  evident,  then,  that  by  developing  tlie  power  — 1,  obtaining  the  product 
of  the  two  factora  in  this  eqiintion,  nnd  taking  in  this  product  the  part  which 
contains  x  to  any  power  whatsoever,  we  shall  have  the  general  term  of  the  re- 
curring series.  But  the  problem  is  resolved  ordinarily  by  another  process, 
wliich  I  proceed  to  exhibit. 

We  diviile  fii*st  all  the  terms  of  the*fraction  F  by  l;  and  write  it  under  the 
form 

V""r'"4-r7.r"-»4..dr"  «-| ' 

The  fraction  is  supposed  in  nil  rases  to  be  reduced  to  its  most  simplo  form, 
so  that  U  has  no  common  factor  with  V. 

We  decompose,  then,  the  denominator  into  binomial  factors,  such  as  .T-|-fl, 
whether  it  be  by  equating  this  denominator  to  zero,  or  by  some  otlK'*r  method, 
and  then  the  fniction  is  regarded  as  resulting  from  the  addition  of  many  others, 
which  have  for  denominators  these  different  factors.  We  determine  all  these 
pai'tial  fractions,  and  then  form  the  general  term  of  the  development  of  each ; 
then,  taking  the  sum  of  these  general  terms,  wo  shall  have  the  genend  term 
of  tho  recurring  series. 

[n  this  decomposition  into  partial  fractions  it  is  necessaiy  carefully  to'dis- 


♦. 
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tinguish  in  V  the  simple  factors  from  those  which  are  raised  to  powers  /or 
each  simple  factor  x-f-a  wo  shall  take  a  fraction  of  the  form 

M 

x+a' 
For  each  factor,  such  as  (jr4-^)"f  we  might  take  one  of  the  form 

A3:"-'  +  Bj^+... 
(x+6)-  ' 

but  it  is  more  convenient  to  have  only  fractions  with  monomial  numerators ; 
instead,  therefore,  of  a  fraction  like  the  preceding,  we  take  n,  like  the  fol- 
lowing : 

M,  N,  Ni . . .  representing  quantities  independent  of  x. 

.   Consequently,  if  we  suppose  that  Vr=(x+a)(x4-t)°'  • .,  we  can  place 

V—x+a+(x+!;)°+(x+fc)"-^  * ' '  +x+i  +  ' '  *' 

and  the  question  will  bo  reduced,  for  the  present,  to  the  determination  of  the 
numerators  M,  N,  Ni,  6cc.     But  these  have  been  determined  in  Art.  209,  (3). 

The  preceding  decomposition  being  effected,  the  determination  of  the  gen- 
eral term  of  the  recurring  series  does  not  offer  any  difTiculty. 

Each  partial  fraction  can  bo  put  under  the  form  V{p-{'T)~\  designating  by 
X  an  entire  positive  number,  which  can  be  equal  to  1.  If  we  develop  this 
power,  we  readily  find  that  the  term  affected  with  x°  is 

1.2.3...n  ^ 

It  IS  the  sum  of  like  expressions,  all  containing  x",  and  resulting  from  the 
different  partial  fractions  which  compose  the  general  term  required. 

When  the  denominator  of  the  generating  fraction  contains  imaginary  fac- 
tors, these  factors  introduce  imaginary  quantifies  into  the  general  term.  If 
we  suppose,  however,  that  the  coeflicicnts  of  tlie  numerator  and  denominator 
of  the  proposed  fraction  are  all  real  (and  they  are  always  taken  so),  it  is  evi« 
dent,  a  priori,  that,  as  we  find  the  development  of  this  fraction  by  division,  the 
general  term  can  not  embnico  any  imaginary  factors ;  consequently,  we  are 
sure  that  all  the  imaginary  quantities  which  arise  from  the  factors  of  the  de- 
nominator will  disappear. 

SUMMATION  OF  SEllIES. 

The  summation  of  series  is  tlu»  finding  of  a  finite  expression  equal  to  the 
proposed  series,  even  when  the  serios  is  infinite,  and  in  many  cases  this  finite 
expression  is  found  by  subtraction. 

EXAMPLES. 

1         1         1 
(1)  Required  the  sum  of  the  series  — ^4.  — +— +  ....  to  infinity. 

Let  S=j+j-,+3+4  +  v+(j+ ad  infinitum. 

111111  ,  .  .  . 

.-.  S  — l=24.3+j+-  +  ^+;^4- ad  mfinitum. 
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Hence,  by  subtracting  the  latter  from  the  former,  we  have  the  required  sum  : 

1        1         1      J_     J_  __ 

T^'^2^'^3A'^TZ'^5JS'^ '~^' 

(2)  Required  the  sum  of  the  series  -— -f-— — 4.— -+ to  n  terms. 

X.ti       «f«4       o«u 

,    „    1    1    1    1  1 

Let  S=j+-+-+-+ -     (a) 

„           1        1           1        1     1     1     1                      1  ,.^ 

...  S_i_-+_pj+-p=-+j+-+-+ -p (6) 

Subtracting  (h)  from  (a),  we  liave 

1         1         _! 2_      2       ^     _2_  2 

^'^2'^n  +  l~'n  +  2'~~l^'^2A'^3Z'^4S'^ n{n+2) 

_1_       1         1       _1_  1  1  C         1      /__!_         1    \  > 

•'•  1.3"^"274"^3^"^"4r6"'"  "n(7i+2)'~2  I  ^  +  2'"U+l"^n+2/  $ 

""2  J  ^~"n  +  l"^2~n  +  2> 

n  n 

^2n+2"^"4n+8' 
When  n  is  infinitely  great,  then  we  have 

1        1        1        1  ,...  1/1\113 

1:3+2:1+3:5+4:6+  •  •  •  ^^  *'^^"»'""*  =2(^+2; -^-i=4- 

(3)  Sum  the  series  7^— itt+ttt — 77+ ^  infinitum. 

i.*o       ii'**        O'O       4*0 

Ans.  J 

(4)  Sum  the  series  jJ^+^+^+ ad  infinitum. 

Ans-jg. 

*»  fi  7 

(6)  Sum  the  series  j^+^^+^^+ to  n  terms. 

3        2  1 

2""n+l+fi+2* 

(6)  Sum  the  series  a+2rtr4.3ar«4-4ar'4-  ....  to  n  terms. 

SI— r"        nr^  \ 

(7)  Sum  tlie  series  14-3a:+5a:^+7jr»+9x* ....  ad  infinitum. 

DIFFERENCE  SERIES. 
330.  Let  there  be  the  arithmetical  progrossion 

a,  a-\-&^  «4"'*''  rt4-3<5. .. . 
If  we  begin  with  a  new  term,  6,  and  add  to  it  successively  each  term  of  the 
above,  we  obtain 

ft,  6+a,  6+2a+<5,  6+3a+3cJ,  6+4a4-6(J . . ., 

which  is  called  a  difference  series  of  the  2°  order,  and  so  on,  as  in  the  follow- 
ing scheme  : 


^nS.  -— j-j-^+; 
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*''**"  "'^  1*  t«m  »•  term.  3"  t«rm  nUi  t#nn. 


I.        Of       a-{-d,       a-\-2d,        .  .  .  a-{-{n — 1)(J. 

n.        b,       b-\-a,       b-\-ia-{-d . .  .  i+(,^-i)aH-i^^II?^^^^(5. 

1  • « 

nL        f,        c+i,        cH-2*+a  .  .  .  c-{-(n—l)b-\-'- :^^ ia+* ^fTi 73^ "* 

EXAMPLE. 

I.  order,  2,  5,  8,   11,  14  .  . 

II.  order,  4,  6,  11,  19,  30  .  . 

III.  order,  5,  9,  15,  2C,  46  .  . 

331.  From  the  nmiiner  in  which  these  diflfereuce  series  are  formed,  it  is 
evident  that  if  we  subtract  from  one  another  the  successive  terms  of  any  or- 
der, we  obtain  the  terms  of  the  preceding,  and  continuing  in  this  way  till  we 
subtract  the  successive  terms  of  the  first  from  one  another,  we  obtain  between 
them  the  constant  difference  d. 

332.  If  the  order  of  a  series  be  unknown,  its  order  may  be  found  from  what 
has  been  said  above.    Thus  the  series 

5,  9,  16,  26,  45 ; 
'taking  the  difference  of  the  consecutive  terms.  % 

4,  C,   11,  19 
2,    5,    ri 
o,     3,     3, 
after  three  subtractions  of  consecutive  terms  presents  a  constant  difference, 
and  is,  therefore,  a  series  of  the  3°  order. 

333.  To  separate  the  roats  of  an  equation  by  means  of  difference  series* 
The  a:"*  term  of  a  series  of  tlie  order  m  would  be  expressed  by 

*+(^-i)/+ Ha — <?+•••  •  + i.-z...m * 

which,  arranged  according  to  tlio  powers  of  x,  would  bo  of  the  form 

Mx'"+Ax»-»+Ba:"-^ f-Gr+K; 

that  is,  of  the  form  of  the  first  member  of  nn  equation  of  the  m^^  degree,  X=0. 
If,  now,  we  give  to  x  the  vnlues  ...  — 4,  — 3,  — 2,  — I,  — 0,  1,  2,  3,  4, . . . . 
representing  the  vnlues  which  the  polynomial  X  assumes  by 

A__4,  A._3,  A_2,  J\ — I,  Xoi  Ai,  Arj,  oCc (1) 

these  quantities  will  form  a  difference  scries,  since  x  denotes  the  order  of  the 
term  in  a  series  of  which  X  is  the  general  term.  There  is  no  objection  to  x  being 
negative,  as  a  series  may  be  continued  below  as  well  as  above  the  first  term, 
observing  the  same  law  in  a  contrary  sense. 

Taking  a  sufficient  number  of  terms  of  the  series  (1)  to  obtnin^  by  subtrac- 
tion of  its  successive  terms,  the  series  of  next  lower  order,  and  from  this,  in 
the  same  manner,  that  of  the  next  lower  order  still,  till  we  arrive  at  constant 
dififerences,  the  terms  of  the  series  (1)  may  be  extended  indefinitely  to  the 
right  and  left  by  forming  them  according  to  (Art.  330),  without  the  trouble  of 
substituting  numerical  values  for  x,  and  calculating  the  corresponding  values 
of  X.  Those  values  of  X  which  have  contrary  signs  will  (Art.  252,  Cor.  1 ) 
have  one  or  nn  odd  number  of  roots  between  them. 

Take,  for  example,  the  equation 

9x*— 3x»— 1302:a— 17x+260=0. 
Dd 
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Giving  T  the  values  —2,  —1,  0,  1,  2,  we  have  the  following  results  inclosed 
in  the  parentheses  : 

Jv.^^      y\. 3         Jv. 2         ■*^ 1  -^0  ^l  -A.]  JL3  A^ 

-|_744—  49(—  58  +159  +260  +119  —174)  — 313+224, 

forming  a  series  of  the  fourth  order.     The  series  of  the  third  order  is 

—793  —     9(  +  217  +101  —141  —293)  — 139+537 
of  the  second,  +784  +226(— IIG  —242  — 152)  +  154+67C 

of  the  first,  —558  _342(— 12G  +  90)+306+522 

equal  differences,  +216  +216(+216)+216+216. 

By  substituting  other  values,  as  — 3,  — 4,  — 5,  — 6,  and  +3,  +4,  +5,  +6, 
&c.,  we  may  extend  the  top  series  to  any  length. 

To  save  the  time  and  trouble  of  substituting  consecutive  numbere  and  calcu- 
lating the  result,  the  method  of  difference  series  is  employed,  thus : 

Substitute  a  number  of  consecutive  values  one  more  than  the  degree  of  the 
equation ;  the  smallest  numbers,  being  more  easily  substituted,  are  preferred. 
In  the  present  example,  substituting  — 2,  — 1,  0,  1,  2,  we  obtain  that  portion 
of  the  first  series  which  is  of  the  3°  order,  included  in  brackets ;  from  this, 
by  subtracting  its  consecutive  terms,  the  corres{)onding  portions  of  the  series 
of  the  2°^rder,  and  so  on  ;  and,  finally,  the  difference,  216.  Using  this  dif- 
ference, we  may  extend  the  top  seiios  at  pleasure,  according  to  the  method 
in  Art,  330. 

The  roots  of  the  equation  lie  between  those  numbers  the  substitutions  of 
which  produce  unlike  signs  in  the  result ;  thus,  in  the  above  there  is  one  root 
between  — 3  and  — 4,  one  between  — 1  and  — 2,  one  between  1  and  2,  and 
one  between  3  and  4. 

334.  There  exists  between  the  coefficients  of  two  consecutive  powers  of 
x+a  relations  from  which  many  useful  consequences  may  be  deduced. 

Suppose  the  w*''  power  of  ar+a  to  be 

a:"+A<Z2:'"-i+BaV"-2+Ca3j:'»-3+,  &c. 

Multiplying  the  polynomial  by  r+a,  there  results 

a:»+i  +  Aaj:°'+Btf3j:n>-i_|.Ca'x"'-«+  .  .  . 
+    a.r™+Aaj*"-»  +  Baa:^-^+  .  .  . 

From  which  we  conclude  that,  to  obtain  the  corjfirictit  of  any  term  of  the 
(m  +  l)**  power  q/*x+a,  it  is  onbj  necessary  to  add  to  the  coefficient  of  the  term 
of  the  same  rank  in  the  m'*  power  tliat  of  the  preceding  term, 

335.  According  to  this  rule,  wo  can  form  the  coefficients  of  the  successive 
powers  of  z+a,  as  may  be  seen  in  the  following  table  : 

1,  1,  1,  1,  1,    1,  1,  1,  1   .  .. 

1,  2,  3,  4,    5,  G,  7,  8  .  .  . 

1,  3,  G,  10,  15,  21,  28  .  .  . 

1,  4,  10,  20,  35,  56  .  .  . 

1,    5,  15,  35,  70  .  .  . 

1,  G,  21,  56  .  .  . 

1,     8   »  •  • 
1   .  .  . 

The  first  vertical  column  of  this  table  is  formed  of  the  single  numl)er  1.  Tl'.e 
second  column  is  formed  of  the  number  1  written  twice.     We  form  the  tliirJ 
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column  by  placing  nt  the  side  of  each  tenn  in  the  second  column  the  number 
obtained  by  adding  it  to  the  term  above  it;  we  find  thus,  for  the  first  term  of 
the  third  column  l-f-O  or  1;  the  second  term  is  l-f-l  or  2,  and  the  third 
O-j- 1  or  1.  The  fourth  column  is  deduced  from  the  third  in  tlio  same  manner 
tliat  that  is  from  the  second,  and  so  on.  The  two  terms  of  the  second  column 
may  bo  considered  as  the  coefficients  of  the  first  power  of  x-f-a*  It  results 
from  the  above  rule  that  the  terms  of  the  third  column  are  the  coefficients  of 
the  development  of  (i*-|-a)S  those  of  the  fourth  column  of  (x-f-a)^  ^* 

This  table,  which  may  be  indefinitely  extended,  is  called  the  Arithinelical 
Triangle  of  Pascal. 

336.  It  is  easy  to  see  from  the  composition  of  the  arithmetical  triangle  that 
the  p^^  term  of  any  horizontal  line  is  the  sum  of  the  p  first  terms  of  the  pre- 
ceding horizontal  lino.  Because  if  we  consider,  for  example,  the  term  5G, 
which  is  the  sixth  of  tho  fourth  line,  this  term  is  formed  by  adding  the  two 
Dombers  31  and  35,  which  aro  placed  at  its  loft  in  the  third  and  fourth  lines ; 
but  the  second  of  these  two  numbers,  35,  is  the  sum  of  15  and  20 ;  the  last 
number,  20,  is  tho  sum  of  10  aud  10,  and  tlie  last  number,  10,  the  sum  of  6 
and  4 ;  finally,  4  is  the  sum  of  the  two  numbers  3  and  1 ;  we  have,  therefore, 
56=21  +  15+10+6+3  +  1. 

THE  DIFFERENTIAL  METHOD  OF  SUMMING  SERIES. 

337.  Let  a,  6,  r,  </,  ^, . .  . .  be  a  seiies  of  terms,  in  which  each  tenn  is  less 
than  the  succeeding  one  ;  and,  taking  the  successive  diflerences,  we  have 

a  b                c                         d  e^  6cc. 

(di)  b — a          c — b                   d — c  e — d^  6cc. 

(rfi)  c— 26+a           f/— 2c+6  e—Hd+c,  6ic, 

(</,)  d—3c+3b—a  e—3d+3c—b,  \'c. 

(d^)  <;— 4rf+6c— 46+a,  A:c. 

Putting  dit  d-is  d'An  d^^ for  the  first  terms  of  the  first,  second,  tliird, 

fourth, ....  differences,  we  have 

b —  a  s=di  .*.  6=a+  di 

c— 2fc+a  =£/.,.•.  c=a+2c?i+  d^ 

rf— 3c+3&— a  z=di  ,',  d=:a+3di+3dt'\'  dz 

c— 4(/+6c— 46+a=</4  .'.  e=a+4di  +  6d.2+Ads+d^, 
&c.  &c. 

Hence  the  (n  + 1  )*''  term  of  the  proposed  series  is  evidently 

(w— 1),      n(n— l)(n— 2)^ 
a+ndi+n-Y^d2+ YTJTs ^'^ 

and,  therefore,  the  n^  term  is  (by  writing  n  —  1  for  n) 

./        ,v.    .  {n-l)(n^2)         (n~l)(n-2)(n-3) 

338.   To  find  (S)  the  sum  of  n  terms  of  a  series. 

Let     a,  6,  c,  r/,  c,  <Vf. 

and  0,  a,  a+i,         a+6+r,  a+6  +  r+rf,  A:c., 

be  two  series,  of  which  the  (w  +  1)'''  term  of  tlic  latter  is  obviously  tlio  sum  of 
n  terms  of  the  former ;  but  tho  first  terms  of  the  first,  second,  third,  fourth, 
differences  in  the  latter,  are 
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lionce  the  (n-f-1)^'  tenn  of  tho  latter  series,  or  the  sum  of  n  terms  of  the 
furiuor,  is,  by  (1)  in  the  last  article, 

ni  n,  i"^"-^)/   .  n(«-l)(n-2)^      n(«-l)(n-2)(n-3) 

"+"''+-r:i-'''+ — TaTa — ^•+ 1.2.3.4 '^+ ' '  - 

'^     --  ■  "("-J).   ,  n(n-l)(n-2),   .  n(n-I)(n-2)(>i-3) ,   . 

•^=""+-172-'^'+— Tr2T3— ^»+ 1727274 '^+  •  •  •  ^2) 

EXAMPLES. 

(1)  To  what  is  1.2+2.3+3.4+4.5H n(n+l)  equal? 

2,  6,  12,  20,  30,  is  the  given  series ; 

4,  6,    8,  10,  differences  of  the  consecutive  terms ; 
2,    2,    2,  differences  of  these  again,  d^ ; 
.  0,    0. 

Hence,  ar=2,  (^i=4,  (£3=2,  and  d^^  d^,  &c.  =0;  therefore 

q     „,  ,  "("-l),      n(n-l)(n-2) 

=2n  +  '2n{n—l)  +  lti{ji—l)(n—^) 
=  in(n+l)(n+2). 

Proceed  always  in  this  ^vay  till  the  differences  become  the  same.t 

(2)  Find  tho  sum  of  n  terms  of  the  series  1,  2-\  3\  4',  5',  &c. 

(3)  Find  the  sum  of  ii  terms  of  tlie  series  1,  4,  10,  20,  35,  dec. 

(4)  To  what  is  1.2.3+2.3.4  +  3.4.5+ n(fi+l)(n+2)  equal? 

(5)  Sum  n  terms  of  tho  series  1,  3,  5,  7,  9,  11,  &:c. . . . 

(H)  Find  the  sum  of  15  terms  of  the  series  1,  4,  8,  13,  id,  &c. 
(7)  Sum  8  terms  of  the  series  1,  2*,  3S  4^  5\  6\  &c. 


«>(7l  +  l)« 

(2)  -4^^. 

.„.   n(n  +  l)(7i  +  2)(n  +  3) 
^''  1.2.3.4 

(4)   \n(n  +  l)(n+o)(n+3). 


ANSWERS. 

(5)    71=. 


(6)  iw(»2+6n  — 1)=785. 

n*     w*     7i'      n 

(7)  T+ o+^-Fn=8772. 


5  '    2  '    3      30 

POWERS  OF  THE  TERMS  OP  PROGRESSIONS. 

339.  If  all  tlie  terms  of  a  geometrical  progression 

-H-a :  (If] :  «</•  :«</'....  a^""* 
are  I'aisod  to  tho  samo  power  m,  the  result  is  the  series 

a™,  a"^",  a™^-",  a'"y*"' ^"^'"vn-i)^ 

which  is  a  geometrical  progression,  of  which  the  first  term  is  a™,  the  ratio  7", 
and  the  number  of  terms  n. 

340.  If  tlio  terms  of  a  progression  by  diiferenccs,  whose  first  term  is  a  and 
common  dilferenco  <J,  be  each  i-aised  to  the  m'"'  power,  we  have 

*  This  is  Uie  di  of  the  former  series,  but  tho  ^2  "f  the  latter. 

t  Tlic  terms  of  tlie  formula  {'2),  contaiuiiiur  tlioso  orders  of  differences  which  become  sen, 
\\\lv.  fh,  dt,  Slc.,  in  example  1,  will  all  vanish,  and  the  expression  for  S  wUl  be  composed 
unly  of  tJie  preceding  terms. 
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.     wi(w — 1) 
(a— 2c5)°=a"+wia™-*2(J-| — V~o     ^°~^'*^+'  ^' 

W(7«  —  1) 

X   •   4r 

dec.  &c. 

Taking  the  diflfereDces  of  the  consecutive  terms, 

mint — 1) 

(<z+2cJ)™— (a+  d)'"=ma'"-M+^^^\^'7    a"-^3«5J+,  &c. 

vnltn.  ^^  1  \ 

(a+3(5)°— (a+2(5)'"=ma™~M+    -     ,^    ^a'°-^5da+,  ^p. 

•  X   •   <w 

Those  differences  being  not  the  saiue,  tlio  snmo  powers  of  the  terms  of  an 
arithmetical  progression  do  not  form  an  arithmetical  ])rogression. 

341.  To  find  the  sum  of  tlie  m*>'  powers  of  nn  arithmetical  progression.    Let 

-7-a  .h,c,d,,,Ic»L 
be  any  arithmetical  progression,  of  which  the  common  difference  is  S.    Then 

6=a+(J,  c=6+d Z=A:+(5. 

Raising  these  equalities  to  the  power  m-j-l* 

X  •  «> 

t 

Adding  nil  these  equalities,  suppressing  the  common  terms  in  the  two  equa 
tains,  viz.,  6"+S  c'"+^  ^.,  and  transposing  rt'"+^  we  have 

+      T    ,/    (3-(rt'"-^  +  6'"-' h^'"~*)» 

X    •   >w 

+  ,  &c. 
I  o  abridge,  let 

a^  +63 +)t2  +i^  =S„ 

a^'+trn^ +^•'»+^=S„. 

Then  the  last  expression  becomes 

X  X  •  w 

The  value  of  Sm  deduced  from  this  is 

^-==*  +   (iii+l)d        a^^^^"-'-^      )         2.3     ^V25«-2-t      }-,«c.    (1) 
The  law  of  the  unwritten  terms  is  sufficiently  apparent,  and  the  series  must 
arideotly  end  with  the  term  preceding  that  which  contains  the  factor  m — m 
orO. 
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By  formula  (1)  tho  sum  S„  can  be  found,  when  the  sums  of  the  inferior 
powers  are  iinown  ;  for  this  purpose,  make  m=0,  the  formula  gives  So; 
making  7n  =  l,  it  gives  Si,  and  so  on  to  the  sum  of  the  powers  required. 

If  the  progression  '^a,a-{^d,a-{'26.,..  is  replaced  by  -4-1.2. 3. ...N  (or 
tho  scries  of  natural  numbers  from  1  to  N),  i.  e.,  a=l,  (5=1,  2=N,  then  for- 
mula (1)  becomes 

N™+* — 1     m                           m(in — 1) 
S„=N"+-^;^q:j 2(S_.-N">-') ^-3-^(S^-N— )-.  &c.      (2) 

If  w=0,  (2)  becomes 

N<H-i  — 1  N— 1 


Ifm=:l, 


Ifm=:2. 


0+1 
S.=^l> (4) 

S,=N-+^^-(S,-N)-i(So-No). 

=N»+— —  (^ -N) --(N-l), 

^,      N'     1     N«     N     ^,     N     1 
=^^+T-3-T-2+N-3+3. 

""3"'"2"^"6""  6 

N(N+1)(2N  +  1) 

S^= 6 (6) 

Formula  (3)  expresses  the  sum  of  lo+2°4-3°....  to  N  terms,  or  of  1  +  1 
+  1...  to  N. 

EXAMPLES. 

(1)  If  m=0  and  N=10,  So=N  =  10. 

Formula  (4)  expresses  the  sum  of  1  +2+3 ...  .+N. 

«       10(10+1)     110 

(2)  If  m=l  and  N  =10,  Si=— ^^-:~-^=-^=55. 

Formula  (5)  expresses  the  sum  of  12+2'^+3=» +N«. 

r.       10X11X21 

(3)  If  m=2  and  N=10,  8^= ^ =385. 

PILING  OF  BALLS  AND  SHELLS. 

342.  Balls  and  shells  arc  usually  piled  in  three  different  forms,  called  trian- 
gular, square,  or  rectangular,  according  as  the  figure  on  which  the  pile  rests 
is  triangular,  square,  or  rectangular. 

(1)  A  triangular  pile  is  formed  by  continued  horizontal  courses  of  balU  or 
shells  laid  one  above  another,  and  these  courses  or  rows  are  usually  equilateral 
triangles  whoso  sides  decrease  by  unity  from  the  bottom  to  the  top  row,  which 
i»  composed  simply  of  one  shot. 

Denoting  by  N  the  number  of  balls  contained  in  one  side  of  the  equilateral 
triangle  which  forms  the  base  of  the  triangular  pile,  it  is  evident  that  the  num- 
ber of  balls  in  the  base  will  be  expressed  by  1+2+3  ...  +N  or  Si,  which 

by  (4)  is  equal  to 

'  N»+N 
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If  ill  this  expression  N  is  succoss'ivoly  rephicoJ  by  the  nuniburs  1,  2,  3  . . . ., 
the  iiuniber  of  bulls  in  the  successive  layers,  beginning  at  tlie  top,  will  be  ob- 
tained.    These  are, 

in  the  first,  — - — =1 ; 

in  the  second,  ,  ^=3  ; 

.      t       , .  ^  3'+-'^ 

ID  the  tlm-d,  — r-=6  ; 

4*+ 4 
ID  the  fourth,  — ^j —  =  10. 

Whence  the  sum  of  tlio  whole  number  of  bulls  contained  in  the  pile  is 

13+1     23+2     3-+3  N3+N 

o~~H        o     H        7}       •  •  •  T         7)      » 

»t  *f  t6  <w 

which  is  sometimes  used.     A  better  form  may  be  obtained  from  this  by  writing 
it  first 

15+o«_j.3»  .  .  .  _^N3     1+2  +  3  .  .  .  +N 


or 


2  '  2  ' 

S.2+S,     1/2N'+3N3+N     N3+N\      N«+3N3+2N 


+  Si     1/2N»+3N3+N     N3+N\      ; 
2      ~2\  6  ■*"      2      /"■ 


or 


6 
N(N+l)(N  +  2) 


6 
the  most  convenient  expression  for  the  number  of  balls  in  a  triangular  pile. 

EXAMPLE. 

How  many  balls  in  a  triangular  pile,  the  side  of  whoso  bnso  contains  35  ? 

35(35+l)(3o  +  2) 
Ans.      ^     ^  ;^     ^   ^  =  7770. 

(2)  A  square  pile  is  formed  by  continued  horiKoutal  courses  of  shot  laid  one 
above  another,  and  those  courses  are  squares  whose  sides  decrease  by  unity 
from  the  bottom  to  tlie  top  row,  which  is  also  composed  simply  of  one  shot ; 
and  hence  the  series  of  bulls  composing  a  square  pile  is 

N(N+l)(2N+l) 
1  +  4  +  9+1G+25H +N2=:S,=-^--^-^^ ---^, 

where  N  denotes  the  number  of  courses  in  a  pile. 

EXAMPLE. 

If  a  side  of  the  base  of  a  quadrangular  pile  contains  35  bulls,  how  many  in 
tlie  pile  ? 

35x30x71 

Ans. =14910. 

0 

(3)  A  rectangular  pile  is  one  in  which  the  layers,  except  the  uppermost,  are 
arranged  in  rectangles,  liopresentin;;  by  m  +  1  the  number  of  balls  in  the 
top  row,  the  layer  below  it  must  contain  2  rows  of  m+2  bulls,  the  next  layer 
3  rows  of  m  +  3  bulls,  und  so  on,  to  the  N'*,  which  contains  N  rows  of  m+N 
balls  each  ;  and  the  number  in  this  pile  is 
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{m+l)+2{m+Q)+3(m  +  3)+A{m+i)+ N(m  +  N) 

=m4.2m+3fli+4w4.  ....  Nw+ls+2-+3«+4«+  .  .  .  .  N* 

^m(  1  +  2+3+4+  .  .  .  •N)+  square  pile 

N(N  +  1) 
= .  m+  square  pile. 

(4)  The  number  of  balls  in  a  complete  triangular  or  square  pile  must  evi- 
dently depend  on  the  number  of  courses  or  rows ;  and  the  number  of  balls  in 
a  complete  rectangular  pile  depends  on  the  number  of  courses,  and  also  on  the 
number  of  shot  in  the  top  row,  or  the  amount  of  shot  in  the  latter  pile  depends 
on  the  length  and  breadth  of  the  bottom  row;  for  the  number  of  courses  is 
equal  to  the  number  of  shot  in  the  breadth  of  the  bottom  row  of  the  pile. 
Therefore,  the  number  of  shot  in  a  triangular  or  square  pile  is  a  fuuctioii  of  N, 
and  the  number  of  shot  in  a  rectangular  pile  is  a  function  of  N  and  m. 

The  expression  for  a  rectangular  pile, 

N(N+1)     .  N(N+1)(2N+1) 

2 "*+ 6 • 

may  bo  written 

N(N+l)(3m+2N+l)     1^,,_ 

But  m+1  is  the  number  of  balls  in  the  top  row,  N  is  the  number  in  the  smaller 

side  of  the  base,  and  m+N  the  number  in  the  greater  side,  2(m+N)  the 

N(N  +  1) 
number  in  the  two  parallel  greater  sides ;  moreover, is  the  number 

of  balls  in  the  triangular  face  of  each  pile ;  hence  we  have  also  this  general 
rule  for  rectangular  or  square  piles. 

RULK. 

Add  to  the  number  of  balls  or  shells  in  the  top  row  the  numbers  in  its  two 
parallels  at  bottom,  and  the  sum  multiplied  by  one  third  of  tlie  slant  end  or 
face  gives  the  number  of  balls  in  the  pile. 

EXAMPLES. 

(1)  How  many  balls  are  in  a  triangular  pile  of  15  courses  ?         Ans.  680. 

(2)  A  complete  square  pile  lins  14  courses:  how  many  balls  are  in  the  pile, 
and  how  many  remain  after  the  removal  of  5  courses  ?      Ans.  609  and  554. 

(3)  In  an  incomplete  rectangular  pile,  tli(»  length  and  breadth  at  bottom  are 
respectively  46  and  20,  and  the  length  and  breadth  at  top  are  35  and  i) :  how 
many  baUs  does  it  contain  ?  Ans.  711)0. 

(4)  The  ninnber  of  balls  in  an  incomplete  square  pile  is  equal  to  6  times 
the  number  removed,  and  the  number  of  courses  left  is  ecjual  to  the  niunber 
of  courses  taken  away :  how  many  bulls  were  iu  the  complete  pile  ? 

Ans.  385. 

(5)  Let  it  and  k  denote  the  hMigth  and  brendlh  at  top  of  a  rertancular 
truncated  pile,  and  N  the  number  of  balls  in  each  of  the  slanting  edges ;  then, 
if  B  be  the  number  of  Imlls  in  the  truncated  pile,  prove  that 

B=-  <  o^'3^3N(/^+^.)+6U-_.,^rA+;t+N)+l  > . 
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VARIATION. 

343.  Let  a  donoto  a  constant  quuntity,  or  one  which  does  not  change  its 
rahie,  and  x  a  variable  which  is  supposed  to  increase  or  diminish. 

The  product  of  the  quantities  a  and  .r  being  denoted  by  X,  if  r  is  increased 
or  diminishodf  X  will  be  increased  or  diminisliod  in  the  same  propoition. 
Thus,  if  X  become  r',  and,  consequently,  X  become  X',  we  slmll  have 

j: :  x'  ::  X  :  X', 
fur 

ax      X      \ 

ax=zX  and  ar'=X'  .*.  — ;=— =^^7,  or  x  :  r' : :  X  :  X'. 

ax      X      \ 

Qnder  these  circumstances  X  is  said  to  var^-  directly  as  x. 

The  symbol  of  variation  is  x  ;  and  the  expression  X  varies  directly  as  x,  is 
indicated  by  tlie  combination  of  symbols  X  oc  x. 

344.  If  the  product  of  x  and  y  be  constant,  and  x,  y  both  variable,  since 
xy=:xy=C, 

..1  .  i 

U  J  y  y> 

In  this  case  as  x  varies  as  tlie  reciprocal  of  y,  x  is  said  to  vary  uiversely  as  y, 
and  the  symbohcal  expression  is 

1 

XX  -. 

V 
If  xy=X  and  xy=X',  then  X  :  X'  : :  x^  :  x'y'. 

The  variation  of  X  in  this  case  depends  on  the  variation  of  two  quantities 
r  and  y,  which  is  expressed  thus, 

X  X  xy, 

X  X'  XX' 

345.  If  xv=X  and  x'i/'=X',  tlien,  x=:—  and  x'=— 7- .«.  x  :  x'  : :  —  :  — r. 

^  y  y  y    y 

In  this  case  x  is  said  to  vary  as  X  directly,  and  as  y  inversely.     The  symbol  Ls 

X 

XX  —. 

y 

X      y  y      z 

346.  Lot xxy, i. e., r :x' ::y:y' or  — =  — , and  let  //x 2, i. e.<,y:y':z::z' or  *— =— 

^    y  '  y    ^ 

X       z 
.  .  ^  ^^   f  or  aT  m  X  .«A»«^,].  e«,  XX  ^  , 

mat  is,  if  one  quantity  vary  as  u  second  and  tlie  second  as  a  third,  tlie  first 
varies  as  the  third. 

1  1 

347.  In  like  manner,  if  xx  y  and  y  cc  -.  x  x  -. 

Again,  let  xoc  y  and  z  x  7/  .•.  x  x  2,  or  xix'iiziz^  or  x:r::x':2' ; 

.  .  X  ~T~  «  .  <v  .  .  X  7""  *"    •  *'  1   or  X ~i~  tm  r  X  "T~ <w    .  .  «  .  <b  . 

But  z:z'  ::y:y',  .'.xiz  : x':l:r'::y:?/',  i.  e.,  yx  x±r. 

Again,  since  x x  y,  xix'  ::y  :y\  ond  since  r  x  y,  z:z'  ::y: y\  ,•.  xr  : x'z' 

•  •  3^  •  y'^  ^^^  '^■'**  •  V^"''^'  ''y'y'-t^^y^  V-^'*  »*  t^^"'  J*.  if  ^'o  quantities  vary 
respectively  as  a  third,  their  sum,  difference,  or  square  root  of  their  product, 
varies  as  this  third  quantity. 

348.  If  X  X  y  and  m  be  a  constant  quantity,  integer  or  fractional,  since  x:y:: 
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x"  :y\r.T:y::  tnx' :  my'  (Art.  127),  i.  e.,  x  cc  my  ;  that  is,  if  one  quantity  vary 
as  nnotlier,  it  varies  as  any  multiple  or  part  uf  this  other. 

When  x<x  y^  and,  consequently,  x  ol  my^  so  that  x:x'  ::my:  my*  or  x :  my 
II x'  :viy\  then,  if  x:=my,  x'  will  bo  equal  to  jny'  in  all  cases ;  whence,  if  x 
vary  as  ^,  x  is  equal  to  y  multiplied  by  some  constant  quantity. 

349.  If  ^  and  Y  are  two  corresponding  values  of  a:,  y, 

from  which  it  follows  that,  when  two  corresponding  values  of  z,  y  are  known, 
the  constant  m  may  be  found. 

350.  Let    arocy  .«.  x:z':  :y  :y' .*.  2**  :x"»:  :y":y"*»  ••.  j"xy«»; 

m  being  any  exponent  integer  or  fractional.  Whence,  if  one  quantity  vary  as 
anolher,  any  power  or  root  of  the  first  quantity  will  vary  as  the  same  power 
or  root  of  tlie  second  quantity. 

351.  Let  xxy,  and  let  t  be  another  quantity,  either  variable  or  constant,  and 
of  which  ^  I'  are  either  equal  or  different  values.     Then,  since 

xccyj  xix*  ::y  :y',  and  t:t'::t:f; 
.'.  xt :  x'l'  ::yt:  y'l\  or  xtacyt ; 
X  x'     V   1/'        X    y 

that  is,  if  one  quantity  vary  as  another,  and  if  each  of  them  be  multiplied  or 

divided  by  any  quantity,  variable  or  constant,  the  products  or  quotients  will 

vary  as  each  other. 

X     y        X 
Consequently,  if  a:  oc  y,  -  oc  -,  or  —  x  1. 

X 

Whence,  if  r  x  t/i  -  is  constant. 

y 

352.  Lot  ary  X  X,  i.  e.,  xy  :  x'y' : :  X  :  X' ; 
by  alternation,  a-y  :  X  : :  x'y' :  X' ; 

X  X'  X 

X 

and  similarly,  xt.—  \ 

that  is,  if  the  product  of  two  quantities  vary  as  a  third  quantity,  each  of  the 
two  quantities  varies  ns  the  tliird  directly,  and  as  the  other  inversely. 

353.  If  X^X'=  constnnt,  xy  :  1 : :  ar'y' :  1 ; 

1^1  1 

.*.  X  * ""  *  •  X  %  ~",,  or  X  Ti     , 

y       u         y 

that  is,  if  the  product  of  two  variable  quantities  be  constant,  these  quantities 
vary  inversely  as  each  other. 

354.  Let  a  be  a  constant,  and  .r,  y,  2  variables,  and  let 

a  :  X : :  y : :,  a  :x' ::  y' :  r',  A:c. ; 

.*.  m=xy,  (iz'^x'y\  iVc. ; 

.*.  az  :  az' ::  xy:  x'y\  or  r  :  ;' : :  .ry :  ar'y' 

.'.  :  x.ry  ; 

that  is,  if  four  quantities  are  always  proportional,  and  one  or  two  of  them  are 
constant,  the  others  being  variable,  it  run  be  fonud  how  the  latter  vary. 

355.  Let  r,  y,  z  be  throe  quantities,  of  which,  axy  when  z  is  constant,  ami 
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xoiz  when  y  is  constant;  it  is  required  to  determine  the  vuriation  of  .r  when 
y,  :  are  botli  variable. 

Su]>[)oso,  firstf  that  x  is  made  to  vary  as  y,  and  that  when  y  becomes  y\  x 
becomes  x\ 
'  Nextf  that  r'  (varied  from  x  by  tlie  variation  of  y)  is  made  further  to  vary 
as  r,  and  that  when  z  becomes  z\  x"  becomes  x'\     Then,  since 

xix'  ::y  :y\  ond  x'  :x"  :z:z' 
,:  xxf  :  x'x"  iiyz:  y'z', 
or  x:x"  ::yz:  y'z' ; 

i.  e.,  xccyz. 

Therefore,  if  x  vary  as  y  when  z  is  constant,  and  as  z  when  y  is  constant, 
when  y,  z  are  both  variable,  x  vanes  as  tlie  product  yz. 

Similarly,  it  can  be  pmved,  that  if  t  vary  as  r,  r,  y,  z  separately,  the  others 
being  constant  when  v,  x,  ^,  z  are  tdl  variable,  t  varies  as  the  product  vxyz. 


SYiMMETRICAL  FUNCTIONS  OF  THE  ROOTS  OF  AN  EQUA- 
TION. 

356.  There  ore  certain  functions  of  the  routs  of  an  equation  which  may  be 
expressed,  in  a  general  manner,  by  means  of  the  coefficients  of  that  equation, 
without  the  equation  itself  being  resolved. 

These  functions,  which  form  a  very  extensive  class,  are  termed  rational 
and  symmetric  functions,  or  simply  symmetric  functions. 

Tliey  are  called  rational^  becanse  the  roots  do  not  enter  into  them  under 
the  radical  sign,  nor  with  fractional  exponents ;  the  roots  are  combined  only 
by  addition,  subtniction,  multiplication,  and  division.  These  functions  ore 
called  symmetric,  because  the  roots  are  combined  in  such  a  way  that  any  two 
of  them  may  be  interchanged  without  altering  the  vulue  of  the  function. 

For  example,  the  expressions 

ab      ac       be 
ac+bc+ab,  a=+6-•+c^  — +^^+— _3a6c 

ore  rational  and  symmetric  functions  of  a,  b,  c. 

All  tlie  coefficients  of  an  equation  are  symmetric  functions  of  its  roots,  as 
may  be  seen  in  the  expressions  for  the  coefficients  in  Art.  245 ;  for,  in  these 
expressions,  if  Oi  were  wiitten  in  every  place  where  a:  occurs,  instead  of  a,, 
ond  Oi  in  every  place  where  rzi  occurs,  instead  of  <7i,  or  if  any  other  two  of 
the  roots  were  interchanged,  the  values  of  the  expressions  would  not  be 
oltiM'ed. 

Several  quantities,  fl,  6,  r,  &c.,  being  given,  if  we  arrange  them  two  and 
two,  in  every  possible  way,  and  if  in  encli  arrangement,  e.  g.,  ab,  wo  give  the 
exixinent  a  to  the  first  factor  and  the  ex])onent  t3  to  the  second,  we  hove  a  se- 
ries of  pi-oducts  such  OS  «*/;/',  whoso  sum  is  evidently  a  symmetric  function 
of  the  quantities  a,  b,  r,  <^c.  Tliis  function  is  called  a  double  function,  be- 
cause each  term  contains  two  of  the  given  quantities ;  it  is  represented, 
abridged,  by  i>{(i''b),  the  letter  S  beinu;  hi^re  employed  to  denote  the  word 
sum.  In  like  manner,  triple,  quadruple,  &c.,  symmetric  functions  ore  repre- 
sented by  S(a"b^^c>),  S(a"b'^c^d^),  <fec. 

In  accoitlance  with  this  notation,  simple  symmetric  functions,  as  a^-f*^' 
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4-c"+"">  ^^  ^^  ropresonted  by  S(a"),  wliich,  for  the  sake  of  abridgmeDt, 
is  ordbarily  written  Sa*     In  like  manner,  wo  have 

S3=a*'+634-(r»4"... 

• 
The  notation  of  whicli  wo  have  been  speaking  applies  to  entire  syninietnc 
functions ;  but  when  the  ternis  of  a  symmetric  function  are  fractional,  we 
can,  by  reducing  them  to  a  common  denominator,  express  the  function  by  a 
single  fraction,  whose  numerator  and  denominator  are  integral  symmetnc 
functions.     Thus : 

ah      ac      he 

which  is  a  fractional  symmetric  function  of  a,  6,  r,  becomes,  by  reduction, 

a*h*+a*c*+ h*c* — 6a*h*c* 

357.  An  equation  heing  given,  to  find  the  sums  Si,  Sg,  6cc.,  of  Uie  like  and 
entire  jmcers  of  its  roots. 
Let  the  equation  be  X=:0, 

or  x^+Px^-i+Q.r^-'+Rr^-^ |-Tj-+U=0  ....  (1) 

and  call  the  m  roots  a,  6,  c,  d. 

We  can  find  by  Art.  238  the  quotients  obtained  by  dividing  X  by  each  of  its 
factors,  X — a,  x— 6,  x — r,  &c. ;  and  we  know  (Art.  '253)  that  by  adding  these 
771  quotients  together,  the  sum  must  be  equal  to  tlio  derived  polynomial  X',  or 

wiz«-»+(m— l)Pa:"'-2+(w— 2)QT"'-3+(m— 3)Ra-«»-*.  .  .  +T. 

The  coefficients,  therefore,  of  the  powers  of  x,  in  this  sum,  must  be  equal  to 
the  coefficients  of  the  same  powers  of  x  in  the  derived  polynomial  X',  each  to 
each.     In  this  manner  the  required  sums  can  be  determined. 
Lot  us  take,  then,  the  quotient  of  X  divided  by  x — a, 
X 


=x"~*4-<z 
r— (/ 

+  P 


+Q 


x^-^^a^    'jrni-4  .  .  .  +a 


m— I 


+  P(/* 

+R 


+  Pa'"-« 


+  T. 
In  order  to  have  the  other  quotients,  it  will  be  sufficient  simply  to  substitute 
for  r7,  in  this  expression,  successively  fc,  r,  r/,  Arc.     If  we  add  these  quotients, 
and  put  Si,  S;,  S;„  Arc,  instead  of  the  sums  a-\-b-\-c-\-  . . .,  a'^'\-¥-\-c'^'\- . . 
a'+^^4"^^4"  •  •  •»  ^'®  ^^^^^  have 


mx^-^+Sj 
+mP 


.T^-'+S, 


+  PS,  +PS„_, 


+toT. 

Hence,  equating  the  coefficients  of  corresponding  terms  in  these  identical 
expressions,  we  get 


SYMMETRICAL  FUNCTIONS.  42^ 

Si  +  mP  =  (w— 1)P, 
S,+PSi  +  wQ  =  (m-2)Q, 
S34"PS:+QSi+//iR=(m— 3)R, 


or,  BimplifyiDg, 


Sm—i  +  PSnj-'j+QSni— 3  •  •  •  •   +mT:^T, 

Si+P=0, 

S,+PSi  +  2Q=0, 

S3+PS.,+  QSi+3R=0,  (2) 


S^,+PS„-,+QS„_3 .  .  .  +(m-l)T=:0. 

By  means  of  these  equations  it  will  bo  cosy  to  calculate  successively  Si,  S^, 
S3,  &Cm  and,  finallyi  Sn,_],  2.  c,  tho  sums  of  all  the  similar  powera  of  the  roots 
whoso  index  is  less  than  the  degree  of  tho  equation.  In  order  to  determine 
the  sums  of  the  higher  powers,  expressed  by  Smt  Sm+i,  Sn,+3,  &c.,  we  substi- 
tute successively  a,  !>,  c,  .  .  .  in  equation  (1),  and  thus  obtain 

a'"+Pfl'"-»+Q<i™-J +Ta+Uz=0 

6cc. 
We  multiply  these  m  equalities  respectively  by  a°,  &°,  dec.,  and  then  add 
them ;  we  thus  obtain 

Sia+fl+PSm+n,-l4"QS«n+i»-a  •  •  •  •  +TSB+i  +  USn=:0. 

We  can  make  successively  7i=0,  1,  2,  &c.,  and  thus  determine  Sm,  Soi+i, 
Sn,+2, ;  we  find     ' 

Sm    +PS„,_,+QS,n_a .  .  .  +TSi+US..=0 
S„+i+PS„    +QSu.-i  .  .  .  +TS>+US,=0  (3) 

S„H^+PS^i  +QS„     |-TS3+USa=0 

In  the  first  of  these  equations  we  can  put  in  place  of  USu,  mU,  for  So 
=:a*'4"^°4"^+  •  •  •  =fn;  wo  shall  thus  find  that  these  formulas  follow  the 
same  law  with  those  in  (2).  By  moans  of  the  first  of  those  we  can  determine 
S„„  and,  passing  successively  to  each  of  the  succeeding  formulas,  we  shall  be 
able  to  determine  each  new  sum  by  moans  of  the  sums  already  calculated. 

It  may  bo  well  to  obsoi-vo  that  all  the  sums.  Si,  S^,  S3,  &c.,  may  be  ex- 
pressed without  any  denominator  in  functions  of  P,  Q,  R,  »fcc.  This  results 
from  tho  fact  that  the  first  term  in  each  of  the  relations  (2)  and  (3)  has  unity 
for  its  coetiicient. 

KXAMPLES. 

(1)  For  a  numerical  application  take  the  equation  r* — 7^+7^0.  Here 
P=0,  Q=— 7,  R=7.  Since  P=0,  the  relation  S,+P=0  gives  Si=0. 
The  relations,  then,  which  determine  the  sums  Si,  S.j, . . .  S.j,  reduce  them- 
selves to 

S,r=0,  S,+2Q=0,  S.,+3R=0, 
S4+QS.:.=0,  S,+  QS:.+RS,=0,  S,,+QS4+RS3=0; 
and,  by  substituting  the  values  of  Q  and  R,  we  r<;adily  find 

Si=0,  S,=14,  S3=— 21,  84=08,  S:.=  -.245,  So=833. 

(2)  Calculate  the  sums  of  tho  similar  and  entire  powers  of  the  roots  of  the 
equation  x^—ar^— 19x^4- 49jr— 30=0. 

Ana.  S,=l.  Sa=39,  83=— 89,  8^=723,  S»=:— 2849,  86=16419,  &c. 
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(3)  x*+rx+8=z0. 

Ana.  Si=0,  Si=0,  83=— 3r,  84=— 4«,  85=0,  8^=3/*. 

358.  In  the  equation  8„^^+P8„^_i  +  Q8„+„_2. . . . +TS„+i+US„=0, 
n  can  be  a  negative  number,  and  thus  the  sums  of  the  negative  powers  of  the 

roots  can  be  determined.     But  it  will  be  more  simple  to  change  x  into  -  iu 

the  proposed  equation,  and  to  find  successively,  by  means  of  formulas  (2)  and 
(3),  the  sums  of  the  positive  powers  of  the  roots  of  the  transfonned  equation. 
It  is  evident  that  these  powers  are  the  negative  powers  of  a,  £>,  c, . .  . . 

359.  To  determine  double^  ir'qdcj  ^r.,  functions^  represented  by  S(a"6'  ), 
8(a''6V).  &c. 

In  order  to  find  8(a"6^)  we  multiply  together  tlie  two  sums 

a  -f-6  -^c  -^  . . .  =8at 

we  have 

8a8/j=a"+^+6«+^+c-+^+ 

^dl'tfi  •\-a!'<P  +y(P  -\ 

This  product  contains  two  series  of  terms.  The  first  series  is  the  sura  of  all 
tlie  powers  <i-\-?  of  the  roots,  and  may  bo  expressed  by  So+j?  '1  ^^^  second 
series  is  the  sum  of  all  the  products  which  are  formed  by  multiplying  the 
power  a  of  any  root  whatsoever  by  the  power  /3  of  any  other  root,  and  may 
bo  expressed  by  8(a"6/^).     We  have,  then, 

S„+/j+S(a'»6^)=:SaS;3; 
and  from  thb  equation  wo  derive,  for  double  functions,  the  formula 

To  find  tho  triple  function  S(rt*6V'),  multiply  together  the  three  sums 

a   -|-6"-|-C    -|-...=:Sa, 

The  product  is  a  symmetric  function,  which  evidently  comprises  all  thn 
terms  contained  in  each  uf  the  five  fonns 

a"+'^+'',  a''+h-',  a'-^hP,  a''+>'6",  a'hh'' ; 
bence  we  have 

But  tlie  formula  for  double  functions  gives 

S(a"+'V)  =  Sa+iiSy  -  S„+/,+,, 

By  substituting  these  values  in  tho  preceding  equality,  and  then  deriving 

from  this  equality  the  value  of  S(rz'*fc^f'),  wo  obt4iin  fur  triple  functions  the 
formula 

S(a''6'c'')  =  8u8.jSy— 8fl4./iSy— Sa^f-yS^— S/j-|-ySu+2Sa-f:y+,. 

In  the  same  manner  might  tho  quadruple  function  S(a''/^  c^'d  ),  or  tho  sum 
of  any  succeeding  combinations,  be  expressed  by  the  sums  of  the  powers. 
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360.  Every  rational  and  symmetric  algebraic  function  of  tfie  roots  of  an 
equation  can  be  exjrressed  rationally  by  the  coefficients  of  that  equation. 

Since  Si,  S^,  Sst  &c.,  can  bo  oxprossed  without  denominators  (Art.  357)  in 
functions  of  the  coefficients  of  the  proposed  equation,  and  the  double,  triple, 
quadruple,  &c.,  functions  can  be  expressed  by  the  sums  of  the  powers,  it  fol- 
lows that  all  tliese  symmetrical  functions  can  be  expressed  by  integral  func- 
tions of  the  coefficients.  And  as  every  symmetrical  polynomial  in  a,  6,  c . . . 
must  be  composed  of  the  assemblage,  by  addition  or  subtraction,  of  several 
symmetric  functions  of  the  form  S(a''b^c^d  . . .),  it  follows  that  tlie  value  of 
every  rational  symmetric  function  wliatever  of  the  roots  of  an  equation  (with- 
out the  roots  being  known)  can  be  expressed  by  the  coefficients  of  tlie  equa- 
tion. 

USE  OF  SYMMETRIC  FUNCTIONS  IN  THE  TRANSFORMATION  OF  EQUA- 
TIONS. 

361.  Symmetric  functions  present  themselves  in  the  transformation  of 
equations,  whenever  the  roots  of  the  transformed  equation  must  be  rational 
functions  of  the  roots  of  the  given  equation. 

Let  d,  6,  c  ...  be.  the  roots  of  the  ^ivon  equation ;  for  the  sake  of  definite- 
ness,  I  suppose  that  two  of  its  roots  enter  into  the  composition  of  each  root 
of  tlie  transfonned  equation,  and  I  represent  by  F(a,  b)  the  rational  function 
which  expresses  the  law  of  this  composition. 

Suppose  that,  after  wo  have  made  all  these  combinations,  two  and  two,  of 
a,  b^c  .  ,  ,  we  put  successively  in  F(a,  b)  instead  of  a  and  6,  tlie  two  roots  of 
each  arrangumeut,  it  is  clear  that  we  shall  thus  have  all  the  roots  of  the  trans- 
formed equation,  to  wit : 

F(a,  6),  F(a,  c), ,  F(ft,  a),  F(6,  c) &c. 

Consequently,  this  equation,  decomposed  into  factors,  will  be 

[2— F(rt,  b)]  [r— F(a,  r)] =0. 

This  product  does  not  vary  in  making  between  (7,  6,  c  . . . .  the  proposed  ex- 
change ;  for,  if  we  make  the  change,  the  factors  can  only  place  themselves  in 
some  other  order.  We  are  sure,  then,  that,  after  the  multiplication,  tlie  co- 
efficients of  the  different  powers  of  2  will  be  symmetric  and  rational  functions 
of  (z,  6,  f  .  .  . 

Thus,  by  following  the  method  of  procedure  hitherto  explained,  we  can 
express  these  coefficients  by  means  of  tlioso  of  the  proposed  equation. 

36*2.  But  there  exists  another  method,  often  preferable,  of  employing  sym- 
metiic  functions. 

It  is  founded  on  the  observation  that  the  relations  [2]  and  [3]  in  Art.  357, 
existing  between  the  coefficients  of  an  equation  and  the  sums  of  the  similar 
powers  of  its  roots,  can  be  used  to  discover  the  coefficients  of  the  equation 
when  they  are  unknown,  providtMl  we  know  tliese  sums  as  far  as  that  sum  of 
the  powers  whose  order  is  equal  to  the  number  of  unknown  coefficients,  i.  e., 
to  the  degree  of  the  equation. 

Hence,  to  arrive  at  the  transformed  equation,  we  determine,  first,  of  wliat 
degree  this  equation  is  to  be.  We  next  find  the  sums  of  the  first,  second,  &c., 
powers  of  its  roots,  as  far  as  the  sum  of  the  powt^rs  whose  order  is  equal  to 
the  degree  of  this  transformed  equation;  then,  by  means  of  tliese  sums,  we 
calculate  the  unknown  coefficients.     It  is  clear  that  these  different  sums  are 
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symmetric  functions  of  the  roots  of  tlie  i)ropo9ed  equation,  and  tbat  they  cau 
bo  expressed  by  the  coefficients  of  tliis  equation.  Hence  they  can  readily  be 
determined. 

363.  As  nn  illustration  of  the  preceding  method,  I  will  resume  hei*e  the 
question  of  the  equation  of  tlie  squares  of  the  differences,  already  treated  of 
in  Alt.  278.  Symmetric  functions  give  the  most  simple  and  elegant  solution 
of  which  it  is  susceptible.     The  question  is  this : 

To  find  ike  equation  whose  roots  are  the  squares  of  the  differences  of  the 
roots  of  a  given  equation, 

ar^+Px-^-i+Qj^-^H =0 [A] 

Represent  the  transformed  equation  by 

2"+j«:'»-»+V2"-2+r2»-3H \-tz+u=zO  .  .  .  [B] 

The  m  roots  of  [A]  being  a,  &,  c  .  .  .  those  of  [B]  will  be 

(a— 6)-,  (a-^c)',  (a-^dy,  .  .  .  (6— c)^  .  .  .  (i— tf)«,  (c— rf)«,  .  .  .  &c. 

The  number  of  these  squares  is  evidently  that  of  the  combinations,  two  and 
two,  tliat  can  be  made  with  tlie  m  quantities,  a,  6,  c  .  .  .  ;  hence  the  degree  of 
the  required  transformed  equation  will  be  n  =  Jm(7n  —  1). 

The  coefficients  p,  q,  r  .  .  .  may  easily  be  found  when  we  know  the  sums 
of  the  similar  and  entire  powers  of  the  roots  of  equation  [B] ;  since  the  sum 
of  the  fii*st  powers  is  equal  to  that  of  the  n^  powers.  Let  us  designate  these 
new  sums,  then,  by/i,/;,^^,  <^c.,  and  And  the  general  value  ofy^,  a  being  any 
entire  and  positive  number  whatsoever. 

The  roots  of  the  equation  [B]  are,  as  has  already  been  stated,  {a — by,  dec* 
Raising  these  roots,  then,  to  the  power  a,  we  have 

/a=(a-6r+(rt-r)^-+(«-.rf)-^' .  .  .  +(6-f)M+,  &c. 

In  order  to  find  this  sum,  consider  the  expression 

^(t)=:(j— a)««+(a:— 6)3^+(r— c)*»+ 

which  contains  the  m  binomials  x — a,  x — 6,  x — c If  we  make  in  this 

expression  successively  xrra,  5,  c,  .  .  .,  and  add  the  m  results,  we  evidently 

obtain 

2/;,=0(a)+^(fc)+^(c)+  .  .  . 

If  we  develop  the  powers  which  comiK)se  d(.r),  we  find 

2a(-2a  — 1) 

±  *  lu 
6(x)=i  ,  2a(2a— 1), 

^  +,  A:c., 
or,  more  simply,  by  using  the  notation  Si,  S^,  &c., 

0(r)=m3:«''— 2oSia:««-»+~^f^^^'S,^^ \-S^. 

JL  •  <w 

Substituting  a,  b,  c  .  .  .  in  this  expression  instead  of  x,  and  adding  the  re- 
sults, we  obtain 

2fl(2a  — 1) 
2/u=7wS^ — 2aSiS2rt_i-| ;j — ^^ — S.2S2a-«  •  •  •  +wiSa(|. 

In  this  second  member  it  will  bo  perceived  that  the  terms  at  an  equal  dis- 
tance from  the  extrcMues  ai'e  equal ;  consequently,  stopping  at  the  middle  term 
of  the  expression,  and  taking  only  the  half  of  tliat  term,  we  have  the  general 
vi'ue  of/«,  to  wit, 
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Ja^mSia — 2flSiSao— 1+ :j — 3"^ — SaS^a^-a  .... 

1.    m    Af 

.2a(2a-l)(2«-g)...(a+l)„ 

As  the  signs  are  alternately  +  *"^  — »  there  will  never  be  any  uncertainty 
as  regards  this  last  term.  Lot  us  view,  then,  the  operations  which  must  bo 
performed. 

1°.  We  calculate  the  sums  Si,  Sj,  S3.,  up  to  S^a  by  means  of  the  known 
relations  Si+P=0,  S3+PSi+2Q=0,  &c. 

2°.  In  the  formula  which  expresses  fa  we  make  successively  a=l,  2,  3, 
..n,  and  we  thus  have,  to  determine  the  n  8um8/i,yj,^,  .../», 
yissmSj— SiS|,yi=mS4 — 4SiS3+3S.jSj,  &c. 
3°.  Finally,  the  relations  existing  between  these  n  sums  and  the  n  coeffi 
dents  jpi  9,  r,  . . .  will  give  the  values  of  tliese  coefficients,  viz., 

JP=— /i»  9  =  — 5(/3+iiA)i  ^=-J(/3+i^/i+7/i)»  ^c- 

364.  A  method  entirely  analogous  to  that  which  has  been  employed  in  find 
mg  the  equation  of  the  squares  of  the  dilferonces  can  be  employed  in  a  great 
number  of  cases,  and  particularly  in  those  where  the  roots  of  the  transformed 
equation  are  similar,  and  entire  powers  of  the  difference,  of  the  sum,  of  the 
product,  or  of  the  quotient  of  any  two  roots  whatsoever  of  the  given  equation. 

For  example,  suppose  that  each  new  root  is  to  be  the  power  k  of  the  sum 
a-^-h  of  two  roots  of  equation  [A].  Taking  /i  =  j7;{(m  —  1),  the  transformed 
equation  ought  to  have  the  form 

2°+^2°-»+^2°-«-| [-tz+u=0 [C] 

and  if  we  make 

/a=(a+i)^«+(a+r)^''+  . . .  +(6+c)^«+,  ike, 
the  calculation  will  reduce  itself  to  exprossingy^  by  a  general  formula.    To 
do  this,  we  take  the  function 

^(x)  =  (x+ fl)''« + (r+ i  )^« + (x+ c)"^" + ,  &c., 
the  development  of  which  is 

But  if,  before  the  development,  we  substitute  in  ^(j*)  successively  a,  b,  c, 
..  .,  instead  of  x,  the  sum  of  tho  resultants  will  be  equal  to  2fa+2^^S^; 
hence  it  is  easy  to  perceive  that  by  making  the  same  substitutions  in  the 
development,  we  sliall  have 

Finally,  we  derive  from  tliis  equation  the  required  formula, 

/a=(m-2''"-»)Ska  +  ^*aSiS,a-i+-^^SaS,a-2+,  &C. 

When  ka  is  even,  we  stop  at  the  term  which  contains  S  with  two  equal  in- 
dices, and  we  take  only  the  half  of  it ;  but  when  ka  is  uneven,  we  stop  at  the 
term  in  which  the  two  indices  are  ^(ka^l)  and  5(^:0+1),  and  we  take  the 
entire  term. 

aUADRATIC  FACTORS  OF  EaUATIONS. 

365.  Every  equation  of  an  even  degree  has  at  least  one  real  quadratic  factor. 
Let  the  proposed  equation  he 

Ex 
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i°4-p,T"-»4-j?2a*-«-| |-i'n=0,  having  i-oots  <z,  6,  c,  &c.,  and  let  ti=*J//,  p 

being  an  odd  number.     Let  it  be  transformed  (Art.  362)  into  an  equation 

whose  roots  are  the  combinations  of  every  two  of  its  roots,  of  the  fonn  ^=:a 

-{•h-^-mabf  m  being  any   number;    also,  let  the   transformed   equation   be 

^„(^):=0;  then  its  coefficients  will  be  symmetrical  functions  of  a,  6,  c,  &c., 

and,  therefore,  rational  and  known  functions  oipi,  p^^  dec. ;  and  its  degree  will 

2/x(2//— 1) 
be ,  which  is  odd ;  therefore,  ^„(y) =0  will  have  at  least  one  real  root, 

whatever  be  the  value  of  m.  Hence,  making  m=l,  2,  3,  ...  {/<(2/<  —  l)-f-l  {, 
successively,  each  of  tlie  equations  ^i(^)=0,  i^{y)=zO,  dec,  will  have  at  least 
one  real  root;  that  is,  we  shall  have  /<(2/z — 1)+^  ^^^^  values  for  combinations 
of  two  roots  of  the  proposed  equation,  of  the  form  a-^-b-^-mab  ;  but  there  are 
only  ii{2fi — 1)  such  combinations  which  are  differently  composed  of  the  roots 
a,  &,  c,  dec. ;  therefore,  two  of  these  combinations,  for  which  we  have  obtain- 
ed real  values,  must  involve  tlie  same  pair  of  the  quantities  a,  6,  c,  dec. ;  let 
this  pair  of  roots  be  a,  6,  and  a,  a\  the  real  roots  of  the  corresponding  equa- 
tions ^„(y)=0,  ^„^(y)=0,  so  that 

a-\'b-\-mah=a^  a-\-b-\-m^abz=ia* ; 
therefore,  a-^-b  and  ab  are  real,  and  tlie  proposed  equation  has  at  least  one 
real  quadrotic  factor,  and  two  roots,  either  real,  or  of  the  form  ai/^V — !• 
Hence  every  equation  whose  degree  is  only  once  divisible  by  2  has  at  least 
one  real  quadratic  factor. 

We  shall  now  prove  that  if  it  bo  true  that  every  equation  has  at  least  one 
real  quadratic  factor  when  its  degree  is  r  times  divisible  by  2,  or  when  n  =27«t 
where  fi  is  odd,  the  same  is  true  when  the  degree  of  the  equation  is  r-f-I 
times  divisible  by  2.  For,  let  n=2'+V'*»  then  the  degree  of  the  transformed 
equation  will  be  2'/i(2'+y — 1),  which  is  only  r  times  divisible  by  2 ;  therefore, 
by  supiKisition,  the  transformed  equation,  dn,(y)=0.  will  Imvc  t>vo  roots,  either 
real  or  imaginary.  If  they  are  rcnl,  then,  exactly  in  the  same  way  as  for  the 
preceding  case  of  the  index  being  only  once  divisible  by  2,  it  moy  be  shown 
thnt  tlie  proposed  equation  hns  at  least  one  real  quadratic  factor.  If  they  are 
imaginary,  we  shall  have  y^za-^^jSy/  —  1,  each  of  which  expresses  the  value 
of  some  one  of  the  combinations  a-\-b-\-Tnah,  a-\-c-\'mac,  drc.  Suppose, 
therefore,  that  we  have  a-\-b'\-mah:=zn-\-3  -yj  — 1  ;  then,  as  shown  above,  we 
can  give  m  such  a  value  vi\  thnt  0„,(7/)r=O  shall  hove  a  root  corresponding  to 
the  combination  of  the  same  letters,  so  that  a-\-h -^-m' ab'=.Q.' ^3'  ^J — 1 ;  from 
which  equations  we  can  obtain  values  of  ah  and  ^-j-^  under  the  forms 

...  X-— (y+(5  V"^)T+}'  +  rV  yl~:Z\  is  n  factor  of/(j)  ; 

but  if  any  real  expression  have  h  factor  of  the  fonn  M-|-N  \/  —  1,  it  must  also 
have  one  of  the  form  M  —  N  -/  —  1 : 

...  J--  — (}'— (5  v''^T)r+}'— (^'  V^TT  is  a  factor  of/(r) ; 
if,  therefore,  these  two  expre.^sions  linve  no  simple  factor  in  conmion,  their 
product  will  be  a  biquadnitic  factor  of /*(r), 

which  can  always  be  resolved  into  two  real  (pindratic  factors,     (.^'ee  solution 
of  Biquadratics.)    If  they  have  a  factor  in  common,  since  they  may  be  writteo 
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^'-K+y'- V-U^'-r-*?'),  ^-rx+/+ v-U^^-cJ')* 

it  CHD  only  bo  of  the  form  x — e;  and  tho  factors  themselves  become 

(j_*-|-A-v/  — 1)(j:— c),  (a:— K— AV— l)(x— f); 
and,  therefore,  the  proposed  equation  admits  the  real  quadratic  factor 

Honce  an  equation  whoso  degree  =2'+'/^  will  have  a  real  quadratic  factor, 
provided  an  equation  whose  degree  =:2'fx  has  one ;  but  we  hiive  proved  this 
to  be  the  case  when  r=l  ;  therefore  it  is  universally  true  that  every  equa- 
tion of  an  even  degree  has  at  least  one  real  quadratic  factor.  If  now  this  fac- 
tor be  expelled,  the  depressed  equation  will  have  its  coefficients  real  and  its 
degree  even,  and  will,  therefore,  as  before,  have  one  real  quadratic  factor. 
Hence  the  6rst  member  of  every  equation  of  an  even  degree  may  be  resolved 
into  renl  quadratic  factors. 

366.  Hence  if  we  divide  the  first  meml)er  of  any  equation 

by  x^-^-OT-^-b^  admitting  no  terms  into  the  quotient  that  have  x  in  the  de- 
nominator, we  shall  at  last  obtain  a  remainder  of  the  form  Ar-|-B,  A  and  B 
being  rational  functions  of  a  and  h;  and  in  order  that  3^-\-ax-\'b  may  be  a 
quadratic  factor  of  the  proposed  equation,  it  is  necessary  and  sufficient  that 
this  remainder  should  equal  zero  for  all  values  of  r,  which  requires  that  wo 
separately  have  A  =0,  B  =0.  Tho  different  pairs  of  values,  real  or  imnginaiy, 
of  a  and  6  which  satisfy  these  equations  will  give  all  the  quadratic  factors  of 
the  proposed:  and  as  tho  number  of  these  factors  is  \n(n — 1)  (Art.  244,  Cor. 
2),  the  final  equation  for  determining  one  of  the  quantities  a,  2>,  obtained  by 
eliminating  the  other  between  tlie  two  preceding  equations,  will  he  of  the 
degree  r,n{n — 1),  which  exceeds  w,  if  n>3  ;  therefore,  the  determination  of 
the  quadratic  factors  of  an  equation  wiU  generally  present  greater  difficulties 
than  the  solution  of  the  equation. 

As  tho  proposed  equation  has  necessarily  ^n  or  .J(/i — 1)  real  quadratic  fac- 
tors, according  as  n  is  even  or  odd,  there  will  ahvnys  exist  tho  same  number 
of  pairs  of  real  values  of  a  and  6,  satisfying  tlie  equations  A=0,  B=0  ;  and 
if  any  of  these  paii-s  of  real  values  be  commensurnble,  they  may  bo  ensily 
found;  and  the  commensunible  quadratic  factors  being  known,  the  equation 
may  bo  depressed. 

EXAMPLES. 

(1)  To  resolve  r«— Cjr=+nj— 3=0  into  its  factors.  Dividing  by  a:-+«.r+6, 
we  find  a  remainder, 

(«4.2rt6-|-6a—fl^).r—(a26— 62  —  66+3); 

therefore,  to  determine  a  and  b,  we  have 

n  +  2«6-|-6tf— G^=0,  ^ 
0*6—6^—66  +  3=0. 

Solving  the  former  with  respect  to  6,  nnd  substituting  in  the  latter,  w«*  fmd 

(aa— .4)'»=ji2— 64,  or  a=\/4+ V«'— 64;   from  whence  6,  and  tlio  other 

quadratic  factor, 

x«— ax+a«— 6— 6, 

may  be  determiaed. 
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(2)  The  resolution  of  x*+i'^+^-^+^^+*  "'^  ^^  *^®  quadratic  factors, 
,\'^mx-\-n,  j[f^-\-m'x-\-n,  may  be  eflTected  by  the  following  formulae : 

r — ^m+Z^W — m^  r — gm'-^prn'^-^m'^ 

whore  z  is  a  raot  of  the  equation, 

23_(3^c_8^)2«+(3/7*— 16/?«^+1652+16/w— 64«)z— (8r— 4;?^+2J»)*=0, 
Avliich  has  necessarily  a  real  root. 

ELIMINATION  BY  SYMMETRIC  FUNCTIONS. 

307.  Symmetric  functions  furnish  a  method  of  elimination  which  has  the 
advantage  of  making  known  the  degree  of  the  final  equation. 
Let  the  two  equations  be 

x"+Px"-^+Qx»-*+Ra:"-»...=0 (1) 

x»+P'j:°-»4"Q''^"*+R'^»^°~®---=0 (2) 

in  which  P,  Q...,  P',  Q'...  are  functions  of  y.     If  we  could  resolve  (1)  wiln 
respect  to  x,  w&  would  derive  from  it  m  values,  a,  6,  c...,  of  x,  which  would 
be  functions  of  y ;  and,  by  substituting  these  values  of  x  in  equation  (3),  we 
would  have,  for  determining  tho  values  of  y,  m  equations  free  from  x,  viz., 
a°+P'a°-*+Q'a»-«+R'a°-3...=0  \ 
6»+P'6»-»+Q'6°-»+R'i'"'.-.=o[    ....  (3) 

&c.  &c. 

But,  in  general,  the  resolution  of  equation  (1)  is  impossible,  and  the  prob- 
Inii  is  to  obtiun  a  final  equation  which  embraces  all  the  values  of  y  without 
distinction. 

We  shall  have  an  equation  which  will  fulfill  this  condition  by  multiplying 
to^'ethor  the  m  equations  (3),  for  the  resulting  equation  will  be  satisfied  by 
vnvh  value  of  y  derived  fi-om  any  one  of  tliem,  and  it  can  not  be  satisfied  in 
any  other  way.  But  tho  factors  of  thb  resultant  can  only  change  places, 
whatever  pennutations  we  may  make  between  the  quantities  a,  6,  c  . . . ;  the 
I)roduct,  then,  will  only  contain  entire  and  rational  symmetric  functions  of 
those  quantities :  hence  wo  shnll  be  able  to  express  these  factors  by  means 
of  tho  coefficients  of  equation  (1),  and  in  this  way  we  shall  have  the  final  equa- 
tion in  y. 

Tliis  method  of  elimination  leads,  in  general,  to  very  tedious  calculations , 
hut  it  has  the  advantage  of  giving  a  final  equation  containing  all  the  roots  that 
it  ought  to  embrace,  without  any  complication  of  foreign  roots. 

368.  This  method  has  also  the  advantage  of  leading  to  a  general  theorem 
with  respect  to  the  degree  of  the  final  equation.  In  the  preceding  article  the 
first  equation  is  of  the  degree  m^  the  second  of  the  degree  n,  and  P,  Q...,  P', 
Q'. . .  are  any  functions  whatsoever  of  y ;  but,  for  tlie  theorem  in  question, 
these  functions  must  evidently  be  polynomes,  such  that  the  sum  of  the  ex- 
ponents of  X  and  y  shall  be,  at  most,  equal  to  m  in  each  term  of  equation  (I), 
and,  at  most,  equal  to  n  in  each  term  of  equation  (2).  We  have,  then,  to  de- 
termine to  what  degree  y  can  be  raised  in  the  symmetric  functions  which 
compose  the  product  of  equations  (3). 

Each  term  of  this  product  is  the  product  of  m  terms  taken  respectively  from 
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the  m  equatioDS  (3) ;  henco,  designating  these  terms  by  Ya",  Y'b^,  Y'c*',  the 
term  of  the  product  will  be  YY' Y". . .  a^iJ^c^ . . .  But  the  product  of  tlicse  ?n 
equations  being  symmetric  >vith  respect  to  the  quantities  a,  5,  c...,  all  tlie 
terms  should  have  tlie  same  fonn  with  the  one  that  we  have  given  above  ; 
consequently,  we  know  that  the  product  embraces  all  the  terms  represent- 
ed by 

YY'Y"...xS(tf«6V...) (4) 

We  have  now  to  determine  the  degree  of  y  in  this  expression.  Observing 
that  the  degree  of  y  in  Y  is,  at  most,  equal  to  n— a,  in  Y'  to  n— /?,  in  Y"  to 
n — y,  &c.,  we  shall  readily  see  that  in  YY'Y"...  its  degree  will  be,  at  most, 
equal  to  mn — a— /J — y....  On  the  otlier  hand,  if  wo  refer  back  to  the  rela- 
tions (Art.  356)  from  which  the  sums  Si,  S,},  S3,  &c.,  are  derived,  we  shtill 
see  that,  P  being,  at  most,  of  tlie  first  degree  in  y,  Q  of  the  second,  R  of  the 
third,  and  so  on,  the  degree  of  ^  in  these  sums  can  not  surpass  the  subscript 
number  of  S  ;  and,  in  like  manner,  if  we  refer  (Art.  359)  to  the  formulas 
which  express  double,  triple,  A:c.,  functions,  we  shall  perceive  that  in 
S(a"6^c^...)  the  degree  of  y  run  not  surpass  a+,i-|-}'...  Hence  in  expres- 
sion (4)  the  degree  ofy  will  be,  at  most,  equal  to  mn. 

The  same  remark  will  apply  to  all  the  symmetric  functions  whose  sum 
composes  the  product  of  the  m  equations  (3) ;  therefore,  lastly,  the  final  equa- 
tion can  not  be  of  a  defp-ee  superior  to  mn. 

The  demonstration  seems  to  require  that  equation  (1)  con  tain  m.  But  we 
can  suppose  that  at  first  x"*  had  a  coefficient.  A,  independent  of  1/,  and  that  we 
have  divided  the  whole  equation  by  A.  The  final  equation  ought  to  subsist, 
whatever  may  be  the  value  of  A  ;  we  can  make  A=0,  and  it  is  evident  that 
this  supposition  will  not  raise  the  degree  of  the  final  equation.  Finally,  the 
theorem  is  to  bo  thus  understood :  that  the  elimination  between  two  general 
equations,  the  one  of  the  degree  ;/»,  the  other  of  the  degree  n,  ought  to  give  a 
final  equation  of  the  degree  mn  ;  but  that,  in  |iarticular  cases,  the  degree  of 
the  final  equation  can  be  less  than  mn, 

EXAMPLES. 

The  two  equations,  x — y"'=^0^  j:"4-^.V"+%4"''=^»  although  very  simple, 
will  give  a  final  equation  fully  of  the  degree  m/j ;  for,  by  substituting  in  the 
second  the  value  of  r  derived  from  the  first,  it  becomes  y""'-\-ay'''^-hy-\-czz:0. 

On  the  other  hand,  in  eliminating  x  between  the  equations  x^ — ^"==0, 
x^^ay^-^-hy+cz^O,  we  obtain  a  final  equation  of  a  degree  less  than  w/w,  viz., 
ynii^ay"+hy+c=zO. 

309.  For  extending  the  theorem  to  any  number  whatsoever  of  equations, 
we  have  the  general  theorem  given  by  Bezout,  viz.,  that  If  hetwetn  equations 
equal  in  number  to  Oiat  of  the  unknowns,  wc  eliminate  all  tlie  unknowns,  except 
one,  the  degree  of  the  final  equation  will  be,  at  most,  equal  to  tJie  jyroduct  of  the- 
degrees  of  these  equations. 

Before  Bezout,  the  theorem  had  been  known  for  the  case  of  two  equations; 
and  Cramer,  in  the  appendix  to  his  Introduction  to  the  Analysis  of  Right 
Lines,  has  given  a  very  simple  demonstration,  which,  in  reality,  does  not  differ 
from  that  which  we  have  stated.  It  has  been  a  desideratum  that  the  same 
demonstration  should  be  capable  of  being  applied  to  all  other  cases ;  this  has 
been  accomplished  by  Poisson,  in  a  memoir  which  appeared  in  tlie  eleventh 
▼olome  of  the  Journal  de  Vtcole  Polytechniquc. 
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METHOD  OF  TSCHIRNHAUSEX  FOR  SOLVING  EaUATIOXS. 

370.  As  another  application  of  the  theory  of  elimination,  we  shall  briefly 
illustrate  the  principle  upon  which  Tschirnhausen  proposed  to  accomplish  the 
general  solution  of  equations,  but  which,  as  observed  at  Art.  277,  was  soon 
found  to  be  of  but  very  limited  application,  not  extending  beyond  equatioas  of 
the  fourth  degree  ;  and,  even  within  this  extent,  too  laborious  for  general  uae. 
The  principle  consists  in  connecting  with  the  proposed  an  aaxiliaiy  •quation 
of  inferior  degree  with  undetermined  coefficients,  and  of  as  simple  a  form  as 
possible  consistently  with  the  office  it  is  to  perform,  but  involving,  besides  the 
unknown  quantity  x,  a  second  unknown  y.  The  unknown,  common  to  both 
equations,  is  tlien  eliminated  according  to  the  method  at  Art.  315,  and  a  Adb] 
equation  in  y  thus  obtained,  of  which  the  coetficients  are  functions  of  the  un- 
determined coefficients  in  the  auxiliary  equation.  The  arbitrary  quantities, 
thus  entering  the  coefficients  of  the  final  equation  in  y,  are  then  detorminf^d 
so  as  to  cause  certain  of  those  coefficients  to  vanish ;  by  which  means  the 
equation  is  ultimately  reduced  to  a  prescribed  form,  supposed  to  be  solvable  by 
known  methods. 

371.  As  an  example,  let  it  be  required  to  reduce  the  cubic  equation 

23+aj:«+6x+c=0 (1) 

to  the  binomial  form 

y»+A:=0. 

Assume  an  auxiliary  equation 

3^^a'x-\-h'+y={i (2) 

and  eliminate  x  from  (1)  and  (2)  in  the  usual  way.  The  remainder  arising 
from  dividing  the  first  member  of  (1)  by  the  first  member  of  (2)  is 

(a'a_aa'+i-.6'_y)x+(a'-a)(6'+y)+c, 

which,  equated  to  zero,  gives 

\a^a')(VJ^y)^c 

and  this  value  of  x,  substituted  in  the  proposed  equation,  transforms  it,  after 
reduction,  into  the  form 

t+hxf'+iy+i^^^ (3) 

where 

A=3fc'— aa'+a«— 2ft 
2=3ft'«— 2ft'(«a'— a«+2ft)+a'«ft 
4-(3c— aft)a'+ft«— 2ac 
A:=ft'»— aft"»a'+ftft'a'«— ca''+(a«— 2ft)ft'«+ 
(3c— aft)a'6'+afa'=»+(ft'»— 2flc)ft'— ftra'+c3. 

Hence,  in  order  to  reduce  (3)  to  the  prescribed  form,  we  must  determme 
the  arbitrary  quantities  a\  h'  conformably  to  the  conditions  A=0,  t=0  ;  that 
is,  these  quantities  must  satisfy  the  equations 

36'— aa'+fl-^— 2ft=0 
3ft'2_«o6'(rta'— a=+2ft)+a'«!»+ 
(3c-.aft)a'4-ft«— 2ac=0, 

of  whicli  the  first  is  of  the  first  degree  with  respect  to  a'  and  ft',  and  the  other 
of  the  second  degree,  so  that  their  values  may  be  determined  by  a  quadititic 
equation.     And  these  values,  or,  rather,  the  expression  for  them  in  teniis  of 
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the  given  coefficients,  being  substituted  in  tlie  preceding  expression  fur  k^  ren 
der  that  symbol  known  ;  and  tlius  the  required  form 

is  obtained. 

372.  In  a  similar  manner  may  the  general  equation  of  the  fourth  degree 

be  tnntfiHrmed  into  one  of  the  form 

which  is  virtaaDy  a  qundratic.  by  eliminating  x  from  the  pair  of  equations 

which  elimination  will  conduct  to  a  final  equation  in  y  of  the  form 

y+gf+hf+iy+k=0, 

from  which  the  second  and  fourth  tenns  will  vanish  by  the  equations  of  con- 
dition 

^=0, 1=0, 

the  first  of  which  will  be  of  the  first  degree  as  regards  the  arbitrary  quantities 
a\  b\  and  the  second  of  the  third  ;  both  quantities  are,  therefore,  determina 
ble  by  means  of  an  equation  of  the  third  degree,  and  thence  the  quantities 
hf  kj  which  are  known  functions  of  them. 

An  this  is  very  laborious,  but  it  reoUy  does  effect  the  object  proposed  thus 
far ;  that  is,  it  reduces  tlio  solution  of  equations  of  the  third  and  fourth  de 
grees  to  those  of  inferior  degrees  ;  but  beyond  tliis  point  the  method  fails,  as 
the  conditional  equations  resolve  tliemselves  ultimately  into  a  final  equation 
that  exceeds  in  degree  that  which  tliey  are  intended  to  simplify. 

On  this  subject  we  may  add  that  Mr.  Jon'ard  hns  greatly  extended  the  prin- 
ciple of  Tschirnhausen,  and  has  succeeded  in  reducing  the  general  equation 
of  the  fifth  degree 

a:6-|-A4r*+Aar»+A,.T«+Ax+N=0 
to  the  remarkably  simple  forms 

x^+a3^+b=0 
x^-\.ax  +t=0; 

so  that  the  solution  of  the  general  equation  of  the  fifth  degree  might  be  con- 
sidered as  accomplished  if  either  of  the  above  forms  could  be  solved  in  general 
terms. 

For  a  very  masterly  analysis  of  Mr.  Jerrard's  researches,  tho  reader  is  re- 
ferred to  the  paper  of  Sir  W.  R.  Hamilton  in  the  Report  of  the  sixth  meet- 
ing of  the  British  Association. 

METHOD  OF  LAGRANGE  FOR  SOLVING  EaUATIONS. 

373.  A  remarkable  application  of  the  theory  of  symmetrical  functions  is  that 
made  by  Lagrange  to  the  general  solution  of  equations ;  by  that  means  he 
solves  tlie  general  equations  of  the  first  four  degrees  by  a  uniform  process, 
and  one  which  includes  all  others  that  have  been  proposed  for  that  purpose, 
the  common  relation  of  which  to  one  another  is  thus  made  apparent. 

It  consists  in  employing  an  auxiliary  equation,  called  a  reducing  equation, 
whose  root  is  of  the  form 
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denoting  by  Xi,  x.2,  • .  x^  the  n  roots  of  the  proposed  equation,  and  by  a  one  of 
the  n^  roots  of  unity ;  and  the  principle  on  which  it  is  based  is  as  foUowa : 
Let  y  be  the  unknown  quantity  in  the  reducing  equation,  and  let 

y=aiXi+a^t-\ +a.x„, 

ai,  os, . . .  oq  denoting  certain  constant  quantities  ;  then,  if  n — 1  values  oi  y, 
and  suitable  values  of  the  constants  Oi,  Oj, . . .  Onf  can  be  found,  so  that  we  may 
have  n — 1  simple  equations,  those,  together  with  the  equation 

— B=^i+^3+  •  •  •  +^B» 
will  enable  us  to  determine  the  n  roots. 

Now,  supposing  tlie  constants  in  the  value  of  ^  to  preserve  an  invariable 
order,  a^  o^,  &c.,  since  the  number  of  ways  in  which  the  n  roots  may  be  com- 
bined with  them  to  form  the  expression  aiXi-|-<^^8+f  ^<^-*  ^  ^^^  same  as  the 
number  of  permutations  of  n  things  taken  all  together ;  therefore,  the  expres- 
sion for  y  wiU  have  n(n — 1) . . .  3.2.1  values,  and  the  equation  for  determining 
y  will  rise  to  the  same  number  of  dimensions,  or  will  be  of  a  degree  higher 
than  that  of  the  proposed  equation  ;  hence  the  method  will  be  of  no  use,  un- 
less such  values  can  be  assumed  for  the  constants  Cj,  o^, . . .  a^  as  shall  make 
the  solution  of  the  equation  in  y  depend  upon  that  of  an  equation,  at  most,  of 
n  —  1  dimensions.  Now  this  may  be  done  (at  least  when  n  does  not  exceed 
4)  by  taking  the  n^  roots  of  unity  afi^  a,  a\  a^, . . .  a°~^  for  Oj,  a,, . . .  a.,  so  that 

y=:cPxi-\"ax<i-\'  . . .  4-«'~*^r+a'^r+i-t-  •  •  •  -|-a"~*TB. 

For,  in  the  first  place,  with  this  assumption,  the  reducing  equation  will 
contain  only  powers  of  y  which  are  multiples  of  n;  for,  since  a"=l, 

or  a'-'y = aozr+i  +  or^+j  ^ ^-  a^%, 

which  is  the  same  result  as  if  we  had  interchanged  r^  and  Xr^i,  Xt  and  Xp^^ 
&c.,  so  that  if  3/  be  a  root  of  the  reducing  equation,  a^~'y  is  also  a  root;  there- 
fore, tlie  reducing  equation,  since  it  remains  unaltered  when  a^*-'y  is  written 
for  y,  contains  only  powers  of  y  which  are  multiples  of  n ;  if,  therefore,  we 
make  y"=2,  wo  shall  have  a  reducing  equation  in  z  of  only  1.2.3...  (n — 1 
dimensions,  whose  roots  will  be  the  diflbrent  values  of  z  which  result  from 
the  pennutations  of  the  n  —  1  roots  Xj,  ^s, .  * .  Xa  among  themselves.  We  shall 
now  have,  expanding  and  reducing, 

z=y°=Wo+Wia+i/30«-| .  4.w^iO'»-», 

in  which  t/ot  tii,  Uj,  . . .  Ua-i  are  determinate  functions  of  the  roots,  which  will 
be  invariable  for  the  simultaneous  changes  of  Xi  into  x,^i,  x^  into  x^^,  &€., 
since  z=z(a^yY ;  and  when  their  values  are  known  in  terms  of  the  coefficients 
of  the  proposed  equation,  we  shall  immediately  know  the  values  of  the  roots. 
For  let  Zo»  -i»  "i,  .  . .  z^-i  be  the  different  values  of  z,  when  1,  a,  /[?,  ^,  . .  .  A, 
the  roots  of  y" — 1=0,  are  substituted  for  a;  then,  since  y=  Vz,  we  have 

Xi+Xri+  . . .  +x„=z  Vzo 
Xi+aXi+  . . .  +o'»-i2:„=  V^i 


llierefore,  adding,  and  taking  account  of  the  properties  of  the  suras  of  the 
"vers  of  1,  a,  5,  y,  &c.,  (Art.  357,  [2]),  we  get 
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nxi=  V^+  V^+ 1-  V^i- 

Again,  multiplying  the  above  system  of  equations  respectively  by  1,  a"""S 
/3*^S  . . .  A"-*,  wo  get 

and  so  on  for  the  rest.  Hence,  since  — jfi=z^Z(^  and  .*.  ( — piY=iZ'iZsu% 
4- 1^1 4"  ■  *  •  4" ^B-if  ^®  problem  is  reduced  to  finding  tlie  values  of  Uu  t^^  •  •  •  Ka-i« 
374.  When  n  is  a  composite  number,  the  above  general  method  admits  of 
simplifications.  For  let  n  have  a  divisor  m,  so  that  7i=mj7,  and  lot  a  be  a  root 
of  y"— 1=0;  then,  since  0"=!,  a'^^=ia,  a'^-^^ssa^  &c.,  a'"=l,  a^+^=a, 
dec.,  we  have 

y=Xi  +  aXi+a^X2+  .  .  .  +^°~*^b 
=Xi  +  aX.+a«X3H +a'"-»X„, 

where  Xr^arr+Xm+r+^im+r+  •  •  •  +^»-in+r»  ^ud  cousists  of  J?  Foots ; 

where  t/o«  Ki*  &c.,  are  known  functions  of  Xi,  Xj,  &c. ;  and  when  they  are 
found  in  terms  of  the  coefficients  of  the  proposed  equation,  we  shall  bo  able  to 
determine  immediately  the  values  of  Xi,  Xs,  &c.,  as  before.  To  deduce  the 
values  of  the  primitive  roots  jt],  x^,  X3,  . . .  Xq,  we  most  regard  separately  those 
which  compose  each  of  the  quantities  X],  X:,  &c.,  as  the  roots  of  an  equa- 
tion of  jp  dimensions.  Thus,  let  the  roots  whoso  sum  is  Xi  be  those  of  the 
equation 

ai»— XiJ-P-i4-Lr>*-«— MjP-»-f  . . .  =0, 

where  L,  M,  &c.,  are  unknown ;  then  the  first  member  of  this  equation  is  a  ' 
divisor  of  the  first  member  of  the  proposed,  since  all  its  roots  belong  to  the 
latter.  Hence,  effecting  the  division  and  equating  to  zero  the  coefficients  of 
jp~*,  xP~^  &c.,  in  the  remainder,  we  shdl  have  p  equations  in  Xi,  L,  M,  dec, 
of  which  the  first  p — 1  will  give  the  values  of  L,  M,  &c.,  in  terms  of  Xj  by 
linear  equations.  It  will  then  remain  to  solve  the  equation  so  formed  of  p 
dimensions.  Similarly,  substituting  the  value  of  X.^  in  place  of  that  of  Xi,  we 
shall  have  an  equation  giving  the  next  group  of  roots  X:,  Xm^^t  dec. ;  and  so  on 

EXAMPLE  I. 

r* — px'-\-qx — r=0. 
Let  the  roots  be  a,  &,  c,  and  let 

yz=za-\-ah-\-a'C ; 
.-.  2=y3=a'+6^-fr»-fCr^6c+3(rt=6+5-c+c'a)a+3(a«c+5«a4-c»5)o«, 

But  Ui,  Ui  are  roots  of  the  quadratic 

and  ttl-f  U2=32(a»6)=3;)^— 9r  (Arts.  357, 359), 
UiUi=:9\abcSi+^a''b^)+3ar'b^c'\ 

=973-f9(p'— 6p^)r+81r«. 
Hence  tii,  th  are  known, 

and  .*.  Uo=:jP — (wi+Mi),  is  known. 

Hence,  denoting  by  Zi,  r^,  the  values  of  z  when  a  and  o«  are  respectively 
written  for  a,  we  have 
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from  which  we  obtain  the  values  of  a,  &,  and  c,  viz., 

h:=z\(p+a^yz,Jf.ayzJ) 

EXAMPLE  II. 

r* — jp3^-\-q±* — rz+5r=0. 

Since  4=2.2,  let  o  be  a  root  of  ]/^ — 1=0,  so  that  a-=z\  ; 
then  y=Ti  +  aj:2+X3+aT4=Xi  +  aX2, 

if  Xi=Xi+Xs,  XossXa+T^; 

a  o 

where  t/o=X  +X*,  t/i =2X1X2,  and  t/o+tti=2o=l'*- 

Hence  Ui=:2(ri-{-2'3)(Xj-|~^4)f  ^7  interclianging  the  roots  among  themselres, 
\frill  admit  the  two  other  values  2(Ti+T.>)(r3+r4),  and  ^(ti-\'X^)(t2-\- x^)^  and 
will,  therefore,  be  a  root  of  an  equation  of  the  form 

t^^-Mu'+Nui-P=0; 

the  coefficients  being  symmetrical  functions  of  Xi,  r^,  73,  0:4,  and,  consequently, 
assignable  in  terms  of  ^,  9,  r^s.  It  is  easily  seen  that  if  we  make  t/|=:2g — 2tf, 
we  shall  have  an  equation  in  u  whose  roots  are 

XiX:i-\-XiX^y  XiX2-\-X^^^  XiX^-\-X^2  \ 

and  the  transformed  equation  is  (Art.  362) 

tx3— ^M2+(/)r— 45)w  — (;^-— 49)5— r3=0. 
Let  m'  be  a  root  of  this  equation,  then  Ui=z2q — 2m'  ;  hence,  raakmg 
a=  — 1,  Zi=Uo—Ui=j)^—2ui=p'^4g-\-Au' ; 
.'.  X,  +  X..=/A  Xi  — Xj=  y^Zi'y 
.-.  X,  =  5(y>+  y/zi),  Xj=A(p—  V-i)- 
Hence  x,,  x^  may  be  regarded  as  roots  of  a  quadratic  j° — X,r-|-L^O; 
dividing  the  proposed  by  this,  and  putting  the  first  term  of  the  remainder  equal 
to  zero,  we  lind 

X'— y^X'+vXi  — r 

L= ^x^r — i 

therefore,  x^,  x^  are  known;  and  .r^,  x^  wiU  result  from  tlie  snme  formuke 
by  mterchanging  X,  and  Xo,  or  by  changing  the  sign  of  the  radical  -v/TT* 

EXAMPLE  III. 
X"  — 1 

r=^»  ^  being  a  prime  number. 

If  r  be  one  of  the  roots,  and  a  be  a  primitive  root  of  the  prime  number  n 
(that  is,  a  number  whoso  several  powers  from  1  to  w — 1,  when  divided  by  n, 
leave  different  remainders),  it  will  be  proved  hereafter  that  aD  the  roots  of 
this  equation  may  be  represented  by 

r,  r»,  r«*,  r^^,  . . .  r""--. 
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■ 

a  beiug  a  root  of  the  equation  y°~^ — 1=0.  Therefore,  observing  that  a»-*^l 
and  r°=l, 

2=y"~*=Mo+«Mi+a*«*3+   •  •  .   +fl"~*MB-if    ....    (1) 

tCo*  i«it  &c.,  being  rational  and  integral  functions  of  r  which  do  not  change  ity 
the  substitution  of  ro,  r^^,  r"^  &c.,  in  the  place  of  r;  for  these  quantities,  re- 
garded as  functions  of  Xi,  x^,  X3,  &c.,  do  not  alter  by  tlie  simultaneous  changes 
of  2*1  into  Xn,  X2  into  x,,  dec,  nor  by  the  simultaneous  changes  of  x,  into  X3, 
X2  into  X4,  &c.,  to  which  correspond  the  changes  of  r  into  r>,  into  r^^,  &c. 

Now  every  rational  and  integral  function  of  r,  in  which  r":=l  may  be  re- 
duced to  the  form 

A-f  Br+Cr«-f  Dr»-f |-Nr°- S 

the  coefficients  A,  B,  C, . . .  N  beiug  given  quantities  independent  of  r;  or, 
since  in  this  case  the  powers  r,  r^,  7^, . . .  r"'^  may  be  represented,  although 
in  a  different  order,  by  r,  r«,  r*^, . . .  r«"~*,  we  may  reduce  every  rational 
function  of  r  to  the  form 

A^-Br-f  Cr«+D;^H j-Nra—*. 

Therefore,  if  this  function  is  such  that  it  remains  unaltered  when  r  it 
changed  into  r^,  it  follows  that  the  new  form 

A-t-Bra+Cra«+Dra3-| ^.Nr, 

coincides  with  the  preceding ; 

.-.  B=C,  C=D,  D=E,  &c.,  N=B, 
and  therefore  the  function  is  reduced  to  the  form 

A-f' B(r-f  ra+ra^-i J-ra—'),  or  A— B, 

since  the  sum  of  the  roots  = — 1;  hence  each  of  the  quantities  t/o«  u^  11^, 
&c.,  will  bo  of  the  form  A — B,  and  its  value  will  bo  found  by  the  actual  de- 
velopment of  2=i/"~* ;  so  that  wo  have  the  case  where  the  values  of  Wq,  Mi,  m«, 
dec,  are  known  immediately,  without  depending  upon  the  solution  of  any 
equation.  Hence,  if  we  denote  by  1,  a,  /3,  y,  &c.,  the  n — 1  roots  of  the  equa- 
tion x"~* — 1=0,  and  by  Zq,  Zi,  2.^,  &c.,  the  value  of  2  answering  to  the  substi- 
tution of  these  roots  in  the  place  of  a  in  equation  (1),  we  shall  have,  as  in  the 
former  cases. 


''-V2o-f"-^2t  +  °-^2.+  .  .  .  +'-V2n., 

'"= n—l • 

an  expression  for  one  of  the  roots  of  the  equation  x" — 1=0 ;  and  the  other 
roots  are  r^,  r*.  Sec. 

Thus,  the  solution  of  x" — 1=0  is  reduced  to  that  of  the  inferior  equation 
y"~^  — 1=0,  of  which  1,  a,  /?,  y,  dec,  are  the  roots  ;  also,  since  n — 1  is  a  com- 
posite number,  the  determination  of  a,  /9,  y,  dec.,  will  not  require  the  solution 
of  an  equation  of  a  higher  degree  than  the  greatest  prime  number  in  n — 1 ; 
that  is,  the  solution  of  t° — 1=0  (n  prime)  may  be  made  to  depend  upon  the 
solution  of  equations  whose  degrees  do  not  exceed  the  greatest  prime  number, 
which  is  a  divisor  of  ti  —  1. 

F.XAMFLG  IV. 
X»— 1=0. 

The  least  primitive  root  of  5  is  2 ;  for  the  powers  of  2  from  1  to  4,  when 
divided  by  5,  leave  remainders  2,  4,  3,  1 ; 
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also  a<=l,  r5=l,  and  r-fr3+r*+r»=— 1; 

.-.  2=y=  — l+4a+14a«— 16a». 

But  the  four  roots  of  y*— 1=0  are 

1,  -1,  V^»  -V-^; 


.-.  ro=l»  2i=25,  Z2=— 15+20  V—1. 
23=  — 15— 20  V— 1; 


.-.  x=j{— 1+ V5+\/  — 15+20V— 1+V— 15— 20V— 1|. 

375.  For  the  proof  that,  in  the  general  equation  of  the  n^  degree,  the 
formation  of  the  reducing  equation  will  require  the  solution  of  an  equation  of 

1.2.3. ..n 

1.2.3...  (n — 2)  dimensions,  when  n  is  prime ;  and  of  7 rr — ,-    -  ^ r— 

^  '  r  »  ^^  —  l)m(1.2.3.  ..p)" 

dimensions,  when  n  is  a  composite  number,  and  =:f/i/',  where  m  is  prime ; 
and  that,  consequently,  the  method  fails  when  n  exceeds  4,  the  reader  is 
referred  to  Lagrange's  Traite  de  la  resolution  des  iquations  numtriques^  note 
xiii.,  from  which  the  matter  of  this  section  is  taken. 


EE80LUTI0N  OF  THE  GENERAL  EaUATIONS  OP  THE  THIED  AND 

FOURTH  DEGREES. 

RESOLUTION    OF    THE   EQUATION    OF    THE    THIRD    DEGREE. 

376.  I  shall  suppose  that  we  have  made  the  second  term  of  the  equation  of 
the  third  degree  disappear,  and,  to  avoid  fractions,  I  will  write  this  equation 
under  the  form 

,         x^+3px+2qz=i0 (1) 

Among  the  different  modes  of  resolving  it,  the  most  simple  consists  in  form- 
ing a  priori  an  equation  of  the  tliird  degree,  without  a  second  term,  which  ad- 
mits of  one  known  root,  but  expressed  with  indetorininates,  and  to  make  use 
afterward  of  these  indeterminates  to  render  the  equation  identical  with  the 
proposed  equation  (1).  To  establish  this  identity,  it  will  be  necessary  to 
write  two  equalities,  and  for  this  reason  we  employ  two  indeterminates. 

Let  there  be  made  a:=a-f-6:  the  cube  will  be  r*=a^+6*-j-3a6(a+6) ; 
then,  replacing  a-\'b  by  r,  and  transposing,  we  shall  have 

x^—3ahx—a^—h^=z0 (2) 

an  equation  which  admits  the  root  xz=za-\-b,  and  which  it  is  necessary  to  ren- 
der identical  with  equation  (1).     Therefore  we  place 

afe=— ^;,  a^^h^z=^2q  ....  (3) 

The  first  of  these  equalities  gives  a^b^= — p^.  Thus  we  know  the  sum 
a^^b^,  and  the  product  a^b^.  Then  the  values  of  a^  and  b^  are  roots  of  an 
equation  of  the  second  degree,  in  which  the  coefficient  of  the  second  term  is 
equal  to  -{-29,  and  the  last  term  equal  to  — p^  (see  Art.  191) ;  so  that  this 
equation  will  be,  calling  z  the  unknown, 

z^+2qz—2P=0. 

This  is  called  the  reduced  equation. 

Its  two  roots  represent  the  values  of  a^  and  b^ ;  moreover,  we  tan  take 
either  of  them  indifferently  for  the  value  of  a^^  because  this  amounts  to  chang- 
ing a  into  6,  and  b  into  a,  in  tlie  value  x=a-{-b,     I  will  take 


'•nt 
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Each  radical  of  the  second  degree  here  has  but  one  value,  but  each  one  of 
the  third  degree  has  three.  If  we  could  satisfy  equation  (3)  without  making 
any  choice  between  these  values,  we  could  also,  by  the  same  values,  render 
equation  (1)  identical  with  equation  (2) ;  and  since  a-\-b  is  a  root  of  the  sec- 
ond, the  first  ought  to  be  satisfied  by  taking 


•=V -y+  Vq^+P^+y-q'- 


r= V  -g+  V^«+i^'.+ V  -q-  V9*+JP»  .  .  (4) 
which  is  the  formula  of  Curdan. 

But  an  important  remark  presents  itself:  it  is,  that  since  each  radical  of  the 
third  degree  has  three  values,  the  above  expression  must  have  nme,  while 
the  equation  (1)  ought  to  have  but  three  roots.  It  is  necessary  to  explain, 
then,  whence  comes  this  multipUcity  of  values,  and  to  discern  among  them 
which  ought  to  be  true  roots  of  the  equation  (1). 

For  this  purpose,  let  us  observe  that,  properly  speaking,  it  is  not  the  reso- 
hition  of  equations  (3)  which  has  given  a  and  6,  but  rather  the  equations 

a'5»=— j>3,  a'+63=— 2^  •  •  •  (5) 
Now  if  we  designate  by  a  and  a^  the  two  imaginary  cubic  roots  of  unity, 
which,  as  we  know,  are  the  one  the  square  of  the  other,  it  will  be  readily 
seen  that  the  equation  a'&*=:  — p^  may  result  indifferently ,  from  raising  to  the 
cube  these  following : 

ab=z — pt  ahz= — op,  ab=z — a^p. 

Hence  it  fo]lo\v8  that  the  nine  values  contained  in  formula  (4)  ought  to  give 
the  roots  of  the  throe  equations, 

r»+3pT+25=0,  r^+3apx+2q=i0,  x*+3a^px+2q=:0  ....  (6) 

We  can,  moreover,  consider  these  nine  values  as  the  roots  of  the  equation 
of  the  9°  degree,  which  would  be  obtained  by  multiplying  together  the  three 
equations  (G).  But  it  will  be  more  simple,  and  will  amount  to  tlie  same  thing, 
to  raise  to  the  cube  either  one  of  these  equations,  aft:er  transposing  to  the 
second  member  the  term  which  contains  j).     In  this  manner  we  fmd  at  once 

(r»+2(7)'=:— ST^rV. 

As  to  the  roots  which  belong  especially  to  each  of  the  three  equations,  what 
precedes  furnishes  the  means  of  distinguishing  them ;  because,  according  as 
the  coefficient  of  x  shall  be  3/7,  3a/;,  or  Sa-/;,  it  is  clear  that  we  ought  to  add 
only  the  values  of  a  and  6,  for  which  we  have  ab=i — p,  or  ab=z — ap, 
or  ab=z — a^p. 

By  tliis  rule  it  will  be  easy  to  form  the  roots  of  the  proposed  equation 
x»^3px-\-2q=z0t  the  only  one  with  whicli  we  have  to  do.  Designate  by  A 
one  of  the  values  of  the  first  cubic  radical,  and  by  B  one  of  tlie  values  of  the 
second ;  the  values  of  a  and  b  will  bo 

a=A,  aA,  a^A;  6=:B,  aB,  o^B. 

Moreover,  suppose,  for  this  is  admissible,  that  A  and  B  represent  the  values, 
the  product  of  which  is  — p.  From  what  has  just  been  said  we  ought  to  add 
only  the  values,  the  product  of  which  is  AB;  then,  recollecting  that  o^sl, 
we  must  take 
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r=A+B,  j:=aA+a«B,  jr=a«A+aB; 
aud,  besides,  we  know  (303)  that  wo  hiive 


a« 


2 

If  wo  roplnce  A  and  B  by  the  two  cubic  radicals,  and  a  and  a*  by  their 
values,  we  shall  have 


Xzsz 


~'~/~'yl^1+  V?+?+-^  V"V-^-  ^"^^'+^' 


These  are  the  roots  of  the  proposed  equation,  but  we  must  take  care  to  at- 
tach to  the  two  cubic  radicals  the  same  restricted  sense  as  to  A  and  B,  with- 
out which  we  should  find  false  roots. 

377.  To  discuss  these  valr.es,  it  will  be  more  convenient  to  leave  A  and  B 
substituted  for  the  cubic  radicals,  and  to  isolate  the  one  which  is  multiplied  by 
V  — 3.     By  this  means  wo  have 

Z=:A+B, 

A+B     A— B    - 
A+B     aIb    - 

I  shall  suppose,  also,  as  is  done  ordinarily,  that  tho  coefficients  3/>  and  Qq 
represent  real  quantities.  Then  equation  (1),  being  of  an  uneven  degree,  has 
always  one  real  root,  and  it  is  Admissible  to  suppose  that  A  and  B  are  the 
values  of  a  and  6,  which  give  this  root;  so  that  A-f-B  will  be  a  real  quantity. 
This  being  premised,  let  us  return  to  the  two  radicals 


a=V-7+  Vt+2'^'.  6=V-y- 


If  ^-+/r'>0,  each  of  them  has  one  real  valuo  ;  then  we  can  suppose  A  and 
B  real.  Consequently,  A  +  B  and  A  —  B  will  be  so  also;  then  the  first  root 
j"=A+B  is  real,  and  tho  otlier  two  are  imaginary. 

If  //•+;>''=sO,  wo  have  A=B,  and  then  the  three  roots  will  be  t=*2A, 
x= — A,  j-= — A.  They  are  nil  three  real,  und  the  last  two  are  equal  with 
one  another. 

Finally,  let  7*+7^'<0,  which  requires  p  to  bo  negative.  Then  a  and  & 
have  no  longiM*  any  real  determination,  and,  consequently,  the  three  values  of 
.r  arc  found  complicated  with  imaginary  quantities.  However,  we  know  that 
one  of  tiiom  must  be  real,  and,  indeed,  it  is  evident  that  the  cases  in  which 
the  three  roots  of  equation  (1)  are  real  and  unequal  can  only  be  found  on  the 
hypotlH?sis  in  (pie'^tion,  that  7*+;>^^'l.  as  may  he  seen  by  referring  to  the 
supposition  just  above  of  <y-+y>^'>0.  It  would  bo  wrong,  then,  to  alfirm  that 
the  values  of  x  are  imaginary.  [  will  prove,  in  fact,  that  neither  of  them  are 
80 ;  and  as  we  can  always  suppose  that  A  and  B  are  detenninations  such  that 
tho  sum  A  +  B  represents  the  real  root,  the  existence  of  which  is  demon- 
ttratod,  the  whole  is  reduced  to  showing  that  the  part  -^(A  —  B)  V — 3,  which 
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4ca»— 3Mca— A=0 (4) 

This  equation  must  give  for  a  at  least  a  commensurable  yalue,  without 
which  the  transformation  (1)  will  be  impossible. 

»/ — -  'I — - 

If,  instead  of  ^  A-{-  V^y  ^^  should  have  to  reduce  y  A —  V^f  it  would 
suffice  to  change  throughout  in  the  preceding  method  the  sign  of  V^* 

'/      — 

For  example,  let  the  expression  be  'y^'^it  V'^^^O.  We  shall  have  A =14, 
B=200,  A*— B=— 4;  hence  (A*— B)c=— 4c;  we  shall  then  have  the 
perfect  cube  — 8,  by  taking  c=2.  Consequently,  M=: — 1,  &=:a'-|'^»  ^Q^ 
equation  (4)  becomes  8a^-\-6a  — 14:=0.  It  can  bo  satisfied  by  the  commen- 
surable value  a  =  I,  which  gives  6=2.  Again,  wo  have  akeady  obtained 
c:=2 ;  hence,  finally, 

■■J 

Again,  let  the  expression  beV  — ll=b2V  — !•  ^^  ^i^l  P<^m  ^  under  tne 
ladical  of  the  second  degree  ;  we  shall  then  have  A=  — 11,  B= — 4,  A' — B 
s=125.  As  125  is  already  the  cube  of  5,  it  will  suffice  to  make  c=l.  Con- 
sequently, we  have  Mr=5,  6=a^ — 5,  and  equation  (4)  becomes  4a' — 15a 
-l-ll:=0.  But  this  equation  is  satisfied  by  the  value  a=l  ;  hence  &s=— 4, 
and,  consequetitly. 


14  ±  V200=(l±  V2)  V2. 


V— 11 


i2V-l=(l±A/-4)Vl. 

ion  \Jj 


382.  Let  us  consider  the  more  general  expression  V  A=b  V^i  ^^^  take 

VA±  VB=(a±  VTi)  V^ (5) 

The  problem,  again,  is  to  determine  rational  numbers  for  a,  6,  c,  if  it  be 

possible. 

Raising  (5)  to  the  power  n,  and  equating  separately  the  rational  parts,  we 

obtain 

n(n— 1)      „,      n(n— l)(n— 2)(n— 3)        ,         .     , 
A=c[a°+4j-^a°-^6+  i.\>.3.4 '^^b^+^^o.]  (6) 

__                     n(n— l)(n— 2)        ,        ,     ^    rr 
VB=c[na°-^+-      ,    /'    ^a-^6+,  &c.]  ^b  ,  .  .  (7) 

We  can,  as  in  the  cose  of  the  cubic  radical,  square  these  two  equalities,  and 
subtract  the  one  from  the  other ;  but  the  reductions  will  be  immediately  per- 
ceived by  observing  that  we  ought  to  have,  at  the  same  time, 

A+  y/B=c(a+  V^)-,  A-  -/B=c(a—  y/by ; 
and  that,  consequently, 

A«— B=c2(a-t-  V6)"(a—  V6)''=c«(a«— 6)' ; 

V(A2— Bjc"-* 

whence  a* — 0= . 

c 

We  see  from  this  that  it  will  be  necessary  to  take  c  of  such  a  value  that  the 
second  member  of  this  last  equation  shall  be  rational.  Calling  this  second 
member  M,  we  shall  have  a* — 6=M,  whence  6=a' — M;  substituting  this 
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value  of  b  in  (6),  the  resulting  equation  in  a  will  have  a  commeosurable  root 
every  time  that  the  transformation  (5)  is  possible. 

383.  In  the  resolution  of  equations  of  the  third  degree,  what  renders  the  hv 
reducible  case  so  remarkable  is,  that  although  we  are  assured  that  the  three 
roots  are  real,  it  is,  nevertheless,  impossible  to  make  the  imaginaiy  quantities 
disappear  otherwise  than  by  means  of  series.  This  difficulty  is  not  confined 
to  the  equation  of  the  third  degree  ;  it  will  be  encountered  equally  in  the  gen- 
eral formula 


VA+BV-l  +  VA— BV— 1 


(8) 

which  formula  I  shall  stop  to  consider  for  a  moment. 

To  consider  this  expression  in  its  most  general  sense,  we  ought  to  combine 
the  n  determinations  of  the  first  part  with  the  n  determinations  of  the  second, 
so  that  we  shall  have,  in  all,  n^  values.  But  the  expression  is  rarely  taken  in 
so  general  a  sense,  and  I  proceed  to  define  that  which  we  ordinarily  attach 
to  it. 

As  the  two  radicals  which  have  the  index  n  represent  the  roots  of  the  bi- 
nomial equation,  their  determinations  are  equal  in  number  to  the  quantities 
which  have  the  form  /-{-g  y/  — 1.  Moreover,  it  is  manifest  that  to  each  de- 
termination of  the  first  radical  there  corresponds  one  of  the  second,  which 
only  differs  by  the  sign  of  V — !•  But  we  suppose  that  these  corresponding 
values  are  those  which  ought  to  be  added  in  formula  (8) ;  and,  with  these  re- 
strictions, the  values  of  x  are  all  real,  and  only  n  in  number. 

The  product  of  these  two  radical  values,  thus  taken  in  a  same  pair,  is  real 
and  positive  ;  but  for  the  product  of  the  two  radicals  we  have,  in  general. 


yA+BV-lXVA-BV  — 1  = 


VA-  +  B*, 

and  the  radical  which  expresses  this  product  can  only  have  a  single  real  and 
positive  value ;  hence,  if  we  represent  it  by  K^  we  ought  to  be  able  to  charac- 
terize the  conjugate  values,  which  must  be  added  in  formula  (8),  by  the  con- 
dition that  their  product  be  equal  to  K'. 

Formula  (8)  can  be  regarded  as  a  general  expression  of  the  roots  of  an  equa- 
tion whose  degree  is  marked  by  the  number  of  values  of  which  the  equation 
is  susceptible ;  hence,  provided  that  it  be  taken  in  its  greatest  extension,  or 
with  the  restriction  which  we  have  just  mentioned,  the  degree  of  the  equa- 
tion must  be  either  n'  or  n. 

This  last  remark  leads  us  to  explain  how  we  form  an  equation,  when  we 
know  the  expression  for  its  root ;  that  is  to  say,  that  an  equation  being  given, 
susceptible  of  taking  dififerent  values,  by  reason  of  the  multiple  values  of  the 
radicals  which  it  contains,  it  is  required  to  find  an  equation  free  fi*om  radicals 
which  has  these  values  for  roots.  I  will  take,  for  example,  the  same  expres- 
sion (8). 

To  abridge,  let  us  make 

A-l-B  y/~^=a,  A— B  y/^-i=h  ; 

the  problem  reduces  itself  to  eliminating  y  and  z  between  the  three  equations 

Bnt  here  the  elimination  can  be  conducted  according  to  a  very  simpf    pro- 
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cess,  analogous  to  that  whicli  has  been  employed  for  reciprocal  equations.    By 
the  rules  of  multiplication  we  have 

(y"+z'")(y +x)  =:y"+» + ^'»+» +y2(y™-* + 2»-i). 

But  y-^-zzszx  and  yz=z^ab;  hence,  making  y/abz=:ey  the  equation  will 
become 

By  means  of  this  formula  we  express,  in  function  of  r  and  <;,  successively  all 
the  quantities  y'+2'»  ^"+2^  &c.  When  we  have  aiTived  at  y'+z",  we  re- 
place y"+2°  by  a-{-b,  and  then  we  shall  have  the  required  equation,  which 
will  be  of  the  degree  n  in  x. 

This  equation  contains  e ;  but  we  have  cziz^abz=  VA'-|-B';  hence,  c  is, 
in  general,  susceptible  of  n  different  values.  By  putting  in  the  equation  each 
of  these  n  values  in  its  turn,  we  shall  have  n  equations,  and,  consequently, 
nXn,  or  n'  values  of  r.  This,  in  fact,  ought  to  be  the  case,  from  what  has 
been  said  at  the  close  of  the  preceding  article.  If  we  should  wish  to  have  a 
single  equation  which  has  all  these  values  for  roots,  it  would  bo  still  necessary 
tD  eliminate  e  between  the  equation  of  the  degree  fi  in  x  and  the  equation 
c"^a6. 

But  if  in  formula  (8)  we  only  wish  to  associate  the  radical  values  whose 
product  is  real,  it  is  this  real  value  solely  which  we  must  choose  for  c,  and  we 
shall  only  have  a  single  equation  of  tlie  degree  n  for  determining  all  the  values 
of  X. 

RESOLUTION  OF  THE  EQUATION  OF  THE  FOURTH    DEGREE. 

384.  After  having  made  tlie  second  term  disappear,  the  general  equation  of 
the  4°  degree  is 

x*+pj:^+qx+r=0 (1) 

If  we  make  x=:a-{-b-{-c,  squaring,  there  results 

jfi=za^+¥+d»+2(ab+ac+bc), 
or,  transposing, 

x«— (a«4.6»+c»)=2(a6+ac+ftc) ; 
rabing  anew  to  the  square,  we  have 

then,  replacing  a-^-b-^-c  by  x^  and  transposing,  we  obtain 

x*-.2(a3+62+cO)j:^— 8a6cx+(a«+6«+c«)» 
— 4(a2i«+a«c»+2>'c«)=0. 

This  equation  is  without  a  second  term,  and  by  the  manner  in  which  it  haa 
been  formed,  we  know  that  it  admits  of  the  root  xz=za-\'b-{-c»  Thus,  we  re- 
solve equation  (1)  in  determining  a,  6,  c,  by  the  condition  that  it  shall  be  iden- 
tical with  the  preceding,  which  gives 

—  2(a»+6»4.C«)=j? 
— Qabcz=zq 
(a«+ ja+c')'— 4(a36«+a«c3+ 62c«)=r. 

These  equalities  show  that,  by  taking  a\  &',  c^  for  unknowns,  these  three 
quantities  are  the  roots  of  an  equation  of  the  3°  degree,  the  coefficients  of 
which  are  (see  Art.  245) 
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a«6»+a»c«+6«c»=: 


2 

jp»-.4r 

16 


Conseqaently,  this  equation  of  the  3°  degree  is 

«        p'^4r       <?' 

Such  is  the  reduced  equation  upon  which  the  solution  of  equation  (1)  depends. 
Suppose  that  the  three  values  of  z  have  been  determined,  which  designate 
by  2',  2",  2'",  we  shall  have 

a=±y/V,  6=±  y/z",  c=±  \/2^'. 
If  the  signs  be  combined  in  all  possible  ways,  there  will  result  eight  values 
for  a'\-h-\'C  or  x.    But  as  the  last  term  of  the  reduced  equation  (2)  was 

formed  by  squaring  theequation  a6c= — -9,  it  follows  that  the  values  contun 

o 

not  only  the  roots  of  the  proposed  equation,  but  also  those  of  an  equation 
which  would  differ  from  it  in  the  sign  of  q. 

At  the  same  time  it  may  be  perceived  that,  to  have  only  the  roots  of  the 

proposed,  it  is  necessary  to  add  only  the  values  of  a,  &,  c,  for  which  a&c=  — -^, 

and  the  product  of  which  has,  consequently,  the  contrary  sign  to  q.  In  each 
particular  case  it  will  be  easy  to  determine  for  the  radicals  three  values.  A,  B, 
C,  which  shall  fulfill  this  condition;  and  afterward,  with  these  values,  we 
form  the  four  roots  of  the  proposed,  to  wit, 

x=4.A4.B  +  C,  a:=+A— B— C, 
x=— A+B— C,  a:=— A— B+C. 

Generally,  instead  of  A,  B,  C,  the  three  radicals  are  placed,  and  the  values 
of  X  are  written  thus  : 


x=z+  y/z'J^  y/^"—  yl^"\  a:=+  y/z'—  \/2"+  ^Jz 


tit 
/77 


a:=  —  '/2'+  ^Jz"^  y/z'",  r=—  ^Jz'-'  ^z"—  y/z' 

But  it  is  necessary  to  understand  that  in  applying  these  formulas  to  particu- 
lar cases  there  must  be  taken  for  ^Jz'y  ^^z"^  ^z'"  three  determinations,  the 
product  of  which  shall  be  of  the  same  sign  as  q.  This  observation  is  im- 
portant ;  failing  to  have  regard  to  it,  we  might  find  false  roots. 

385.  The  nature  of  the  roots  of  the  reduced  equation  will  make  known  the 
nature  of  the  roots  of  the  proposed.  But  the  reduced  having  its  last  term 
negative,  has  always  one  positive  root  (see  Art  248,  Prop.  VIII.,  Cor.  4),  and 
the  product  of  the  other  two  roots  should  be  positive  ;  then,  if  these  last  are 
not  imaginary,  tiiey  wiU  be  both  positive  or  both  negative.  I  pass  over  the 
case  in  which  ^=0,  because  then  the  proposed  would  be  solved  by  the  rules  for 
the  second  degree.    Consequently,  there  are  three  cases  only  to  be  examined.* 

1°.  Case  where  the  Qiree  roots  of  the  reduced  equation  are  positive.  There 
the  four  values  of  a:  are  evidently  real,  and  if  the  radicals  -^z',  ^z'\  -/^'"he 
regarded  as  representing  positive  determinations,  their  product  will  be  positive; 

*  ThiB  explainB  an  operation  in  Art.  365. 
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then  the  preceding  formulas  wiD  be  specially  applicable  to  the  case  of  ^>0. 
For  9<0  it  would  be  necessary  to  change  the  sign  of  one  of  the  radicals. 

2°.  Case  where  the  reduced  has  one  root  z'  positive^  and  two  z",  z'"  negative. 
The  radical  ^z'  will  be  real,  but  the  radicals  -/zF'  and  ^/z^'  will  be  imagi- 
Dary  ;  consequently,  the  four  values  of  x  will  be  imaginary  also,  unless  2":=2'". 
When  2" =2'",  one  of  the  two  quantities  -/?'+  -/z^  and  V?'—  -v/z^  will 
become  zero,  and  supposing  it  to  be  the  latter,  the  values  of  x  will  be  simply 

x=  V^,  x=  V~.  x=^  —  V7+  2  -/z^,  x=  —  V?— 2  -v/2^. 

The  first  two  are  real,  since  z'  is  positive,  and  the  other  two  are  imagi- 

naiy,  since  z"  is  negative.     Besides,  as  in  the  reduction,  we  have  supposed 

y/z"z=z'^z"\  we  ought  to  have  here  ^/T' ^/lP  ^/lr' =:z'' y/lp -,  so  that  this 

product  can  only  liavo  the  sign  of  q  by  choosing  for  ^z'  a  sign  contrary  to 

that  of  9,  since,  by  hypothesis,  z"  is  negative. 

3°.  Ca^e  in  which  the  reduced  has  one  root  zf  positive^  and  trw  roots  z",  z'" 
imaginary.  The  positive  root  z'  being  known,  we  can  divide  the  reduced  by 
X — 2',  and  we  shall  have  an  equation  of  the  second  degree,  which  will  give  for 
z"  and  z'"  imaginary  values  of  the  form 

Consequently,  two  of  the  values  of  x  will  contain  the  sum 
and  the  other  two  will  contain  the  difference 


ylf+gV-i-ylf-gV-i' 


THE  DIOPIIANTINE  ANALYSIS. 

386.  This  branch  of  analysis  derives  its  name  from  its  inventor,  Diophan- 
tus,  of  Alexandria,  in  Egypt,  who  flourished  about  the  year  360,  A.D.  It 
relates  chiefly  to  the  finding  of  square  and  cube  numbers. 

The  solutions  of  the  questions  must  frequently  bo  left,  notwithstanding  the 
various  rules  that  have  boon  given  for  this  purpose,  to  the  talents  and  ingenui- 
ty of  the  learner,  who,  in  pursuing  these  inquiries,  will  soon  perceive  that 
nothing  less  than  the  most  refined  algebra,  applied  with  great  skill  and  judg- 
ment, can  surmount  the  various  difficulties  which  attend  tliem  ;  and,  in  this 
respect,  no  one,  perhaps,  has  over  excelled  Diophantus^  or  discovered  a  greater 
knowledge  of  the  extent  and  resources  of  the  analytic  art. 

When  we  consider  his  work  with  attention,  wo  are  at  a  loss  which  to  ad- 
mire most,  his  singular  sagacity,  and  the  peculiar  artifices  he  employs  in  form- 
ing such  positions  as  the  nature  of  the  problems  requires,  or  the  more  than 
ordinary  subtilty  of  his  reasoning  upon  them. 

Every  particular  question  puts  us  upon  a  new  way  of  thinking,  and  fur- 
nishes a  fresh  vein  of  analytical  treasure,  which  can  not  but  prove  highly  use- 
ful to  the  mind  in  conducting  it  through  other  difficulties  of  this  kind  when- 
ever they  occur,  and  also  in  enabling  it  to  encounter  more  readily  thoso  that 
may  arise  in  subjects  of  a  different  nature. 

The  following  directions  for  resolving  questions  in  the  Diophantine  analysis 
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win  be  found  usefal;  but  no  general  rule  can  be  given,  and,  therefore,  the 
student  must  often  be  left  to  depend  solely  upon  his  own  iDgenuity  and  skiU. 

RULE. 

Substitute  for  the  root  of  the  square  or  cube  required,  one  or  more  letters, 
sjQch,  that,  when  they  are  involved,  either  the  given  number  or  the  highest 
power  of  the  unknown  quantity  may  vanish  from  the  equation ;  and  then,  if 
the  unknown  quantity  be  of  tho  first  degree,  the  problem  will  be  solved  by 
reducing  the  equation.  But  if  the  unknown  quantity  be  still  a  square  or  a 
higher  power,  some  other  new  letters  must  be  assumed  to  denote  the  root, 
with  which  proceed  as  before,  and  so  on  till  the  unknown  quantity  is  but  of  the 
first  degree,  and  from  this  all  the  rest  will  be  determined. 

EXAMPLES.* 

(1)  To  find  two  square  numbers  whose  sum  is  a  square. 
Let  j:"  and  y^  be  the  two  squares ;  let  3z  and  4z  be  the  roots. 


Then  252«=  D  t=n— 52|2=n«— 10nz+25r«; 


n« 


.-.2=—;  if  n=10,  2=1,  then  2X3=3  and  2  X  4=4  i 

and  tho  two  squares  are  9  and  16,  whose  sum  is  25,  a  square,  if  n=:20,  z^2; 
and  from  this  we  get  another  value  of  x  and  y^  and  so  on. 

(2)  To  find  two  square  numbers  whose  difference  is  a  square. 
Let  j^  and  y-  be  the  two  squares. 

Assume  2^ — 2/'=(^ — ny)-=a:* — ^nxy-^n^-i/*. 

Then  —2/^=  — 2nxy+nV. 

or  2wr=(7i«+l).2/; 

n^+l 

.-.  a:=— r — .v. 

2n      ^ 

Suppose  y=2n,  then  r=n*+l.  If  w=2,  i/=4,  and  r=5 ;  also  a*— y* 
=:25 — 10=9,  a  square  number.  If  n^3,  2/=6.  and  x=10;  also  a:*— y* 
=slOO — 36=64,  a  square  number. 

(3)  To  change  the  sum  of  two  squares  into  the  sum  of  two  others  any  num- 
ber of  ways  at  pleasure ;  for  example,  in  three  different  ways. 

Let  a^  and  h^  be  the  given  squares,  and  let  a — x  and  ex — h  be  the  roots  of 
the  required  squares ;  then,  by  the  question,  we  get 


a— T|-^+fx— 6|^=a-+6«; 
by  involution,  a«— 2ax+ar»4.c-jr2— o5fj+63=a«+&« ; 

by  transposing  and  dividing, 

— 2a4.T4  c^x— 2c6=0, 

26c+2a 
or  c*x+x=26c+2fl  and  ^=~rir7r"» 

where  c  may  be  taken  at  pleasure  ;  for  example, 

c=2,  3,  and  4  ; 
464.2a   66+2a        ,  864-205 
then,  '=—5—'  ~iO~'  ""^  "Tf~- 


*  Many  of  tbcf  e  probloms  are  selected  from  the  Arithmetical  daestious  of  Diopbantoi, 
of  Tvhich  six  out  of  thirteen  books  now  remain.  The  best  edition  it  that  pabliihed  at 
Paris,  by  Bnchef,  in  the  year  1G70,  with  notes  by  Fcrmat. 

t  This  siirn  O  denotes  diat  tho  number  placed  eqaal  to  it  is  a  perfect  sqaare. 
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(4)  To  divide  a  number  which  is  the  product  of  the  sum  of  two  squares  by 
the  sum  of  two  others,  into  two  squares  two  different  ways. 

Let  a*-|-&'  be  the  sum  of  two  squares,  and  c^-}-^  ^^  ^u™  ^^  ^^^  others, 
whose  product  (a«+6«) .  (c«+c^«)=:(ac  +  6(£)«+(6c— ae£)«=(ar— W)«  +  (6c 
^ady,  as  required. 

(5)  To  find  a  number, x, such, that  x-\'l  and  x — 1  shaD  be  squares. 

Let  x+l=a\ 

and  X— !=&' 

.«.  2=a'— 6^  by  subtraction; 

.-.  2xl  =  (a+&)(a-i). 

3 
or  3=2a,  and  a=of 

9 
and  ^'^=1 ; 

9       ^        5 

.*.  a:-4-l=7,  and  a::=-. 
•         .4  4 

x+i=y» 

X       =2/'— 1 

X— l=y«— 2=  D  =5-.y|«=»2— 2*y+y« 

.-.  ««— 25y=— 2 

a' -4- 2 
2*y=a«+2,  and  y=-^; 

9  5 

*==!  .'.  y=|,  and  x=y«— 1=-— 1=-,  as  before. 


Or  thus: 


take 


(6)  Required  to  find  four  square  numbers  whose  sum  shall  be  a  a  • 

Let  1,  4,  9,  and  3^  he  the  required  squares;  then,  by  the  question,  we  get 


14+x«=  a  =n-.x|*=:n3— 2nx+x«, 

n«— 14 
and  x= — - — , 

2n 

5  25 

where  n  may  be  any  number  at  pleasure,  if  n^3,  x=r— -,  x's:— ,  or  if  n=4, 

1  11        225     15 

x=-,  and  the  numbers  are  1,  4,  9,  and  77;;  then  14-4-4-94--rT=-r:r=:-r 
4  16  '       '       '    16        16       4 

as  required. 

(7)  Divide  2  into  three  rational  squares. 

Let  X,  2x— 1,  and  3x — 1  be  the  roots  of  the  three  squares  respectively; 

then  x«+4x«-.4x+l+9x«— 6x+l=2; 

by  transposing  and  dividing, 

5  3  8 


x=-,  2x— 1=-,  3x— 1=^,  the  roots; 


and  the  D  *s  wiD  be 


.     25  ,       9        ^ ,      64 

^=49'  ^""^''=49'  ^""^  ^"^-^l  =49' 

25      9      64     98 
the  sum  of  which  is  49+49+49=49=2.  the  proof. 

Or  thus : 

Let  1,  2®,  and  y*  be  the  squares ;  then 
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l+a*4.y«==2Rnd2*+y«=l, 
or  a*==l  — -^=  D  =1— ny|«=l— 2ny+n«^ 

2n 

4 

where  n  may  be  taken  any  number  greater  than  1 ;  if  n=2,  then  y=e  and 

16  9 

^=rr ;  then  will  2^=—,  and  the  sum  of  these  plus  1  is  evidently  2. 

(6)  Divide  ~  into  three  rational  squares. 

Let  X,  2x — -,  and  3x — -,  be  the  roots  of  the  rational  squares,  and  their 
squares  are 

and  a?+42:«-2x+i+92«-3r+j=i, 

5  25 

and  X  will  be  found  to  be  rr,  from  which  we  set  the  three  squares,  viz.,  rr^, 

14  o  *  j^y^ 

9      64  1 

Tofi'  Tofi'  *°^  their  sum  is  evidently  -,  as  reqmred. 

(9)  To  divide  a  given  square  number,  100,  into  two  such  parts,  that  each 
of  them  may  be  a  square  number. 

Let  a^  be  one  of  the  parts,  then  100 — a^y  the  other  part,  will  be  a  square 
number. 
Assume  100— a:a=(2a:— 10)«=4j*— 40x+100. 

.*.  r=8,  and  2x — 10=6 ;  hence  64  and  36  are  the  parts  required. 
The  same  problem  may  be  resolved  generally  in  the  following  manner : 
Let  a^  be  the  given  square,  j^=z  one  of  its  parts,  and  a* — 2^  the  other. 
Assume  a^ — x*=(nx — aY=n^jfi — 2anx-\-a^; 

Then  — x«=7i»x«— 2anx; 

2na         ,  an!^ — a 

are  the  two  squares  required ;  in  which  expressions  a  and  n  may  be  any  whole 
numbers  whatever,  provided  n  bo  greater  than  unity. 

(10)  To  find  a  number,x,such,that  x>|-128  and  x-|-192  shall  be  both  square 
numbers. 

Assume  x+ 128=2*  .*.  r=zz^ — 128,  which  is  one  condition  answered;  tljen 
2«— 128+192=2^+64=  D  =a' .•.2'=a«— 64  ;  then  we  have  only  to  assume 
such  a  value  for  a  as  will  make  a' — 64  a  square ;  but  it  is  plain  that  if  a  be 
taken  =10,  then  a* — 64=36=  D ,  and  z*=36 ;  but  this  would  make  the  value 
of  X  negative ;  then,  in  order  to  find  values  for  z  that  will  make  x  positive,  take 
a=17,  and  then  a*=289,  and  .-.  a*— -64=225=  D  .•.  2«=225  and  .-.  x=225 
— 128=97,  the  value  required. 

(11)  To  divide  a  given  number,  13,  consisting  of  two  known  squares,  9  and 
4,  into  two  other  square  numbers.* 

'  *  In  the  solation  given  of  the  above  problem,  »  and  m  may  be  taken  eqaal  to  any  nam- 


DIOPHANTINE  ANALYSIS.  461 

Let  nx — 3  be  the  root  of  the  first  square  sought,  and  mx — 2  the  root  of 
the  other  square. 

Then  nx— 3|»+mar— 2|«=13, 

or  (n«+w«)  .  a^=:{im+6n)  .  x ; 

6n-\-4m 


.'.  X  = 


n«+m 


s  ' 


3»«+4mn-.3rn» 

whence  nx — 3= 7-; — =  the  root  of  tlie  first  square, 

n*-\-m*  ^ 

,  6mn— 2?i»+2m« 

and  tnx — 2= —. — =  the  root  of  the  second. 

nr-f-m* 

TO        ^      ^  ,         3n«+4mn— 3w«     17 

If  n=2  and  m=l,  we  have t-. — z =-r=  the  root  of  one  square, 

6mn— 2n«+2m«     6 
and 7-^ — ^ =7=  the  root  of  the  other  square. 

(12)  Lot  14  be  divided  into  three  rational  squares.    It  is  welx  known  that 

the  least  three  squares  in  whole  numbers  are  1,  4,  and  9,  which  will  answer 

the  question ;  but  to  give  a  general  solution, 

Let  1,  3a: — 2,  2x — 3,  be  the  roots  of  the  required  squares; 

04 
then  l  +  (3x— 2)«+(2a:— 3)«=14,  orx=^; 

24  72 

then  ,  —  X  3=r«,  from  which  subtract  2 ; 

/4C\«     2116     24  48  ^  ,  .  ^      . 

then  y^J  =  -jj^ ;  J3X  2=— ,  from  which  subtract  3 ; 

,  /9\«      81  2116      81 

^^'^  Vr3/  =169  •••  ^  +  T69 +l69  =  ^^- 

(13)  To  find  two  square  numbers  whose  difiference  shall  be  e({Ual  to  any 
given  number. 

Let  X  be  the  root  of  the  lesser  square  sought ;  and  let  d,  the  given  difference 
of  tlie  squares,  be  resolved  into  any  two  unequal  factors  a  and  &,  of  which  a  is 
the  greater. 

Let  X'\'  h  be  the  root  of  the  greater  square ; 

then  {x+bY—jf'=id=ab, 

i,  e.,  2x-{-hz=a. 

a-'-b 
Whence  ar^— 3— =  the  root  of  the  lesser  Q , 

a+b 
and  x-^-bs^—r — =  the  root  of  the  greater. 

If  d=60,  and  a  X  6=30  X  2,  we  have 

30—2  ,  30+2 

—--=14,  and— ^=16; 

whence  16^^  and  14'  are  the  squares  required  whose  difference  ^60. 

bers  whatever,  provided  tJicir  ratio  be  not  tbat  of  3  :  2.    For  if  n  were  to  fit  as  3  to  2,  the 
xtx>t8  of  the  squaroa  aoaght  would  be  foand  tlie  same  aa  the  roots  of  the  known  aqaarei . 
If  it  wore  required  to  divide  a  given  square,  a^,  into  two  other  iquarea, 

Since  (m«-|-/t«)2=(in2— n2)2_|.(OOTn)2, 

.-.  (m2-|-n3)«  .  jr8=(OT2— »-)3  .  xi-{-{2mn)^  .  afl, 

where  m  and  n  may  be  ajununed  at  plcajmre,  m  being  greater  than  n. 
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(14)  To  find  two  numbers,  sack,  that  if  either  of  them  be  added  to  the 
square  of  the  other,  the  sum  shall  be  a  square  number. 

Let  jf^-^-Qxy  and  y  be  tlie  required  numbers ; 
then  3^+2ry+y^=  D  =x+y\^ ; 

hence  it  only  remains  to  make 

y+2xy+j^\^-=  a  =zj^+ny\'z=x*+2n3^y+nY, 

3  19 

If  n=2J,  and  ar=l,  then  y=T7:  and  a:^+2^y=T^»  which  are  two  numbers 

that  will  answer  the  conditions ;  for 


3^ 
13 
Or  thus : 


3     19     256     16 

■'"is^ieg^Is 


«       ,  19 
and- 


3      400     20 


■'■l3~169""13 


Put  T— X  and  x  for  the  numbers;  then  - — x-^afi^l- — x)  ,  a  square,  and 


4-' 


=  D ,  where  x  may  be  taken 


1       X  ^      1       X  1 

.  +^=16-2+^+^=16+2+^=4+' 

at  pleasure,  provided  it  be  less  than  -. 

(15)  To  find  two  numbers  whose  sum  and  difference  shall  be%oth  square 

numbers. 

Let  X  and  y  be  the  two  numbers ;  then,  by  the  question, 

x+y=n=a'andx — y=a=6*; 

add  both  squares,  and  we  get 

2x=a«+6«; 

hence  x= — - — . 

Again,  by  subtraction, 

2T/=:a«-6«  and  y=— g— , 

where  a  and  b  may  bo  taken  at  pleasure,  provided  a  be  greater  than  h ;  if 

94.1  9_i 

a =3  and  6  =  1,  tlien  — - — :=5  and  — —ssA,  whose  sum  and  difference  are 

both  squares.     Or  thus : 

Lot  X  and  x* — x  be  the  numbers. 

It  is  evident  that  their  sum  is  a  square  ;  and,  in  order  to  satisfy  the  other 
condition  in  the  question, 
Assume  x — n|^=x^ — 2x,  the  difference  of  the  numbers  ; 

whence  x=:- 


n^ 


•*'  ^-^-  \  o;ri:2 )  ""Sins* 

Hence  the  two  numbers  are  r :  and  {  ~ >   — t: r,  in  which  n  may 

2/1—2  (  2/1—2  )        2n— 2  ^ 

9 
be  taken  at  pleasure,  provided  it  bo  greater  than  1.    If  n^3,  xssj,  and 

45 

a^— x= — . 
16 
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(16)  Find  two  numbers  whose  sum  is  a  square,  the  sum  of  their  squares  a 
•quare,  and  either  added  to  the  square  of  the  other  a  square. 

Let  - — X  and  x  be  the  numbers ;  then  their  sum  j  is  a  square,  and  t— ^ 


+a*=  D  =2-a: 


1       X  1       l' 

a  square,  and  —  — -+^+^=  D  =t+x    a  square ;  and, 

in  order  to  satisfy  the  other  condition,  we  assume 


J_     X  _  1 


»  nx      1 


, ,  ti— 1  3  1  4  4 

which,  solved,   gives  x:=rr-z — r,  if  n=4,  x=;;^,  and  - — x=:-^,  so  that  r:s 

®  2n*— 4  28  4  "°  "** 


28' 


28 


and  ^  are  numbers  that  answer  the  conditions  as  follows : 

«&o 


3^ 

28 


+: 


28 


also, 


25 

28 


_5 

'28 


and  ;r- 
28 


+28-.l^»+^«-^i-28    • 


'      3__16       84   _100   __10 

"^28~5^i«"'"^a""  ■;j;ri«~28 


281*  '  281*      28  I* 

(17)  Find  two  such  numbers,  that  if  their  product  be  added  to  the  sum  of 
their  squares,  the  sum  shall  be  a  square. 

Let  2x  be  their  sum  and  2^  be  their  difference ;  tlien  the  greater  will  be 

x-^-y  and  the  loss  x — y ;  honco  j^ — y^=z  their  product,  and  20:^+*^^=  t^® 

sum  of  their  squares ;  then,  by  the  question,  3jfi-{-i/^=  D  z=znx^y\*  and 

2wy 
x^-z — r ;  if  n=2  and  y=2,  . .  x=8,  which  wiU  answer  the  conditions. 

(18)  To  find  two  square  numbers,  such,  that  the  difference  of  their  cube 
roots  shall  be  a  square  number. 

Let  jfi  and  y^  bo  the  required  numbers.  Then  2* — y-:=  D  ;  consequently,  x 
and  y  may  be  any  two  numbers  which  are  the  hypotenuse  and  one  leg  of  a 
right-angled  triangle,  and  the  least  numbers  of  this  description  are  5  and  3,  and 
the  numbers  themselves  15025=125-  and  729=27". 

(19)  Find  three  numbers,  such,  that  not  only  the  sum  of  all  three  of  them, 
but  also  the  sum  of  every  two,  shall  be  a  Q . 

Put  4.r,  3^ — 4.r,  and  2x-f-l  for  the  three  numbers ;  then  it  only  remains  to 
render  6x4-1=  □• 
Assume  its  root  n — 1 ; 

then 
whence 


6x+l=n— ir==n'— 2n+l; 
x^- 


n^— 2/1 


6     ' 
if  n^l2,  x=20,  which  will  answer  the  conditions  of  the  problem. 

(20)  Find  two  numbers,  such,  that  the  sum  of  their  squares  and  the  sum  of 
their  cubes  shall  bo  both  squares. 

Let  h  be  the  bnse,  j^  ^ho  perpendicular,  and  h  the  hypotenuse  of  a  rational 
right-angled  triangle,  x  any  multiplier  of  t,  p,  ond  h  ;  then  (bx)'-{-(px)'=z{hxy, 
but    (&x)^+(;?x)^=r    a    rational    square    =r^^ ;   hence    (h^-{-2p).x=:f\    or 

x=,3  ,    ,;  now  if  rssz^+jr^y  .  .x=6^+j/',  and  .•.  fcr=5(6»+p'),  pxsszpx 
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{b^+p^);  now  let  6=3,  jp=4;  then  is  x=91,  6j:=273,  and  j7j:=3C4.  If 
6=6  and ^=8,  then  x=728,  6r=4368f  and  jpz=5624,  and  so  on  in  general. 

(21)  Find  a  number  to  which  if  8  be  added,  the  sum  shall  be  a  cube,  and 
from  which  if  1  be  subtracted,  the  remainder  shall  be  a  cube. 

Let  X  be  the  number;  6=2,  c=l ;  then  x4-6'=  a  cube  and  x — €*=  a 

cube ; 

c3  3c*        cfi 

hence  .r+63=(6+|^a)'=6«+3c2a+-^a*+pa»; 

3c«        (fi 
.'.x=z3<^a+-j^a^+pi\ 

Assume  x — c'=(a — c)'=  a  cube  =a' — 3a'c+3ac* — c*,  and  .*.  xsso* 
—  i{a^c-}-3ac^;  and,  equating  both  values  of  x,  we  get 

3c*        c« 
a»— 3aSc+3ac«=3ac«+-T5^«+vja», 

h^+(^        ,         3c6» 
whence  ^=6^1:?  ^  ^^^'=iii:^  5 

and,  putting  the  right-hand  member  of  this  equation  into  numbers,  we  get 


3X8     24 

8—1 
5256 


^""8-1"- 7  ' 


hence  x=  ^^. 

(22)  To  find  three  square  numbers,such,  that  the  sum  of  every  two  of  them 
shall  be  a  square  number. 

Let  x°,  7/^  and  z'  be  the  numbers  sought. 

Then  2^+z%  y'+^S  and  ^+y'  ^^^  the  three  numbers ;  t.  c, 

X*         V*  x8     v* 

p+l,^+l.«nd-+^^ 

are  three  square  numbers. 

X    m»— 1        ,  y     n«— 1 
Assume  -=  —z: — ,  and  - =— - — , 

z        2wi  '         2        2n   ' 

we  have 

x3  .  ,     m*+2m«+l        ,  y^  n<H-27i«4-l 

which  are  evidently  two  squares ;  and  therefore  it  remains  to  make  — ^^  a 

square  number. 
Now 


2« 


'—  /  '^'— ^  i  ^4.  f  ^'^^  I  ^__(wi«--l)»     (n«— 1)3 


(m8— l)«.n»+(n«— l)«.m« 
4w«n«  ' 

a  square  number. 

Hence 

(m«— l)2.n«+(n«— l)«.m»,  or(m+l)«.(m-l)«.n«+(n+l)«.(n— l)«.iii«; 
a  square  number. 

Let  m4-l=n— 1 .'.  w=m+2. 

Hence        (m+l)».  (m— 1)» .  (m4.2)=4.7;i- .  rm-i-3)«X  (wi+l)% 
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or  (ffi— 1)» .  (m+2)«+w'» .  (m+3)«, 

or  2m*+8m»+6m«— 4wi+4, 

is  a  square  number. 

Let  the  root  of  this  quantity  be  assumed  =  -j- — m-f-2. 

Then  I-j m+2J  =2m*+8w'+6m«— 4m+4; 

whence  m=— '24,  and  n= — 22. 

X     m«— 1      575         ,y     n»— 1      483 

^^  i==^;;r=i:48'  *"^  5=-2;r=344  • 

575z        ,  483z 

hence  x=z ^^g.  and  y== — —. 

To  obtun  the  answer  in  whole  numbers,  let  z=528  ;*  then  xsr — 6325,  and 
y=s — 5796.  Hence  528,  — 5796,  — 6325  are  the  roots  of  the  squares,  and 
528*,  5796*,  6325*  are  the  squares  required. 

(23)  To  find  three  cube  numbers,  such,  that  if  from  every  one  of  them  a 

given  number  1,  be  subtracted,  the  sum  of  the  remainders  shall  be  a  square. 

Let  l-f-^v  2 — 2*,  and  2  represent  the  required  roots. 

Then,  per  question,  (l+xf  — 1+(2— r)'— 1  +  8— 1=  D  ; 

or  (14..T)3+(2— x)'+8— 3=  D  ; 

.     a:»+3j:*+3x+l+8— 12r+6x"— a:»+8— 3=  D  ; 

9a:*— 9x+14=n,  =(a— 3x)*=a*— 6ax+9x"; 

14— 9x=a*— 6ax; 

a*— 14 
and  Sax — 9r=sa* — 14  .•.  r=- 


6a— 9' 
__17 
15     ""15' ^^-"15'  ' 16 


16  —  14      2        ,  17        ,  28 

Supposea=4;  then  r= — r^ — =Tr»  ^""  1+^=T7»  a°"  2 — x^jz; 


4913    ,  ,      /28\»     21952       , 

•••  (^+^) -3375'  (2-^)'=y  =-3375".  and  8 

are  the  numbers. 

(24)  It  is  required  to  find  three  integral  square  numbers,  such, that  the  dif- 
ference of  every  two  of  them  shall  be  a  square  number. 
Let  the  roots  of  the  required  numbers  be  denoted  by 

««+y8,  s*— y*,  and  r«+a*. 
Assume  r* — a:*=«*+y*; 

then  r*— X*— «*=y*=  D 

and  y*=r*— 2r*x*— 2r«j«+x*+2x*«*+**; 

but  (r*+x*)*— («•— y*)«=  D 

=(r*+x*)«— («*— ?^+x*+5*)*=r*+2r*x*+x*— «*4.2t*««— 2«*x«— 2**— r» 

+2r*x*+2r***— x<— 2«*x"— «*=  D 
=4i^x24.4r*«*— 45*x«— 4**=  Q 
=4(r*x«-f  r*5*— s*x«— *♦)=  D , 
.-.  r*x*+r*5*— 5*2^-5*=  D  =a*, 
BDd  (r^s^) '  x*=a*— r*«*+«*, 

take  r=21  and  5=13, 

*  Tlie  least  oomxnon  nraltiple  of  the  donominatan,  48  and  44. 

Og 
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a» 


^^  ^=44ni69-^^^ 


a« 


=2^-169. 

Take  a =340, 

then  a^=z25e  and  y«=r«— ««— a:«=441  —256—169=16, 

...  (r«+a:«)«=(441+256)«=(697)«=  one  number, 
and     (r«— a:°)3=(«»+y«)^=(441— 25G)'»=(185)«=  the  second  number; 
and  (5«— y«)'=(169  — 16)«=(153)«,  which  is  the  other  number. 

(25)  To  find  three  square  numbers  such,  that  their  sum,  being  severally 
added  to  their  three  roots,  shall  make  square  numbers. 

Let  2x,  6x,  and  9x  denote  the  three  roots;  .*.  by  the  question, 

121x«+2x=D, 

12l2«-f9J^=a- 
Assume  ^=t|t;  then  121x=y ;  and  .-.  12lT==r:jY'  *"^  121z«+2x=^ 

+  121* 
Hence,  we  get 

y«+6»/=D. 
3^+9y=n. 

(2S»«1\«  fz^ 1\'  '**— **2'-4-l 

-^)  ;  and.-.y«+2i^+l=^-^^;  +1=^      4^, 

2*  — 22«4.45«4.1        2*  +  2z«+l         /2»+l\« 

+  1= -^^ = — ^\-^r-)  ;   and.  consequently,  y+l 

2^+1             2«+l            23—2^+1      (2  — 1)«    ,  ,        ,    .      .      .      , 

= — ; —  .*.  =v— r —  — 1= ; = — ;  heuce,  by  substitution  m  tho 

^Ar  0trA»  lW*r  A>«> 

second  equation  above,  we  have 

(2—1)4  U  — 1)2  (2— 1)*  .  (2-I)' 

4ir^  +  6x4^=D=4^+122x4^=D. 

But  4z^  is  a  square  number; 

.'.  (2— 1)^+122 X (2—1)==  D 
=  (2-l)2x(2-l)^+122.(c-l)-=(2-l)2xl(r-l)=+122|. 
But  (2  — 1)2  is  D, 

...  (2  — 1)^4-12^=0  =2-+ 102  +  1=  D. 

Again,  by  substitution  in  the  tliii*d,  wc  have 

42-    "^'^      •J2     — "—    4i-i    -r         43i         —  ^' 

...  (2  — 1)^+182 X(i  —  l)'=n,  and  .-.  (c  —  1)^.  (2— 1)^+182  .  (2—1)==  D 

Hence  (2  — l)-x  {(2  — 1)''+18:}=  D, 

and  .-.  (2  — 1)-+182=  a  =2-+l()2  +  l ; 

hence  (28+lGr  +  l)— (2'+102  +  l)=G2=32X2, 

1  32-1-2     32 

the  -  sum  of  which  factors  is  --;p^=~  +  l,  tho  root  of  the  greater  D . 

(3*        \-      9*- 
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.-.  z^+l6z=—+3z,  and  4:^+6iz=0z^+l2z, 

62 
and  .-.  4z+6'i=:9z+l2,  6^=52,  and  «=-r  ; 


(¥-)•  (¥) 


3  2209  2209 


25    26 


62      62    62   104 
2X-r   2X-r  2.— 


6     ^66    6 

2209   ,    y  2209 

""620  '""^•^""121'  ""62920' 
4418  13264   ^  19881 
...  we  see  tbat    g^^,  -^gSo'  ^"^  62920  "^  *^^  ''^^^- 

QUESTIONS  FOR  EXERCISE. 

(1)  Required  six  numbers  whose  sum  and  product  shall  bo  equal. 

Ans.  1,  2,  3,  4,  6,  and  --— r. 

1\4.9 

(2)  Required  five  squiure  numbers  whose  sum  shall  be  a  square. 

Ans.  1,  4,  9f  16f  and  |. 

(3)  Divide  the  number  3  into  four  rational  squares. 

16    1      9  49 

^'^-  26'  25'  25'  ^"^  To' 

(4)  Divide  unity  into  three  rational  squares. 

9     4         :\r, 

^"*-  49'  49'  '^^  47)- 

(5)  Find  two  numbers  whose  sum  is  a  cube,  and  difference  a  square. 

Ans.  1512  and  216. 

(6)  Find  two  numbers  whose  product  plus  their  sum  or  difference  is  each 

a  square. 

5  5 

Ans.  -rz:  and  4  7-;. 
12  12 

(7)  To  find  two  numbers, such,  that  when  each  is  multipUed  into  the  cube 

of  the  other, the  products  will  be  squares. 

Ans.  2  and  8. 

(8)  To  find  two  squaro  numbers  whoso  difiference  is  40. 

Ans.  49  and  !). 

(0)  To  find  two  squaro  numbers,  such,  tliat  their  sum  added  to  tlieir  prod- 
uct may  bo  a  square  number. 

Ans.  -  and  ^, 

(10)  It  is  required  to  find  two  whole  numbers,  such,  that  tlieir  diflTiTonce, 
the  difiference  of  their  squares,  and  the  difference  of  their  cubes  shall  be  squares. 

Ans.  10  and  G. 

(11)  Find  two  numbers,  such,  that  the  sum  of  their  squares  shall  l»o  both 

a  square  and  a  cube. 

Ans.  75  and  100. 

(12)  Find  two  numbers  whose  sum  shall  be  a  cube,  but  their  product  and 

quotient  squares. 

Ans.  26  and  100. 
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(13;  It  is  required  to  fiod  three  iDtegral  square  ntUDbers  that  shall  be  in 
arithmetical  progression. 

Aos.  1,  25,  and  49. 

(14)  To  find  three  square  integral  numbers  in  hannonical  progression. 

Ans.  1225,  49,  and  25. 

(15)  To  find  three  numbers,  such,  that  if  to  the  square  of  each  of  them  the 

sum  of  the  other  two  be  added,  the  three  sums  shall  be  all  squares. 

8  16 

Ans.  1,  -,  and  ~. 

(IG)  It  is  required  to  find  three  whole  numbers,snch,  that  if  to  the  square  of 
each  of  them  the  product  of  the  other  two  be  added,  the  sums  shall  be  squares. 

Ans.  9,  73,  and  326. 

(17)  It  is  required  to  find  three  whole  nimibers  in  geometrical  progression, 
Kiirh,  that  the  difference  of  every  two  of  them  shall  be  a  square  number. 

Ans.  567,  1008,  and  1792. 

(18)  It  is  required  to  find  three  integral  square  numbers,  such,  that  the  dif- 
teronco  between  every  two  of  them  and  the  third  shall  be  a  square  number. 

Ans.  149S  241«,  and  269*. 

(19)  To  find  three  square  numbers,  such,  that  the  sum  of  their  squares 

Kliall  also  bo  a  square  number. 

,  144 

Ans.  9,  16,  and  -rr-. 

25 

(20)  To  find  three  biquadrate  numbers  the  sum  of  which  shall  be  a  square. 

Ans.  12*,  lb\  and  20*. 

For  generalization  of  Diophantine  problems  in  certain  cases,  see  Bonny- 
r'HHtle*s  Algebra.     See,  also,  Theory  of  Numbers. 


THEORY  OF  NUMBERS. 

3^7.  We  have  already  had  occasion  to  demonstrate  some  propositions  which 
fall  under  this  head,  and  which  would  have  been  reserved  for  this  place  hnd 
iJif^y  not  been  required  for  the  elucidation  of  previous  parts  of  the  work. 

We  recur  to  one  or  two  of  these  for  the  purpose  of  exhibiting  some  of  the 
othur  methods  by  which  thoy  may  be  csUiblished. 

I.  To  prove  that  a X  b=:b  X  a*     Suppose  a'^b  and  c  their  difference ; 

.•.  a  X  6=(6+c)6=Z»«+c6  ; 
7.  r.,  b  taken  b  times  and  c  taken  b  times,  and 

bXa=b(b+c)=b^+b€ ; 
t.  t  .^b  taken  b  times  and  also  c  times. 

We  perceive  that  the  product  aXb  will  be  the  same  as  &Xa,  if  the  partial 
product  cXb  h  equal  to  bxc.  But,  by  similar  reasoning,  the  equality  of  cb 
aijd  he  will  be  proved  by  the  equality  of  two  smaller  products,  cd  and  dc ;  and 
continuing  thus,  we  arrive  necessarily  at  the  case  where  the  two  factors  are 
equal,  or  at  the  cose  where  one  of  them  is  equal  to  unity.  In  tlie  first  case, 
the  equality  is  manifest ;  in  the  second,  it  will  follow,  from  the  fact  that  k  X 1 
it  /»  as  well  as  1 X ^^*  Then  the  product  aXb  ia  always  equal  to  the  product 
bxa. 
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II.  To  demonstrate  that  NxaXi=Nxaif  I  observe,  first,  that  the  prod- 
act  ab  is  Dothiog  else  than  a-\-a-\-a+j  Ace,  the  number  of  these  terms  being  b. 
ThenNxai=Na+Na+Na+,  &c.,  to  b  terms,  =NaX&*        Q.  E.  D. 

III.  Na6=N6a ;  for  Na=N+N-f-N+  ...  to  a  terms ;  then,  to  multiply 
Na  by  b,  it  is  necessary  to  take  each  of  the  terms  b  times, 

thus  Na6=N6+N6+N6  .  .  .  =N6a.  Q.  E.  D. 

Corollary  1. — If  all  the  factors  of  N  be  1,  then  lxabz=lxba,  or  abszba^ 
according  to  I. 

Corollary  2. — The  above  reasoning  applies  only  to  entire  factors.  The  prin- 
ciple is  equally  true,  however,  when  some  of  the  factors  are  fractions ;  because, 
if  the  entire  factors,  which  are  combined  with  the  fractional  ones,  be  written 
in  a  fractional  form  by  placing  unity  under  them,  all  the  factors  to  be  multi- 
pUed  together  will  be  fractions ;  the  product  of  these,  wo  know,  is  obtained  by 
taking  the  product  of  the  numerators  and  denominators  separately,  which  are 
entire  numbers,  and  therefore  the  order  is  immaterial,  from  what  has  been 
proved  above. 

Corollary  3. — If  the  factors  be  incommensurable,  it  is  to  be  observed  that 
the  product  of  two  incommensurable  quantities  has  no  precise  meaning. 

But  by  regarding  the  incommensurables  as  limits  to  which  approximating 
commonsurables  tend,  since  the  above  reasoning  applies  to  the  latter,  and  their 
order  is  immaterial,  wo  may  infer  that  the  order  is  immaterial  also  in  a  prod- 
uct of  incommensurable  factors. 

Corollary  4. — We  have  seen  that,  from  the  above  proposition,  it  follows  that 
the  order  of  factors  in  a  product  is  immaterial;  hence  it  foUows  that  if  a 
number,  P,  contains  the  factors  a,  6,  c,  &c.,  it  is  divisible  by  their  product. 

Corollary  5. — If  a  number,  P,  is  divisible  by  another,  Q:=a6c,  tlien  is  P 
divbible  by  each  of  the  factors  a,  &,  c. 

THE  FORMS  AND  RELATIONS  OF  INTEGRAL  NUMBERS,  AND  OF  THEIR 

SUMS,  DIFFERENCES,  AND  PRODUCTS. 

388.  I.  The  sum  or  difference  of  any  two  oven  numbers  is  an  even  num- 
ber.    For,  let  A^2n  and  Bz=2n'  be  any  two  evon  numbers  ;  then 

AiB=:2n±2n'=2(nin')=2n", 

which,  being  of  the  form  2n,  is  an  even  number. 

II.  The  sum  or  difference  of  two  odd  numbers  is  even,  but  the  sum  of  three 
odd  numbers  is  odd. 

Let  A=2n-|-1,  Br=2n'4-1,  and  C=:2n"-|-1,  be  three  odd  numbers;  then 

A-|-B=2n-f.2n'-|-2=2fi", 
and  k  +  B  +  C=2n+2n'+2n"+3=2n'"+l ; 

the  former  having  the  form  of  an  even,  and  the  latter  of  an  odd  number. 
In  a  similar  way  it  may  be  shown, 

(1)  That  the  sum  of  any  number  of  even  numbers  is  even. 

(2)  That  any  evon  number  of  odd  numbers  is  even,  but  that  any  odd  num- 
ber of  odd  numbers  is  an  odd  number. 

(3)  That  the  sum  of  an  even  and  odd  number  is  an  odd  number. 

(4)  That  the  product  of  any  number  of  factors,  one  of  which  is  even,  wiD 
be  an  even  number,  but  the  product  of  any  number  of  odd  numbers  is  odd ; 
and  hence,  again. 
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(5)  Every  power  of  an  even  number  is  even,  and  eveiy  power  of  an  odd 
namber  is  an  odd  number. 

(6)  Hence  the  sum  and  difference  of  any  power  and  its  root  is  an^even 
number. 

For  the  power  and  root  will  be  either  both  even  or  both  odd,  and  the  sum 
or  difference  in  either  case  is  an  even  number. 

III.  If  an  odd  number  divide  an  even  number,  it  will  also  divide  the  half 
of  it. 

Let  A^2n,  B=2n'-|-1  be  any  even  and  odd  number,  such  that  B^  is  a 
divisor  of  A ;  let  the  division  be  made,  and  call  the  quotient  jp ;  then  we  have 

2n=p(2n'+l); 

consequently  (4),  p  is  even,  or  of  the  form  2n" ; 

hence  2ii=2»"(2»i'+l), 

and  2;^=^*"' 

that  is,  n=|A  is  divisible  by  B,  if  A  itself  be  so. 

DEFINITIONS. 

389.  (1)  A  perfect  number  is  that  which  is  equal  to  the  sum  of  all  its  ali- 
quot parts,  or  of  all  its  divisors. 

Q     S     Q 
Thus,  6=-4"q4"fi»  *°^  ^*»  therefore,  a  perfect  number. 

(2)  Amicable  numbers  are  those  pairs  of  numbers  each  of  which  is  equal  to 
all  tlie  aliquot  parts  of  the  other.  Thus,  284  and  220  are  a  pair  of  amicable 
numbers,  for  it  will  be  found  that  all  the  aliquot  parts  of  284  are  equal  to  220, 
and  all  the  aliquot  [)arts  of  220  are  equal  to  284. 

(3)  Figurate  numbers  are  all  those  that  fall  under  the  general  expression 

yi(rT  +  1)(n+2)(n+3)....(n+m) 
1.2.3.4....(m+l)  ' 

and  they  are  said  to  be  of  the  1^,  2°,  3°,  &c.,  order,  according  as  m=:l, 
2,  3,  &c. 

(4)  Polygonal  numbers  are  the  sums  of  different  ^nd  independent  arith- 
meticnl  series,  and  are  termed  lineal  or  natural,  triangular,  quadmngular 
or  square,  pentagonal,  &c.,  according  to  the  series  from  which  they  are 
generated. 

(5)  Natural  numbers  are  formed  from  a  series  of  unit^  ;  thus  : 

Units,  1,  1,  1,  1,  1,  &c. 

Natural  numbers,  1,  2,  3,  4,  5,  &c. 

(6)  Triangular  numbers  are  the  successive  sums  of  an  arithmetical  series, 
beginning  with  unity,  the  common  difference  of  which  is  1 ;  thus  : 

Arithmetical  series,  1,  2,  3,    4,     5,   &c. 

Triangular  numbers,  1,  3,  6,  10,  15,  &c. 

(7)  Quadrangular  or  square  numbers  arc  the  sums  of  an  arithmetical  se 
ries,  beginning  with  unity,  and  the  common  difference  of  which  is  2  ;  thus  : 

Arithmeticol  series,         1,  3,  5,    7,     9,    11,  &c. 
Quadrangular     or 


nadrangular      or )  ^ 

square  numbers,  > 
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(B)  PentagoDal  numbers  are  the  sums  of  an  arithmetical  series,  beginning 
with  unity,  the  common  difference  of  which  is  3  ;  thus  : 

Arithmetical  series,         1,  4,    7,    10,  13,  16,  &c. 
Pentagonal  numbers,      1,  5,  12,  32,  35,  51,  dec. 

And,  universally,  the  m — gonal  series  of  numbers  is  formed  from  the  suc- 
cessive sums  of  an  arithmetical  progression,  beginning  with  unity,  the  com- 
mon difference  of  which  \a  in — 2. 

DIVISIBILITY  OF  NUMBERS. 

390.  I.  The  product  of  two  numbers^  a  and  b,  is  divisible  by  every  number 
which  exactly  divides  one  of  the  two  factors  a  and  b. 

For  let  0  be  a  number  which  divides  6,  so  that  6=zcd,  we  have  by  the  fore- 
going ab=zacXG'     Then  aby  divided  by  d,  gives  the  exact  quotient  ac. 

Corollary, — To  divide  a  product  of  several  factors,  divide  one  of  the  factors 
and  multiply  the  quotient  by  the  others. 

On  this  subject  we  mu8t  observe  that  a  number  may  sometimes  divide  a 
product  when  it  will  not  divide  any  factor.  Thus,  20  divides  neither  12  nor 
15,  but  does  their  product,  180.  This  is  because  20  is  composed  of  factors 
some  of  which  are  found  in  12  and  others  in  15.  But  if  the  number  20  had 
no  common  factor  with  one  of  the  factors,  it  must  divide  the  other.  (See 
Art.  84,  note.) 

II  If  there  be  n  numbers^  each  of  them  divisible  by  k,  then  is  their  product 
divisible  by  k°. 

For  asnkq,  bz=.kq'y  c:=kq",  .  .     .•.     abc  .  .  .=A:".tt?, 

w  being  equal  to  ^r  x  9'  X  ?"  X  •  •  • 

III.  The  sum  of  several  numbers^  a+b-j-c+^i  w  divisible  by  a  numher.,  k, 
when  the  sum  of  the  remainders  obtained  by  dividing  each  by  kis  divisible  by 
this  number. 

For  a=kq+r,  b=kq'-\-r\  c=AY'+r",  &c. 

...  a+b+c+d=k(q-\-q'+q"  +  ,  6cc,)+r+r'+r"+,  &c. 
Whence  it  is  evident  that  a-{-b-\-Cf  &c.,  is  divisible  by  k  when  r+r'+^'j 
6cc,y  is. 

IV.  The  difference  of  two  numbers,  a  and  b,  is  divisible  by  a  number^  k, 
when,  if  each  be  divided  by  k,  th^  remainders  are  equal. 

For  az=kq-\-r,  and  bzzzkq'-^-r 

.',  a — bz=k(q — q'), 

V.  Every  number  consisting  of  units,  tens,  hundreds,  Sfc.,  is  divisible  by  a 
number,  k,  when  the  sum  of  the  products  of  the  number  of  units,  tcns^  Sfc,,  by 
the  remainder,  after  dividing  the  units,  tens,  Sfc,,  each  by  k,  is  divisible  by  this 
number. 

For,  representing  by  A,  B,  C,  &c.,  the  quotients,  and  by  a,  ft  y,  &c.,  the 
remainders  of  the  units,  tens,  dec,  by  k,  we  have 

10"    =AA:+a  .•.         a  .  lO"    s=aAk+aa 

10"-»=B;t+/3  b  .  10°-»=:  bBk-\-b(3 

10'^=CA:+y  c  .  lO^-'ss cCk+cy 


10'    =DA-+<5                      d  .  10«    =:dDk+d6 
W    =Ek+e                      e  .  10*    =eEk+ee 
10°    =  ...  1  /.lOO    = / 
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VI.  The  product,  P,  of  several  numbers,  a,  b,  c,  d,  .  .  .  u  divUihle  by  a 
number,  k,  only  when  the  product  of  the  remainders,  after  dividing  each  of  the 
factors  by  k,  is  so  divisible. 

For,  let  a=:kq+a,  6=:A:^+/3,  c=zkq"+y,  &c, 

.'.  abs=kz'\'a.p> 
abc=kz-{-aj3>y,  &c. 

VII.  The  product,  P,  of  several  factors,  a,  b,  c,  d,  .  .  .  i«  divisible  by  a  prime 
number,  W,  only  when  one  of  the  factors  is  divisible  by  this  prime  number. 

For,  let  a==k'q+a,  b=zk'q'+(3,  c=zk'q''+y,  &c., 

.-.  F=:k'z-\-a.(3.Y  .  .  . 

Therefore,  if  k'  divide  P,  it  must  divide  a,  (3,  y  .  .  . 

But  k'  is  Dot  found  among  the  factors  a,  p,  y,  .  .  .  since,  being  remainden 
to  the  divisor  k*,  they  are  all  less  tlian  it.  Neither  is  k'  any  combination  of 
them,  since  it  is  supposed  to  be  a  prime  number.  Hence  a,  p,  y,  .  .  .  and 
therefore  P  is  divisible  by  k'  only  when  one  of  the  remainders  ^0. 

VIII.  TjT  the  factors,  a,  b,  c,  .  .  .  o/*a  product,  P,  are  prime  to  k,  then  is  the 
product  not  divisible  by  k. 

For,  if  &  be  an  absolute  prime  number,  this  follows  from  VII.  Again,  if 
JS;  be  a  multiple  of  a  prime  number,  as  p'v ;  then,  if  P  be  divisible  by  k,  we 
have 

P     a.b.c... 

-7-= ; =711  .*.  a.b.c....  ^mp'v  I 

k  p  .V  ^ 

therefore  a.b  .c. .. .  must  be  divisible  by p',  which  by  VII.  is  impossible. 

391.  I.  Problem. —  To  find  all  the  divisors  of  any  number  whatever.  The 
first  thought  which  presents  itself  is  to  try  successively  as  divisors  each  of  the 
numbers  1,  2,  3,  &c.,  to  N.  But  this  groping  process  may  bo  abridged.  Let 
D  be  a  divisor  of  N,  and  D'  the  quotient,  wo  have  DD'=N,  or,  under  anoth- 
er form,  DD'=  v/N  x  \/N  ;  then,  if  DJs  <  -/N,  D'  will  bo  >  /N.  Then, 
after  having  found  all  the  divisors  «^  -/^t  the  quotients  which  shnll  have  been 
obtained  in  dividing  N  by  these  divisors  will  be  the  divisors  ^  \/N. 

For  example,  let  N=360.  The  square  root  of  360  is  comprised  between 
18  and  19 ;  thus,  we  divide  360  only  by  the  numbers  1,  2,  3  ...  18.  In  this 
manner  we  find  all  the  divisoi-s  of  360,  to  wit : 

1,       2,       3,      4,     5,     6,     8,     9,    10,  12,  15,  18. 
360,  180,  120,  90,  72,  60,  45,  40,  36,  30,  24,  20. 

392.  II.  Problem. —  To  form  a  table  of  prime  numbers.  When  the  above 
proceeding  produces  no  divisor,  the  number  is  a  prime  number.  To  avoid 
the  long  calculations  necessary  in  these  cases,  tables  have  been  constructed 
which  contain  the  prime  numbers  up  to  certain  limits.* 

The  most  simple  manner  of  constructing  it  is  to  write  in  succession  the 
series  of  uneven  numbers  3,  5,  7,  <^.,  to  such  a  limit  as  we  seek,  and  to  efface 
all  the  multiples  of  3,  of  5,  of  7,  dec.  It  is  evident  that  the  prime  numbers 
are  all  that  remain.  At  the  head  of  those  numbers  it  must  not  be  forgotten  to 
place  1  and  2. 

Nothing  is  easier  than  to  know  what  multiples  to  efface.     Those  of  3  are 

*  The  itudcnt  is  referred  to  the  tables  of  Burckhordt,  in  which  the  prime  niunbera  ex- 
tend to  3036000. 
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found  by  counting,  the  numbers  3,  5,  7,  &c.,  in  thi*ees,  setting  out  from  5 ; 
those  of  5  in  counting  them  in  fives,  beginning  with  7,  and  so  on.* 

393.  Rkhark  I. — The  series  of  prime  numbers  is  unlimited.  For,  suppose 
it  to  be  otherwise,  and  that  n  is  the  greatest :  if  we  form  the  product 
P^2.3.5  . . .  n,  which  contains  all  the  prime  numbers,  then  P-j-^i  which 
^n,  must  be  divisible  by  some  one  of  these  numbers ;  but  this  is  impossible, 
because  there  will  always  be  the  remainder  1.  Then  it  is  impossible  that  the 
series  of  prime  numbers  should  be  limited. 

II.  In  comparing  all  numbers  with  multiples  of  the  same  number,  we  are 
led  to  present  them  under  different  forms,  of  which  use  is  often  made.     For 
example,  if  we  compare  them  with  multiples  of  G,  they  may  be  ropreicnted 
first,  by  one  of  the  six  formulas, 

f)X,  6j:+1,  6x-\-2,  G2r-|-3,  6j:+4,  6i:-|-5, 

in  which  x  is  any  whole  number  whatever. 

But  if  we  wish  to  consider  only  prime  numbers,  it  is  necessary  to  prescr\'e 
only  the  two  formulas, 

6x+l  and  6x-|-5 ; 

because  the  others  give  numbers  divisible  by  2  or  by  3. 

We  can  also,  in  place  of  6j:+5,  write  6(x+l)  —  1  or  6x — 1,  since  x  is  any 
entire  number  whatever.  Thus  all  the  prime  numbers  except  2  and  3,  which 
are  divisors  of  6,  are  comprised  in  tlie  formula 

N=Gjrdbl. 
The  reasoning  would  be  analogous  for  any  other  number  than  G. 

394.  III.  Problem. — To  decompose  a  number  into  prime  factors^  and  to  find 
ajlertcard  all  its  divisors, 

A  number  N,  if  it  be  not  a  prime  number,  can  be  represented  by  the  product 
of  several  prime  numbers  a,  &,  c\  &c.,  raised  each  to  a  certain  power,  so  that 
we  can  always  suppose  N=a'"&"cP  . . .  This  is  the  decomposition  which  it  is 
required  to  effect. 

Take,  for  example,  the  number  504.  Divide  it  first  by  2  as  many  times  as 
possible  ;  we  find  thus, 

504  =252  X  2  =  126  X  2  X  2=63  X  2  X  2  X  2. 
Then  divide  63  as  many  times  as  possible  by  3,  which  is  the  smallest  prime 
number  greater  than  2 : 

63=21X3=7X3X3. 
Then  we  have 

504=7X3X3X2X2X2, 
or,  rather,  under  another  fonn, 

504  =2-^  X  3- X  7. 

The  divisions  by  3  have  led  to  the  quotient  7.  If  the  quotient  hod  not  been 
a  prime  number,  we  should  have  continued  the  operations  by  tiying  success- 
ively the  other  prime  numbers,  5,  7,  &c. 

We  can  now  readily  form  all  tlie  divisors  of  504.  They  ore,  in  fact,  the 
numbers  which  we  obtain  in  taking  oil  the  [)nmo  factors  one  by  one,  two  by 

*  Conceive  a  boanl  picrcc<l  with  holes  iii  whirh  the  ininibiTs  :J,  .*>,  7,  ice,  are  placed  in 
order.  Then,  as  wc  arrive,  iu  counting  them  by  tlirees,  tlvoK,  Scv.,  at  the  nmltiples  to  be 
effaced,  suppose  tliese  multiples  to  fall  throa!*h  the  holes,  there  will  ri*mnin  only  prime 
Dombcrs.    Buch  was  the  famooi  siovo  of  Eratoettienes,  of  Alexandria,  wlio  lived  S80  B.C. 
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two,  &c.     That  we  may  be  sure  not  to  omit  any  divisor,  we  adopt  the  fol- 
lowing arrangement : 


1, 

504 

2 

2, 

252 

2 

4, 

126 

2 

8, 

63 

3 

3, 

6,     12.    24, 

21 

3 

9. 

18,    36,    72, 

7 

7 

7. 

14,    28,    56, 

21,     42, 
84,  168,  63,  126,  252,  504. 

The  first  column  on  the  left  contains  tlie  given  number  and  the  quotient  of 
the  successive  divisions.  By  the  side  of  these  numbers,  in  a  second  column, 
are  written  the  prime  numbers,  which  we  employ  as  divisors,  and  which 
are  tlio  prime  factors  of  the  number  504.  J'inally,  we  place  at  the  right  of 
this  column  all  the  divisors  of  504 ;  and  I  now  proceed  to  state  how  we  obtain 
them. 

At  the  top  of  the  third  column,  but  on  the  line  above  that  which  contains 
504,  we  write  unity,  which  may  be  regarded  as  the  first  divisor  of  504.  We 
multiply  this  unity  by  the  first  number  of  the  second  column,  and  thus  obtain 
the  divisor  2,  which  we  write  by  the  side  of  this  first  prime  number.  We 
next  multiply  1  and  2,  the  divisors  already  found,  by  the  second  number  of  tlie 
second  column,  and,  neglecting  the  product  1  X2,  or  2,  which  has  already  been 
found,  wo  obtain  the  now  divisor  4,  which  is  written  on  a  line  with  the  last 
multiplier.  Wo  proceed  in  the  same  manner,  multiplying  the  number  of  the 
second  column  on  the  horizontal  lino  which  we  are  forming  by  each  of  the 
numbers  above  it  in  tho  third  column  successively,  until  we  nmltiply,  finally, 
by  the  last  number  of  the  second  column,  which  gives  a  last  series  of  divisors, 
which  series  will  always  bo  terminated  by,  tlie  given  number. 

When  we  know  the  prime  factors  of  a  number,  wo  can  find  its  divisors  by 
another  process.  Suppose  that  a  number  N,  when  decomposed  into  prime 
&ctors,  gives 

N=a'°6"cP . . .; 

the  divisors  of  N  will  be  represented  by  the  formula  a™'fe'"cP' . . .,  in  which  the 
exponents  wi',  7i',  ])\  , .  can  not  surpass  m,  w,  ^^ . . . 

Hence  we  know  that  these  divisors  will  be  the  different  terms  which  we 
obtain  in  elfecting  the  product 

P=(l  +  rt+«=^ a'")(l  +  6-f  6*H 6n)(i^^^^>_| ^pj 

395.  Remarks. — The  multiplication  of  the  first  two  polynomes  gives  'a 
number  of  terms  equal  to  (m+l)(»  +  l) ;  consequently,  that  of  the  first  three 
polynomes  gives  a  number  equid  to  (/«-|-l)(w-|-l)( ;?+!),  nnd  so  on;  hence, 
the  number  of  all  the  divisoi*s  of  N  is  expressed  by  the  formula 

(7n  +  l){n+l){p+l) 

We  abo  see  tliat  P  is  the  sum  of  all  these  divisors.     But  we  know  that  the 

polynomes  which  compose  P  are  respectively  equal  (Art.  23)  to , 

i"+-— 1 
, .   ,  die. ;  hence,  the  sura  of  all  the  divisors  of  N  can  be  expressed  by  the 

formula 
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a-1    ^    ^  —  1    ^    c  — 1    ^ 

For  example,  taking  N=504=2'x3'»x7,  we  shall  have  m=3,  n=2, 
p  =  l.  HeDce  the  Dumber  of  divisors  of  504  will  be  4X3X2=24,  and  the 
sum  of  all  the  divisors  will  be 

2^—1     3»— 1     7«— 1 

396.  IV.  Problem. — How  many  times  is  a  prim^  number,  $,  factor  in  a 
series  of  natural  numbers^  from  1  to  nl  or,  in  other  words,  what  is  the  highest 
power  of  0  which  divides  the  product  1 . 2 . 3 . . .  n  ? 

Let  n'  be  the  entire  part  of  the  quotient  of  n  by  d.  In  the  proposed  series 
of  natural  numbers  we  find  the  n'  factors,  0,  2^,  3^ . . . .,  of  the  product 
B*2B,ZB ,.  .n'd\  and  it  is  clear  that  they  are  the  only  numbers  of  the  series 
which  are  divisible  by  d.     This  product  can  be  written  thus : 

1 .  2 .  3  . . .  n'  X  ^'. 
Hence  we  shall  obtain  the  required  power  of  6  by  multiplying  G^'  by  the  high- 
est power  of  d,  contained  in  the  product  1 . 2. 3  ...  n'. 

The  same  reasoning  may  be  repeated  with  reference  to  this  product ; 
hence,  calling  n"  the  entire  part  of  the  quotient  of  n'  by  0,  we  readily  perceive 
that  the  highest  power  of  0  contained  in  the  last  of  the  above  products  is  com- 
posed of  the  power  B^"  multiplied  by  the  highest  power  of  0  which  is  contain- 
ed in  the  series  1.2.3  .  .  .  n". 

In  like  manner,  calling  n'"  the  entire  part  of  the  quotient  of  n"  by  ^,  we  ai*e 
led  to  seek  the  highest  power  of  0  contained  in  the  product  1.2.3  .  .  .  n'". 

We  continue  this  process  till  we  arrive  at  a  quotient  <^d.  For  the  sake  of 
definiteness,  suppose  that  n'"  is  this  quotient ;  then  we  conclude  that  the 
highest  power  of  ^  contained  in  the  given  product  1.2.3  ..  .n  is  B^'-^^"-^'", 

For  example,  suppose  we  wish  to  know  what  is  the  highest  power  of  7 
which  divides  the  product  1.2.3  .  .  .  1000. 

We  make  7i=1000,  and  taking  only  tht  entire  parts  of  the  quotients,  wo 

shall  have 

1000  142  20 

——  =  142,  —-  =  20,  — =2. 

7  7  7 

The  sum  of  these  quotients  being  164,  it  follows  that  the  required  power  is  7'**. 

397.  Corollary. — I^ot  ?/?,  n,  p^  q  be  entire  numbers,  such  that  we  have 
mz^n-^-p-^-q-^-  .  .  . ;  the  expression 

1 .  2  .  3  .  4  .  m 

will  aUvaj's  represent  an  entire  number.    To  prove  this,  let  B  be  a  prime  factor 
of  the  denominator  ;  we  shall  have 

m     n     p     q 

Calling  these  entire  quotients  m\  n\  p\  ^' .  .  . .,  we  shall  have  also 

m'=  or  ^n'-\-p'-\-q'-\-,  &c. 

If  we  divide  again  by  B,  and  call  the  new  entire  quotients  m'\  n"  . . . .,  we 
shall,  in  like  manner,  have 

m"=  or  >n"+p"-\-q"+,  &c. 

We  continue  this  process  as  long  as  the  quotients  are  not  all  less  than  B. 
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Then  adding,  we'  shall  have 

(m^+m''+„.)=  or  >(n'+n'^+,..)  +  (p'+p'^+...)+{q'+q'^ +.,.)  +  ,  dec. 

But  these  different  sams  make  known  the  highest  powers  of  0,  by  which  we 
can  divide  the  products  which  compose  expression  (1);  hence  there  is  no 
prime  factor  in  the  denominator  which  does  not  exist  of  a  power  at  least  equal 
in  the  numerator  of  the  fraction.  This  expression,  therefore,  represents  an 
entire  number. 

398.  Perfect  numbers  are  expressed  or  determined  as  follows : 

Find  2° — 1,  a  prime  number,  then  will  N=:2'^~*(2'* — 1)  be  a  perfect  number. 
For,  from  what  has  been  demonstrated  in  the  preceding  section,  the  sum  of 

2«— 1     (2«— 1)«— 1 
all  the  divisors  of  this  formula  will  be  represented  by  — — r-x  73s — rz — r; 

because  2° — 1  is  a  prime  by  hypothesis.  But  in  this  expression  1  is  included 
as  a  divisor,  which  must  be  excluded  in  the  case  of  perfect  numbers ;  exclu- 
sive of  this,  therefore,  the  formula  will  be 

2i>— 1     (2"— 1)2— 1 

2  — 1^(2»— 1)  — 1  ^  ' 

(2»— 1)  X  (2»— 1  +1)— 2»-»(2°— 1)= 

2(2"— 1)2°+>— 2»-i(2»  — 1)=2»-»(2"— 1)=N, 

that  is,  the  sum  of  all  the  aliqnot  parts  of  N,  exclusive  of  itself,  or  of  1  as  a 
divisor,  is  equal  to  N,  and  is,  therefore,  by  the  definition  a  perfect  number. 
The  only  perfect  numbers  known  are  the  following  eight : 

6,  33550336, 
28,  8589869056, 
496,  137438691328, 
8128,  2305843008139952128. 

399.  To  find  a  pair  of  amicable  numbers  N  and  M,  or  such  a  pair  that  each 
shall  bo  respectively  equal  to  all  the  divisors  of  the  other. 

Mnko  N=a"6"cP,  &c.,  and  M=a''/?*'y'^;  then,  according  to  the  definition  and 
from  what  has  been  demonstrated  in  the  last  section,  we  must  have 

fln'+l—l        6n+l  — 1        cP+»  — 1 

Find,  therefore,  such  a  power  of  2,  as  2%  that 

3  .  2'— 1,  6  .  2'— 1,  and  18  .  2^—1 

iuny  be  all  prime  numbers ;  then  will 

N=2'+»iandM=2'+i6c 

bo  the  pair  of  amicable  numbers  sought. 
The  least  three  pair  of  amicable  numbers  are 

284,  220, 

17296,  18416, 

9363583,  9437056. 

400.  Wo  shall  hero  introduce  the  student  to  the  nomenclature  and  notation 
of  Gauss,  given  in  his  Disquisitiones  Arithmoticx,  which  is  now  generally 
adopted  by  writers  upon  the  theory  of  numbers. 
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CONGRUOUS  NUMBERS  IN  GENERAL. 

401.  If  a  number  a  divide  the  difference  of  the  numbers  h  and  c,  h  and  c  are 
said  to  be  congruous  with  reference  to  a ;  if  not,  incongruous.  The  quantity 
a  is  called  the  modulus ;  each  of  the  numbers  b  and  c  a  residue  of  the  other  in 
the  first  case,  a  non-residue  in  the  second. 

The  numbers  may  bo  either  positive  or  negative,  but  entire.  As  to  the 
modulus,  it  ought  evidently  to  be  taken  without  regard  to  the  sign. 

Thus,  — 9  and  4~^^  ^^^  congruous  with  reference  to  the  modulus  5;  — 7 
is  a  residue  of  15  with  reference  to  the  modulus  11,  and  not  a  residue  with 
reference  to  the  modulus  3. 

Zero  being  divisible  by  all  numbers,  every  number  may  be  regarded  as  con- 
gruous with  itself  with  reference  to  any  modulus  whatever. 

All  the  residues  of  a  given  number,  a,  with  reference  to  a  given  number,  m, 
are  comprised  in  the  formula  a-\-Jcmy  k  being  an  entire  indeterminate  num- 
ber.    This  is  self-evident. 

The  congruence  of  two  numbers  is  expressed  by  the  sign  =,  joining  to  it 
the  modulus,  when  necessary*,  in  a  parenthesis,  thus  :* 

— 16  =  9(mod.  5),  — 7=15(mod.  11). 

402.  Theorem. — Let  there  he  m  entire  successive  numberst  a,  a-|-l,  a-|-2, 
. . .  a-|-m — 1,  and  another^  A ;  one  of  the  former  wiU  be  congruous  with  A, 
unlh  reference  to  the  modulus  m,  and  but  one. 

For  if is  entire,  a  =  A ;  if  it  is  fractional,  let  k  be  the  nearest  entire 

m 

a — A 
number;  above,  if be  positive;  below,  if  it  be  negative;  A^^-km  will 

fall  between  a  and  a-|-m,f  and  will  be  the  number  sought;  but  it  is  evident 

a — A   a+1 — A 

that  the  quotients  ,  ,  &c.,  are  comprised  between  k — 1  and 

^  m  m 

k'^-l^t  therefore  one  of  them  only  can  be  ont'u-e. 

403.  It  foUows  from  this  that  every  number  will  have  a  residue  as  well 

in  the  series  0,  1,  2...m — 1,  as  in  the  series  0,   —1,  — 2... — (m — 1). 

They  are  called  minima  residues;  and  it  is  evident  that,  unless  zero  is  the 

residue,  there  will  be  two,  the  one  positive  and  the  other  negative.     If  they 

m  m 

are  unequal,  the  one  will  be  <"n';  if  they  are  equal,  each  of  them  :=-,  with- 

out  regard  to  the  sign ;  from  which  it  follows,  that  any  number  whatever  has 
a  residue  which  does  not  surpass  the  half  of  the  modulus ;  tliis  is  called  the 
absolute  minimum  residue. 

For  example :  —13  relative  to  the  modulus  5,  has  for  a  positive  minimum  res- 
idue 2,  which  is  at  the  same  time  its  absolute  minimum^  and  — 3  for  its  nega- 
tive minimum  residue  ;    -|-5,  with  reference  to  the  modulus  7,  is  itself  its 


*  The  analogy  between  equality  and  congracnce  led  Legendrc  to  employ  the  sign  of 
equality  itself.    This  modification  of  it  has  been  Introdaced  by  Gauss  to  avoid  ambiguity. 

t  This  may  bo  seen  fix)m  the  equality =A — n,  where  n<im. 


m 


-       ,         .        ,      aA-1 — A     a — A     1        ,  .    .  ...   , 

t  This  may  be  seen  by  observmg  that = -] — ,  and  it  w  not  till  the  nume- 


ratorof-  incroases  to  m  that  the  quotient  k  increases  to  Ar-f-l* 
m 
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positive  minimum  residue;  — 3  is  the  negative  minimum  residue,  and,  at  the 
same  time,  the  absolute  minimum, 

404.  The  following  consequences  foUow  from  the  above : 

Numbers  which  are  congruous  with  reference  to  a  composite  modulus  are  so 
with  reference  to  any  of  its  divisors. 

If  several  numbers  are  congruous  with  Oie  same  number  with  reference  to  the 
same  modulus^  Oiey  will  be  congruous  with  each  otiier  wiOi  reference  to  this 
modulus. 

The  same  modulus  must  be  supposed  in  what  follows  : 

Congruous  numbers  have  the  same  minima  residues  ;  incongruous  have 
different. 

405.  If  the  numbers  A,  B,  C,  6cc. ;  a,  6,  c,  &c.,  are  congruous  each  to  each^ 
t.  «.,  A^a,  B^6,  &c,  we  shall  have 

A-|-B-|-C  .  .  .   =  a+^4"^  •  •  • 
If  A=  a,  B  =  by  we  have  also  A — B ^  a — b. 

406.  If  A=.  a^  we  have  also  kk  =  ka. 

If  k  is  positive,  this  is  but  a  particular  case  of  the  preceding  article,  in 
which  A  =  B  =  C  . .  .  and  a^b—c  .  .  . 

If  k  is  negative,  — k  will  be  positive;  then  — ^A~  ka  .•.  kk=,ka. 
If  A  ~  a,  B  =  6,  then  AB  =  ab ;  because  AB  =  AB  ^  A6=  ba. 

407.  If  the  numbers  A,  B,  C  .  .  .  ^  a,  6,  c  .  .  .,  each  to  each,  then 

ABC  .  .  .  Ezflfic  ..." 
for,  by  the  preceding  aiticle,  AB  =  rt6;   for  the  same  reason,  ABC  =  a5c, 
and  so  on. 

By  taking  all  the  terms.  A,  B,  C  .  .  .  equal,  and  a,  6,  c  .  .  .  also  equal,  if 
A=rt,  A*=a*. 

408.  Let  X  be  a  function  of  the  indeterminate  x  of  the  form 

Ax«+Bj:*+Ca'+,  &c., 
A,  B,  C  .  .  .  being  any  entire  numbers  whatever.     If  we  give  to  x  congruous 
values  with  reference  to  a  certain  modulus^  the  residting  values  for  X  will  be 
congruous  also. 

Let/  and  g  be  congruous  vnluos  of  x ;  by  tho  preceding  articles, /"^g*, 
and  A/^^A^;  in  the  same  way  we  have  B/'*=B^,  &c. 

This  theorem  may  be  easily  extended  to  functions  of  several  indet«rmi- 
nates. 

409.  If,  then,  wo  substitute  in  place  of  x  all  entire  consecutive  numbers, 
and  seek  the  minima  residues  of  the  values  of  X,  they  will  form  a  series  in 
which,  after  an  interval  of  m  terms  {tn  being  the  modulus),  the  same  terms 
will  be  again  presented ;  that  is  to  say,  this  series  will  be  formed  of  a  period 
of  m  terras  repeated  indefinitely. 

Let  there  be,  for  example,  Xrsrr* — 8j:+6,  and  7/i=5;  for  .t=0,  1,  2,  3, 
&c. ;  the  values  of  X  give  for  positive  minima  residues  1,  4,  3,  4,  3,  1,  4,  «Scc., 
or  tho  five,  1,  4,  3,  4,  3,  are  repeated  indefinitely;  and  If  we  continue  the 
series  in  the  contrarj'  direction,  that  is,  if  we  give  to  x  negative  values,  the 
snnie  j'^^riod  will  reappear  in  an  inverse  order;  whence  it  follows  that  the 
series  contains  no  other  terms  than  those  which  compose  the  period. 

410.  Then,  in  this  example,  X  can  not  become  ZJO,  nor  =2(mod.  5);  and 
still  less  =0  or  =2;  from  which  it  follows  that  the  equations  .r* — 8.r-|-G=0 
and  x^ — dr-|-4  =  0  have  not  entire  roots,  and,  consequently,  not  rational  roots. 
We  sec,  in  genei-al,  that  when  X  is  of  the  fui-iii 
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X»+A:r»-»+Ba*-«+,  &c.,  +N, 

A,  6,  C . . .  being  entire  quantities,  and  n  entire  and  positive,  the  equation 
X=0  (a  form  to  which  every  algebraic  equation  may  be  reduced)  will  have  no 
rational  root,  if  it  happen  that,  for  a  certain  modulus,  the  congruence  X  =  0  be 
not  satisfied. 

411.  Many  arithmetic  theorems  may  be  demonstrated  by  the  aid  of  the 
foregoing  principles,  as,  for  instance, the  rule  for  determining  whether  a  num- 
ber is  divisible  by  9,  11,  or  any  other  number. 

With  reference  to  the  modulus  9,  all  the  powers  of  10  are  congruous  with 
unity;  then,  if  the  number  is  of  the  form  a-{-10b'\-100c-\-l000d-{-,  &c.,  it 
will  have,  with  reference  to  the  modulus  9,  the  same  minimum  residue  as 
a-f-^+^H"*  ^*  ^^  ^^  clear  from  this,  that  if  we  add  the  figures  of  the^number 
without  regarding  their  place  value,  the  sum  obtained  and  the  proposed  num- 
ber will  have  the  same  minimum  residue.  If,  then,  this  last  is  divisible  by  9, 
the  sum  of  the  figures  will  be  also,  and  only  in  this  case.  It  is  the  same  with 
the  divisor  3. 

Many  of  the  properties  of  prime  numbers,  the  divisibility  of  products  already 
given,  &c.,  may  be  demonstrated  by  the  aid  of  this  system,  but  we  shall  not 
repeat  them. 

412.  The  term  congruence  is  analogous  to  equation,  and  the  determination 
of  such  values,  for  an  indeterminate  r,  as  to  produce  congruence  in  expression, 
is  called  resolving  them.     There  are  congruences  resolvable  and  irresolvable. 

Congruences  are  also  divided,  like  equations,  into  algebraic  and  transcend- 
entaL  Those  which  are  algebraic  are  divided,  again,  into  congruences  of  the 
first,  second,  and  higher  degrees.  There  are  congruences,  also,  containing 
different  unlinown  quantities,  of  the  elimination  of  which  Gauss  treats. 

413.  The  congruence  ax+6  =  c  may  be  solved  when  its  modulus  m  is 
prime  with  a  ;  thus,  let  e  be  the  positive  minimum  residue  of  c — 6.  We  find 
necessarily  n  value  of  x^m,  such  that  the  minimum  residue  of  the  product 
ax«  with  reference  to  the  modulus  m,  shall  be  e.  Call  v  this  value,  and  we 
shall  have 

av^e  =  c — b ; 
then  av-{-h^c(mod.  m). 

Here  v  is  called  the  root  of  the  congruence.  It  is  evident  that  all  the  num- 
bers congruous  with  t?,  with  reference  to  the  modulus  of  the  congruence,  will 
also  be  roots  (Art.  408).  It  is  also  evident  that  all  the  roots  should  be  con- 
gruous with  v;  in  fact,  if  t  be  uiiother  root,  we  have  av-^-b^at-^-b ;  then 
at^av;  and  therefore  v^t.  We  may  therefore  conclude  that  the  congru- 
ence .T  =  r(mod.  m)  gives  the  complete  resolution  of  the  congruence  a.r-\-bzEc, 

The  foregoing  exposition  will  serve  to  show  how  the  algorithm  of  Gauss 
coimocts  itself  with  the  indeterminate  analysis,  and  we  shall  here  quit  tlie 
subject. 

414.  No  algebraical  formula  can  contain  prime  numbers  only. 

Let  p-\'q.c-\-rx^-{-sx^,  (See, 

rej)resent  any  general  algebraical  formula.     It  is  to  be  demonstrated  that  such 
values  may  be  given  to.T,  that  the  formula  in  question  shall  not  with  that  value 
produce  a  prime  number,  whatever  values  are  given  top,  q,  r,  &c. 
For  suppose,  in  the  first  place,  that  by  making  a:=w,  the  formula 
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U  a  prime  number. 

A.Dd  if  now  we  assume  xssm-^-^F^  we  have 

JP= P 

qx=: ^m+^^P 

r2«= rTO«+2rm^P+r^P« 

&r»=  ! »m»+3*wi«0P+35i?i^«P«-HfP' 

Or 

P(9^+2m0+35m«0)+P«(r^+3m0«)+«^P» 
=P+P(90+2rm^-|-3«m«0)+ 
P«(r^ + 38m  f) + «^P3. 
But  this  last  quantity  is  divisible  by  P ;  and,  consequently,  the  equal  quantity 

is  also  divisible  by  P,  and  can  not,  therefore,  be  a  prime  number. 

Hence,  then,  it  appears,  that  in  any  algebraical  formula  such  a  value  may 
be  given  to  the  indeterminate  quantity  as  will  render  it  divisible  by  some  other 
number;  and,  therefore,  no  algebraical  formula  can  be  found  that  contains 
^  prime  numbers  only. 

But,although  no  algebraical  formula  can  be  found  that  contains  prime  nmm- 
bers  only,  there  are  several  remarkable  ones  that  contain  a  great  many ;  thus, 
j^-^-x+Alf  by  making  successively  x=0,  1,  2,  3,  4,  &c.,  will  give  a  series 
41,  43,  47,  53,  61,  71,  &c.,  the  first  foity  terms  of  which  are  prime  numbers. 
The  above  formula  is  mentioned  by  Euler  in  the  Memoirs  of  Berlin  (1772, 
p.  36). 

To  the  above  we  may  add  the  following:  x'^'{-X'{-l7  and  2x^-1-29;  the 
former  has  17  of  its  first  terms  prime,  and  the  latter  29. 

Fermat  asserted  that  the  formula  2'°4'^  ^^  always  a  prime,  while  m  was 
taken  any  term  in  tlie  series  1,  2,  4,  8,  16,  &c. ;  but  £uler  found  that 
2=»+ 1=641X6700417  was  not  a  prime. 

415.  If  a  and  b  bo  any  two  numbers  prime  to  each  other,  and  each  of  the 
terms  of  the  series 

6,  26,  36,  46,  &c.,  (a— 1)6 
be  divided  by  a,  they  will  each  leave  a  different  remainder.  For  if  any  two 
of  these  terms,  when  divided  by  a,  leave  the  same  remainder,  let  them  be  rep- 
resented by  .r6,  yb  ;  then  it  is  obvious  that  xb — ^6  would  be  divisible  by  a,  or 
{x — y)b  would  be  divisible  by  a.  But  this  is  impossible,  because  a  is  prime  to 
6,  and  x — y  is  less  than  a;  therefore  b(x — y)  is  not  divisible  by  a,  but  it 
would  be  so  divisible  if  the  tenns  x6,  yb  left  the  same  remainder;  these  do 
not,  therefore,  leave  the  same  remainder;  consequently,  every  term  of  the 
series 

6,  26,  36,  &c.,  (a  — 1)6, 

divided  by  a,  will  leave  a  different  remainder. 

DEDUCTIONS. 

416.  Since  the  remainders  arising  from  tlie  division  of  each  term  in  the  series 

6,  26,  36,  &c.,  (a— 1)6 
by  a  are  dilFerent  from  each  other,  and  a — 1  in  number,  and  each  of  them 
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necessarily  less  than  a,  it  follows  that  these  remainders  include  all  numbers 
from  1  to  a  —  1. 

417.  Hence,  again,  it  appears  that  some  one  of  the  above  terms  wiU  leave 
a  remainder  1 ;  and  that,  therefore,  if  h  and  a  be  any  two  numbers  prime  to 
each  other,  a  number  x<^a  may  be  found  that  will  render  hx — 1  divisible  by 
a,  or  the  equation  hx — ay=l  is  always  possible  if  a  and  h  are  numbers  prime 
to  each  othe^. 

And  it  is  always  impossible  if  a  and  h  have  any  common  measure,  as  is  evi- 
dent, because  one  side  of  the  equation  bxr-ay=:l  would  be  divisible  by  this 
common  measure,  but  the  other  side,  1,  would  not  be  so;  therefore,  in  this 
case  the  equation  is  impossible. 

418.  If  a  be  any  prime  number,  then  will  the  formula 

1.2.3.4.5,  &c.,  (a— 1)  +  1 

be  divisible  by  a ;  for  it  is  demonstrated  in  our  preceding  second  deduction, 
that  if  a  and  b  be  any  two  numbers  prime  to  each  other,  another  number  x 
may  be  found  <^a,  that  renders  the  product  bx — l-^*a,  or,  which  is  the 
same  thing,  bx^ya-{-l ;  and  that  there  is  only  one  such  value  of  x-^a,  may 
be  shown  as  follows  : 

The  foregoing  equation  gives,  by  transposition, 

bx — ay=l; 

and,  if  it  be  possible,  let  also 

bx^ — ay'zrsl ; 

tnd  make  x^:=xi:m  and  y'=yi:ny  where  m  is  necessarily  less  than  a,  be- 
cause both  x  and  x'  are  so  by  the  supposition. 
Now,  by  this  substitution,  we  have 

(bx^bm) — (ay±an)=l ; 
Dut  bx — ay^l ; 

therefore  ±&m=:=^an,  or  bm-rra;  but  this  is  impossible,  since  b  is  prime  to 
«  and  m<^a,  as  in  Art.  415.     There  can  not,  therefore,  be  two  values  of  x  less 
than  a,  that  render  the  equation  bx — ay^l  possible. 
But,  in  the  series  of  integers 

1.2.3.4.5 (Z— 1, 

every  term  is  prime  to  a  except  the  first,  a  being  itself  a  prime  ;  if,  therefore, 
we  write  successively  6=2,  6'=3,  6"=4,  &c.,  a  corresponding  tonn  x,  in 
the  same  series,  may  be  found  for  each  distinct  value  of  6,  that  renders  the. 
product  xb:jcay-\-h  x'b'azay'-\-l^  x"b'^znay"-\-l,  &c. ;  and  it  is  evident  that 
no  one  of  these  values  of  x  can  be  equal  either  to  1  or  a — 1 ;  for,  in  the  first 
case,  we  should  have  1  xh=zay-{-li  which  is  impossible,  because  b-^a ;  and 
the  second  would  give  {a — l)6=ay-l-l,  or  a(b—y)=zb'{-l ;  that  is,  6-t-l-f=-a, 
which  can  only  be  when  6=a — 1,  or  when  b=zx,  which  case  is  excepted,  be- 
cause we  suppose  two  different  terms  of  the  series.  In  fact,  since  (a — 1)^ 
^Luy-^-h  there  can  be  no  other  term  in  the  same  series  that  is  of  this  form ; 
for  if  a:^3:ay'-|-l,  then  (a— 1)3— x»  would  be  divisible  by  a,  or  (a — 1+x) 
X(a — 1 — x)-H-a,  which  is  impossible,  since  each  of  these  factors  is  prime  to 

*  To  f  ave  the  repetitioD  of  the  wordi  "  divisible  by,''  which  fireqaently  occur,  the  sign 
•rr  IB  used  to  express  them ;  and,  for  the  same  reason,  the  symbol  3=  is  introduced,  to  ex* 
press  the  words  "  of  the  form  of,"  which  are  also  of  frequent  oocuzrence. 

Hh 
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a,  as  is  evident,  because  x^a,  and  a  is  a  prime  number.^    Hence  our  product 

1.2.3.4.5 (a— 1) 

becomes  1 .  6x .  &V .  h"if' ....  a — 1 ; 

but  each  of  these  products,  &z,  &V,  h"x'\  dec.,  is,  as  we  have  seen,  of  the 
form  ay'\'\\  therefore  their  continued  product  will  have  the  same  form,  and 
the  whole  product,  including  1  and  a — 1,  will  be 

to  which  if  unity  be  added,  the  result  will  be  evidently  divisible  by  a  ;  that 

is,  the  formula 

1.2.3.4.5 (a— 1)-|-  . 

is  always  divisible  by  a  when  a  is  a  prime  number. 

DEDUCTIONS. 

(1)  The  product 

1.2.3.4.5 (<z— 1) 

is  the  same  as 

l{a-.l)2(a-2)3(a-3),  &c.,  (^)'; 

and  this  product,  as  regards  remainder,  when  divided  by  a,  is  the  same  as 

±i«.2«.3».4« (-T-)  ; 

the  ambiguous  sign  being  -|-  when  a — 1  is  even,  and  —  when  a— 1  is  odd ;  i.  e,, 
-f-  when  a  is  a  prime  of  the  form  4n-|- 1*  and  —  when  a  is  a  prime  of  the  form 
4fi — 1 ;  also,  this  last  product  is  the  same  as 

±(l.2.3.4 '~^)  » 

therefore,  from  what  is  said  above  relating  to  the  ambiguous  sign,  we  shall  have 

j  (1.2.3.4 ?^y+l|-rra 

when  aa:4n-{-l  t  ^^^ 

|(l-2.3.4 ^^-i^^a 

when  a^4n — 1. 

Hence  every  prime  of  the  form  4n4- 1  is  a  divisor  of  the  sum  of  two  squaret. 
Again,  the  latter  form  may  be  resolved  into  the  two  factors 

1(1.2.3.4 ^)+l^  X 

I  (1.2.3.4 5^j_i  ^, 

which  product  being  divisible  by  a,  it  follows  that  a  is  a  divisor  of  one  or  other 
of  these  factors  when  it  is  a  prime  number  of  the  form  4n — 1. 

(2)  From  the  first  product,  which  wo  have  shown  to  be  divisible  by  a,  viz., 

1.2.3.4,  &c.,  (a— 1)-|-1 
=c,  an  mteger, 

we  may  derive  a  great  many  others,  as 

1».2«.3.4,  &o.,  (a^3)((/  — 1)4-1 
=«,  an  integer, 

1«.2«.3«.4.5,  &€.,  (a— 4)(cr  — 1)4-1 
=c,  an  mteger, 

and  so  on  tin  we  arrive  at  tlie  same  form  as  that  in  the  first  deduction. 
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PRIMITIVE  ROOTa 

419.  Theorem. — If  p,  a  number  prime  to  a,  divide  the  successive  powers  I, 
a,  a',  a'  .  .  .  there  will  be  one  at  leasts  before  arriving  at  a',  which  will  leave 
the  remainder  1. 

The  remainders  being  each  less  than  p^  there  can  be  but  p — 1  different 
ones,  andf  therefore,  in  the  p  first  terms  of  the  series  1,  a,  a^  a*  .  .  .  ai^\ 
there  are  at  least  two  which  will  give  the  same  remainder.  Representing 
them  by^*",  a"*',  and  their  common  remainder  by  r,  suppose 

a»=E/?4-r,  a"'=E>+r (1) 

...  a"'— a"'=(E'— E)/?,  or  ^"(a""-"— 1)=(E'— E)j7; 

and,  as  p  is  prime  to  a,  it  must  divide  a^'~^ — 1.     Therefore  we  have  unity 
for  remainder  in  dividing  by  j)  the  power  a*"'"",  which  is  <a^.     Q.  E.  D. 

420.  Let  a°  designate  the  lowest  power  other  than  cP^  which  gives  the  re- 
mainder 1.  All  the  preceding  remainders  are  unequal.  For,  if  for  two 
powers,  a",  a"'  less  than  a°,  we  could  have  the  equalities  (1),  we  might  con- 
clude, as  just  DOW,  that  a^'~^  would  give  the  remainder  1.  Consequently, 
a°  would  not  be  the  lowest  power  to  which  this  property  belonged. 

THEOREM   OF   FERMAT. 

421.  If  p  be  a  prime  number  which  will  not  divide  a,  the  division  ofBP~^  by 
p  tcill  give  1  for  a  remainder.  In  other  words,  a^"* — 1  is  exactly  divisible 
byp. 

It  must  bo  carefully  observed  that  p  is  an  absolute  prime  number,  and  not 
simply  prime  to  a. 

Call  9,  q*,  q'\  .  .  .,  and  r,  r\  r"y  ,  .  ,  the  quotients  and  remainders  of  the 
p — 1  quantities  a,  2a,  3a  .  .  .  (p — l)a,  divided  byp.  If  we  multiply  these 
quantities,  and  suppose  £  to  be  an  entire  number,  we  have 

a  .  2a  .  3a (jp— l)a=(7;'+^)(7>+»*WP+^')  •  •  • 

=E+rrV'  .  .  . 

The  first  member  is  equal  to 

1.2.3 (p— l)a<^ 

and,  as  the  remainders  r^r'^r".,.  are  all  different  (Art.  415),  the  product 

rfr"  .  .  .  must  evidently  be  that  of  the  whole  series  of  natural  numbers,  1,  2, 

3  .  .  .  (p  —  1),  from  1  to  (p  —  1).     Hence  the  above  equality  becomes 

1.2.3....  (|7— l)Xa»^*=E;?+l  .2.3...  (p— 1) 
.-.  1.2.3...  (2?— l)(ai»-»  — l)=Ep. 

The  1°  member  of  this  equality  is,  therefore,  divisible  hy  p  ;  but  since  p  is 
a  prime  number,  it  can  not  divide  any  of  the  factors  1.2.3...(p — 1);  it 
must,  therefore,  divide  aP~^  — 1.  Q.  E.  I). 

Suppose  that  we  take  for  j?  only  prime  numbers ;  if  we  wish  that  tlie  pow- 
ers a°,  a^  .  .  .  aP~^  should  give  for  remainders  all  the  numbers  inferior  to  p,  it 
is  necessary  to  choose  a,  such  that  a^~^  should  be  the  lowest  power  above  a°, 
which  gives  the  remainder  1 ;  and  if,  among  those  which  fulfill  this  condi- 
tion, wo  take  for  a  only  nimibers  below  p,  we  have  tliose  w^hich  Euler  calls 
primitive  roots. 

For  the  best  method  of  calculating  them,  the  student  is  referred  to  the 
article  by  Mr.  Ivory,  in  the  fourth  volume  of  Supplement  to  Encyclo}>odia 
Britnnnica.  We  shall  limit  ourselves  to  setting  down  here  the  primitive  roots 
of  numbers  as  far  as  37. 
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Numbers  p. 

PrimUive  roots  of  p. 

3 

2 

5 

2.  3 

7 

3.  6 

11 

2.6.7.8 

13 

2 .  6  .  7  .  11 

17 

3  .  6  .  6  .  7  .  10  .  11  .  12  .  14 

19 

2  .  3  .  10  .  13  .  14  .  f5 

23 

5  .  7  .  10  .  11  .  13  .  14  .  15  .  17  .  20  .  21 

29 

2.3.    8  .  10  .  11  .  14  .  15  .  18  .  19  .  21  .  26  .  27 

31 

3  .  11  .  12  .  13  .  17  .  21  .  22  .  24 

37 

2  .  5  .  13  .  15  .  17 .  18  .  19  .  20  .  22  .  24  .  32  .  35 

THE  FOEMS  OF  SaUAEE  NUMBERS. 

422.  Every  square  Dumber  is  of  one  of  the  forms  4n  or  4n-|-l- 

£very  number  is  either  even  or  odd ;  that  is,  every  number  is  of  one  of  the 
forms  2/1  or  2n-|-l ;  and,  consequently,  every  square  is  of  one  of  the  forms 

4n'  3: 4n, 
4n«-|-4n+l3:4«+l. 

DEDUCTIONS. 

(1)  Every  even  square  number  is  divisible  by  4. 

(2)  Since  every  odd  square  by  the  above  is  of  the  form  4(n*4-^)+^f  <^<^ 
since  n^-\-n'iB  necessarily  even,  it  follows  that  every  odd  square  is  of  the  form 
8n-|-l;  and,  consequently,  no  number  of  the  forms  8n-|-3,  8n-|-5,  8n4-7 
can  be  a  square  number. 

(3)  The  sum  of  two  odd  squares  can  not  be  a  square ;  for 

(8n+l)+(8n+l)3=4n+2, 
which  is  an  impossible  form. 

423.  Every  square  number  is  of  one  of  the  forms  5n  or  5ndbl«  For  all 
numbers,  compared  by  the  modulus  5,  are  of  one  of  the  forms 

5n,  5»±1,  5n±2; 
and  nil  squares,  therefore,  are  of  one  of  the  forms 

25»»  3:5n, 

25n«±10n+l3:5n+l, 

257i«+20»+4=i:5n+4  or  5n— 1. 
Tl  lore  fore  all  squares  are  of  one  of  the  forms  5n  or  5»±1- 

DEDUCTIONS. 

(1)  If  a  square  number  be  divisible  by  5,  it  is  also  divisible  by  25;  and  if  a 
number  be  divisible  by  5  and  not  by  25,  it  is  not  a  square. 

(2)  No  number  of  the  form  5n+2  or  5n4-3  is  a  square  number. 

(3)  If  the  sum  of  two  squares  be  a  square,  one  of  the  three  is  divisible  by 
5,  and,  consequently,  also  by  25 ;  for  all  the  possible  combinations  of  the  three 
forms  5n,  5n-|-l,  and  5n — 1  ore  as  follows  : 

(5n+l)  +  (5»'+l)3c5n+2, 

(5n— l)  +  (on'— l)3:5n— 23c5»i+3, 

5n         -\-  5»'         =i=5w, 

5n         +(5/i'+l)3i5n+l, 

6n         -l-(5»i'— l)3:5n— 1, 
(5n+l)+(5n'— l)=c5n. 
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.  Now,  of  these  six  forms,  the  latter  four  have  one  of  the  squares  divisible  by 
5,  and,  therefore,  also  by  25.  And  the  first  two  are  each  impossible  forms 
for  square  numbers ;  that  is,  neither  of  these  two  combinations  can  produce 
squares ;  therefore,  if  the  sum  of  two  squares  be  a  square,  one  of  the  three 
squares  is  divisible  by  25. 

(4)  In  a  similar  way,  it  may  be  shown  that  all  square  numbers  compared  by 
modulus  10  are  of  one  of  the  forms 

lOfi,  10n4-5,  lOn+l,  lOn+G,  10^1+4,  or  lOn+Q. 
Therefore,  all  square  numbers  terminate  with  one  of  the  digits  0,  1,  4,  5,  6, 
or  9 ;  and  hence,  again,  no  number  terminating  with  2,  3,  7,  or  8  can  be  a 
square  number. 

(5)  By  examining,  in  like  manner,  the  forms  of  squares  to  modulus  100,  we 
may  deduce  the  following  properties  : 

(6)  A  square  number  can  not  terminate  with  an  odd  number  of  ciphers. 

(7)  If  a  square  number  terminate  with  a  4,  the  last  figure  but  one  must  be 
even. 

(8)  If  a  square  number  terminate  with  a  5,  it  must  terminate  with  25. 

(9)  If  the  last  digit  of  a  square  be  odd,  the  last  digit  but  one  must  be  even ; 
and  if  it  terminate  with  any  even  digit  except  4,  the  last  but  one  must  be  odd. 

(10)  A  square  number  can  not  terminate  with  more  than  three  equal  digits, 
unless  they  are  0*s ;  nor  can  it  terminate  with  three,  unless  they  are  4*s. 

424.  All  square  numbers  are  of  the  same  form  with  regard  to  any  modulus, 

a,  as  the  squares 

0^  IS  2S  3«,  &c.  ( Ja)«,  a  being  even ; 
and  as 

OS  \\  2«,  3S  &c.  \^Y)  '  °-  ^®"^^  ^^' 
For  every  number  may  be  represented  by  the  formula  an-^r^  in  which  r 
shaD  never  exceed  |a.  ' 

Now  (an±r)«=a»n«±2am4-ra, 

where  it  is  obvious  that  i^  and  (an-^rY  will  leave  the  same  remainder  when 
divided  by  a ;  therefore,  (ani^r)'  and  r^  will  be  of  the  same  form  compared 
by  modulus  a ;  but  r  never  exceeds  |a,  therefore  all  numbers  compared  by 
modulus  a  are  of  the  same  forms  as 

0»,  1»,  2«,  3«,  &c.,  r", 
or,  as  the  squares, 

©•,  1",  2*,  3«,  &c.,  (^a)*,  when  a  is  even, 
and  as 

/a— 1\« 
0",  1«,  2«,  3S  iScc.,  ^— 2~"/  »  when  a  is  odd. 

DEDUCTIONS. 

(1)  When  a  is  even,  the  general  formula 

a«n«it2anr4-7« 
becomes  4a''n'  i  Aa'nr-{-r^ 

3::4a'(a'n«±nr)+r*. 
Therefore,  aS  square  numbers  are  of  the  same  form  to  modulus  4a  as  the  squares 

0«,  1«,  2«,  3«,  &c.,  a' ; 

and  hence  we  see  immediately  that  all  square  numbers  to  modulus  8  must  be 
of  the  same  forms  as  the  squares 
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0«,  1».  2* 
that  L8,  they  are  all  of  the  form 

871,  8n+l,  8»4-4, 

as  we  have  ah-eady  demonstrated. 

(2)  The  following  tables  exhibit  the  possible  and  impossible  forms  of  sqaara 
numbers  for  all  moduli  from  2  to  10. 

Possible  Formula. 
2n,    271+1, 

371,      371-)- 1, 

471,  4n-|-l, 

5n,  571  J:  1, 

671,  6n4-l,  671-1-3,     69»-^4, 

7»,  7n-|-l,  7n-|-2,     7n-i.4, 

8»,  8n-|-l,  871+4, 

9n,  9n-|-l,  97i-i-4,    97i-|-7, 

1071,   107t±l.   107l±4,   107l±5. 

Impossible  FormuUe. 

371, 

4n,  47t4-3, 

571,  571 -{-3, 

671,  6ii-{-5, 

7n,  771-1-5,  77i-f-6, 

8n,  87ii3,  8n4-7, 

971,  97i±3,  97i-f-5,  971-^-8, 

lOn,  107»±3. 


CONTINUED  FRACTIONS. 
425.  The  name  continued  fraction  is  given  to  an  expression  of  the  form 

l+\     1  '"^+i     1 

'+-6+1  '+1+'        ^ 

^8  d+,  &c., 

t.  e,j  a  fraction  whose  denominator  is  a  whole  number  and  a  fraction,  and 
which  latter  fraction  has  also  for  its  denominator  a  whole  number  plus  a  frac- 
tion, and  so  on. 

An  expression  whose  numerators  and  denominators  are  any  quantities  what- 
ever, may  have  the  form  of  a  continued  fraction ;  but  continued  fractions,  of 
which  the  numerators  are  1  and  the  denominators  whole  positive  numbers,  are 
tlie  kind  which  most  usually  occur. 

These  expressions  arise  in  various  ways,  and  are  of  great  use  in  finding  the 
approximate  values  of  fractions  and  ratios  that  are  expressed  in  large  numbers, 
as  well  as  in  the  resolution  of  certain  unlimited  problems  of  the  first  and  second 
degrees ;  in  the  latter  of  which  the  answer  can  not  be  easily  obtained  in  whole 
numbers  by  any  other  method. 

Thus,  in  order  to  represent  the  irreducible  fraction  or  ratio  t  by  a  continued 

b 
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tniction,  let  h  be  contained  in  a,  p  timee  with  a  remainder  c ;  also,  let  c  be  con* 

tained  in  6,  q  times  with  a  remainder  d,  and  so  on,  according  to  the  following 

scheme : 

b)a^p 

c)Hq 

d)c{T 

e)  d  (8 

"yT&c.. 

and  we  shall  have,  by  the  principles  of  division, 

a        ,  <J   ^  d   c  e 

l=P+l^  ^=^+c'  5=''+2'  ^' ' 

e  d 

jp,  ^,  r,  &c.,  are  caDed  partial  qttoHents,  and  i'4'I*  9"! — *  ^**  complete 

qnotients. 

By  taking  the  reciprocals  of  the  second,  third,  ^cc.,  of  the  above  ecjoations, 
we  have 

2>~^+-   c""f+^,  &c. 

Whence,  by  extending  the  nmnber  of  terms  and  generalizing  the  formula,  we 

shall  have 

a  1  a      1     , 

r=P4--  ,  1  or  T=s-  ,  1     , 

iccording  as  the  numerator  is  greater  or  less  than  the  denominator ;  for  in  the 
latter  case  we  should  invert  the  first  as  weU  as  the  second,  third,  6cc.,  equations. 
To  convert  a  given  irreducible  fraction  into  a  continued  one,  we  have  the 
roUowing 

RULE. 

Divide  the  greater  of  the  two  terms  of  the  fraction  by  the  less,  and  the  last 
Ji visor  continually  by  the  last  remainder,  till  nothing  remains,  as  in  finding  their 
j;reatest  common  measure ;  then  the  successive  quotients  thus  found  will  be 
\:he  denominators  of  the  several  terms  of  the  continued  fraction,  the  numera^ 
tors  of  which  are  always  1. 


EXAMPLES. 


2431 


(1)  Reduce  -^-,  to  a  continued  fraction. 
'  lUol 


1051)  2431  (2 
2102 


329)  1051  (3 
987 


64)  329  (5 
320 


9)64(7 
63 


1)  9  (9. 
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„  2431  1 

(2)  1096     1 

9119""84.i     1 

3+-     1 

(3)  l?i_l 

972~2+-     1 

^+4  +  1      1 
Am  the  iraction  -,  in  eveiy  case  of  this  kind,  is  sapposed  to  be  irredacible,  or  in  iti  low- 

0 

eit  tornu,  it  is  evident,  by  following  the  above  process  (which  is  similar  to  the  method 
used  for  finding  the  common  measure  of  true  numbers),  that  we  sliall  necessarily  arrive  at 
a  remainder  equal  to  1 ;  or  otherwise  a  aud  b  would  have  a  common  divisor,  wliicb  is  con 
trary  to  the  hypothesis. 

The  continued  fraction  obtained  will  consist  of  a  greater  or  less  number  of  terms,  accord- 
ing as  the  fraction  -  is  more  or  less  complicated ;  but  they  will  always  terminate  when  -r 

0  o 

•is  rationaL 

426.  A  continued  fraction  may  be  converted  into  a  series  of  vulgar  fractions 
by  finding  the  successive  sums  of  its  several  terms,  after  the  manner  of  redu- 
cing complex  fractions  to  simple  ones,  in  common  arithmetic ;  and  the  result 
will  be  more  or  less  accurate,  according  to  the  number  of  terms  of  the  con- 
tinued fraction  employed. 

Each  of  these  results  is  called  a  convergent,  and  they  are  numbered  in 
order. 

Thus,  if  it  were  required  to  reduce  the  following  continued  fraction, 

1 
a+T  ,  1 

c+^  &c., 
to  a  series  of  common  vulgar  fractions,  the  operation  will  stand  thus : 

a=-  (1).  a+ j=-^  (2).  a+4+l=«+ j^+i^ jjp^. 


or 


{ah+l)c+a  ,^,         I  1      .     ,  cd+1 

c-\--i  ca-\-l 


i 

a&C(Z-t-fl6+acZ-t-c</+l      [(«&+  \)c-\-a]d-\-ab-{-l 
"■  bcd'\'b+d  "■  (6f+Tj5+6  ^^^ 

(1),  (2),  (3),  and  (4)  arc  called  the  first,  second,  third,  and  fourth  convergents. 

427.  By  inspecting  the  above  convergents,  wc  perceive  that  each  may  be 
formed  from  the  preceding  by  tiie  following 

RULE. 

Add  the  product  of  the  numerator  of  the  convorgent  already  found  by  the 
denominator  of  the  next  term  of  the  continued  fraction,  to  the  preceding 
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nnmerator,  for  the  next  numerator  and  follow  the  same  process  for  the  de- 
nominator.* 

EXAMPLE  I. 

denominators  or  quotients  3,    5,    2,      7,  arranged  in  horizontal  line ; 

3   16  35  261 
conve^ents  Y»  "^t  YJ»  'q2' 

3  16 
After  ha?ing  formed  the  convergents  -  and  -r-,  the  rule  applies.  Then  mul- 
tiply 16,  the  second  numerator,  by  2,  the  third  quotient,  and  add  3,  the  pie- 
ceding  numerator,  it  gives  35 ;  and  multiplying  5,  the  second  denominator,  by 
the  same  quotient  2,  and  adding  1,  the  preceding  denominator,  it  gives  11 ; 
and  so  on.     This  method  may  proceed  from  the  commencement,  if  we  write 

-  before  the  first  convergence. 

Thus,  3,    5,      2,      7, 

1     3     16     35    261 
0    T     5*     11     "82" 
When  the  continued  fraction  is  not  terminated,  the  numerators  and  denom- 
inators form  two  series  increasing  to  infinity. 

428.  The  convergents  are  alternately  less  and  greater  than  the  value  of  the 
continued  fraction ;  for  the  first  in  the  general  form  is  equal  to  a,  and  as  the 
fractional  part  which  is  added  is  neglected,  this  is  too  small.     The  second 

convergent  is  a-{-Tf  and,  since  h  b  too  small  by  -,  the  fraction  t  b  too  great, 
and,  consequently,  the  whole  convergent ;  and  so  on. 

EXAMPLE  II. 

It  is  shown  in  geometry  that  the  ratio  of  the  circumference  of  a  circle  to 
31415926535      ,     , 
its  diameter  is  JoooOOOOOOO'  '^"*^°'  ^^  '^^'^S  converted  into  a  contmued  frac- 
tion, and  the  successive  convergents  found,  will  be  as  follows : 

3  22  333   355   103993 
1'  7  '  106'  113'  "33102 '  ^'  '^ 


*  The  generality  of  thii  rale  may  be  proved  as  follows : 

N  N'  N'' 
Let  — .  — ,  —  be  three  oonsccative  convergents,  m  the  qootient,  of  the  same  rank  as 

N''  I  .  1 

the  convergent  =r;;,  and  -  the  partial  fraction  which  follows  — ;  and  let  N'^=:N'ffi4-N  and 
jy'         n  m  ' 

jy^=jym-\'D,  according  to  the  role.    The  convei^cnt  which  foUows  rr^  is  formed  by  sub- 

1  N"  N'm-I-N 

stitating  m-j —  for  fn  in  r=rp.    Making  this  substitution  in  its  eqaivalent  -^     ,^,  we  have 
n  ly  IXm-f-D 

29 
t  The  second,  — ,  was  the  ratio  assigned  by  Archimedes ;  the  third,  which  is  much 

more  accorate,  that  by  Metioj. 
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and  either  of  these  will  be  the  approximate  value  of  the  ratio,  more  and  more 
accurate  as  we  advance. 

429.  The  diiTerence  between  two  convergents  is  equal  to  1  divided  by  the 
product  of  the  denominators  of  the  two  convergents.  Thus,  in  the  above  ex- 
ample, the  difference  between  the  first  and  second  convergents  is  -,  between 

the  second  and  thb^  it  is ;; — 77:^,  or  rj^r,  between  the  thu^  and  fourth  tj^tt  ; 

7X1^0  74J  ll»/o 

and  as  the  true  value  of  the  continued  fraction  is  somewhere  between  any 
two  consecutive  convergents,  we  have  its  value  to  within  less  than  the  fraction 

7'  tIo'  °^  TTq7«'  ^^*'  according  to  the  convergent  which  we  take. 
To  prove  this  in  a  general  way,  let 

D'  D'*  D" 
be  three  consecutive  convergents,  and  m  the  quotient,  of  the  same  rank  as  die 

convergent^;  then  N"=N'm+N;  D"=D'ni+D. 

N'     N     DN'-D'N 
^"^  D'-5=— DD^ (^) 

•*•  5^""5'~D'7/i+D~D —  D'(D'm+D) 

■"D'(D'm+D)~     D'D'      '  '  ^^^ 

The  numerators  of  (1)  and  (2)  are  the  same,  with  contrary  signs;  and,  to 

a 

find  its  value,  we  have  only  to  go  back  to  the  first  two  convergents  -  and 

— T — ,  the  difference  of  which  is  r. 

430.  Since  the  denominators  of  the  convergents  increase  to  infinity  if  the 
series  continue  sufficiently  far,  it  is  possible  to  take  two  consecutive  convergents 
whoso  difference  shall  bo  loss  than  any  assignable  number  ;  wherefore,  as  two 
consecutivo  convergents  comprehend  between  them  the  value  of  tlie  continued 
fraction,  it  follows  that  a  convergent  can  be  found  whose  value  shall  differ  from 
that  of  the  fraction  by  less  than  any  assigned  number. 

For  example,  if  the  vaiuo  of  a  continued  fraction  be  required  to  witliin 
rrrjrr,  the  convergents  must  be  continued  till  the  product  of  the  denominators 

of  the  last  and  last  but  one  is  at  least  1000.  The  last  convergent  will  then 
have  the  degree  of  approximation  required. 

N 
The  convergents  are  fractions  in  the  lowest  terms  ;  for  if  a  convergent  jz 

admits  of  lower  terms,  some  quantity  q  must  be  a  common  measure  of  N  and 
D.  Whence  (Art.  29)  q  must  be  a  measure  of  the  multiples  N'D  and  ND', 
and  of  (Art.   29)  DN' — ND',  or  il»  which  is  impossible. 

431.  Each  convergent  is  a  nearer  Approximation  to  the  true  value  of  the  con- 
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tinaed  fraction  than  that  which  precedes.    For,  let  tv7=  tv^^TT  ^®  *  conver- 
gent in  which  m  w  the  last  quotient  employed  ;  then,  if  the  complete  quotient 

m-|---^,  &c.,  be  denoted  by  y,  and  y  be  substituted  for  m  in  the  expression 

N" 
of  1^;;,  it  is  evident  (employing  x  to  denote  the  value  of  the  continaed  firaction) 

that 

N^y+N 

N  N' 
Subtracting  each  of  the  convergents  ^,  jy  from  this  value  of  x, 

N^y+N     N     (DN^-NDQy  jty 

D'y+D'~D""  D(D'y+D)  '"D(D'y+D)' 
N^y+N     N^      NP^-DN^  :fl 

■°^  D'y+D""D'"^D'(D'y+D)""D'(D'y+D)' 

Buty>l  and  D'>D  .-.  D'(I>'y+D)>D(D'y+D); 

,^  ■ 


••D(D'y+D)'^D'(D'y+D)- 

N'  N 

Whence  jr,  is  a  nearer  approzimatioQ  to  the  value  of  ;r  than  ^. 

432.  Among  continued  fractions  those  have  been  particularly  distinguished  in 
which  the  denominators,  after  a  certain  number  of  changes,  are  continually 
repeated  in  the  same  order,  in  which  the  continued  fraction  so  formed  is  said 
to  be  periodic^  and  may  then  always  be  considered  as  the  root  of  a  quadratic 
equation  or  a  surd. 

To  prove  this,  take  a  continued  fraction  entirely  periodic. 

1 
x=-     I     ^ 

Then,  since  the  number  of  these  fractions  is  unlimited,  it  foUows  that  the 
sum  of  all  after  the  first  is  also  x ;  whence 

1 
xs=— 7—  .'.  j*+px=l 

p+x       Tl_ 

.-.  ar=— ^^±i  Vp^+^ ; 
in  which  case  the  above  continued  fraction  serves  to  determine  the  vahoe  of 

^j93^4,  since  we  have,  by  transposition, 

^■^^+,&c.; 
and  ifp  in  this  last  expression  be  put  equal  to  2,  we  shall  have 

^2+,  &c. 
A  continued  fraction  is  also  caDed  periodic  when  the  denominators  occur 
periodically  in  pairs,  threes,  fours,  &c. ;  thus, 


N 
I 
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1  1 

-     1  or-     1 

27+-     1  p+-     1 

^+-     1  5'+-     1 

Agaio,  a  fraction  may  be  irregular  in  some  of  its  first  terms,  and  only  become 
periodic  at  a  certain  distance  from  its  commencement. 

In  either  of  these  cases,  as  aboTOf  the  value  of  x,  the  sum  of  all  the  terms, 
may  be  obtained  by  the  resolution  of  an  equation  of  the  second  degree.  To 
pro?e  this  in  a  general  manner,  let 

a,  6, . . . .  &c.,  be  the  quotients  which  form  the  non-periodic  part, 
j7,  g, . . . .  Ace.,  be  the  quotients  which  form  the  periodic  part ; 

1 

then  r=a+- 

and,  representing  by  y  the  value  of  the  periodic  part, 

1 

^'^q+,  &c., 

1  ,  1 

we  have  arssa+r,  andy=jp^ — 

•':      1  S      1 

^y  ^y 

Consider  these  continued  fractions  as  terminating  with  tlie  partial  fraction 
-,  and  deduce  the  convergents ;  we  have  (Art.  426)  two  equations  of  the  fol- 
lowing form : 

Q'y+Q'''~S'y+s- 

The  value  of  y,  given  by  the  first  of  these  equations,  is 

P-Qx 
2^— Q'x— P" 
which  substituted  in  the  second^  gives,  after  reduction, 

P— Q.r      R^(P  — Qr)  +  R(Q^r— PQ 
Q'a:— P'~  S'(P  — Q.r)  +  S(Q'z— P') ' 
which  is  an  equation  of  the  second  degree  in  x. 
By  way  of  illustration,  take  the  following  fraction : 

x=a+^     p  (1)      OTX-az=S     p  (2) 

P                       1  •      ♦u            ..             2a— <7+ V^+4p 
.'.  X — a=:  ;  or,  resolvmg  the  equation,  x:= . 

2a 
If  we  transpose  —  or  a,  and  substitute  for  x — a  its  value  (2),  we  have 


or,  making  9= 2a, 
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¥ 


2a,  &c. 

A  similar  mode  of  solution  may  be  applied  to  continued  surds  or  expressions 
of  the  form' 


I 


i. 


a+ V  <*+  ^^  ^M 

the  yalue  of  which,  though  apparently  infinite,  is  always  determinable  by  a  cer- 
tain equation,  and  in  some  cases  in  a  real  integral  or  fractional  quantity  ;  for, 
putting 

a:=V<»+ V  ^+  "/«»  ^M 
we  shall  have,  by  squaring  both  numbers, 

a:»=a4- v^+  V«+»  ^m 
the  latter  part  of  which  is  evidently  equal  to  the  original  surd ;  whence 

a:*=:a+a:,  or  a* — x=a  .•.  x^J±  Vt+<''» 
where,  if  a =2,  the  expression  becomes 

2+ V2+  \/2+"»  **•»  =2  or  — 1- 
433.  The  process  for  developing  any  quantity^ar,  in  a  continued  fraction, 

1  1  1 

consists  in  making  successively  rrsa+l/*  ^=^+37»  ^'==^"l"Iw»  ^m  ^  be- 
ing the  greatest  whole  number  contained  in  x,  6  the  greatest  whole  number 
contained  in  od^  c  the  greatest  whole  number  contained  in  x^\  6cc» 

The  numbers  a,  6,  c,  &c.,  being  found,  it  is  evident  that  if  x\  x'',  &e.,  are 
replaced  by  their  values,  the  required  development  is  obtained,  viz., 

d+,  &c. 

EXAMPLE. 

Let  it  be  required  to  convert  -/l^^  into  a  continued  fraction. 

_  ^*'  ■/19-4~       3    J_ 

3  ^*"  V19-2  5 

By  proceeding  in  diis  way  we  shall  obtain  the  following : 

x  =  V'l9=4+^; 

,      V19+4  1 

2^19+2  j_. 

*^    -        5       — ^+i«u. 

VlS+S  1 


'    *  Moltiplying  both  numerator  and  denominator  by  i/194-4. 
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V194-2  1 

_,      V194-4  1 

^     —       3       — ^-l-a-viir 

Hence  Vl9=:4+5     1 

"^1+-     1 

3+-     1 

x^'  being  the  same  as  x^,  it  is  evident  that,  omitting  the  4,  the  greatest  in- 
tegral pait  of  Vld*  the  quotients  2,  1,  3,  1,  2,  8,  already  found,  will  always 
return  again  in  the  same  order  to  infinity. 

Should  it  be  required  to  con?ert  the  square  root  of  19  into  a  series  of  con- 
verging fractions  without  first  reducing  it  to  the  continued  form,  they  may  be 
obtained,  afVer  the  method  before  employed,  from  the  integral  parts  of  the 
above  results  only. 

Quotients,  4,  2,  1,  3,    1,    2,     8,      2. 
1   4   9   13   48  61    170   1421 
6'  i'  2*  T'  TI*  14'   39  •  326  ' 

^  EXAMPLES. 

251  1 

(1)  yg^.  Ans.  Quotients,  g,  22,  1,     4,     2. 

1   22  23   114   251 
Convergents,  -,  -,  ^,  5^,  ^. 

1769  1 

(2)  g^.  •  Ans.  Quotients,  ^»  7,    1,    2,     4,       5,        1,       2. 

1    7     8^  23   100    523     623    1769 
_  Convergents.  -,  -,  -,  ~,  — ,  j^,  -^,  ^^. 

(3)  V31*  Ans.  The  quotients  are  5,  1,   1,    3,      5,      3,  6cc. 

^    ,   ,  6    6    11    39    206    657    . 

And  the  convergents,  j,  j,  -j^.  y »  -jyi  jj^gi  &c. 

(4)  '/2&,  Ans.  The  quotients  are  5,    3,    2,      3,      10,  &c. 

.     ,   ,  5    16    37    127    1307    . 

And  the  convergents,  j,  — ,  y,  — ,  -^j^,  &c. 

(5)  -/id.  Ans.  Quotients,  6,  1,    2,     2,     2,       1,       13,  &c. 

6    7    20   47    114    161    2046 
Convergents,  j,  j,  -,  y,  — ,  — ,  -^jj^. 

434.  The  converse  of  the  proposition  stated  in  Art  432  is  true,  viz.,  that  the 
root  of  an  equation  of  the  second  degree  may  be  expressed  in  functions  of  the 
coefficients  of  the  equation  by  continued  fractions. 

The  general  form  of  the  equation  of  the  second  degree  may  be  written 

ajs— fex— CrrO (1) 

in  which  b  and  c  may  be  essentially  negative.  This  may  be  put  under  t)^e 
form 
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c 

Miiltipl3ring  the  fraction  -  abof? e  and  below  by  a,  it  becomes 

ac  ae 

^6+,&c. 

1/,     ae 

.'.  a:^-i64--r  .  ac 

a\  ^  6+—     ac 

h+,  &c.j  Q.  E.  1). 

If  a=l,  this  becomes 

If  6=0, 

^O+.&c, 
which  has  no  signification.    Bat  if  we  make 

a:«=(2-.a)«, 
a'  being  the  greatest  square  contained  in  c,  we  have 

a:«=2«— 2oz4.a«=rc  ; 


or,  patting  c — o^syi 


.*.  2'— 2oz=c— o*  ; 

2«— 2a2=y, 
z  -2«  =J 

Bat  since  a:r=2— a,  ^=<*+9"  ,  J^ 

""'■2a+,  &c. 
To  apply  this,  let  the  equation  be 

a«=8  .-.  ar=:2,  y=4, 
4 

■^4+,  &c.. 
or 

1 
x=2-|--     1 

^l+,&c- 
The  above  result  may  be  obtained  in  a  more  simple  manner ;  thus,  put 

a«=c=:a«+^  .-.  x«— a«=/3  .-.  (x— o)(x+o)s=:/? 

.•.  x=a-| r— =a+—       /3 

'  a-fx         '  2aJ .      , 

'  ~2o4-,  &c., 

which  shows  that  the  square  root  of  any  number  which  is  the  sum  of  a 

square,  and  of  another  number,  is  a  continued  fraotion. 
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Thus,  if  we  have  a«=7  .-.  o=2,  /3=3, 

V7=2+j     3 

"+"4+,  &c. 

435.  Continned  fractions  furnish  a  method  of  resolying  in  whole  numbera 
the  indeterminate  equation  \ 

ax-\-byz=c (1) 

In  this  equation  a,  h,  c  are  whole  numbers,  and  the  first  two  are  supposed 

to  have  no  common  factor.     Let  us  conceive  that  we  have  developed  the  rela- 

a 
tion  T  into  a  continued  fraction,  and  that  we  have  calculated  all  the  con-' 

0 

vergents ;  the  last  will  be  equal  to  this  relation  itself.    Let  us  subtract  from 

a' 
it  the  next  to  the  last,  which  I  represent  by  p.    The  numerator  of  the  differ- 
ence will  be  a&' — ha\  and  by  the  property  of  Art.  430  we  have 

a6'— 6a'=±l (2) 

Multiplied  by  ^c,  this  equality  becomes  .^ 

ax  ±h'c+hx  fa'c=e : 
then  equation  (1)  is  satisfied  by  taking  x=3L:&'c,  y=:^a^c. 

This  solution  being  known,  we  know  (Art.  161)  that  all  the  others  are  given 
by  the  formulas 

t  designating  any  whole  number  whatever.    We  take  the  upper  or  lower  sign 
according  as  we  have  -{-or  —  in  the  equality  (2),  or,  what  is  the  same  thing, 

according  as  the  convergent  7  is  of  an  even  or  uneven  rank. 

EXAMPLE. 

Let  there  be  the  equation 

261x— 82y=117. 

261 
If  we  reduce  -^  to  a  continued  fraction,  we  find 

Quotients,       3,   5,    2,     7. 

3  16  35  261 
Convergents,  -,  y,  j^,  — . 

Ti.           t      r.                        ^  ,      ,.^             261     35       ,                        261 
If  we  take  the  numerator  of  the  dinerence  -^ — — ,  and  observe  that 

is  a  convergent  of  an  even  rank,  we  have 

261X11— 82X35=-^1. 
Then,  multiplying  by  117, 

261  X 11  X 117—82  X  35  X  117=117. 
The  equation,  then,  is  satisfied  by  making  x=llx  117=1287  and  ^=35 
X  117=4095 ;  then,  finally,  the  general  values  of  x  and  y  are 

x=1287-f-82(,  ^=4095+261^ 
If  we  divide  1287  by  82,  and  4095  by  261,  we  find  1287=82  X  15-^-57  and 
4095=261x15+180.     Then,  observmg  that  t  is  any  whole  number  what- 
ever, we  can  write  more  simply 

x=57+82^  y=180+261<. 


z' 


/ 
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436.  The  following  theorem  will  be  found  useful  in  the  resolution  of  inde- 
terminate equations  of  the  second  degree. 

Let  f^ — A^^^bD  be  an  indeterminate  equation,  in  which  D<C  V^*     1 

assert,  that  if  this  equation  is  resolvable,  the  fraction  -  will  be  found  among 

the  fractions  which  converge  toward  V-^* 

—         ±D 
From  the  above  equation  we  derive  ^ — q')/ K^=. =,  and,  therefore, 

«         —                                       ±<J            ±D  Do 

-—  VA.,  which  I  represent  by  — 1-= =-;  then  <5=- 


^  9*      ^(P+^VA)  p+?VA 

Let  —  be  the  converging  fraction  which  precedes -,  and  which  is  of  such  a 

nature  that  the  sign  of  6  will  be  the  same  with  that  of  D ;  it  will  remain  to 

Do  o  —  ' 

be  proved  that  we  have =z<— r^,orD(y4"^o)"^i'+^  VA. 

jp-|-9\/A     ^+^0 

In  the  second  member,  instead  of  ^,  I  put  its  value,  9vAdb~;  the  in- 
equality to  be  proved  can  then  be  written  thus : 

(9+9.)(  V  A-D)+(?-9<,)  VA=t^>0. 

But  this  inequality  is  manifest,  since  we  have  VA^D,  q^Qot  &nd  since 

—  —6 

the  part  {q — ^o)  VA,  which  is  at  least  equal  to  -/A,  by  itself  surpasses  -, 

P 
which  is  less  than  unity.    — ,  then,  will  always  be  found  in  the  fractions  which 

converge  toward  VA,  so  that  it  will  only  be  necessary  to  develop  -/A  in  8 
continued  fraction,  and  to  calculate  the  converging  fractions  which  result,  in 
order  to  have  all  the  solutions  in  entire  numbers  of  the  equation 

D  being  <  -/A. 

METHOD   OF   EESOLVING   IN    RATIONAL    NUMBERS   INDETERMINATB 

EaUATIONS  OF  THE  SECOND  DEGREE. 

437.  Let  the  proposed  general  equation  be 

a3^+bxy+cf+dx+ey+f=:0, 

in  which  x  and  y  are  the  indetefminates,  and  a,  &,  c,  (f,  «,/the  given  entire 
numbers,  positive  or  negative.  We  first  derive  from  this  equation  the  fol- 
lowing : 

2ax+hy+dz=V[{hy+dy-^^(cf+ey+f)]' 
If  we    make,  to  abridge,    the   radical   =f,   &' — iacssA,   bd^-^Zaessg^ 
d^~-.iafzszh,  we  shall  have  the  two  equations 

2ax+  by+d=it, 
Ay^+2gy+h=P. 

If  we  multiply  the  last  of  these  equations  by  A,  and  make,  again,  Ay-^g 
ssr,  g* — AA:=B,  we  shall  have  the  transformed  equation 

v«— A(«=B. 

Reciprocally,  if  we  can  find  values  of  v  and  t  which  satisfy  the  equation 

Ii 
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t^ — Ar^=B,  we  deduce  from  it  the  values  of  the  indeterminates  x  and  y  in 
the  proposed  equation,  viz., 

»— ^         t—by-'d 

in  which  we  should  observe  that  both  v  and  t  may  be  taken  with  either  sign, 
as  we  may  desire. 

If  we  find  the  solution  of  the  proposed  equation  in  rational  numbers,  it  will 
suffice  to  resolve*  by  means  of  these  numbers,  the  transformed  v^ — A/^=B  ; 
but  if  we  wish  to  resolve  the  proposed  in  entire  numbers,  it  will  not  only  be 
necessary  that  t  and  v  be  entire  numbers,  but  that  the  values  of  t  and  v,  sub- 
stituted in  those  of  r  and  y,  give  for  these  indeterminates  entire  numbers.  At 
present  we  will  only  occupy  ourselves  with  the  resolution  in  rational  numbers. 

438.  Every  indeterminate  equation  of  the  second  degree  can  be  reduced, 
as  we  have  just  seen,  to  the  form  t?^— At^=B;  but,  whatever  may  be  the 
rational  numbers  t  and  v,  we  can  suppose  tliat  they  are  reduced  to  a  common 

denominator.    Hence,   making  «=-,   t=z'-,  we  shall  have  to  resolve  the 

z  ^ 

equation 

a*— Ay«=B2«, 

in  which  now  x,  y,  z  are  entire  numbers. 

We  can  suppose  that  these  three  numbers  have  not  a  same  common  divisor ; 
fi>r  if  they  had  had  one,  we  could  have  made  it  disappear  by  division. 

In  the  same  manner,  we  can  suppose  that  the  numbers  A  and  B  have  no 
square  divisors ;  for  if  we  had  had,  for  example,  A=A'^'^,  B=:B'ZS  we  might 
have  made  kyssy^^  lz=zz\  and  the  equation  to  be  resolved  would  have  become 

in  which  A'  and  B'  have  no  longer  a  square  factor. 

The  equation  r*— Ay^=B2^  being  thus  prepared,  we  shall  observe  that  any 
two  of  the  indeterminates  x,  y,  z  can  not  have  a  common  divisor ;  for  if  ^,  for 
example,  should  divide  X^  and  ^',  it  must  necessarily  divide  also  Bz^ ;  but  it 
can  not  divide  z^,  since  the  three  numbers  x,  y^  z  have  no  common  divisors ; 
neither  can  6^  divide  B,  since  B  has  no  square  factor,  x  and  y,  therefore,  are 
prime  with  respect  to  each  other ;  for  the  same  reason,  x  and  z  are  primes 
with  respect  to  each  other,  as  well  as  y  and  z. 

I  assert,  moreover,  that  A  and  B  can  be  supposed  to  be  positive ;  for  we 
can  only  have,  as  regards  the  signs  of  the  terms  of  one  equation,  the  following 
three  suppositions : 

z«— Ay«=+Bz«, 
a:2_A2^«=— BzS 
3if^+Ay"'=+Bz\ 

(I  omit  the  supposition  x*4-^^= — Bz^  since  it  is  evidently  impossible.) 
Of  these  three  combinations  the  second  coincides  with  the  third  by  a  simple 

transposition ;  but  if  we  multiply  the  third  by  B,  and  make  Bz=z',  AB=:A', 

we  shall  have 

2'i— Ay=Bx3. 
The  equation  to  be  resolved,  therefore,  can  always  be  reduced  to  the  form 

r^— B.i/'=Az-, 
in  which  A  and  B  are  positive  numbers,  and  do  not  contain  any  square  factor. 
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439.  The  method  which  we  shall  proceed  to  follow  for  the  resolution  of 
this  equation  is  that  given  by  Lagrange,  in  the  Memoires  de  Berlin,  1767.  It 
consists  in  producing,  by  means  of  tinnsformations,  the  successive  diminution 
of  the  coefficients  A  and  B  until  one  of  them  becomes  equal  to  zero,  in  which 
case  the  solution  can  be  immediately  deduced  from  known  formulas. 

The  equation  thus  reduced  is  of  the  form  3^ — y-=A2',  or  2«— By'=2', 
but  these  two  formulas  do  not  differ,  and  it  will  suffice  to  give  the  solution  of 
the  first,  2® — y'*=A2*.  To  do  this,  decompose  A  into  two  factors  o,  /?  (which 
will  always  be  prime  with  regard  to  each  other,  since  A  has  no  square  factor), 
and  suppose  that  z  also  is  decomposed  into  two  factors  p,  q,  such  that  we 
have  A=aj3,  z=:pq,  we  shall  have  the  equation  (x-{-y)(x — y)s=afip^q^,  which 
we  can,  in  general,  satisfy  by  taking  X'\-y=:ap^,  x — y=:l3(f;  this  supposition 

gives 

av^+(3q^          ap^-'tSq^ 
rrr -g ,  yz= ^ ,  z=pq; 

hence  the  three  indeterminates  x,  y,  z  will  be  expressed  by  means  of  two 
arbitrary  quantities  p  and  q ;  if  it  should  happeu  that  the  values  of  x  and  y 
contain  the  fraction  |,  x,  y,  z  must  each  be  multiplied  by  two. 

Such  is  the  general  solution  of  the  equation  x^ — y3=5Az^  a  solution  which 
will  comprise  as  many  particular  formulas  as  there  are  ways  of  decomposing 
A  into  two  factors. 

For  example,  if  A =30;  there  are  four  ways  of  decomposing  30  into  two 
factors,  viz.,  1.30,  2.15,  3.10,  5.6 ;  hence  will  result  those  four  solutions  of  the 
equation  a^''y^=30z'j 

1°.  x=z  j>34.307^  y=i  ;>2— 307«,  z=z2pq, ' 

3°.  x=3;?3+107-,  y=3/)2_l07^  z=2/?^, 
4°.  x=5j>'+   6(7»,  y^bp'^-'  6q\  z=:2pq, 

440.  Let  us  proceed  to  the  general  equation  x'^ — By^ssAz^;  observe  that 
this  equation,  being  the  same  with  x* — A£^=B^^  we  can,  without  diminish- 
ing the  generafity  of  the  theorem,  suppose  that  the  coefficient  of  the  second 
member  is  the  greater  of  the  two.  In  case  of  equality,  the  reduction  that  we 
shall  indicate  would  always  be  employed. 

Let,  then,  the  proposed  equation  be  x^ — B2/^=Az^,  in  which  we  suppose, 
at  the  same  time,  A^B,  A  and  B  positive,  and  free  from  any  square  factor. 

We  have  already  proved  that  x  and  y  are  primes  as  regards  each  other ;  y 
and  A,  therefore,  are  equally  prime  to  one  another ;  for  if  y^  and  A  had  a 
common  divisor  d,  x^  also  must,  necessarily,  be  divisible  by  0,  and  x  and  y 
would  not  then  be  primes  to  one  another. 

But  since  y  and  A  are  primes  to  one  another,  if  we  suppose  that  the 
proposed  equation  is  resolvable,  and  that  we  can,  therefore,  find  determinate 
▼alues  of  X  and  y,  x^M,  ^=:N,  we  shall  also  be  able  to  satisfy  the  equation 
of  the  firat  degree, 

M=7iN— yA, 
in  which  M,  N,  A  will  be  given  numbers  prime  to  on^  another,  and  n,  y*  two 
indeterminates. 

Hence,  in  general,  without  knowing  the  particular  solutions  xr=M,  y=N, 
we  can  suppose  x=zny — A.y\  n  and  y'  being  two  indeterminates;  and,  sub- 
stituting this  value  of  x  in  the  proposed  equation,  we  shall  have,  after  having 
divided  by  A,  ' 
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/n«— B\ 


A 

But  since  y  and  A  are  prime  to  one  another,  this  equation  can  not  sobsiit 

n«— B 
unless  — T —  be  an  entire  number.     Let  this  entire  number  =A'A:',  k^  being 

the  greatest  square  which  can  be  a  divisor  of  it^  we  shall  have 

n«— B=AA'it«, 
and  the  equation  to  be  resolved  will  become 

A'k^y^—2nyy'+Ay'^z=zzK 

We  perceive  that  if  there  be  any  value  whatsoever  of  n  which  renders  n'B 
divisible  by  A,  this  value  can  be  augmented  or  diminished  by  any  multiple  of 
A,  without  n' — B  ceasing  to  be  divisible  by  A ;  hence,-  we  can  suppose  that 
its  value  is  comprised  between  the  limits  0  and  A,  or  even  between  the  more 
extended  limits  — ^A  and  -|-^A. 

We  conclude  from  this,  that  in  trying  successively  for  n  all  the  entire  num- 
bers from  — |A  to  -f-^A,  we  shall  encounter,  necessarily,  one  or  more  values 
which  will  render  n^ — B  divisible  by  A,  provided,  however,  the  equation  is 
resolvable  ;  and  in  case  these  values  will  not  render  n* — B  divisible  by  A,  we 
can  conclude  with  certainty  that  the  proposed  equation  is  not  resolvable. 

441.  Suppose,  then,  that  we  have  found  one  or  more  values  of  n  which 
fulfill  the  required  condition,  it  will  be  necessary  with  each  of  these  values  to 
continue  the  calculation  in  the  following  manner : 

Resume  the  equation  A'Jc^y^^2nyy'-\-Ay^^z^;  if  we  multiply  it  by  A'A:*, 
and  if  we  make,  to  abridge, 

A'A:«y— ny'=x',  kz=zz\ 

the  transformed  wiU  be 

ar'ar'— Byy=AV2'. 

This  transformed  could  be  resolved,  if  we  could  determine  the  solution  of 
the  proposed  equation,  since  the  values  of  r',  y\  z*  are  easily  deduced  from 
those  of  X,  y,  z  ;  reciprocally,  the  proposed  will  be  resolved,  if  we  find  the  soln« 
tion  of  its  transformed.  For,  from  the  known  values  of  x',  y\  z\  we  can 
*  equally  deduce  those  of  r,  y,  z ;  and  it  matters  little  whether  these  last  value- 
be  under  an  entire  or  fractional  form,  since  we  have  regard  only  to  the  resolu  - 
tion  in  rational  numbers,  and  since,  after  we  have  found  any  fractional  values 
of  X,  y,  z,  we  can  reduce  them  to  a  common  denominator  and  suppress  it. 

n«— B 
Since  we  can  suppose  the  number  n<|A,  it  is  clear  that     .j^    or  A'  will 

be  ^|A,  and,  at  the  same  time,  positive ;  for  n  can  not  be  ^  -/B,  since 
otherwise  n^ — B  would  be  •^B,  and  could  not  be  divisible  by  A.  The 
proposed  equation,  therefore,  will  be  reduced  to  an  equation  in  every  respect 
similar,  in  which  the  coefficient  A',  which  takes  the  place  of  A,  is  less  than 
iA. 

442.  If  we  have,  again,  A'^B,  we  can,  in  like  manner,  from  the  equation 
x^ — By'^srA'z",  deduce  a  second  transformed, 

a:"3— By"«=A"2"«, 

in  which  A"  will  be  <|A^  and  always  positive.  To  obtain  this  second  trans- 
formed, there  will  be  qo  new  condition  to  be  fulfilled,  for  having  already  found 
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n«--B 

— Y; — ^iAJ^,  if  we  make  n=:/iA'4-^'f  ^^^  >f  we  take  the  iDdeterminate  fji  io 

such  a  way  that  n'  ^|A^  it  is  easy  to  see  that  — j-) —  will  be  an  entire  positive 

number  less  than  \A' ;  we  have,  consequently, 

n'«— B=A'A"ifc'«, 

A''  being  less  than  }A^  and  not  containing  any  square  factor. 

If  it  should  happen  that  A'',  again,  were  greater  than  B,  we  should  continue 
this  system  of  transformed  equations,  in  which  B  is  constant,  until  we  arrive 
at  one  of  this  form 

a:«— By»=C2«, 
in  which  C  will  be  positive  and  ^B. 

443.  But  after  we  have  passed  into  the  second  member  of  this  equation  the 
term  which  has  the  greatest  coefficient,  which  gives 

a:«— C2«=By«, 

we  can  proceed  in  a  similar  manner  to  the  reduction  of  the  coefficient  B  by  a 
second  system  of  transformed  equations 

x'«— C2'«=B'y'«, 
x"«— Cz'^ssB'y*, 
6cc.  &c., 

in  which  the  coefficients  B',  B",  &c.,  will  be  positive,  and  will  diminish  in  at 
least  a  quadruple  ratio,  and  thus  we  shall  soon  arrive  at  a  transformed 

j:»— C2»=:Dy«, 

in  which  the  coefficient  D  wiD  be  less  than  C. 

But  the  series  of  positive  and  decreasing  numbers  A,  B,  C,  D  will  not  go 
on  ad  infinitum ;  it  will  terminate  necessarily  at  unity,  and  when  we  shall 
have  arrived  at  this  term,  the  resolution  of  the  last  transformed,  which  is  given 
at  once,  will  make  known  those  of  all  the  preceding  equations,  and,  consequent- 
ly, that  of  the  proposed. 

GAUSS'S  METHOD  OF  SOLVING  BINOMIAL  EaUATIONS. 

444.  The  solution  of  x"  — 1  =  0,  it  has  been  proved  (Art.  299),  can  al- 
ways be  reduced  to  the  case  where  n  is  prime ;  and  the  case  of  n  a  prime 
number,  by  a  method  invented  by  Gauss,  may  be  made  to  depend  upon  the 
solution  of  equations  whose  degrees  do  not  exceed  the  greatest  prime  number 
which  is  a  divisor  of  n — 1.  The  leading  feature  of  Gauss's  method  is  to  rep- 
resent the  imaginary  roots  by  a  series  of  powers  of  any  one  of  them,  whose 
indices  form  a  geometrical  instead  of  an  arithmetical  progression.  Thus,  if  m 
be  a  number  (and  such,  called  primitive  roots  of  n,  can  always  be  found)  whose 
several  powers  from  1  to  n — 1,  when  divided  by  n,  leave  different  remainders, 
and  a  be  any  imaginary  root,  then  all  the  roots  may  manifestly  be  represent- 
ed by 

o",  o»',  o«*,  . . .  o»'~* ; 

or,  since  m*»~*=^n+li  where  ^  is  an  integer,  by  a,  a",  o"*,  &c.,  o"**~*. 

445.  The  advantage  of  this  mode  of  representing  the  roots  is,  (1)  that  thoy 
can  be  distributed  into  periods,  each  of  which,  when  continued,  will  produce 
the  roots  of  that  period  in  the  same  order ;  and  (2)  that  the  product  of  any 
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number  of  such  periods  will  be  equal  to  the  sum  of  a  certain  number  of  periods, 
the  importance  of  which  properties  will  be  seen  in  the  nse  made  of  them. 

(1)  Let  n — lz=rs,  r  being  a  prime  factor  of  n — 1,  and  let  m's^k ;  then  the 
roots  may  be  written  in  vertical  colunms,  each  consisting  of  r  terms,  as  follows  : 


a         a^         a**  ...  o***" 


and  if  any  one  of  the  periods  formed  by  the  horizontal  rows  be  continued,  tne 
roots  in  that  period  will  be  produced  in  the  same  order;  thus,  if  the  first 
row  wore  continued,  the  indices  would  be  /i"^m'*=w"~*=^n+l,  V+*=wi'*+' 
=:{fin'{-l)m'=finh-\-h,  &c.,  and  the  corresponding  roots,  a,  a\  &c, 

(2)  Let  any  two  of  the  above  periods  be  represented  by 

and  let  us  multiply  them  together,  using  each  term  of  the  lower  line  in  suc- 
cession as  a  multiplier,  and  starting  at  that  term  of  the  upper  Une  which  stands 
over  it,  and  producing  the  upper  line  so  as  to  supply  the  terms  neglected  a^ 
the  beginning,  the  result  is 

a«+*         4.a«H*         4.a-h'+«»         +,  &c.,  +a*»'*^+»» 
a(.+b)b     ^a(«h+b)h      ^a(rii*+b)h      _|.^  ^g.,  +a(«^*~*-H»)fc 

^(•+b)h»-*^o(.h+b)h— *^a(iJ.«+b)i>'~*4.,  &c.,  4.a('^'~*+*>)*»*^; 
and  therefore,  collecting  the  vertical  columns  into  periods,  we  get 

2(a«)2(a»')  =  2(aH*)  +  2(a*»'+'>)  +  2(a*^*+^)H h^K'^""'''*), 

or  the  product  of  two  periods  is  equal  to  the  sum  of  s  periods ;  and,  conse- 
quently, the  product  of  any  number  of  periods  will  be  equal  to  the  aggregate 
of  a  certain  number  of  periods. 

EXAMPLE  I. 

x^— 1=0  ;  6=3.2,  .-.  r=3,  8=2 ;  also,  3,  3*,  3^  3\  3*,  when  divided  by  7, 
leave  different  remainders,  viz.,  3,  2,  G,  4,  5  ;  .*.  m=3,  and  the  roots  are 

^=o«4.a», 

and  pi'\-p2+p3=—l' 

Also,  pii'2=a*-fa*-f-a*+a'=;?3+l'3 

PiPz = a6+ 0*4.  a+a^  z=pi +p, 

p,p3z=cfi+a  +afi+a*=pi+p9; 

and  jPijp«P3=i?i'+i^i+P2=2+p3+i'i+i^=l- 

Therefore  the  cubic  which  has  pu  Pa  p%  for  its  roots,  i8^-|-|7'— '2p— l:sO. 
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EXAMPLE  II. 

x^^ — 1=0 ;  16=2.8 ;  also,  the  powers  of  3  from  0  to  15,  when  divided  by  17, 
leave  remainders 

1  3  9  10  13  6  15  11  16  14  8  7  4  12  2  6, 

then  j74'9= — ^»  ^^^ 


=P+9  +P  +P+P+9  +9  +?=--4; 
therefore,  p  and  q  are  roots  of  2^+'^ — 4=0. 

Next,  the  periods  j?,  q  may  be  resolved  respectively  into  the  periods 

.'.  r'\-s=pt 
and  r*=oW+a»  +o«  +a« ' 


^=JP+9=— 1; 


therefore,  r,  «  are  roots  of  z^^pz — 1^0;  and,  similarly,  ^  «  are  roots  of  «• 
— (^z— 1=0. 
Lastly,  the  periods  r,  «,  U  v.  may  be  resolved  respectively  into 

ri=o   +aW)     «i=a9+a»>     fi=a34.a»<>     tti=aio+a'^ )  , 
r8=a"+a*  >  '  5a=a**+a'*  S  '  t3=a»+a»«  \  '  t«s=o"+a«  S  ' 
then  ri+''3=''» 

rir,=a"+a"+o5+a6=<, 
•••  ^i»  f%  are  roots  of  2* — r2+i=0 ; 

and  ri,  the  greatest  root  of  this  equation,  =a-|-  -=2  cos  r=. 

For  further  information  upon  the  theory  of  numbers, the  student  is  referred 
to  the  Theorie  des  Nombres  of  Legendre,  the  Disquisitiones  Arithmetics  of 
Gauss,  of  which  there  is  an  excellent  French  translation  {Recherckea  Arith- 
meliques)  by  Poullet-Delisle ;  to  fiarlow*s  Theoiy  of  Numbers ;  to  the  article 
of  Ivory  in  the  fourth  volume  of  the  supplement  of  tfaie  Encyc.  Britan. ;  and 
to  the  Memoirs  by  Libri,  in  tome  v.,  1838  (J^tranghres),  and  by  Cauehy,  in 
tome  xvii.,  1840,  of  the  Memotres  of  the  French  Academy  of  Sciences. 
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EXTRACTS   FROM   CRITICAL   NOTICES. 

I  deem  it  a  work  of  great  value  to  the  mathematical  student,  and  better  suited  to 
the  wants  of  private  learners,  and  all  others  who  wish  to  obtain  a  thorough  knowl- 
edge of  the  science,  than  any  other  work  with  which  I  am  acquainted.— -Elijah  A. 
Smith,  Corresponding  Secretary  of  Queen^t  County  Common  School  Association. 

I  am  sure  that  it  will  be  very  acceptable  to  every  student  who  desires  to  become 
thoroughly  acquainted  with  the  higher  departments  of  the  science.  Your  labor, 
therefore,  is  opportune,  and  deserves  well  of  the  republic  of  letters. — Prof.  A.  Cas- 
well, Brown  University. 

I  have  devoted  some  time  to  the  examination  of  the  work,  and  find  it  the  most 
complete  treatise  on  Algebra  that  I  have  ever  seen.  My  opinion  of  its  merits  is 
such  that  I  shall  be  most  happy  to  recommend  it  to  all  who  wish  to  gain  a  thorough 
knowledge  of  the  science. — ^Thomas  Shbhwin,  Boston  English  High  School. 

This  is  a  work  to  delight  the  eye  of  a  teacher — it  is  so  full  and  comprehensive, 
at  the  same  time  that  it  is  so  simple,  clear,  and  elementary.  It  contains  many 
things  that  are  not  to  be  found  in  any  single  English  treatise,  and  eveiy  thing  that 
can  serve  to  give  a  student  a  complete  knowledge  of  modem  analysis.  Among  the 
subjects  entirely  new,  or  which,  if  found  in  other  books,  are  here  treated  in  a  much 
more  ample  and  elegant  manner — are  Interpolation,  the  Elements  of  the  Calculus  of 
Probabilities,  and  some  American  improvements,  never  before  published,  in  the 
methods  for  the  Solution  of  Cubic  Equations.  The  article  upon  the  theory  and  use 
of  logarithms  is  uncommonly  full  and  clear ;  while  the  important  subject  of  the 
Theory  of  Numbers,  generally  left  out  of  school-books,  is  treated  in  a  veiy  elaborate 
and  detailed  manner. — Democratic  Review. 

What  particularly  pleases  me  in  it  is  its  fuUnesa  and  apparent  completeness.  It 
meets  a  great  want.  It  seems  a  store-house  of  algebraic  knowledge ;  the  papil  who 
uses  it  at  school,  and  becomes  interested,  may  pursue  the  study  by  hioiself,  and 
learn  to  enter  into  the  spirit  of  Analysis.— Prof.  Tillinohast,  Principal  of  the 
Bridgewater,  Massachusetts,  Normal  School. 

The  slightest  examination  is  sufficient  to  convince  any  one  at  all  acquainted  with 
the  subject,  that  this  is  by  for  the  best  treatise  upon  Algebra  that  has  yet  appeared 
in  an  English  dress.  It  is  elaborate  and  comprehensive,  containing  every  thin^^  to 
be  found  in  the  latest  German,  French,  and  English  works,  with  some  things  enture- 
ly  new,  and,  at  the  same  time,  it  is  exceedingly  simple  and  elementary.  The  defini- 
tions and  rules  are  full  and  perspicuous ;  illustration  is  piled  upon  illustration ;  ex- 
amples of  every  possible  kind  of  notation  are  given,  and  explanatory  notes  abound. 
It  is  thus  eminently  a  book  for  beginners,  while,  at  the  same  time,  it  contains  every 
thing  that  the  more  advanced  student  can  desire  in  order  to  acquire  a  perfect  knowl- 
edge of  modem  analysis. — New  York  Courier  and  Enquirer. 

Professor  Hackley's  book  is  the  most  complete  work  on  Algebra  that  has  ever 
appeared  in  our  country.  In  it  will  be  found  all  that  is  contained  in  our  best  text- 
books, treated  with  unusual  clearness  and  fullness ;  and  in  addition  to  this,  many 
ingenious  methods,  and  much  valuable  matter,  which  have  never  before  been  offered 
to  the  American  student,  and  which  the  author  has  collected  from  the  wide  field  of 
modern  French,  German,  and  English  publications.  He  has  not  only  given  the  the- 
ory of  Algebra,  but  has  also  fully  introduced  the  student  to  the  applications  of  the 
theory.  The  examples  in  Equations,  and  the  problems,  are  mostly  to  be  found  in 
the  books  already  in  uur  schools,  but  in  this  treatise  frequently  improved  in  the 
language  and  manner  of  solution.  It  is  the  happy  combination  of  theoretical  and 
practical  Algebra  which  will  render  this  book  so  welcome  to  teachers  and  private 
students,  and  so  serviceable  to  the  cause  of  thorough  instruction. — Prof  Stephens, 
of  the  Western  University  of  Pennsylvama  (a  resident  for  some  years  at  several  of  the 
German  Universities.) 


2  Critical  Notices  of  Hacklcifs  Algebra, 

I  regard  it  as  a  very  valuable  accession  to  mathematical  science.  I  find  it  re- 
markably foil  and  complete. — E.  S.  Snell,  Profeator  of  MaihematieSf  Amherst  Col- 
legif  Massachusetts. 

I  have  examined  your  work,  and  am  highly  pleased  with  it.  Your  management 
of  the  roots  is  admirable,  as  also  of  many  other  topics  which  I  might  mention.— N. 
T.  Clabke,  Canandaiguay  New  York. 

I  have  looked  over  it,  and  like  the  plan,  the  arrangement,  the  method,  and  sub- 
stance ;  they  are  all  eood,  and  the  work  is  an  admirable  one  for  students. — M.  F. 
Maury,  Astronomer  of  the  National  Observatory  at  Washington. 

Your  Algebra  is  the  most  complete  work  of  the  kind  which  has  come  under  my 
observation,  and  if  the  rising  generation  will  study  it,  as  /  hope  they  tpill,  they  can 
not  fail  to  understand  fully  that  interesting  department  of  the  mathematics.  I  trust 
the  demand  will  be  equal  to  its  merits ;  in  which  case,  the  benefits  of  the  publica- 
tion will  be  shared  by  both  parties. — Captain  Andhew  Talcott,  late  Commissioner 
of  the  Maine  Boundary. 

We  can  only  say,  therefore,  that  this  Algebra  is  magnificent  far  beyond  all  that 
we  had  seen  before  $  and  we  have  been  a  pretty  diligent  collector  of  those  which 
have  appeared,  either  originally  or  by  translation,  in  the  Queen's  English  ;  and  we 
feel  considerable  satisfaction  in  presuming,  at  least,  that  in  the  woric  before  us  we 
possess  the  completest  treatise  in  the  field  of  Algebraic  Analysis  that  has  been 
written  in  any  language.  When,  therefore,  an  American  professor  comes  to  us  in 
the  garb  of  an  author  of  a  school-book,  we  pay  to  him,  iijfriorij  a  greater  deference 
than  any  revised  and  corrected  Englishman,  or  translated  Frenchman  or  German. 
Hackley*s  Algebra,  we  opine,  will  rank  first  among  great  works  in  the  department 
of  analysis  to  which  it  belongs.  For  comprehensiveness  of  plan,  propriety  of  ar- 
rangement, ingenuity  of  symbolic  exposition,  precision  and  elegance  of  verbal 
statement,  variety  and  interest  of  practical  exercise  for  the  student — and,  in  justice 
to  the  publishers,  let  it  be  said,  that  in  typographic  execution  it  can  not  be  excelled. 
We  deem  it  due  alike  to  American  enterprise  and  to  science  to  give  this  book  our 
almost  unqualified  commendation ;  and  trust  that  its  success  will  be  such,  at  least, 
as  to  encourage  its  learned  author  to  the  publication  of  a  treatise  on  Geometry, 
which,  on  that  condition,  he  promises  shall  soon  be  forthcoming. — Southern  Meth- 
odist Quarterly  Review. 

For  the  preparation  of  such  a  work  there  is  required  a  high  and  peculiar  order  of 
talent ;  a  thorough  mathematical  discipline ;  a  power  of  grasping  the  whole  science 
as  a  clear  and  distinct  unity,  into  which  all  the  parts  flow  harmoniously ;  a  happy 
tact  in  arranging  and  presenting  the  parts,  so  that  the  consecution  shall  strike  the 
learner  luminously;  a  logical  readiness  in  explaining  abstruse  points,  so  as  to 
awaken  in  the  mind  of  the  learner  the  process  of  ratiocination,  as  if  it  grew  out  of 
his  own  thoughts ;  and  a  certain  simplicity  and  colloquiality  of  style  which  can  be 
acquired  only  by  long  familiarity  with  teaching  in  the  lecture-room.  This  desider- 
atum Professor  Hackley,  in  the  work  before  us,  has  undertaken  to  supply.  From 
an  examination  of  his  Algebra  we  are  led  to  believe,  what  we  indeed  anticipated 
from  the  known  character  of  his  mind,  the  extent  of  his  attainments,  and  the  habits 
of  his  life,  that  he  has  been  eminently  successful ;  and  has  proved  himself  to  pos- 
sess that  very  order  of  talent  which  we  have  just  described.  The  feature  of  the 
book  which  first  strikes  us  upon  opening  it,  is  its  completeness.  There  is  scarcely 
any  subject  in  Algebra  which  is  not  treated  of  with  a  fullness  and  clearness  to  af- 
ford satisfaction  even  to  a  ripe  scholar.  The  various  subjects  are  arranged  with 
particular  reference  to  convenience  and  clearness,  and  the  analyses  are  happily  ap- 
plied to  practical  uses.  We  are  decidedly  of  opinion,  also,  that  a  candid  and  thor- 
ough examination  of  the  work  will  bring  before  the  mind  so  much  to  admire  and 
commend,  that,  as  in  our  own  case,  there  will  be  little  disposition  to  mark  faults, 
which  the  author's  own  judgment  and  skill  are  adequate  to  correct  in  subsequent 
editions. — Methodist  Quarterly  Review. 

Professor  Hackley,  in  the  work  before  us,  has  presented  the  American  public  with 
the  most  complete  Treatise  on  Algebra  in  the  English  language.  The  elementary 
principles  are  treated  in  a  simple  and  easy  style,  and  from  these  the  student  is  con- 
ducted to  the  hif^her  branches  of  the  subject,  in  which  all  that  is  important  is  lucidly 
detailed. — Silliniah's  JoumaL 


]po|)nlar  tPorks  on  Mtmo,  0anta  jTe,  etc*. 
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Messrs.  Harper  &  Brothers,  New  York. 


With  Engravings.     12mo,  Muslin^  $1  00 ;  Paper,  75  cents, 

C  AMPAION  SKETCHES  OF  THE  WAR  WITH  MEXICO. 

aSs  Capt.  W.  &.  Aenv5» 

U.    8.    ARMY. 


The  best  book  to  which  the  Mexican  war  hai  yet 
giren  rise.  Captain  Henry  bore  a  glorious  and  heroic 
part  in  the  engagement  he  deacribes,  and  he  therefore 
writes  with  all  the  freshness  and  enthasiasni  which 
penonal  olMerration  alone  can  giro.  Captain  Henry 
writes  with  great  vigor  and  clearness,  emliodies  per- 
sonal incidents,  amasing  stories,  and  graphic  sketches 
with  great  skill,  and  thus  presents  a  narrative  in  the 
highest  degree  attractive  and  interesting.    His  book 


contains  a  namber  of  Terr  spirited  engraving*,  witk 
full  and  accurate  plans  of  every  battle  fought.. — Com' 
rier  and  Enqttirer. 

Of  this  book  we  are  happy  to  be  alile  to  speak  witik 
the  highest  praise.  Apart  irooi  its  authenticity,  which 
is  unquestionable,  it  is  spirited,  graphic,  and  pictur- 
esque; and  his  narrative  rapid  and  well  connected. 
The  campaign  sketches  are  evidently  the  work  of  a 
gentleman,  a  scholar,  and  a  soldier.— Ltierary  World. 


Portrait  and  Maps.    3  vols.  Bvo,  Sheep  extra,  86  75 ;  Muslin,  $6  00. 

HISTORY  OF  THE  CONQUEST  OF  MEXICO, 

With  the  Life  of  the  Conqueror,  Hbrnando  Cobtez,  and  a  View  of  the  Ancient  Mexi- 
can Civilization. 

9Ss  WtlKsm  A.  ^xtutott, 

AUTHOR   or   **HIfTOHT   Or   THE    CONQUKST   Or   PEHU/'   "HISTORY   Or   rSBDINAND   AND    ZfA- 

BELLA,"    **  BIOOBAPHIOAL   AND   CBITIOAL   MI8CELLANIBB.*' 


The  history  of  Spain  can  not  boast  of  a  more  useful 
and  admirable  contribution  siaoe  the  publication  of 
the  great  work  of  Robertaon. — British  amd  Foreign  R»- 
inew. 

Eminently  successful.    On  such  works  we  are  con- 


tent to  rest  the  literary  repntattoa  of  tht  covntiy.— 
?forth  Americttn  Review. 

One  of  the  moat  remarkable  historical  oompoaitiom 
that  has  appeared  for  a  long  limo. —BiUiotheftu  Uni 
verselie  de  Geneve. 


With  a  Map  and  Illustrations.     8  vols.  Svo,  Muslin.    $8  00. 

NARRATIVE  OF  THE  SANTA  FE  EXPEDITION. 

Comprising  a  Description  of  a  Tour  through  Texas,  and  across  the  great  Southwestern 
Prairies,  the  Camanche  and  Caygiia  Hunting-grounds,  6lc. 

3Ss  6reo¥ae  W.  SenHalL 

The  narrative  itself  is  interesting,  not  only  on  ac-  places  and  manners  which  are  almost  equally  atraiiM 
tount  of  Its  personal  adventure,  but  for  its  minute  on  both  sides  of  the  Atlantic.  The  style  is  ezoeediaglj 
descriptions  and  voluminous  information  concerning    racy  and  captivating. — Atkenemm. 

l2mo,  Muslin,  65  cents;  Paper,  35  cents. 

THE  RAMBLER  IN  MEXICO. 

3Ss  Cftsrles  3*  ILatrobe, 

AUTHOB  or  "THE  RAMBLER  IN  NORTH  AMEBICA.'* 

A  work  of  deep  interest  and  value.— £c/ecf«e  Review.  I  picture  of  the  impressions  made  on  his  senses  by  IhetM 
Of  recent  tourists,  no  one  has  given  a  more  gorgeous  |  sunny  regions  than  Latrobe. — WilHam  H.  Preteott, 

With  Drawings  taken  from  lAfe  by  C.  McLaughlin,  a  Fellow-prisoner.    Svo,  Muslin.    $2  00 

JOURNAL  OF  THE  EXPEDITION  AOAINST  MIER : 

Subsequent  Imprisonment  of  the  Author;  his  Sufferings,  and  final  Escape  fVom  the 
Castle  of  Perote.  With  Reflections  upon  the  present  PoUtical  and  probable  futuze 
Relations  of  Texas,  Mexico,  and  the  United  States. 

3Ss  6ren.  Sliomas  3*  6rreen. 

A  work  of  startliitf  interest ;  graphic  in  description,  I  back  the  remembrance  of  the  flelds  of  Creny  and  Aff(a> 
U  givaa  azamplts  of  penonal  daring  such  as  to  bring  |  court,  for  odds  in  the  tnooontera.— Aiyto-^aMfieM. 


WEBSTER'S  OCTAVO  DICTIONARY,  REVISED, 

CMBRACINQ    ALL   THE    WORDS    IN    THE    QUARTO    EDITION,    AND    ALSO    AN 
ARRANGEMENT  OF   SYNONYMS   UMOER  THE    LEADING  WORDS. 


RATS  BICINTLT  PUBLI8BID, 

In  one  handsome  Volume,  of  nearly  1400  pagesy  Sheep  extra,  Price  $8  50, 

JBr.  ttJeb0ter*B  '^Vmertcan  JOicttonarB 

OF  THE  ENGLISH  LANGUAGE, 

BZBIBZTXMO  TBI  ORIGIN,  ORTBOOBAPRT,  PRONUNCIATION,  AND  DBPINITION  OF  WORDf,  BTO. 

THOROUGHIT  REVISED  AND  CONSIDERAj^T  ENLARGED, 
.VS  9tot  Cftsunces  0L  0rOoliY(c]^ 

OP  TALI  C0LLIOS.« 

▲BBIfTID  BT  A  NVXBBR  OP  OBNTLIMBN  DI8TINOUI8HID  FOB  THBIB  BIOH  ATTAINMBNTf  IN  THB 
TABIOUS  DBPABTMBNTf  OF  LBABNINO,  WHOSB  NAMBS  WILL  BB  FOUND  IN  THB  PBBFACB. 

The  entire  work  has  been  re-stereotyped,  and  is  now  beautiiiiUy  printed  apon  a  new 
set  of  plates.  'Several  thousand  additional  words  have  been  incorporated  in  this  edition, 
embracing  all  the  term*  given  in  the  recent  edition  in  the  quarfform. 

The  Synopsis  and  Walker*s  Key  to  the  classical  pronunciation  of  Greek,  Latin,  asd 
Scripture  proper  names  have  been  revised  with  much  care  and  greatly  improved. 

A  complete  Vocabulary,  giving  the  pronunciation  of  modern  (^graphical  names,  has 
been  added  to  this  edition. 

Great  attention  has  been  given  in  the  revision  to  the  pronunciation.  A  large  number 
of  words  having  been  respelled,  it  will  now  be  found  to  be  a  complete  Pronouncing  Die- 
tianary. 

This  edition  has  been  made  a  Synonymous  Dictionary :  a  new  and  very  important  fea- 
ture, not  to  be  found  incorporated  m  the  same  form  into  any  similar  work. 

The  utmost  care  has  been  given  in  every  department  of  the  work  to  reit«ler  it  the 
most  perfect  and  satisfactory  ever  offered  to  the  public.  Considering  its  comprehen- 
siveness, its  numerous  essential  improvements,  and  its  general  utility,*  it  will  be  found 
one  of  the  most  indispensable  and  cheapest  books  of  the  times. 

For  a  more  particular  statement  of  the  principles  on  which  the  revision  has  been  con- 
ducted, reference  is  made  to  the  preface  of  the  work. 

EXTRACTS  FROM  CRITICAL  NOTICES. 


Tht  moit  oompteto  and  thorough  mannal  of  oar  Ian- 
raiffo  7«t  offorad  to  the  pablic :  it  can  not  fail  to  come 
uto  oniTeml  oae,  sot  oalj  in  all  ichooU  and  acado- 
miaa,  but  with  erery  practical  person  and  general  read- 
%t,— Literary  Wcrid. 

Every  part  of  the  work  haa  been  tabmitted  to  the 
■MMt  careful  icratiny.  It  ia  the  most  compact,  com- 
BrehensiTe,  and  uaefal  lexicon  now  before  the  public 
It  ia,  in  fact,  an  almost  indispensable  work. — Newark 
Aivertuer. 

This  edition  of  Webster  is  all  that  could  be  desired. 
It  It  superior  to  any  that  has  preceded  it,  and  is  a 
■ooament  of  learning  and  research.— JVew  York  Com- 
wtareial  Advertiser. 

Undoubtedly  the  best  English  dictionary  ever  pub- 
liahtd.  It  is  complete  in  all  its  parts,  and  in  every 
possible  way  the  work  has  been  adapted  to  the  wants 
of  the  great  bodv  of  the  people.  It  will  find  its  way 
not  only  into  all  the  schools  and  academies  of  the  coun- 
tnr,  but  to  tha  desk  of  every  student  and  the  fireside 
oi  every  fitmily. — Mirror. 

k  appears  under  new  editorial  auspices,  and  shows 
■one  marked  changna  that  will  add  greatly  to  its  val- 
va,  and  placa  it  furamoet  among  all  works  of  the  kind 
Wa  can  safely  say  that,  for  a  dictionary 


for  common  use,  it  has  no  superior— in  our  judgment 
no  equMl.— Evaitgelist. 

The  whole  work  has  been  thoroughly  revised  by 
Pruf.  Goodrich,  of  Yale  College,  and  several  important 
and  roost  valuable  improrementa  introduced,  which 
will  give  to  this  edition  a  pre-eminent  advantage  over 
any  that  has  been  previously  published.— 06#rrr«r. 

This  is  beyond  all  doubt  tht  most  complete  and  per^ 
feet  edition  of  Webster's  well-known  dictionary  that 
has  ever  been  published. — Son. 

The  best  English  dictionary  extant.  Many  of  the 
original  errors  of  Dr.  Webster  have  been  corrected, 
while  a  few  only  of  his  corrections  of  the  old  defectiva 
orthography  have  been  abandoned,  and  the  work,  on 
the  whole,  is  better  than  he  left  it. — TVt^imc. 

It  must  be  the  standard  English  dictionary  through- 
out this  country.  It  ounforms  more  nearly  than  any 
other  to  the  usage  of  the  best  authors,  and  is  in  every 
respect  the  best  work  of  its  kind,  for  general  use,  now 
before  the  public. — New  York  Coarier  and  ^tguiret. 

The  labors  of  Professor  Goodrich  have  materiaJly 
added  to  the  value  of  this  dictionary.  lie  has  been 
engaged  in  them  for  three  years  past,  and  the  applica- 
tion of  his  acute  philological  faculties  to  this  tasK  bM 
not  been  without  ample  fruit.— i^T.  Y.  Evtaing  Pott, 


»<> 


